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Abstract
We prove that there exists a deterministic configuration of Conflict-Driven Clause Learning (CDCL)
SAT solvers using a variant of the VSIDS branching heuristic that solves instances of the Ordering
Principle (OP) CNF formulas in time polynomial in n, where n is the number of variables in such
formulas. Since tree-like resolution is known to have an exponential lower bound for proof size for
OP formulas, it follows that CDCL under this configuration has an exponential separation with
any solver that is polynomially equivalent to tree-like resolution and therefore any configuration of
DPLL SAT solvers.
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1 Introduction

Although SAT is the quintessential NP-complete problem, modern SAT solvers routinely
handle real-world instances with millions of variables and clauses [11]. Much of this success
is attributable to clause learning [20] and conflict-driven branching techniques such as
VSIDS [15] and LRB [14], reinforced by extensive benchmarking and ablation studies [12, 9].
A natural question is whether this empirical success has a theoretical explanation.

The best theoretical evidence to date comes from equivalences to proof systems: assuming
optimal heuristics, DPLL is polynomially equivalent to tree-like resolution, while CDCL is
polynomially equivalent to general resolution [17, 2]. Since there exist formulas that have
polynomially long resolution proofs but require exponentially long tree-like resolution proofs,
as a result of the separation between proof systems we obtain an exponential separation
between algorithms.

But do these results explain the efficiency of practical solvers? The equivalence and
separation results only apply to nondeterministic algorithms using optimal heuristics given
by an unrealistic oracle. The fact that a short proof exists does not mean that a deterministic
algorithm is necessarily able to find it. Whether that is possible is called the automatability
problem [7], and it is an active area of study. In the case of resolution, a breakthrough
result proved that no deterministic algorithm can always find short resolution proofs unless
P = NP [3].

More precisely, only one heuristic in CDCL needs to be nondeterministic for it to simulate
resolution: the branching heuristic, which determines the next variable to branch on. A
randomized heuristic is enough for CDCL to simulate bounded-width resolution [2], and if
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30:2 An Exponential Separation Between Deterministic CDCL and DPLL Solvers

the heuristic is fixed and deterministic then it is known unconditionally – independently of
whether P = NP – that CDCL cannot always find short resolution proofs when the branching
heuristic is VSIDS-like [22] or ordered [16].

This leaves open the central question we address: is there an exponential separation
between DPLL and CDCL when CDCL uses a practical, fully deterministic branching
heuristic?

Two families of formulas that exponentially separate tree-like and general resolution, and
therefore are candidates to answer our question, are pebbling formulas and the Ordering
Principle. The first family of formulas has been studied in a proof system more closely
resembling CDCL [10], but still assuming an optimal decision heuristic. The second family is
what concerns us.

The complexity of resolution proofs of the ordering principle has been widely studied.
The formulas were introduced as a tricky family that could be solved using certain symmetry
breaking properties but appeared hard for resolution [13]. They were later shown to have
in fact short resolution proofs [21] but to require exponentially long tree-like resolution
proofs [6]. Furthermore, a modified version of these formulas was used to exponentially
separate regular from general resolution [1].

What makes these formulas tricky is that any resolution proofs require learning clauses
containing many variables, which is usually an indicator of hardness. In a well-defined sense,
these formulas are just at the boundary of formulas that are easy versus hard for resolution:
a formula over n variables that requires clauses containing Ω(

√
n) variables to prove, such

as the Ordering Principle, requires exponentially long tree-like resolution proofs, and a
formula whose proof requires clauses containing Ω(n1/2+ϵ) variables requires exponentially
long resolution proofs. This makes the Ordering Principle a very interesting case study for
the capabilities of any resolution-based algorithm. Adding to the mystery, empirical work
shows that the Glucose SAT solver with VSIDS decay factor 0.6 solves OP instances in
polynomial time, but not with a decay factor of 0.95 [9].

In this paper, we prove that CDCL with VSIDS solves the Ordering Principle in polynomial
time. To our knowledge, this is the first result showing a polynomial upper bound for
a completely deterministic configuration of CDCL solvers, simultaneously exponentially
separating it from all configurations of DPLL SAT solvers. To be more precise, we use VSIDS
with decay factor at most 1/2 (which is equivalent to a variant of VMTF), fixed phase value
selection, restarts after every conflict, no clause deletion, and 1UIP clause learning.

Specifying a deterministic CDCL configuration requires a tie-breaking rule for VSIDS,
and any such rule must appeal to some ordering on variables. The natural source of this
ordering is the DIMACS representation of the formula, which is what real solvers receive
as input. Our analysis assumes a column-major variable ordering; to extend the result to
arbitrary DIMACS representations, we equip the solver with a deterministic polynomial
time pre-processor that recovers this ordering, making the solver’s behavior invariant to the
choice of representation. This invariance is what licenses our stating the results in terms of
abstract OP formulas: under it, analyzing the solver on the abstract formula is equivalent to
analyzing it on every DIMACS representation.

