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Abstract
We address the problem of attributing responsibility to individual clauses for the unsatisfiability
of a propositional formula. Recent work adopted the Shapley-Shubik power index, proposing a
probabilistic approximation algorithm. However, although polynomial, the required number of SAT
solver calls becomes impractical when the input formula is not easy to solve. In such cases, it is often
possible to enumerate a partial set of minimal unsatisfiable subsets (MUSes) and minimal correction
subsets (MCSes). In this paper, we demonstrate that these subsets can be leveraged to efficiently
bound and approximate the Shapley-Shubik index. We introduce a framework that exploits the
structural information provided by the available sets to derive useful attribution explanations.
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1 Introduction

Analyzing inconsistency is a fundamental task across multiple domains, where explaining
and repairing unsatisfiability relies on identifying minimal unsatisfiable subsets (MUSes)
and minimal correction subsets (MCSes), or their complements maximal satisfiable subsets
(MSSes). This has led to an extensive body of research on related topics, including their
extraction [3, 15, 28, 22, 47, 5, 38, 1, 12, 49, 21, 45, 43], enumeration [2, 35, 33, 6, 37, 51, 48, 20],
smallest MUSes [26], union of MUSes [44, 31, 29], among others [39, 7, 8].

Building on prior research on inconsistency measures [23, 24], recent work [42] proposed
the use of power indices from cooperative game theory to measure the importance of each
clause or variable in the unsatisfiability of a formula. This can be seen as the SAT counterpart
to feature attribution [36, 59], widely used in eXplainable AI (XAI). Unlike MUSes, which
provide local reasons for unsatisfiability, these attribution-based explanations offer a global
view of the causes of inconsistency, arguably useful for decision-making in numerous domains.
For instance: (i) in explainable scheduling [46, 58], to quantify the relative importance of jobs
or resources in the infeasibility of a problem; (ii) in model-based diagnosis [52], to identify the
components most responsible for faulty behavior; or (iii) in formal verification [9], to highlight
the most important elements for a safety property to hold. This enables decision-makers to
prioritize maintenance or strategically introduce redundancy for critical components. The
flexibility of SAT enables the application of this framework across these and other scenarios.
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33:2 Shapley-Shubik Attribution from Minimal Subsets

In this context, previous work [42] developed a probabilistic sampling algorithm to
approximate the Shapley-Shubik index. This algorithm relies on sampling permutations of
the clauses, and requires SAT solver calls for each sample. Although polynomial, the number
of samples required to achieve high precision and confidence hinders its practical application
in scenarios where each satisfiability test is computationally expensive. In this situation,
reaching the required number of samples becomes infeasible.

However, in many such cases, it is still possible to enumerate a partial set of MUSes
and MCSes using significantly fewer SAT solver calls than those required by a full sampling
procedure. This observation, combined with the fact that deducing subset satisfiability
from the identified MUSes and MCSes is polynomial, enables a more efficient attribution
framework for formulas that are otherwise intractable. While this approach introduces a
degree of uncertainty due to the incomplete characterization of the subset space, it allows for
deriving informative bounds in scenarios where full sampling is computationally prohibitive.

Our contributions are twofold: First, we introduce a coverage metric to quantify the
extent to which a formula’s subset space is characterized by a given set of MUSes and MCSes.
We prove that computing this metric is #P-hard, and show that it can be determined by
using model counting over a CNF formula encoding the identified minimal sets. Second, we
present an interval-based attribution approach that leverages this partial enumeration to
bound the Shapley-Shubik index. In addition to providing rigorous importance intervals, this
framework offers estimates based on different assumptions under uncertainty, while effectively
eliminating the need for expensive SAT solver calls during the sampling process.

Experimental results show that partial enumeration can provide high coverage, which
correlates with increasingly narrow importance intervals.

The paper is structured as follows: Section 2 provides the necessary preliminaries and
notation. Section 3 introduces the coverage metric and its computation. Section 4 presents
the interval-based attribution framework. Experimental results are reported and analyzed in
Section 5. Finally, Section 6 concludes the paper.

2 Preliminaries

2.1 Boolean Satisfiability
Standard definitions in propositional logic are assumed [10]. A CNF formula F = {c1, . . . , cm}
over variables var(F) = {x1, . . . , xn} is a conjunction (or set) of clauses, where a clause is
a disjunction (or set) of literals, and a literal is a variable x or its negation ¬x. A truth
assignment µ : var(F)→ {0, 1} is a model of F if it satisfies it, denoted µ⊨F . The set of all
models is Models(F). Formula F entails G, written F ⊨G, if every model of F is a model of
G. Formula F is satisfiable if Models(F) ̸= ∅ (F ⊭⊥), and unsatisfiable otherwise (F ⊨⊥).

