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—— Abstract
Strategy extraction in QBF proof systems usually attempts to extract winning strategies from valid
proofs. However, an alternative (and arguably more powerful) view is to extract Skolem/Herbrand
functions, or equivalently synthesis of the game values at all intermediate points. In this paper, we
investigate the existence and properties of such proof systems from which one can extract Skolem
and Herbrand functions. We propose such a proof system for QBF, which we show is sound and
complete, and from which extraction of Skolem/Herbrand functions can be performed, and game
values computed, in polynomial time. We also show that this system is optimal among all proof
systems that allow efficient extraction of Skolem/Herbrand functions. We provide conditional lower
bound results for our new proof system and compare it to several existing/standard proof systems
for QBF that have been studied in the literature, showing interesting orthogonality results. Finally,
we provide a compilation algorithm that takes an arbitrary QBF and synthesizes a proof in our
system, from which Skolem and Herbrand functions can be easily computed.

2012 ACM Subject Classification Theory of computation — Proof complexity

Keywords and phrases Quantified Boolean Formulas, Skolem and Herbrand functions, Automated
synthesis, Knowledge compilation, Proof systems and complexity

Digital Object Identifier 10.4230/LIPIcs.SAT.2026.3

Funding Olaf Beyersdorff: Carl-Zeiss Foundation and DFG grant BE 4209/3-2.
Lea Kasche: Carl-Zeiss Foundation.
Meena Mahajan: Supported in part from the ANRF J C Bose fellowship JCB/2023/000006.

1 Introduction

Quantified Boolean Formulas (QBF) extend propositional logic with universal and existential
quantification over Boolean variables, providing a natural and expressive framework for
modelling problems with alternation of choices. This expressiveness makes QBF a suitable
formalism for a range of applications in logic and artificial intelligence [20,48]. QBFs are widely
used in formal verification and planning, where they arise in bounded and unbounded model
checking, automated synthesis, and reasoning about systems and games with adversarial
or environmental behaviour (see [48] for a survey). QBFs also play an important role in
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knowledge representation and reasoning, including belief revision, non-monotonic reasoning,
and reasoning under uncertainty. Due to their PSPACE-completeness, QBFs serve both as
a practical modelling tool for complex reasoning tasks and as a theoretical benchmark for
studying the limits of automated reasoning techniques. One is often interested in not simply
deciding the satisfiability of a QBF, but also in obtaining a certificate for this answer that
can be independently verified. Such a certificate is typically a formal proof of truth or falsity
of the formula in a specific proof system.

When a QBF encodes a two-player game, an equally important task is to synthesize a
winning strategy for each player — whenever such a strategy exists — from any intermediate
state that may arise after a partial sequence of moves. In many games, a player cannot
guarantee victory against all possible responses of the opponent. Nevertheless, if the opponent
makes a suboptimal move, the player may still be able to exploit it and steer the game towards
a win. Automatically synthesizing such “win-whenever-possible” strategies for both players
is therefore valuable, since the opponent’s behaviour is generally unknown a priori. As we
argue in this paper, synthesizing strategies that enable each player to win whenever possible
from states reached after partial play corresponds to extracting Herbrand functions for the
universal player and Skolem functions for the existential player from the underlying QBF.
This perspective highlights the importance of extracting both Herbrand and Skolem functions
from a given QBF, regardless of whether the formula is true. Notably, this departs from the
prevailing treatment in the literature e.g., in [6,7,17,37,42], where instead of Herbrand and
Skolem functions, the only extracted objects are winning strategies, for universal variables
in false QBFs and for existential variables in true QBFs. A closely related line of work
appears in Boolean functional synthesis [2—4,25,31-33,38,47], which has largely focused on
synthesizing Skolem functions when the specification is given as a QBF with a V*3* prefix.

Given their theoretical and practical importance, a long line of work has emerged on proof
systems for QBF solvers [8,10,15,21,22,28,39,44, 45]. Examples include resolution-based
systems such as Q-resolution [40] and its variants [30,51], as well as systems based on
expansion [17,35], dependency schemes [12,44,50], and clause learning [13,23,24]. Studying
proof systems for QBF enables a precise comparison between different solving paradigms and
provides insights into the kinds of reasoning that can or cannot be efficiently simulated [13,
34,35,49]. Proofs also serve as certificates of realizability or unrealizability: a proof of validity
implicitly encodes winning strategies, while a refutation can certify the absence of any correct
winning strategy. Several approaches use QBF proof systems to extract winning strategies,
often in the form of circuits [6,11,15,17].

It is useful at this point to clarify that, in our view, there is some inconsistency in the
literature as to the usage of the terms Skolem functions and existential winning strategies
(and likewise Herbrand functions and universal winning strategies). In many papers these
terms are just used synonymously. However, as we try to point out here, these notions are
fundamentally different. Skolem functions solve a much harder problem than just computing
an existential winning strategy (they also do that): they provide “win-whenever-possible”
strategies, as explained above. This is in line with their definition used in standard texts on
logic [26,41] and Skolem synthesis [1]. To informally illustrate this point with an example
(formal examples are given in Example 3.3 and in Lemma 5.1): when playing chess (which
gives rise to interesting QBFs [46]): a winning strategy (e.g. for white) would determine a
sequence of winning moves for white from the standard initial configuration, while a Skolem
function (again for white) would specify a sequence of winning moves for white starting from
any game position, provided that a win for white is still possible at this point.
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A——>B A p-simulates B

A >B A does not simulate B
(unconditionally)

A-->B A does not simulate B
if PSPACE ¢ P/poly

Figure 1 Simulation order of selected QBF proof systems for false QBFs.

Our contributions. In this paper, we investigate the existence and properties of proof
systems for QBF synthesis that allow the efficient extraction of both Skolem and Herbrand
functions, representing “win-whenever-possible” strategies of the existential and universal
player respectively, for all QBFs. Our contributions are the following;:

We present a new proof system SynQBF (the name refers to Synthesis QBF) that is
complete for both false and true QBFs. We show that SynQBF provides a certificate for
the game value of a QBF viewed as a two-player game, not only after all moves have
been played by the respective players, but after any partial play.

Notably, this proof system can handle arbitrary prenex QBFs, not just those where the
matrix is in conjunctive normal form.

We show that SynQBF proofs admit polynomial-time extraction of Skolem and Herbrand
functions, regardless of the truth value (or game value) of the formula. Thus, these
functions serve as “win-whenever-possible” strategies of the existential and universal
player, respectively.