An immediate corollary of our result, given that there is an exponential lower bound
on the size of tree-like resolution proofs of the Ordering Principle, and that the DPLL
algorithm is captured by tree-like resolution, is that there is an exponential separation
between deterministic CDCL and nondeterministic DPLL.
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2 Preliminaries

2.1 Ordering Principle

An =
∧

1≤i,j,k≤n
i̸=j,k ̸=i,j ̸=k

(¬Pi,j ∨ ¬Pj,k ∨ Pi,k), (transitivity)

Bn =
∧

1≤i,j≤n
i ̸=j

(¬Pi,j ∨ ¬Pj,i), (antisymmetry)

Dn =
∧

1≤j≤n

∨
1≤i≤n

i̸=j

Pi,j (non-minimality)

A(i, j, k) = ¬Pi,j ∨ ¬Pj,k ∨ Pi,k (clause in An)
B(i, j) = ¬Pi,j ∨ ¬Pj,i (clause in Bn)

D(j) =
∨

1≤i≤n
i ̸=j

Pi,j (clause in Dn)

An Ordering Principle instance OPn is defined as An ∧ Bn ∧ Dn. In particular, the variables
in the formula are Pi,j s.t. 1 ≤ i, j ≤ n and i ̸= j. For a variable Pi,j , we often will call i the
row and j the column. An OPn instance can be thought of as describing n elements that
are ordered in some way where Pi,j encodes that element i is smaller than element j, and
such that the elements satisfy transitivity and antisymmetry conditions, but also with the
property that no element is minimal (and thus, the formula is UNSAT).

2.2 VSIDS

First introduced by the authors of the Chaff solver [15], VSIDS (Variable State Independent
Decaying Sum) is a dynamic branching heuristic for SAT solvers that, upon learning a conflict
clause, assigns a score to each variable that appears in the conflict clause (or some variation
of the implication graph), decays the scores of all variables at regular intervals, and then
branches on the highest scoring variable not currently on the assignment trail. There have
been many variants of the heuristic since its first introduction.

The variant of VSIDS that we consider is identical to that used in the first version of
MiniSAT [8], i.e., it scores variables not literals, bumps the variables in the final learned
clause, rather than all or some subset of clauses involved in conflict analysis, and decays all
variable scores by a multiplicative factor after each conflict. There is a single hyperparameter
for the heuristic, which is the decay factor δ. The scores are all initialized to 0, and updated
after each conflict.

Let the score of variable x after conflict t be q(x, t). Then, the update formula is:

q(x, t) = b(x, t) + δq(x, t − 1)

where b(x, t) = 1 if variable x participated in conflict t and b(x, t) = 0 otherwise. A variable
“participated in a conflict” if it was a part of the resulting learned clause of the conflict.

It is also well known that VSIDS with decay factor at most 1/2 is equivalent to the
Variable Move to Front (VMTF) branching heuristic [18, 5]. Thus, we can replace VSIDS
with VMTF for this proof, and the argument would work the same.

SAT 2026
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2.3 CDCL Configuration
The SAT solver configuration we analyze in this paper is the following:

VSIDS Branching heuristic (as described in the previous section) with decay factor
δ ≤ 1/2
Fixed phase value selection: when making decisions, always assign variables to false.
Restart after every conflict
No clause deletion scheme
1UIP Clause Learning scheme

We denote the database of learned clauses by Γ. We assume that at any point during the
solver run, Γ contains all of the clauses the solver learned up to that point in the same order
in which they were learned.

We will briefly discuss the rationale behind the configuration. Our proof heavily uses
the fact that the decay factor is at most 1/2, which is perhaps not surprising in view of how
an aggressive decay factor has also been experimentally observed to be required to solve
instances of the Ordering Principle (as discussed in the introduction). Most assumptions
we make about the configuration are inspired by practice or fairly standard in theoretical
papers, except perhaps fixed phase value selection. Frequent restarts and no clause deletions
are required in the existing proofs that nondeterministic CDCL simulates resolution [17] and
CDCL with randomized branching simulates bounded-width resolution [2], while 1UIP is the
de-facto standard clause learning heuristic in modern CDCL SAT solvers. We want to point
out that the separation proved in this paper may still hold without restarts; this is left to
future work.

The only detail left to specify for the solver is how we break ties when there is more than
one variable with the highest VSIDS score. We define the tie-break rule as follows: Let the
variables Pi,j of the OP instance be in column-major order, i.e.

P2,1, ..., Pn,1, P1,2, ..., Pn,2, ..., P1,n, ..., Pn−1,n

When branching, if there is a tie for the highest VSIDS score, we break the tie based on this
ordering (i.e. the variable chosen is the one with the highest score and whichever comes first
in the above ordering).

The tie-breaking rule arises naturally from treating the solver’s input as a DIMACS
representation rather than an abstract propositional formula, a perspective we develop in
Section 2.4 as the appropriate setting for analyzing deterministic solvers. Under this view,
the variable ordering in the representation determines the tie-breaking rule. To make the
solver’s behavior invariant to the choice of representation, Section 2.5 presents a polynomial
time pre-processing algorithm that makes the solver behave identically on all valid DIMACS
representations of the same formula. All results in Section 3 assume this pre-processor is
applied.