We focus on unsatisfiable formulas F = (FH ,FS), partitioned into a set FH of hard
clauses that must be satisfied and a set FS of soft clauses that can be relaxed. We assume
FH ⊭⊥. In this setting, the following notions apply [40]:

▶ Definition 1 (MUS/MCS/MSS). A subset M ⊆ FS is a minimal unsatisfiable subset
(MUS) iff FH ∪M⊨⊥ and for allM′ ⊊M, FH ∪M′ ⊭⊥. Conversely, C ⊆ FS is a minimal
correction subset (MCS) iff FH ∪ (FS \ C)⊭⊥ and for all C′ ⊊ C, FH ∪ (FS \ C′)⊨⊥. The
complement S = FS \ C is a maximal satisfiable subset (MSS).

An MUS M explains unsatisfiability, while an MCS C is a minimal set whose removal
restores consistency, yielding the MSS S. Every MUS is a minimal hitting set of the set of
MCSes and vice versa [11, 52]. The number of such sets can be exponential in |FS | [34].
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▶ Example 2. Consider F = (FH ,FS), with FH = {(x1 ∨ x2)} and FS = {c1: (¬x1), c2:
(¬x2), c3: (x2 ∨x3), c4: (¬x3), c5: (¬x2 ∨¬x3)}. The formula has two MUSes,M1 = {c1, c2}
and M2 = {c2, c3, c4}. There are three MCSes, C1 = {c2}, C2 = {c1, c3}, and C3 = {c1, c4},
with the corresponding MSSes S1 = {c1, c3, c4, c5}, S2 = {c2, c4, c5}, and S3 = {c2, c3, c5}.

2.2 Power Indices as Explanations of Unsatisfiability
A simple cooperative game is a pair (N, υ), where N is a set of players and v : 2N → {0, 1} is
a monotonic characteristic function that assigns a value to each coalition C ⊆ N [14]. A
coalition is winning if υ(C) = 1, and losing otherwise.

Power indices [18], originally introduced for weighted voting games, quantify the im-
portance of each player based on their ability to turn a losing coalition into a winning one.
Well-known examples include the Shapley-Shubik [53], Banzhaf [4] and Deegan-Packel [16]
indices. Among these, the Shapley-Shubik index stands out due to its unique properties.
It measures the power of a player i ∈ N , denoted ImS(i) (for Shapley-Shubik measure of
importance), as its average marginal contribution across all possible coalitions:

ImS(i) =
∑

C⊆N\{i}

|C|!(|N | − |C| − 1)!
|N |! [υ(C ∪ {i})− υ(C)] (1)

Equivalently, ImS(i) is the probability that i is pivotal in a random permutation τ =
(τ1, . . . , τ|N |) of N . A player τp is pivotal if υ({(τ1, . . . , τp−1}) = 0 and υ({(τ1, . . . , τp}) = 1.
Computing this index is in general #P -hard.

Power indices can be used in any setting where the characteristic function is defined by a
monotonically increasing predicate [41], such as unsatisfiability [42]. Given F = (FH ,FS),
we define the simple game (N, υ), where N = FS and υ(W) = 1 if FH ∪ W ⊨⊥ and
υ(W) = 0 otherwise, with W ⊆ FS . In this game, players correspond to clauses and
MUSes to minimal winning coalitions. The Shapley-Shubik index ImS(ci) quantifies the
importance of a clause ci ∈ FS for the unsatisfiability of F . For instance, this index yields
(0.250, 0.583, 0.083, 0.083, 0.0) to the soft clauses (c1, . . . , c5) in Example 2. Note that c2 has
the highest importance, whereas c5 does not have any.

Recent work [42] also introduced a characteristic function υM based on a known set of
MUSes M, where υM(W) = 1 iff ∃M ∈ M such that M ⊆ W. This function is equivalent
to the previous one when M contains all MUSes of F , yielding the same Shapley-Shubik
index. In any case, this index summarizes the set of MUSes in M, and it never attributes
importance to irrelevant clauses not contained in any MUS of F .

The application of the Shapley-Shubik index to the analysis of unsatisfiability corresponds
at the clause level to the drastic Shapley inconsistency value proposed in [23, 24] to measure
the degree of inconsistency of knowledge bases. As far as we know, [42] is the only work so
far to address the practical computation of this index in the context of SAT. It is worth
mentioning past efforts on alternative inconsistency measures based on Shapley values, such
as the MI Shapley inconsistency value, defined in terms of the number of MUSes. A tool
that computes this value was proposed in [30], requiring a full enumeration of MUSes.