We provide complexity results showing optimality of the SynQBF proof system. More
precisely, we show that if there is a proof system that can allow polynomial-time extraction
of both Skolem and Herbrand functions, then our proof system p-simulates it (i.e., every
proof in that system can be transformed into a proof in our system in polynomial-time).
We relate our proof system to known proof systems, namely Q-eFrege and Q-Res and show
simulation and conditional (in)comparability results leading to the situation depicted in
Figure 1. Interestingly and perhaps surprisingly, SynQBF turns out to be incomparable
to the rather weak system Q-Res (and in fact even tree-like Q-Res). Intuitively, this is
due to the fact that SynQBF has to solve a much harder problem, i.e. Skolem/Herbrand
function synthesis, than Q-Res, which only provides universal winning strategies. Both
systems are simulated by the strong system Q-eFrege.

Finally, we provide an algorithm for synthesizing SynQBF proofs from prenex normal
form QBFs. While in worst case, our algorithm cannot avoid being exponential (if
PSPACE ¢ P/poly; due to known lower bounds), it is counter-example driven, and paves
the way for potential practical algorithms towards knowledge compilation for synthesis
from QBFs.

The structure of the paper is as follows. We start with preliminaries in Section 2, followed
by Section 3, where we provide the basic definition of winning strategies and Skolem/Herbrand
functions, and highlight the differences between them. In Section 4, we introduce our new
proof system. We show that it is sound and complete, and that it allows for efficient extraction
of Skolem and Herbrand functions, as well as provide complexity bounds and optimality
results. In Section 5 we show the relationship of our proof system with earlier systems. We
provide an algorithm for automatically synthesizing proofs in our proof system in Section 6,
and conclude in Section 7.
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2 Preliminaries

For n € N, we use [n] to denote the set {1,...,n}. We assume familiarity with basic notions
from computational complexity, cf. [5], as well as from logic, cf. [41], but define all specific
concepts needed in this paper.

We consider propositional formulas ¢ built from constants 0, 1, connectors —, A, V, —, ¢,
and propositional variables. Similarly, a propositional circuit C' is built from the same
components as a formula, differing in the underlying structure: In formulas, every internal
node may only be used once, while in circuits, they are allowed to be reused [52]. P/poly is
the class of functions computed by polynomial-size circuits. A literal is a variable v or its
negation —w. A clause is a disjunction of literals, and a formula is in Conjunctive Normal
Form (CNF) if it is a conjunction of clauses. When V is a set of variables, a (partial)
assignment to V is a (partial) function « : V' — {0,1}. We write (V) for the set of all
complete assignments to V', and vars(y) or vars(a) for the set of all variables occurring
in ¢ or « (i.e. variables assigned truth values by «). If V = {z1,...,2,} we also write
(1,...,2p) for (V). We denote by ¢|, the formula ¢ where each variable v € vars(a) has
been substituted by «(v).

Quantified Boolean Formulas. A (closed prenex) Quantified Boolean Formula (QBF) is a
formula Q. where ¢ is a propositional formula and @ is the quantifier prefix that quantifies
all variables v in ¢ either existentially as Jv or universally as Yo.

Whether a QBF is true or not can be defined recursively. The formula Yu Q. is true if
both Q.¢|yu—0 and Q.p|,=1 are true. The formula 3z Q. is true if at least one of Q.p|,—o
and Q.p|,=1 is true.

In a fully quantified prenex QBF, the quantifier prefix determines a total order of the
variables. Given a variable v, we will sometimes refer to the variables preceding v in the
prefix as variables left of v; analogously we speak of the variables right of v.

A QBF Q121 ...Qrxk.¢ can be seen as a game between two players: universal (V) and
existential (3). In the i-th step of the game, the player @Q; assigns a value to the variable x;.
The existential player wins if ¢ evaluates to 1 under the assignment constructed in the game.
The universal player wins if ¢ evaluates to 0.

Proof systems. According to [29], a proof system for a language £ is a polynomial-time
onto function P : {0,1}* — L. Each string ¢ € L is a theorem and if P(m) = ¢, then 7
is a proof of ¢ in P (a P-proof). Given a polynomial-time function P : {0,1}* — {0,1}*
the fact that P({0,1}*) C L is the soundness of P and the fact that P({0,1}*) D L is the
completeness of P. A proof system P, p-simulates a different proof system P, if every P
proof can be transformed into a P; proof of the same theorem in polynomial-time.

3  Winning strategies, Skolem and Herbrand functions

In this section, we define the notion of winning strategies and differentiate it from Skolem
and Herbrand functions, thus developing our notion of “win-whenever-possible” strategies
motivated in the Introduction. We start with the usual notion of a winning strategy in QBF.

» Definition 3.1 (Universal winning strategy). Let ® = Q121 ...Qnxn.¢ be a false QBF,
where i1 < iy < -+ < iy are indices corresponding to universal quantifiers in the prefiz. A
universal winning strategy S of ® is a tuple of functions (Si,,...,S:,), one for each universal
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variable, such that Sy, : (x1,...,2i,_1) = (24,), and “plugging in” the function S;, for x;,
in @ yields a matriz that is unsatisfiable.
Formally, for each existential assignment «, define partial assignments a, . .., ., with
Qo = @&,
aj = aj_1 WS (aj_1|<i;), where aj_1|<;; denotes the assignment of x1,..., 2,1 in

aj_1, and © augments oy with x;; assigned to S, (cj_1]<s,).
Then S is a universal winning strateqy if for each a, oy, falsifies .

Next, we review the definition of Skolem and Herbrand functions for QBF.

» Definition 3.2 (Skolem/Herbrand function). Consider a QBF Qi1 ...Q;x;. ¥, where U
might contain more quantifiers. A function f; : (x1,...,zi—1) — {0,1} satisfying

Vl’l, R P I ((szz \I/) — v

I1:f1($1 ..... Ii—l))
is a Skolem function for x; if Q; = 3, and a Herbrand function if Q; = V.

How do the Skolem/Herbrand functions from Definition 3.2 differ from existential /univer-
sal winning strategies in Definition 3.17 This is best illustrated with an example:

> Example 3.3. Let & = leﬂxgvm.(ml vV l‘3) A (_\1‘1 V —xg V _‘l‘g). Then (51 =0, S3 = 0)
is a universal winning strategy. However, Ss is not a Herbrand function, because for
the assignment (z; = 1,z = 1), setting 3 = 1 would falsify the matrix, but setting
23 = S3(x1 = 1,22 = 1) = 0 would satisfy it. An example of a valid Herbrand function for
23 would be f3(x1,22) = x1. Another Herbrand function for x3 is x1 A 2. A valid Skolem
function for x5 is the constant 0, and -z is also a Skolem function.