2.4 DIMACS Representation
In practice, SAT solvers take in DIMACS representations of CNF boolean formulas as input.
DIMACS representations map each variable to a unique number, encode each clause as
a sequence of numbers corresponding to the variables in the clause, and list each clause
sequentially. Thus, a given DIMACS representation gives a formula additional structure
in 3 main ways: an ordering of the variables, an ordering of the clauses, and an ordering
of variables within clauses. When studying the complexity of deterministic SAT solvers, it
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makes sense to consider this structure that SAT solvers have access to in practice. Thus,
we propose that the theoretical treatment of deterministic SAT solvers should have the
input be DIMACS representations rather than arbitrary propositional formulas. Then, the
deterministic solver can be analyzed with the structure that those representations impose on
the formulas. In many cases, simply changing the representation of a formula can have a
significant impact on the solver behavior [4], and so we find it natural to treat solvers in this
way.

For the purposes of this paper, we are primarily concerned with the VSIDS branching
heuristic, and thus the aspect of the DIMACS representation that we care about is the
ordering of the variables. In particular, when solving OP instances, if VSIDS scores are tied
we wish to choose variables in column-major order. So, the DIMACS representation that
we consider maps the variables by enumerating them in column-major order (i.e. assign
P2,1 to 1, P3,1 to 2, and so on); any ordering of clauses and any ordering of variables within
clauses is allowed. Given this representation, the column-major tie-breaking rule is simply
the rule of choosing the lowest index variable – which is the standard rule used in practice
by solvers like Cadical or Kissat [5]. Next, we discuss a way to recover the column-major
variable ordering from an arbitrary DIMACS representation of OP.

2.5 Pre-processing
For some classes of formulas, a polynomial time pre-processing algorithm can (using only the
inherent structure of the formulas) derive enough information such that the solver behaves
the same way regardless of DIMACS representation. We describe such a pre-processing
algorithm for recovering the column-major variable ordering for the Ordering Principle.

Consider an arbitrary CNF formula F (not necessarily an OP formula). Below we give a
polytime pre-processor P that takes as input F and produces as output a variable ordering
for F with the following property: if F happens to be an OP formula, then P constructs
a valid labeling of its variables and returns the column-major order with respect to that
labeling; otherwise, P returns an arbitrary order.

1. First, sort the clauses in ascending order by the number of variables in them.
2. Next, let the number of total variables be N . Solve for n · (n − 1) = N . If n is not an

integer, return an arbitrary order. Otherwise, proceed.
3. Now, consider the n largest clauses. If there are less than n clauses, then return an

arbitrary order. For a valid OP instance, these are the non-minimality clauses; each one
corresponds to a distinct column. Prescribe to each of those n clauses a unique index
j, 1 ≤ j ≤ n. Assign column index j to all variables appearing in clause j. For an OP
instance, each variable in the formula appears in exactly one of these clauses (if not,
return an arbitrary order). Now, every variable has a valid column index assigned.

4. Next, consider the n · (n−1)/2 smallest clauses. If there are not enough clauses, return an
arbitrary order. For a valid OP instance, these are the antisymmetry clauses; furthermore,
each variable in the formula should appear in exactly one of these clauses. Consider one
of these clauses, which is of the form ¬xi1,j ∨ ¬xi2,k, where i1 and i2 are the respective
unknown row indices and j and k are the known column indices from the previous step.
Now, we assign i1 to be k and i2 to be j. We iterate over all of these clauses and repeat
this step. If any of these clauses has more than two variables or there is a collision, return
an arbitrary order. Now, for a valid OP instance, every variable has both a valid row and
valid column index assigned.

5. Finally, now that each variable has a valid row and valid column index, we return the
column-major ordering of the variables based on that labeling.

SAT 2026
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Augmenting the CDCL solver with this pre-processor makes its behavior invariant to
the choice of DIMACS representation for OP formulas: on any two representations of the
same OP instance, the solver executes identically. This invariance is what justifies stating
the results in Section 3 in terms of abstract OP formulas rather than specific DIMACS
representations. More precisely, once a deterministic solver is invariant to representation,
analyzing it on the abstract formula is equivalent to analyzing it on any (and hence every)
DIMACS representation of that formula.

3 Main Result

We show that CDCL can determine the unsatisfiability of the Ordering Principle in polynomial
time by a direct analysis of the behavior of the algorithm. That is, for each clause that
the algorithm learns we show which decisions and unit propagations the solver does until
reaching a conflict, building an implication graph along the way. Then we show which clause
the conflict analysis heuristic learns when applied to said implication graph.

We first prove a useful invariant about the VSIDS branching heuristic under the CDCL
configuration described in Section 2.3.

▶ Lemma 1 (Focus Lemma). Assume that the solver has learned at least one clause. Consider
the set S of variables in the most recent learned clause. During a run, when the solver has to
branch, it must branch on an unassigned variable in S and assign it to false, before it can
branch on any other variables.