3 Coverage of the Powerset

This section introduces a metric to assess how well a collection of MUSes and MCSes (or
MSSes) represents the (un)satisfiability of a given formula F = (FH ,FS). It is based on the
monotonicity of logical consequence in propositional logic:

SAT 2026
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For any supersetM′ of an MUSM⊆ FS , the formula FH∪M′ is necessarily unsatisfiable.
Consequently, we say that M covers every M′ such that M⊆M′ ⊆ FS .
For any subset S ′ of an MSS S ⊆ FS , the formula FH ∪S ′ is necessarily satisfiable. Thus,
we say that S (or its corresponding MCS C = FS \ S) covers every S ′ ⊆ S.

Given a set of MUSes M and a set of MSSes S of a formula F , we define the coverage of
F as the fraction of the powerset P(FS) whose satisfiability or unsatisfiability is determined
by these sets. Formally:

Cov(F ,M,S) = |{X ⊆ FS | is_covered(X ,M,S)}|
2|FS | (2)

where a subset X ⊆ FS is covered if there exists M∈M such that M⊆ X or there exists
S ∈ S such that X ⊆ S. Note that no subset X ⊆ FS can be covered simultaneously by an
MUS and an MSS, as this would imply that FH ∪ X is both satisfiable and unsatisfiable.
However, X could be covered by multiple MUSes or by multiple MSSes.

This metric takes values in the range [0, 1], where 0 indicates no information (i.e., M = ∅
and S = ∅), and 1 represents a full characterization of the powerset (i.e., the sets contain all
MUSes and MSSes of F). In addition, while M and S may be exponentially larger than F ,
they are part of the input when computing the coverage.

▶ Example 3. Consider the formula F in Example 2 with |FS | = 5 (so, the powerset of
FS contains 32 subsets). Let M = {M1} and S = {S1}, where M1 = {c1, c2} and S1 =
{c1, c3, c4, c5}. The subset {c1, c2, c3} is covered by M (sinceM1 ⊆ {c1, c2, c3}), and {c3, c5}
is covered by S (since {c3, c5} ⊆ S1). However, {c2, c3, c5} remains uncovered. SinceM1 and
S1 cover 25−2 = 8 and 24 = 16 subsets, respectively, we obtain Cov(F ,M,S) = 24/32 = 0.75.
In contrast, Cov(F , {M2}, {S2}) = 12/32 = 0.375.

The computation of the coverage is a hard problem, as shown by the next result:1

▶ Proposition 4. Computing Cov(F ,M,S) is #P-hard.

Proof. Hardness follows from a reduction from counting models of a monotone 2-DNF
formula (containing only positive literals), which is #P-complete [57]. Given a monotone 2-
DNF formula D over the variables {x1, . . . , xn}, we construct the CNF formula F = (FH ,FS)
by setting FS = {(xi) | 1 ≤ i ≤ n} and FH = {(¬xi ∨ ¬xj) | (xi ∧ xj) ∈ D}. We define
M = {{xi, xj} | (xi ∧ xj) ∈ D} and S = ∅. A model of D satisfies a term (xi ∧ xj) if and only
if its corresponding subset of FS contains the MUS {xi, xj}. Thus, the number of models of
D is equal to the number of covered subsets, which is exactly Cov(F ,M,S)× 2|FS |. ◀

The coverage can be determined by counting the uncovered subsets through a reduction
to #SAT, the problem of counting the models of a CNF formula. Specifically, we determine
the number of subsets N ⊆ FS that are not covered by any MUS in M or MSS in S. To do
so, we count the models of a formula Fcov, defined over the variables s1, . . . , s|FS |, where
each si is associated with the clause ci ∈ FS . This formula follows a standard encoding used
by implicit hitting set dualization enumeration algorithms to block the MUSes and MCSes
found, such as MARCO [50, 32, 33]. It consists of the following clauses:

Each MUS M∈M results in a negative clause (
∨

ck∈M ¬sk), blocking all its supersets.
Each MSS S ∈ S is represented through its corresponding MCS C = FS \ S as a positive
clause (

∨
ck∈C sk), which blocks all the subsets of S.

1 The problem of counting the covered subsets is #P-complete. However, the coverage metric is a rational
number in [0, 1]. Since #P is formally defined for functions mapping to natural numbers, computing
this ratio falls outside the class #P.
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Algorithm 1 CGT algorithm for clause importance [13, 42].