Thus every Herbrand function gives rise to a universal winning strategy for a false QBF, but
the converse may not hold. The reason as we can see is that Herbrand functions give more
than just a universal winning strategy, they provide a way to win after any partial run, if
it is possible to win. One way to formally quantify the extra information in the Herbrand
and Skolem functions is by considering the so-called game value of the QBF interpreted as a
two-player game, not only at the end of the game, but also after partial plays. Formally,

» Definition 3.4 (Game value). Given a QBF ® = Q121 ... Qnxy.@, we define the game
value of @ after i moves (i € {0,...,n}) to be a function g; : (x1,...,2z;) = {0,1}, such that
for all a € (xq,...,x;), the function g; calculates the truth value of the partially quantified
@QBF Q;11%i41 - - . Qunxy.p under the assignment a.

Intuitively, interpreting a QBF as a two player game, given a sequence of the first ¢ moves,
the game value calculates the winning player, assuming perfect play for the remaining
moves. Considering Example 3.3, we have go() =0, ¢1(z1) = 1, g2(21,22) = 1 A —29, and
g3(x1, 2, x3) = (1 V x3) A (-1 V 22 V —x3) as the game values after 0,1, 2 and 3 moves,
respectively. We can now relate these game values after ¢ moves to Skolem/Herbrand functions,
justifying our calling them as “win-whenever-possible” strategies in the Introduction.

» Proposition 3.5. Consider a QBF ® = Q171 ...Q;x;Qi+1%:+1. Y, where ¥ might con-
tain more quantifiers. Let g; be the game value of © after © moves, and let f;+1 be the
Skolem/Herbrand function for x;11. Then, for every assignment o € (x1,...,x;)

gi (a) = \I/|aL+J{:Ei+1:fi+1(0t)}'

3:5
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4 A new proof system designed for QBF synthesis

In this section, we will define our new proof system and show its properties.

4.1 Proof system definition

When talking about strategy extraction in QBF proof systems, earlier work has focused on
efficiently extracting a winning strategy (for the existential or universal player, depending on
whether the formula is true or false) from proofs (cf. e.g. [6,15,30]). Here, we introduce a
new proof system, which can do more than that: Given a proof, we are able to extract both
Skolem and Herbrand functions for the existential and universal player, respectively.

For the definition of the proof system, we first need to introduce the notion of represent-
ability and some notations which are used throughout this section.

» Definition 4.1. For a gate type ® € {V, A}, a circuit ¢, and two distinct variables x,y €
vars(p), we say that “p is @-representable for ,y” if ¢ly=y=b > (Plo=0,y=1 @ @|z=1y=0),
where b=1if ® =V, and b = 0 otherwise.

For instance, ¢ = (z1 V x3) A (-2 V 1) is A-representable for 1,z since with b = 0,
Olay=z2=0 = T3 <> (¢|s1=0,29=1 N Y|s1=1,2,=0). But it is not V-representable for z;,xs since
with b = 1, we can see that ¢|y =g,=1 = 0 but ©|s;=0,2,=1 V @|a1=1,z,=0 = 1.

» Definition 4.2. Let ® = Q121Q222 ... Qnzn.0(21,...,2,) be a prenex QBF. For each
i € [n], we define bit value b; and gate type ®; as follows:

Quantifier Q; type | bit b; | gate type ®;
A 0 A
3 1 \Y

For instance, for ® = Jx1VaoIws.(x1 V 23) A (22 V —21), by the above definition, we only
need to look at the quantifier prefix to see that by = 1,b = 0,b3 =1, and ®1 =V, ®3 = A
and ®3 = V. We now use the above two definitions to define a novel proof system for QBF
that is designed towards extraction of Skolem and Herbrand functions.

» Definition 4.3 (The proof system SynQBF). Let ® = Q121Q222 ... Qnxn.0(x1,...,2Ty) be

a prenex QBF, and let v € {0,1} be a truth value. For each variable x;, i € [n], we introduce

a new variable ;. A proof in SynQBF asserting that the truth value of ® is v consists of a

function ¢ in the variables {z;,&; | i € [n]}, represented as a circuit, satisfying the following

conditions:

1. 90(%1, cee 71'71) <~ ¢|.’2L':“.’Ei for i€[n]-

2. For each i € [n], the restriction of ¢ by the substitution {&; = —x; | j <i}U{z; =3, =
bj | j > i} is ®;-representable for x;, &;.

3. ¢ at the assignment {x; = &; = b; | i € [n]} evaluates to v.

Note that conditions (1) and (2) are propositional equivalences and can be checked
in coNP. We can extend this system to a Cook-Reckhow proof system [29], checkable in
polynomial time, by including propositional proofs of the equivalences, but will not do that
here. This aligns with large parts of the QBF proof complexity literature where SAT calls
are allowed, but their computation is not counted for proof size [19].

Before we show the properties of this proof system including soundness and completeness,
let us give an example.
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OROE N

T2 T3 T2 L1 To T3  T9 I1

Figure 2 Circuit on left depicts ¢ while circuit on right is ¢.

» Example 4.4. Consider the QBF formula & = Vz;3zoVrs.0 where ¢ = ((x1 A —x3) V
((x2 V z3) A (mx2 V 1)), depicted in Figure 2 (left). We will show that ¢ depicted in
Figure 2 (right) is a proof in SynQBF asserting that ® evaluates to 1. To see this, let us
show that ¢ satisfies all three conditions of Definition 4.3. First, to see that condition 1
holds, we observe that @[z, — ., for ic3) = @ V (¥1 A 722) <> . The bi-implication follows
from the observation that if 1 A ~zy = 1, then ¢|z =1 4,0 = (z3 V ~x3) = 1.

Now to check condition 2, we inspect the quantifier prefix and infer b; = 0,by = 1,b3 = 0,
and ® = A,®2 = V,®3 = A. Then for i = 1, @|yy=s0=by,z5=25=b; = 1 which is trivially
A-representable for x1,21. For i = 2, @ls; =z, ps=as=bs = (T2 A (T2 V 721)) V (21 A 22).
This simplifies to: (a) 1 when zo = &3 =1, (b) 21 when z9 = 0,23 = 1, and (¢) —~z; when
x2 = 1,29 = 0. It follows that @|s, =z, zs=a5=bs 1S V-representable for zs, 5. Finally, for
i =3, we see that @|gy =z, go=—zs = (L1 AZ3)V (T2 VE3) A(mm2V—21))) V (21 A—-2). This
simplifies to: (a) (2 A —x1) V (1 A —x2) when 23 = &3 =0, (b) x1 Va2 when z3 = 0,23 = 1,
and (¢) ~x1 V —wg when x3 = 1,25 = 0. It follows that @|z, =z, s,=—z, 1S A-Tepresentable
for 3, Z3.