Proof. First, observe that the variables in the most recently learned clause have a VSIDS
score of at least 1. The reason is that their scores are increased by a value of 1 after the
clause was learned by definition of VSIDS. Variables not in the most recent learned clause
have VSIDS score at most

∑∞
i=1 δi = δ

1−δ . Observe that δ
1−δ < 1 for δ < 1

2 . Furthermore,
for any finite k ∈ N,

∑k
i=1

1
2

i
< 1. So, the variables in the most recent learned clause all

have higher VSIDS score than any variable not in the most recent learned clause for δ ≤ 1/2.
Recall that we assume the solver restarts after every conflict. Therefore, upon branching, the
solver branches on unassigned variables in the newest learned clause first, before branching
on any other variables. Finally, because of fixed phase value selection, the solver assigns the
(unassigned) variables in the most recent learned clause to false. ◀

Informally, what the Focus Lemma says is that whenever the solver has to make a decision
during a run, the solver cannot branch on a variable which does not appear in the newest
learned clause if there exists at least one unassigned variable in the newest learned clause.
Note that it could be the case that a variable in the most recent learned clause is already
propagated to true before a conflict is derived, and the solver thus didn’t assign false to it.
The Focus Lemma says nothing about this.

Additionally, observe that the Focus Lemma can be extended beyond just the newest
learned clause. Under this configuration, we can view branching as ranking each variable
based solely on the most recent learned clause it appears in (where higher rank means the
variable appeared in a newer learned clause), and then picking the variable with highest rank
(and using the tie-breaking rule if necessary). Thus, the Focus Lemma proves the generally
known equivalence between VSIDS with decay factor at most 1/2 and VMTF (while also
additionally prescribing the polarity of variable assignment due to the solver configuration).

▶ Definition 2 (Ordered Variable Sequence and Prefix Clause). For any column j, let Lj be the
ordered sequence of variables in that column: Lj = ⟨P1,j , P2,j , . . . , Pj−1,j , Pj+1,j , . . . , Pn,j⟩.
Note that for j = 1, variable P1,1 does not exist, so the sequence starts at P2,1. Let C(j, k)
be the disjunction of the first k variables in Lj. Note that D(j) = C(j, n − 1).
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▶ Theorem 3. For the CDCL solver configuration in Section 2.3, the solver always learns
exactly the following clauses in this exact order on OPn instances for n ≥ 6:

Head

C(1, n − 2)
C(1, n − 3)

Descending Cascade

For each j descending from n − 2 to 2 :

C(j, n − 2)
C(j, n − 3)

...
C(j, j − 1)


A triangular block of depth n − j.
Starts at length n − 2, ends at length j − 1.

Tail

C(1, n − 4)
...

C(1, 2)

 Resumes column 1.
Ends with the pair P2,1 ∨ P3,1.

To illustrate the pattern, for OP6 (left) and OP7 (right) the learned clauses are:

P2,1 P3,1 P4,1 P5,1
P2,1 P3,1 P4,1

P1,4 P2,4 P3,4 P5,4
P1,4 P2,4 P3,4

P1,3 P2,3 P4,3 P5,3
P1,3 P2,3 P4,3
P1,3 P2,3

P1,2 P3,2 P4,2 P5,2
P1,2 P3,2 P4,2
P1,2 P3,2
P1,2

P2,1 P3,1

P2,1 P3,1 P4,1 P5,1 P6,1
P2,1 P3,1 P4,1 P5,1

P1,5 P2,5 P3,5 P4,5 P6,5
P1,5 P2,5 P3,5 P4,5

P1,4 P2,4 P3,4 P5,4 P6,4
P1,4 P2,4 P3,4 P5,4
P1,4 P2,4 P3,4

P1,3 P2,3 P4,3 P5,3 P6,3
P1,3 P2,3 P4,3 P5,3
P1,3 P2,3 P4,3
P1,3 P2,3

P1,2 P3,2 P4,2 P5,2 P6,2
P1,2 P3,2 P4,2 P5,2
P1,2 P3,2 P4,2
P1,2 P3,2
P1,2

P2,1 P3,1 P4,1
P2,1 P3,1

Proof. The structure of our proof is to show that the solver first learns the Head, then
transitions to and learns the Descending Cascade, and finally transitions to and learns
the Tail and derives UNSAT. We inductively show that, given the solver has learned some
prefix of the learned clauses in the theorem statement, it correctly learns the next clause.
We show the corresponding implication graphs to learned clauses, and for each graph we
show the 1UIP node and cut. First, we state a key invariant:

SAT 2026
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▶ Lemma 4 (Equal Score Invariant). For the CDCL solver configuration in Section 2.3, when
solving OP instances, for each learned clause C one of the following holds: (1) all variables
in C participate in a learned clause for the first time in C, (2) all variables in C participate
in a previously learned clause C ′ and in no clause learned after C ′ but before C.

It follows that the variables in C all have the same VSIDS score right after the clause C

has been learned and the scores have been bumped.

A consequence of the Equal Score Invariant is that we branch on variables in the most
recent learned clauses (by the Focus Lemma) in column-major order (due to the tie-breaking
rule). We will show that the Equal Score Invariant is maintained for all of the learned
clauses.

1: A(2, n, 1)
2: D(1)
3: D(1)
4: A(n − 1, n, 1)
5: A(2, n, 1)
6: A(n − 1, n, 1)
7: B(1, n)
8: D(n)
9: D(n)

10: D(n)

¬P2,1@1 ¬Pn−1,1@n − 2

Pn,1@n − 2

¬P2,n@n − 2 ¬Pn−1,n@n − 2 ¬P1,n@n − 2

CONFLICT

. . .

. . .

1

2 3

4

5 6 7

8 9 10

Figure 1 First Head Clause Implication Graph. 1UIP node and cut in red.