Condition 3 is easy to check: ® is valid, and indeed, @|y,=5,=b, wo=is=bs,zs=is=bs = 1-

Next, we move to our results about this new proof system. First we establish soundness,
i.e., if there exists a proof in SynQBF that asserts that ® takes value v € {0,1}, then ® indeed
evaluates to v. To show the soundness, we first prove a useful lemma which characterizes the
relationship of the proof system with game values.

» Lemma 4.5 (Game value extraction lemma). Let ® = Q121Q2%2 ... QnTn. be a QBF with
truth value v, and let @ be a SynQBF proof of ®. Then, fori € {0,...,n}, the restriction
of ¢ under the substitution {&; = —x; | j <i}U{x; =&; =b; | j > i} calculates the game
value of ® after i moves.

Proof. For a given 4, we call the restricted circuit referred to in the lemma as ¢;, and prove
the lemma by downward induction. For ¢ = n, this follows directly from condition 1 of the
definition of SynQBF. For 0 < ¢ < n, we know that

Di <> Pit1lriy1=0 Oit1 Pit1lwipr=1

3:7
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due to the ®;41 representability of ¢ in x;11,%;41. As such, @; & Qir1%41.Pir1 <
Qi+1Tit1 - - - Qnxy.p, using the induction hypothesis in the last equivalence. |

From the above lemma, we can infer the soundness of the proof system.
» Corollary 4.6. The proof system Syn@QBF is sound.

Proof. Let ¢ be a proof that QBF @ has truth value v. Due to Lemma 4.5, we know that ¢
under the assignment {x; = &; = b;}I_; is equivalent to ®. Simultaneously, it is equivalent to
v by condition 3 of the definition of SynQBF. As such, v must be the truth value of . <«

To show the completeness of the system, we show a slightly stronger result.

» Lemma 4.7. Let ® = Q121Q2x2 ... Qunpn.(x1,...,2,) be a prenex QBF. Given circuits
Cy,...,Cy, where C; calculates the game value of ® after © moves, we can transform them
into a Syn@QBF proof ¢ whose size is polynomial in the sum of the sizes of C;.

Proof. For readability, we describe ¢ as a decision list. This can easily be transformed into
a circuit. The circuit ¢(z1,21,...,2n,Ln) is computed as follows:

if ©,, # &, then Cy(x1,...,2,)

else if Tp—1 7£ SACn_l then Cn_l(xl, [N ,In_l)

else if x1 # &1 then Cy(z1)

else Cy

It remains to show that ¢ satisfies all our proof criteria. For condition 1, 3|3, =z, for ic[n] =
Cp(z1,...,zy,), which is the game value after all moves have been played, i.e. the value of ¢

under the assignment 1, ..., x,. Similarly, for condition 3, @[3, —z,~p, for ic[n] = Co, Which
is the game value after no moves at all have been played, i.e. the truth value of ®.

For condition 2, first note that ¢ under the substitution {#; = ~z; | j < i} U{z; =2, =

bj | j > i} equals Cij(z1,...,2;) if x; # & and Ci—1(z1,...,2,—1) otherwise. As such, we
have to show that C;_1 < Cj|z,—0 ®; C;|z,=1. This follows directly from the semantics of
QBF. <

» Corollary 4.8. SynQBF is complete.

Proof. For every QBF there exist circuits calculating the game values, as QBF operate over
finite domains. The completeness follows from Lemma 4.7. |

Combining Lemma 4.7 and Lemma 4.5 yields a characterization of SynQBF proof size by
circuits calculating the game values.

» Theorem 4.9. Let ®,, be any family of QBFs ®,, where ®,, has n variables. Let S(n) be the
size of the smallest SynQBF proof of ®,,. Let T'(n) be the minimum total size of a sequence
of circuits Cft,...,CI calculating the game values of ®,; that is, T(n) = Y . size(CI").
Then S(n) and T'(n) are polynomially related as follows:

T(n)

¥ < S(n) <10n+T(n).



S. Akshay et al.

4.2 Building Skolem and Herbrand functions from SynQBF

Given a set of circuits calculating the game values of a QBF ®, we can obtain Skolem and
Herbrand functions for every variable of ®.

» Lemma 4.10. Consider a QBF ® = Q1x1...Qnzn.¢ and a set of circuits Co,...,Chp,
with C; calculating the game value of ® after i moves.
If Q; = 3, then

filz1, ... xim1) = Ci(xr, ..., 2421, 1)

is a Skolem function for x;, and
if Q; =V, then

filxy, ..., i) = Ci(w1, ..., 2i-1,0)
is a Herbrand function for x;.

Proof. We show this for Skolem functions. The Herbrand case is completely dual.

Given an assignment « for x1,...,x;_1, we do a case analysis of the calculated answer.
If the game value with o and x; = 1 played is true, then z; = 1 is obviously a correct value
of the Skolem function for the assignment a. Otherwise the calculated answer is z; = 0. If
®|qufz;—0} also evaluates to false, the answer does not matter, and if ®|,u(z,—0} = 1, then
the calculated z; = 0 was the correct value of the Skolem function for the assignment a. <«

Combined with Lemma 4.5, this allows us to extract Skolem and Herbrand functions
from SynQBF proofs.

» Proposition 4.11. Given a SynQBF proof ¢ of a QBF & = Q1x1,...Qnx,., we can
extract a Skolem/Herbrand function for the i-th variable by a restriction of the circuit.
If Q; = 3, then @ under the substitution

{.’13']:_'"17]|]<Z}U{xj:fﬁ]:b]|]>Z}U{1’1:1,i‘z:0}

s a Skolem function for x;.
If Q; =V, then ¢ under the substitution

{.’IAZ']':_'(EJ' |j<Z}U{.’Ej:{,/I\7j:b] |]>Z}U{l’z:0,£i'z:1}
is a Herbrand function for x;.

Proof. Due to Lemma 4.5, we know that ¢ under these restrictions calculates the game value
after ¢ moves under the assignment x1,...,x;_1,2; = 1if Q; =3 and z1,...,x;_1,2; =0 if
Q; = V. The proposition follows from Lemma 4.10. <

If the Skolem and Herbrand functions are represented as circuits, the connection to the
game value goes both ways.