At first, since |Γ| = 0 and all VSIDS scores are 0, the solver branches on the OP variables
in column-major order; that is, the solver branches on P2,1, P3,1, ..., Pn−1,1 (and assigns them
to false). After doing so, we get a conflict, and 1UIP derives the learned clause C(1, n − 2)
(Figure 1). The Equal Score Invariant holds by Case 1. Then, by the Focus Lemma, the
solver branches on P2,1, ..., Pn−2,1 before any other variables. This then yields a conflict and
1UIP derives the learned clause C(1, n − 3) (Figure 2). Because each variable in this learned
clause was also in the previous learned clause, the Equal Score Invariant is maintained.
So, we see that the learned clause database always starts off with Head, and the Equal
Score Invariant is maintained for the Head by Case 2.
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1: A(2, n − 1, 1)
2: C(1, n − 2)
3: C(1, n − 2)
4: A(n − 2, n − 1, 1)
5: B(1, n − 1)
6: A(2, n − 1, 1)
7: A(n − 2, n − 1, 1)
8: A(1, n, n − 1)
9: D(n − 1)

10: A(2, n, n − 1)
11: D(n − 1)
12: D(n − 1)
13: A(n − 2, n, n − 1)
14: A(1, n, n − 1)
15: A(2, n, n − 1)
16: A(n − 2, n, n − 1)
17: B(n − 1, n)
18: D(n)
19: D(n)
20: D(n)
21: D(n)

¬P2,1@1 . . . ¬Pn−2,1@n − 3

Pn−1,1@n − 3

¬P2,n−1@n − 3 . . . ¬Pn−2,n−1@n − 3¬P1,n−1@n − 3

Pn,n−1@n − 3

¬P1,n@n − 3 ¬P2,n@n − 3 . . . ¬Pn−2,n@n − 3 ¬Pn−1,n@n − 3

CONFLICT

2

1

3

4

6 75

11

10

12

13

9

8

14 15 16 17

18 19 20 21

Figure 2 Second Head Clause Implication Graph.

For the Descending Cascade, there are three facts that we show. The first is that
the Descending Cascade actually begins, i.e., we learn C(n − 2, n − 2) right after the head.
The second is that we cascade within a single column, i.e., given that the solver has learned
C(j, n − 2), ..., C(j, k) for k > j − 1, the solver learns C(j, k − 1) next (Lemma 5). The
third is that after learning C(j, j − 1) for j > 2, we descend to the next column and learn
C(j − 1, n − 2) (Lemma 6).

After learning the Head, by the Focus Lemma, we see that the solver next branches
on P2,1, ..., Pn−3,1, Pn−1,1. After doing so, 1UIP derives the learned clause C(n − 2, n − 2)
(Figure 3). None of the variables in the learned clause were involved in any of the previous
learned clauses, so the Equal Score Invariant holds by case 1.

SAT 2026
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1: A(2, n − 2, 1)
2: C(1, n − 3)
3: C(1, n − 3)
4: A(n − 3, n − 2, 1)
5: A(n − 1, n − 2, 1)
6: B(1, n − 2)
7: A(2, n − 2, 1)
8: A(n − 3, n − 2, 1)
9: A(n − 1, n − 2, 1)

10: A(1, n, n − 2)
11: D(n − 2)
12: A(2, n, n − 2)
13: D(n − 2)
14: D(n − 2)
15: A(n − 3, n, n − 2)
16: D(n − 2)
17: A(n − 1, n, n − 2)
18: A(1, n, n − 2)
19: A(2, n, n − 2)
20: A(n − 3, n, n − 2)
21: A(n − 1, n, n − 2)
22: B(n − 2, n)
23: D(n)
24: D(n)
25: D(n)
26: D(n)
27: D(n)

¬P2,1@1 ¬Pn−3,1@n−4 ¬Pn−1,1@n−3. . .

Pn−2,1@n−4

¬P1,n−2@n−4 ¬P2,n−2@n − 4 ¬Pn−3,n−2@n−4 ¬Pn−1,n−2@n−3. . .

Pn,n−2@n−3

¬P1,n@n−3 ¬P2,n@n − 3 ¬Pn−3,n@n−3 ¬Pn−1,n@n−3. . . ¬Pn−2,n@n−3

CONFLICT

1

2 3

4 5

6 7 8 9

11

10

14

15

16

1712

13

18 19 20 21 22

23 24 25 26 27

Figure 3 First Descending Cascade Clause Implication Graph.
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▶ Lemma 5 (Cascade Lemma). Assume that Γ contains the Head clauses followed by
C(j, n − 2), ..., C(j, j − 1) for j = n − 2, ..., l + 1, and then C(l, n − 2), ..., C(l, k) for k > l − 1.
Additionally, assume that the Equal Score Invariant holds for all of those clauses. The
next learned clause is C(l, k − 1), and the Equal Score Invariant still holds.

There are 4 cases for the Cascade Lemma, shown below.