» Lemma 4.12. Given a QBF Qqix1 ... Qnxn-¢ and a Skolem or Herbrand function f; for
each variable x; represented as a circuit, we can obtain a set of circuits Cy, ..., C, calculating
the game values of ®, with Y. size(C;) = poly(>_1_, size(f;)).
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Proof. The circuits are created by “plugging in” the functions into the matrix ¢. More
precisely, for i € [n] and j € {i,...,n}, define

wh = fi(wy, . mi,a,wh ).

Then the circuits, defined as,

/ !
Ci(l'l, ey fﬂi_l) = (p((ﬂl, ey L1y Ty e ,l‘n)
calculate the game value. As f; are circuits, it suffices to include every circuit computing xj
exactly once. |

» Corollary 4.13. The sizes of circuits calculating the game value, circuits calculating the
Skolem/Herbrand functions and SynQBF proofs are all polynomially equivalent.

4.3 Complexity and optimality results

Combining Lemma 4.12 and Lemma 4.7 yields an optimality result: SynQBF is optimal
among all QBF proof systems that allow polynomial-time extraction of Skolem and Herbrand
functions as circuits for every variable.

» Theorem 4.14. Let P be a proof system for QBF that allows polynomial-time extraction
of Skolem and Herbrand functions as circuits. Then Syn@QBF p-simulates P.

Proof. Let m be a P proof. Using the extraction property, we obtain circuits fi,..., fn
calculating the Skolem or Herbrand functions for z; with ;- size(f;) = poly(size(r)). These
can be transformed into circuits Co, . .., C,, using Lemma 4.12 with Y. size(C;) = poly(r).
Lemma 4.7 allows us to then obtain a SynQBF proof. |

We approach the question of proof size in SynQBF. We first note the following tight
connection between the size of Skolem/Herbrand functions and prominent questions in
computational complexity.

» Lemma 4.15. There exists a family of QBFs ®,,, whose Skolem and Herbrand functions
are not computable by polynomial-size circuits if and only if PSPACE ¢ P /poly.

Proof. Let ®,, be such a family of QBFs. Then there is a sequence of variables v; for which
there are no polynomial-size circuits calculating their Skolem or Herbrand functions. By
Lemma 4.10, Skolem/Herbrand functions can be extracted from circuits calculating the game
value after ¢ moves. Hence, there can be no polynomial-size circuits calculating the game
values. However, this is clearly in PSPACE, showing PSPACE ¢ P /poly.

For the other direction, let L € PSPACE \ P/poly be some language. Using the PSPACE
completeness of QBF, there is a family of QBFs W¥,, with free variables z1, ..., ,, such that
r € L < V), (z) = 1. Additionally, define the fully quantified QBF &, = 3z1,...,2,V,. Let

C” be a circuit calculating the game value of ®,, after n moves. Obviously, C7(x1,...,T,) =
U, (x1,...,2,) and, as such, x € L < C'Ilj“ (x) = 1. Since L ¢ P/poly, C cannot be
polynomially bounded. From Lemma 4.12 follows the lower bound. |

This allows us to show conditional lower bounds for SynQBF.

» Corollary 4.16. SynQBF has superpolynomial lower bounds for proof size if and only if
PSPACE ¢ P/poly.
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While this means that circuit lower bounds imply proof size lower bounds for SynQBF, it
also means that obtaining such bounds unconditionally is out of reach with current techniques
as PSPACE ¢ P/poly is a widely believed, but major, open conjecture. We note that this
characterisation in Corollary 4.16 corresponds to a similar characterisation for proof size in
Q-eFrege [15].

5 Relations to known QBF proof systems

We proceed to compare SynQBF to existing QBF proof systems to better gauge its strength.

Before doing so, we note that computing Herbrand functions — the task SynQBF has to
perform — is significantly harder than computing universal winning strategies, which is what
traditional QBF proof systems allow to extract.

Both universal winning strategies and Herbrand functions compute the value of a universal
variable from preceding variables. In fact, every set of Herbrand functions also computes
a universal winning strategy for a false QBF. However, the converse is not true: Herbrand
functions can be much more complex to compute than winning strategies for the same
formula.

» Lemma 5.1. If PSPACE ¢ P/poly, then there is a family of false QBFs ®,,, such that
expressing the Herbrand functions of ®,, requires superpolynomial circuits, but there are short
circuits computing a universal winning strategy.

Proof. If PSPACE ¢ P/poly, using Lemma 4.15 there exists a family of QBFs whose
Herbrand functions are hard to represent. Let &, = Q,,.¢, be such a family. Consider a
new family of QBFs ¥,, = VuQ,,., Au. There is a trivial universal winning strategy setting
u = 0 and all other variables arbitrarily. However, Herbrand functions need to compute the
Herbrand function of the original formula in the u = 1 case, so they are hard to represent. <«

We recall the system Q-resolution (Q-Res) [40] which is an extremely well-studied QBF
proof system, extending the propositional proof system resolution to QBF.

» Definition 5.2 (Q-Res [40]). A Q-Res proof  of a false QBF ® = Q., where ¢ is given
as a CNF, is a sequence of clauses Cy,...,Cs = L, such that for all i € [s], C; is obtained
by one of the following rules:
ok if C € ¢ (Axiom)
(Cvzx) (DV-x)
CvD

, if all variables in C are left of the universal literal u in the prefiz @ (universal

if x is an existential variable and C V D is not a tautology (Res)

CVu

reduction).

The size of m is the number s of clauses in 7.

Despite the optimality of SynQBF among the proof systems allowing Herbrand and
Skolem function extractions — indicating that it is quite a strong system — Lemma 5.1
immediately implies that SynQBF cannot even simulate Q-Res (if PSPACE ¢ P/poly),
which is one of the weakest QBF systems studied:

» Lemma 5.3. If PSPACE ¢ P/poly, then there is a sequence of QBFs U,, with constant-size
Q-Res refutations which require superpolynomial-size Syn@QBF proofs.
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Proof. Consider the QBFs V¥, in the proof of Lemma 5.1. The formulas have trivial
Q-Res refutations as one universal reduction step on the unit clause u suffices for the
refutation. However, as Herbrand functions for ¥,, need superpolynomial-size circuits for their
computation, ¥,, also require superpolynomial-size SynQBF proofs by Corollary 4.13. <«

However, Q-Res does not simulate SynQBF either, and this is unconditional. For example,
the well-known EQUALITY formulas are exponentially hard for Q-Res [9], but allow short
circuits representing the game values, resulting in short SynQBF proofs.