1: A(1, k + 1, l)
2: C(l, k)
3: A(l − 1, k + 1, l)
4: C(l, k)
5: C(l, k)
6: A(l + 1, k + 1, l)
7: C(l, k)
8: A(k, k + 1, l)
9: A(1, k + 1, l)

10: A(l − 1, k + 1, l)
11: A(l + 1, k + 1, l)
12: A(k, k + 1, l)
13: B(l, k + 1)
14: A(1, k + 2, k + 1)
15: C(k + 1, k)
16: A(l−1, k+2, k+1)
17: C(k + 1, k)
18: C(k + 1, k)
19: A(l+1, k+2, k+1)
20: C(k + 1, k)
21: A(k, k + 2, k + 1)
22: C(k + 1, k)
23: A(l, k + 2, k + 1)
24: A(1, k + 2, k + 1)
25: A(l−1, k+2, k+1)
26: A(l, k + 2, k + 1)
27: A(l+1, k+2, k+1)
28: A(k, k + 2, k + 1)
29: B(k + 1, k + 2)
30: C(k + 2, k + 1)
31: C(k + 2, k + 1)
32: C(k + 2, k + 1)
33: C(k + 2, k + 1)
34: C(k + 2, k + 1)
35: C(k + 2, k + 1)

¬P1,l@1 . . . ¬Pl−1,l@l−1 ¬Pl+1,l@l . . . ¬Pk,l@k−1

Pk+1,l@k−1

¬P1,k+1@k−1 . . . ¬Pl−1,k+1@k−1 ¬Pl+1,k+1@k−1 . . . ¬Pk,k+1@k−1 ¬Pl,k+1@k−1

Pk+2,k+1@k−1

¬P1,k+2@k−1 . . . ¬Pl−1,k+2@k−1 ¬Pl,k+2@k−1 ¬Pl+1,k+2@k−1 . . . ¬Pk,k+2@k−1

¬Pk+1,k+2@k − 1
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15

16
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29
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34

35

Figure 4 Cascade Lemma (k ̸= l, k = n − 2) Implication Graph.
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1: A(1, k + 1, l)
2: C(l, k)
3: C(l, k)
4: A(l − 1, k + 1, l)
5: A(1, k + 1, l)
6: A(l − 1, k + 1, l)
7: B(l, k + 1)
8: C(k + 1, k)
9: C(k + 1, k)

10: C(k + 1, k)

¬P1,l@1 . . . ¬Pk−1,l@k − 1

Pk+1,l@k − 1

¬P1,k+1@k − 1 . . . ¬Pl−1,k+1@k − 1 ¬Pl,k+1@k − 1

CONFLICT

1

2 3

4

5 6 7

8 9 10

Figure 5 Cascade Lemma (k = l, k ̸= n − 2) Implication Graph.

1: A(1, k + 1, l)
2: C(l, k)
3: A(l − 1, k + 1, l)
4: A(k − 1, k + 1, l)
5: C(l, k)
6: A(l + 1, k + 1, l)
7: C(l, k)
8: A(k, k + 1, l)
9: A(1, k + 1, l)

10: A(l − 1, k + 1, l)
11: A(l + 1, k + 1, l)
12: A(k, k + 1, l)
13: B(l, k + 1)
14: C(k + 1, k)
15: C(k + 1, k)
16: C(k + 1, k)
17: C(k + 1, k)
18: C(k + 1, k)

¬P1,l@1 . . . ¬Pl−1,l@l−1 ¬Pl+1,l@l . . . ¬Pk,l@k−1

Pk+1,l@k−1

¬P1,k+1@k−1 . . . ¬Pl−1,k+1@k−1 ¬Pl+1,k+1@k−1 . . . ¬Pk,k+1@k−1 ¬Pl,k+1@k−1

CONFLICT

1
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3

4 5

6

7

8

9 10 11 12 13

14 15 16 17 18

Figure 6 Cascade Lemma (l < k < n − 2) Implication Graph.
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1: A(1, k + 1, l)
2: C(l, k)
3: C(l, k)
4: A(k − 1, k + 1, l)
5: A(1, k + 1, l)
6: A(k − 1, k + 1, l)
7: B(k, k + 1)
8: A(1, k + 2, k + 1)
9: C(k + 1, k + 1)

10: C(k + 1, k + 1)
11: A(k −1, k +2, k +1)
12: C(k + 1, k + 1)
13: A(k, k + 2, k + 1)
14: A(1, k + 2, k + 1)
15: A(k −1, k +2, k +1)
16: A(k, k + 2, k + 1)
17: B(k + 1, k + 2)
18: C(k + 2, k + 1)
19: C(k + 2, k + 1)
20: C(k + 2, k + 1)
21: C(k + 2, k + 1)

¬P1,l@1 . . . ¬Pk−1,l@k−1

Pk+1,l@k−1

¬P1,k+1@k−1 . . . ¬Pk−1,k+1@k−1 ¬Pk,k+1@k−1

Pk+2,k+1@k−1

¬P1,k+2@k−1 . . . ¬Pk−1,k+2@k − 1 ¬Pk,k+2@k − 1 ¬Pk+1,k+2@k−1

CONFLICT

1

2 3

4

5 6 7

8

9 10 12
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14 1715 16

18 2119 20

Figure 7 Cascade Lemma (k = l = n − 2) Implication Graph.

The Equal Score Invariant holds by Case 2 for the Cascade Lemma.

▶ Lemma 6 (Descending Lemma). Assume that Γ contains the Head clauses followed by
C(j, n − 2), ..., C(j, j − 1) for j = n − 2, ..., l, for l > 2. Additionally, assume that the
Equal Score Invariant holds for all of those clauses. Then, the next learned clause is
C(l − 1, n − 2), and the Equal Score Invariant still holds.

SAT 2026
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¬P1,l@1 . . . ¬Pl−2,l@l−2

Pl−1,l@l−2

¬P1,l−1@l−2 . . . ¬Pl−2,l−1@l−2 ¬Pl,l−1@l−2

¬Pl+1,l@l−1 . . . ¬Pn−1,l@n−3

¬Pl+1,l−1@l−1 . . . ¬Pn−1,l−1@n−3

Pn,l−1@n−3

¬P1,n@n−3 . . . ¬Pl−2,n@n−3 ¬Pl,n@n−3 ¬Pl+1,n@n−3 . . . ¬Pn−1,n@n−3 ¬Pl−1,n@n−3

Pn,l@n − 3

CONFLICT
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Figure 8 Descending Lemma Implication Graph.

1: A(1, l − 1, l)
2: C(l, l − 1)
3: A(l − 2, l − 1, l)
4: C(l, l − 1)
5: A(1, l − 1, l)
6: A(l − 2, l − 1, l)
7: A(n, l − 1, l)
8: B(l − 1, l)
9: A(l + 1, l − 1, l)

10: A(n − 1, l − 1, l)
11: A(1, n, l − 1)
12: D(l − 1)

13: A(l − 2, n, l − 1)
14: D(l − 1)
15: D(l − 1)
16: A(l, n, l − 1)
17: A(l + 1, l − 1, l)
18: A(n − 1, l − 1, l)
19: D(l − 1)
20: A(l + 1, n, l − 1)
21: D(l − 1)
22: A(n − 1, n, l − 1)
23: A(n, l − 1, l)
24: A(1, n, l − 1)

25: A(l − 2, n, l − 1)
26: A(l, n, l − 1)
27: A(l + 1, n, l − 1)
28: A(n − 1, n, l − 1)
29: B(l − 1, n)
30: D(n)
31: D(n)
32: D(n)
33: D(n)
34: D(n)
35: D(n)
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The Equal Score Invariant holds by Case 1 for the Descending Lemma.
We now move on to the Tail. We first notice that the last learned clause in the Descending

Cascade is always the unit clause C(2, 1) = P1,2. There are two things we need to show.
The first is that the Tail begins, i.e., we learn C(1, n − 4) after learning P1,2 (Lemma 7).
The second is that after learning C(1, n − 4), ..., C(1, k) for k > 2, the next learned clause is
C(1, k − 1) (Lemma 8).

▶ Lemma 7 (Pivot Lemma). Assume that Γ contains the Head clauses followed by the
Descending Cascade clauses, the last of which is the unit clause P1,2. Additionally, assume
that the Equal Score Invariant holds for all of those clauses. The next learned clause is
C(1, n − 4), and the Equal Score Invariant still holds.

1: B(1, 2)
2: A(3, 1, 2)
3: A(n − 3, 1, 2)
4: A(3, 1, 2)
5: A(n − 3, 1, 2)
6: A(2, n − 2, 1)
7: C(1, n − 3)
8: A(3, n − 2, 1)
9: C(1, n − 3)

10: C(1, n − 3)
11: A(n − 3, n − 2, 1)
12: A(2, n − 2, 1)
13: A(3, n − 2, 1)
14: A(n − 3, n − 2, 1)
15: B(1, n − 2)
16: A(l, n, l − 1)
17: A(l + 1, l − 1, l)
18: A(n − 1, l − 1, l)
19: C(n − 2, n − 3)

P1,2@0 ¬P3,2@1 . . . ¬Pn−3,2@n−5

¬P2,1@0 ¬P3,1@1 . . . ¬Pn−3,1@n−5

Pn−2,1@n−5

¬P2,n−2@n−5 ¬P3,n−2@n−5 . . . ¬Pn−3,n−2@n−5 ¬P1,n−2@n−5

CONFLICT

1 2 34 5

6

7

8

9 10

11

12 13 14 15

16 17 18 19

Figure 9 Pivot Lemma Implication Graph.

The Equal Score Invariant holds by Case 2 for the Pivot Lemma.

▶ Lemma 8 (Tail Lemma). Assume that Γ contains the Head clauses followed by the
Descending Cascade clauses followed by the clauses C(1, n − 4), ..., C(1, k) for k > 2.
Additionally, assume that the Equal Score Invariant holds for all of those clauses. The
next learned clause is C(1, k − 1), and the Equal Score Invariant still holds.
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1: A(k + 1, 1, 2)
2: B(1, 2)
3: A(2, 1, k + 1)
4: C(1, k)
5: A(3, k + 1, 1)
6: C(1, k)
7: C(1, k)
8: A(k, k + 1, 1)
9: A(k + 1, 1, 2)

10: A(2, 1, k + 1)
11: A(3, k + 1, 1)
12: A(k, k + 1, 1)
13: B(1, k + 1)
14: C(k, k + 1)
15: C(k, k + 1)
16: C(k, k + 1)
17: C(k, k + 1)

P1,2@0 ¬P2,1@0 ¬P3,1@1 . . . ¬Pk,1@k−2

Pk+1,1@k − 2

¬P2,k+1@k−2 ¬P3,k+1@k−2 . . . ¬Pk,k+1@k−2 ¬P1,k+1@k−2Pk+1,2@k − 2

CONFLICT

1

2

6

5

7

8

9

4

3

10 11 12 13

14 15 16 17

Figure 10 Tail Lemma Implication Graph.