» Lemma 5.4. The family of EQUALITY formulas, defined by
((.”L'Z Vu; V ti) A\ (ﬁ&?i V —u; V ti)) A\ \/ —it;
1 i=1

<.

EQ, :=3dx1...xxVur ... up Ity ..ty

have polynomial size SynQBF proofs of their falsity.

Proof. We construct small circuits Cy, ..., Cs, calculating the game value of EQUALITY.
Combining these with Theorem 4.9 yields the desired upper bound. As the QBF is false and
the first n variables are existential, no matter which way the variables x; are played in the first
n moves, the restricted formula still remains false. As such, we can set Cy =--- = C,, = 0.
For the universal block, it is easily verified that the universal player wins if and only if
u; = x; for all i € [n]. This results in Cy4p = \/f:l(ui 4 x;) calculating the game value
after n + k moves for k € [n].

For the last existential block, the circuit needs to check whether the ¢; variables are set
“correctly”. Cap4k must be false, if there is some ¢ < k such that (u; <> x;) A—t;. Additionally,
it must be false if /\f:1 t; and /\?:k 41 Wi <> x; are satisfied. In all remaining cases it has to
evaluate to true. This is easily achievable with small circuits. |

Lemmas 5.3 and 5.4 imply the (conditional) incomparability of the two proof systems:
» Corollary 5.5. If PSPACE ¢ P/poly, then Syn@QBF and Q-Res are incomparable.

This incomparability might appear surprising at first sight: while Q-Res is quite weak
and SynQBF appears rather strong, SynQBF cannot even simulate Q-Res (and apparently
not even tree-like Q-Res). As mentioned before, the intuitive explanation is that SynQBF
proofs need to basically provide Skolem/Herbrand functions, while Q-Res proofs only include
universal winning strategies, which can be computationally much easier. Note that Q-Res
was chosen to exemplify a weak QBF proof system. The same incomparability result from
Corollary 5.5 holds, even with the same separating formulas, for many further QBF proof
systems, for example QU-Res [51], VExp+Res [35], IR-calc [18], CP4+VRed and PC+VRed
[14] and Q-NS, Q-SA and Q-SOS [16].

Given this scenario, we now search for a QBF proof system that can simulate both
paradigms. Recall that almost every line-based propositional proof system can be extended
to QBF with the universal reduction rule, similarly to the lifting from resolution to Q-Res
[9,15]. Here, we only consider semantic systems, which ignore propositional interference rules
and use a powerful semantic entailment rule instead. These proofs can be checked in coNP.

» Definition 5.6 (Q-P [9]). Given a propositional base system P, a Q-P proof © of a false
QBF ® = Q. is a sequence of lines C1,...,Cs = L, such that for all i € [s], C; is a line of
P and is obtained by one of the following rules:

ok if C € ¢ (Axiom)
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Ciy...,Cip. . . . . )
— M i Gy, Ci B Cyand iy < i (semantic entailment)

C
T, if all variables in C are left of the universal variable u in the quantifier prefiz @
u=>b
and b is a truth value (universal reduction).

We instantiate P to eFrege, where the lines are arbitrary circuits [15,36], resulting in the
system Q-eFrege. Both SynQBF and Q-eFrege are optimal for their respective extraction
property: Q-eFrege is optimal for all QBF proof systems with extraction of universal
winning strategies [27], while our new system SynQBF is optimal for all QBF systems with
extraction of Skolem/Herbrand functions (Theorem 4.14). In addition, both systems have
superpolynomial lower bounds for proof size if and only if PSPACE ¢ P/poly ([15] and
Corollary 4.16).

Nonetheless, on false QBF, Q-eFrege p-simulates SynQBF and, if PSPACE ¢ P/poly,
there exists an exponential separation between them, following from Lemma 5.1.

» Proposition 5.7. Q-eFrege p-simulates Syn@QBF on false QBFs.

Proof. Let ® be false QBF and ¢ a SynQBF proof of its falseness. Using Proposition 4.11,
we can obtain a set of circuits computing Herbrand functions, one for each universal variable.
A set of Herbrand functions is also a universal winning strategy. In [15] it was shown that
circuits computing a winning strategy can be efficiently converted into a Q-eFrege proof. <«

This establishes the simulation order depicted in Figure 1. As Q-eFrege is a very strong
system, it is an interesting question whether we can find a weaker QBF proof system that
still simulates both SynQBF and Q-Res. We show that this is not the case: among all Q-P
systems as in Definition 5.6, Q-eFrege is the weakest capable of simulating SynQBF.

» Proposition 5.8. FEvery proof system Q-P simulating Syn@QBF also simulates Q-eFrege.

Proof. For the sake of contradiction, assume there exists a proof system Q-P which simulates
SynQBF but does not simulate Q-eFrege. Let

®, = IXPVUT ... 3X2 VUL 3XD 1 pn

be a family of QBFs separating Q-P and Q-eFrege. That is, they have Q-eFrege proofs of

size S,,, but Q-P proofs require size Sy, ),

Define {z7,...,2}} = X" := X{U---U X as the set of existential variables outside
X7 4y and {uf,...,up} = U" as the universal variables of ®,. Without loss of generality,
assume that | X"| + |U"| = £+ k is polynomial in n. Let C7,...,C} a set of circuits (of size

polynomial in n,S,,) calculating a universal winning strategy for ®,,. They exist because
of the strategy extraction property of Q-eFrege. We extend these circuits to C7,...,C} by
plugging in the previous circuits, i.e. substituting each occurrence of a universal variable u;

by the circuit C7*, such that the inputs of each 6‘?‘ are (possibly a subset of) variables in X™.

- (]
Each C7 is still of size polynomial in n,.S,,.

Define a new QBF

U, = 3X"U". \/ uf # CP(al, ... a}).
i€ (k]

The set of functions (f = 0)zexn and (f7 (1, ..., Te U1, ..., u;) = 6’51(331, .3 Tp))ueUn are
valid Skolem and Herbrand functions respectively for ¥, , each representable with short
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Algorithm 1 A PROOF CONSTRUCTION ALGORITHM.

Given: ® = Qz1...QnTyn.0(z1,...,2,) where Q; € {3,V} for all j.
Output: ¢(x1,21,...,%,, &y) in SynQBF.

1: ¢n+1($1,£1,...7$n,i‘n) — PNF((p)

2: for j =n downto 1 do

3 Qjp1 < ¢j+1|1j+1:ij+1:bj+1y~~7wn:in:bnyi1:_‘wl7~~;§3j71:_‘$j—1
4 if ; =3 then

5: @j < @j+1 A CEGC(ay41, 4, Q5)

6 else if (); =V then

7 @j + @j+1V CEGC(ay11, 7, Q))

8: return ¢ <+ ¢

Algorithm 2 CEGC(a;+1,7, @;)-

i, aion) < ANSATRep(p1le,—,—=b; # (j11le;=0,8,=1 @5 Xjt1le;=1,5,-0))
if 3k > j s.t. (Qr # Q;) then

= ming>;(Qr # Qj)

if Q; = 3 then return (z; V 2; V PNF(—t);))

else if Q; =V then return (z; A &; APNF(¢);))
else

if @); = 3 then return PNF(—¢,)

else if ); =V then return PNF(¢);)

circuits. By Corollary 4.13, there is a short SynQBF proof of ¥,, and due to the simulation
also a short Q-P proof; here short means polynomial in n,.S,.

©n semantically entails the matrix of ¥,, (the only assignments falsifying the matrix of
U, is setting u = éZL(X ) for all w € U™. This is by construction a universal winning strategy
and falsifies ¢, ). As such, deriving the matrix of ¥,, by a semantic entailment step and
adding the refutation of ¥,, is a Q-P proof of ®,, of size polynomial in n,.S,, contradicting
the choice of ®,, as a separating family. |

6 Counterexample guided construction of SynQBF proofs

The proof of Corollary 4.8 suggests a brute-force approach — one based on expanding
quantifiers — for constructing a SynQBF proof of ®. Can we do better than this? Drawing
motivation from a recently proposed counterexample-guided knowledge compilation technique
for Boolean functional synthesis [3], we present a counter-example guided technique for
constructing SynQBF proofs. While we don’t expect the worst-case behaviour of this
technique to be better than the brute-force approach (courtesy Corollary 4.16), in practice,
it can result in shorter proofs.

For any Boolean circuit ¢, let PNF(¢) denote its positive normal form, obtained by
writing ¢ in Negation Normal Form, and then replacing all negative literals —z; by new
variables ;. For example, PNF((xl V =) A (map V :EQ)) = (x1 VZ2) A (21 V 22).

The proof construction algorithm for ® = Qqx1 ... Qpx,. is shown in Algorithm 1. The
algorithm maintains a partially constructed proof ¢;, as j decrements from n to 1. The
partial proof ¢; at any step is sufficient to generate Skolem/Herbrand functions for x;, where
j < i < n. The desired SynQBF proof is finally obtained from ;.
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The algorithm starts by initializing @,+1 with PNF(p) in Line 1 of Algorithm 1. Sub-
sequently, in each iteration of the for loop (Lines 2-7), a sub-routine CEGC (for counter-
example guided compilation) is invoked to obtain a gadget, which when combined with the
partial proof ¢;1 (Lines 5,7 of Algorithm 1) yields the next partial proof ¢;. Subroutine
CEGC (see Algorithm 2) works by first constructing a circuit +; that identifies all offending
assignments of xy,...,x;_1, i.e. assignments that prevent ¢, from satisfying condition 2 of
Definition 4.3. We assume access to a subroutine AIISATRep that returns a circuit represent-
ing the set of all satisfying assignments of its argument formula/circuit. Sophisticated ideas
for model enumeration (e.g. [3,33,43]) can be used for this purpose; however, implementation
choices for AIISATRep is outside the scope of this paper. Once 1; is constructed, CEGC
uses this circuit to construct a gadget (Lines 2-8 of Algorithm 2) that, when combined with
@;+1 (Lines 5,7 of Algorithm 1), effectively nullifies the offending effect of these assignments.

» Theorem 6.1. Algorithm 1 gives a Syn@QBF proof of ® = Q121 ... Qnxn-p.

Proof. The correctness of Algorithm 1 is established through the following loop invariants.
Ii: o(x1,. .., 20) < Pjtila——ay for ic]n]
I: For j < i < n, the restriction of @; by {#; = x|l <i}U{z; =3, =b; |l > i} is ®;
representable for x;, Z;
I3: For j < i < n, the above restriction with xz; = &; = b; gives the game value after i — 1
moves
When the for loop (Lines 2—7 in Algorithm 1) is entered the first time (j = n), I; holds by
virtue of Line 1, while I, and I3 hold vacuously. We inductively assume that all invariants
hold at the start of iteration j, where 1 < 7 < n, and prove that the following incremental
proof obligations additionally hold at the end of iteration j (i.e. start of iteration j — 1).
Ji (1, %) 0 @jlay=may for 1€[n]
Jo1 @jlia=—a)i<j} U {ei=d1=bi|1>5} 1S ®; representable for z;, #;
J3: @;
We start with some observations that inform key steps of the proof.

{t1=—21|1<j} U {zi=21=b; 1>} gives the game value after j — 1 moves.

Obs1: PNF(:) always returns a monotone circuit. Therefore, the gadget returned by
CEGC in Line 4, 5, 7 and 8 of Algorithm 2, the circuit ¢, in Line 1 of Algorithm 1,
and all circuits ¢; computed in Lines 5 and 7 of Algorithm 1 are monotone.

Obs2: Invariants [; and I3 refer to @; under the restriction that 2 is set to —xy, or to by,
for all k € [n]. For invariant I, the same restriction applies except for x; and &;, which
are assigned values as required by the definition of ®;-representability. Therefore, the
usage of @; in Iy, I5 and I3 does not require an independent assignment to Zj; simply
knowing the values of x; and by suffices.

Obs3: The circuit aj41, constructed in Line 3 of Algorithm 1 depends only on z1,...z;_1,
z; and &;. Additionally, monotonicity of ¢;41 (see Obsl) implies monotonicity of a;y1.
Obs4: The circuit ¢; constructed in Line 1 of Algorithm 2 evaluates to 1 only for the offend-
ing assignments of x1,..., ;-1 that prevent a;41, i.e. ¢j+1‘{jlz_\xl|l<j}U{xl:@L:bl‘l>j},
from being ®;-representable for x;, Z;. For all such offending assignments, PNF(¢;) = 1
and PNF(—1);) = 0 under the restriction &; = —z; for ¢ < j. Similarly, for all non-offending
assignments, PNF(¢;) = 0 and PNF(—¢;) = 1 under the same restriction.