The Equal Score Invariant holds by Case 2 for the Tail Lemma.
The lemmas are enough to show that we learn the Head, Descending Cascade, and

Tail clauses. To complete the proof of the theorem, we show that the CDCL solver derives
UNSAT upon learning these clauses. As part of the Descending Cascade, the unit clause
P1,2 is learnt. Propagating it, we derive ¬P2,1. Then, the clause P2,1 ∨ P3,1, which is in the
Tail, becomes the unit clause P3,1. Then the transitivity clause A(2, 3, 1) becomes the unit
clause ¬P2,3. And, the antisymmetry clause B(1, 3) becomes the unit clause ¬P1,3. We then
see that the clause P1,3 ∨ P2,3, which is part of the Descending Cascade, is completely
falsified. However, we did not have to make any decisions to arrive at this conflict, and
therefore we derive UNSAT. ◀

A natural question is whether we crucially need tie-breaking throughout the proof. To
answer this question we might try to generalize the proof in a way so that the order in
which we branch does not matter, as long as our branching is column-focused (i.e. always
branch in the same column as the previous decision if possible). This would result in perhaps
processing columns in a different order but the proof would, plausibly, be equivalent up to
symmetries. More precisely, we can assume that the first learned clause is C(1, n − 2), i.e.
that we guarantee that we start off column-focused; then, we ask if the Focus Lemma and
the rest of the configuration would result in the solver learning the essentially the same proof
without further invoking the tie-breaking rule. The answer is negative due to the Descending
Lemma, the mechanism by which we transition columns in the Descending Cascade, which
requires that we initially propagate Pl−1,l from the first l − 2 decisions if we want to learn a
clause in column l − 1. So, the previous learned clauses cannot consist of arbitrary subsets of
variables from column l if we want to descend to column l −1. This suggests that tie-breaking
does play an important role in this particular proof, and that further generalizations that
removed tie-breaking would be more complex if not longer.
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▶ Theorem 9. The total number of conflicts for the deterministic configuration of CDCL
SAT solvers in Section 2.3 to derive UNSAT for an OPn instance is exactly

(
n
2
)

− 3, for
n ≥ 6.

Proof. The Head has 2 clauses, the Descending Cascade has
∑n−2

j=2 n − j = n(n − 3)/2
clauses, and the Tail has n − 5 clauses. In total, then, there are (n−3)(n+2)

2 =
(

n
2
)

− 3
clauses. ◀

▶ Corollary 10. There exists a deterministic CDCL solver that has an exponential separation
with any solver that is polynomially equivalent to tree-like resolution (e.g. DPLL with
nondeterministic branching).

Proof. It is known that tree-like resolution has an exponential lower bound for proof size
for Ordering Principle instances [6]. We have shown the CDCL configuration described in
Section 2.3 requires exactly

(
n
2
)

− 3 conflicts to derive UNSAT for OPn instances. It is well
known that a polynomial number of conflicts implies polynomial runtime for CDCL SAT
solvers. It then follows that this CDCL solver has an exponential separation with any solver
that is polynomially equivalent to tree-like resolution. ◀

▶ Remark 11. A separation in the opposite direction also holds: there exists a class of
formulas which can be solved efficiently by nondeterministic DPLL but not by VSIDS-like
CDCL. This follows by noticing that the pitfall formulas that separate VSIDS-like CDCL
from resolution [22] have short proofs in tree-like resolution.

4 Correctness

In the full version of the paper, we prove the correctness of all the implication graphs by
showing their completeness. We say that an implication graph is complete if it is impossible
for a different conflict to be learned under the same decisions [19].

Additionally, we experimentally verified our results using the “textbooksat” SAT solver
[23] on instances up to OP30, analyzing the exact learned clause structures and propagations
on the same solver configuration. Our results were confirmed on all of those instances.

5 Conclusions

In this paper, we establish an exponential separation between a deterministic configuration
of CDCL SAT solvers and any configuration of DPLL SAT solvers. Specifically, we show that
the proposed CDCL configuration solves the OP class of formulas in polynomial time, even
though tree-like resolution is known to admit only exponential-size proofs for these instances.

We hope this work proves useful for the future analysis of practical, deterministic SAT
solvers. Our argument is considerably simplified by two key invariants (the Focus Lemma
and the Equal Score Invariant) and we believe that identifying such invariants is essential
for making deterministic analysis tractable in general. Moreover, treating the input to a
deterministic solver as a DIMACS representation, rather than as an abstract propositional
formula, helps bridge the gap between theory and practice: it allows structural information
about the formula that is available in empirical settings to be specified precisely and reasoned
about formally. Pairing this perspective with deterministic polynomial time pre-processing
offers a natural way to recover invariance to the choice of DIMACS representation, and we
expect it to be a useful tool in subsequent work.
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