The inductive proof is completed using a case analysis of whether an assignment o of
Z1,...xj—1 is offending for ®;-representability of a1, i.e. ¢j+1‘{iz:—'wz\l<j}U{Il:iL:bz\l>j}'
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o is non-offending: By Obs4, and by the construction of the gadget in Lines 4, 5, 7
and 8 of Algorithm 2, CEGC(o11,4,Q;) = 1 if Q; = 3, and CEGC(a;41,5,Q;) =0
if @; = V, under the restriction #; = —wx; for all ¢ < j. From Lines 4-7 of Al-
gorithm 1, it follows that ¢; is semantically equivalent to ¢;11 under the above re-
striction. By the induction hypothesis, ¢(z1,...,2Zn) < @ji1ls,—-a for ic[n]- Hence,
o1, 2n)  Pjla,—-a for i[n] a8 Well, proving J;. Since o is a non-offending as-
signment for ®j-representability of @;11|{s,——a\|1<j}U{zi=3:=bi|i>;}, ODligation J holds.
Finally, we know that @;y1|1s,——a|i<j+1} U{zi=s1=b,|i>j+1} gives the game value after j
moves (induction hypothesis). If v denotes the above formula, Q);z;.v gives the game
value after j — 1 moves. From the argument in the proof of obligation J5, we see that
Qjr;.v is equivalent to v|,,—z—p;. Recalling that (; is equivalent to ¢;41 under the
restriction &; = —x; for [ < j, obligation J3 is proved.

o is offending: By Obs4, PNF(¢);) = 1 and PNF(—;) = 0 under the restriction &; = -z,
for i < j. From Lines 4-7 of Algorithm 1, if Q; = 3, ¢, is either 0 or ¢, 11 A (2 V &),
for some [ > k such that Q; = V. In either case, ¢; = 0 if we restrict £; = 2; = b; for all
i > 7, since by = 0. Therefore, ¢; = 0 in the context of obligation Jz, and hence J, holds
trivially. By an analogous argument, if Q); =V, ¢; = 1, and obligation J, holds trivially.
To prove Ji, we do a further case analysis. If there exists { > j such that Q; # @Q;, then
from Lines 4 and 5 of Algorithm 2, CEGC(e41,7,Q;) is 1 V &; V PNF(—¢;) if Q; = 3,
and it is ; A & APNF(¢);) if Q; = V. Therefore, CEGC(a;41, J, Q;) evaluates to 1 (resp.
0) if Q; = 3 (resp. V) under the restriction &; = —z; for all ¢ € [n]. It follows from
Lines 5 and 7 of Algorithm 1 that ¢; is semantically equivalent to ¢;11. Hence, by the
induction hypothesis, obligation J; holds. If, on the other hand, Q; = @; for all I > j,
then CEGC(aj41,4,@;) is PNF(—¢);), which is 0 by Obs4, if @; = 3. Similarly, it is
PNF(v;), which is 1 by Obs4, if Q; = V. We show below that in this case, if Q; = 3 (resp.
V), then ;1 = 0 (resp. 1), regardless of the values of ;,...z,, under the restriction
Z; = —z; for all ¢ € [n], and assignment o to z1,...2;_1. Hence, both CEGC(c;41, 7, Q;)
and @;11 evaluate to the same value. It follows from Lines 5 and 7 of Algorithm 1 that
¢4 is semantically equivalent to ¢;,1, and hence, by the hypothesis, J; holds.
To complete the above proof, it suffices to show that when @; = Q; for all [ > j, the
game value after j — 1 moves is 0 (resp. 1) if Q; = 3 (resp. V), if the first j — 1 moves
are consistent with o. By the induction hypothesis, the game value after j moves is
given by @j11{s,——a,|i<j+1}U{#:=a,=b;|i>j+1}- From Line 3 of Algorithm 1, we also know
that a1 = @ji1lz,=aili<j}u{s;=w,=b;|i>j+1}- Lherefore, all we need to show is that
Qjt1low{e;=0,8;=1} = Qj+1lowfz,=1,6,=0) = 0 (resp. 1) if Q; = 3 (resp. V). Recall from
Obs3 that a1 is a monotone circuit. Since o is an offending assignment, we must have
ji1low{e;=¢;=b,) different from o 11|ow(e;=0,2,=1} ®j ¥+1low(z;=1,4,=0}- Henceif Q; =
3 (le. ®; =V, bj =1), we must have @ +1|ow{z;=0,4;=1} = ¥j+1|ow{s;=1,2,=0} = 0. Oth-
erwise, aj1|ow{z;=0,2,=1} ¥V Qj+1low{z;=1,¢;=0) Will be 1, and aj11[ow{wj=1,4;=1} Will also
be 1 by monotonicity of ;1. Similarly, if Q; =V, we must have o 1|ow{s;=0,4,=1} =
@j+1low{e;=1,4;=0y = 1. This completes the proof of obligation .J;.
Finally, to prove obligation J3, we use the inductive hypothesis that the game value after j
moves is given by Pjy1]1s,=a,i<j+1}U{si=z:=b,|i>j+1}- Lhe argument used above showed
that @j11](s,——a,)i<jiuisi=zi=bi|i>j+1} 18 01f @5 = 3, and it is 1 if Q; =V, regardless of
the value of z;. Hence, the game value after j — 1 moves is 0 (resp. 1) if Q; = 3 (resp. V).
Recall also from the proof of obligation Jo that @ s, -, |i<j}u{s;=z;=b, |i>j} Was itself
shown to be 0 (resp. 1) if Q; = 3 (resp. V). Obligation J3 follows immediately.

<4
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Applying Algorithm 1 to the example in the left half of Figure 2, we obtain the SynQBF
proof in the right half of Figure 2. The gadget (1 A Z2) is obtained as a result of invocation
of CEGC when processing Vx3. No offending assignments are detected when processing Jxo
or V1, and hence CEGC returns trivial gadgets 1 for Jx5, and 0 for V.

7 Conclusion

In this paper, we clarified the difference between winning strategies and Skolem/Herbrand
functions of QBFs, and introduced a new proof system called SynQBF. Our proof system
allows us to extract both Skolem and Herbrand functions for the existential and universal
player respectively, in time polynomial in the proof size, regardless of whether the QBF is
true or false. This also allows us to obtain circuits for game values after all partial plays of
the game. We show that our proof system is optimal and provide conditional lower bound
results, and also relate this to existing/standard proof systems for QBF in the literature. As
future work, we would like to implement our proof construction algorithm and show practical
utility of our framework. We also hope that this work will lead to more attention towards
win-whenever-possible strategies in QBF, and their computation.
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