Input: F = (FH ,FS), α, ϵ

Output: ÎmS
1 Determine nsamples from α and ϵ;
2 ÎmS(ci)← 0 for all ci ∈ FS ;
3 for it← 1 to nsamples do
4 Select τ ∈ π(FS) with probability 1/|FS |!;
5 τp ← PivotalElement(τ,FH);
6 ÎmS(τp)← ÎmS(τp) + 1;
7 ÎmS(ci)← ÎmS(ci)/nsamples for all ci ∈ FS ;
8 return ÎmS;

In total, the formula Fcov contains one variable for each soft clause in FS and one clause
for each MUS in M and each MSS in S.

We establish a bijection between the uncovered subsets N ⊆ FS and the models of Fcov.
Given a set N ⊆ FS , we define the truth assignment µN = {si | ci ∈ N}∪{¬sj | cj ∈ FS\N}.

▶ Proposition 5. The set N ⊆ FS is uncovered if and only if µN ⊨Fcov.

Proof. By construction, µN falsifies a negative clause (
∨

ck∈M ¬sk) iff sk is true for all
ck ∈M, which implies M⊆ N (N is covered by an MUS). Similarly, µN falsifies a positive
clause (

∨
ck∈C sk) iff sk is false for all ck ∈ C, meaning N ∩ C = ∅. Since C = FS \ S, this

is equivalent to N ⊆ S (N is covered by an MSS). Therefore, µN |= Fcov iff N falsifies no
clause in Fcov, meaning N is not covered by any MUS in M or MSS in S. ◀

This correspondence allows us to compute the coverage by determining the number of
models of Fcov. Specifically, the coverage is calculated as follows:

Cov(F ,M,S) = 1− |Models(Fcov)|
2|FS | (3)

As a result, the coverage metric can be effectively determined by using modern #SAT
solvers (e.g., [55, 56, 19]).

4 Interval-Based Attribution

This section focuses on approximating the Shapley-Shubik power index for explaining unsat-
isfiability. To this aim, recent work [42] proposed an adaptation of the sample-based CGT
algorithm [13], to estimate the true Shapley-Shubik values ImS via the approximation ÎmS.
This method relies on identifying pivotal clauses in random permutations of the soft clauses.
Let τ = (τ1, . . . , τ|FS |) be a permutation of FS , and let Tk = {τ1, . . . , τk}, with T0 = ∅. The
pivotal clause in τ is the unique clause τp such that FH ∪ Tp−1 ⊭⊥ and FH ∪ Tp ⊨⊥.

The procedure is shown in Algorithm 1. Given α, ϵ ∈ (0, 1), the algorithm guarantees
that the absolute error is bounded by ϵ with a probability of at least 1−α, i.e., P (|ÎmS(ci)−
ImS(ci)| ≤ ϵ) ≥ 1− α. The required number of samples, nsamples, grows polynomially as
these parameters decrease, and it is independent of the formula size (see [13, 42] for more
details). Each iteration consists of sampling a random permutation of FS , identifying its
pivotal clause, and assigning it one unit of importance. The final approximation ÎmS is
obtained by dividing the accumulated counts by nsamples.

SAT 2026
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Prior work [42] proposed three strategies (Deletion, Insertion, and Binary Search) to
identify the pivotal element by successively invoking a SAT solver, along with enhancements
based on exploiting models and unsatisfiable cores. Despite these optimizations, the sheer
number of samples required in practice – e.g., nearly 106 for α = 0.05 and ϵ = 0.001 – makes
this approach infeasible for hard formulas. However, in such cases, it might still be feasible
to enumerate a number of MUSes and MCSes.

4.1 Attribution from MUSes and MSSes
The sets of MUSes M and MSSes S partially capture the powerset satisfiability structure of a
formula. These sets can be used to efficiently bound the pivotal clause of any permutation τ

within a pivotal window (L, U ].
The lower threshold L is the largest index such that TL ⊆ S for some MSS S ∈ S,

guaranteeing that {τ1, . . . , τL} is consistent (L = 0 is a trivial threshold). Conversely, the
upper threshold U is the smallest index such that M⊆ TU for some MUS M∈M, ensuring
that {τ1, . . . , τU} is inconsistent. Since we assume the formula F is unsatisfiable, |FS | serves
as a default upper threshold if no MUS is provided. By monotonicity, the index p of the true
pivotal clause must satisfy L < p ≤ U .

Whenever L + 1 = U , τU is unequivocally identified as the pivotal clause in τ . However,
if L + 1 < U , the exact pivot remains uncertain within the window (L, U ]. This allows us to
define an importance interval [ImSmin(ci), ImSmax(ci)] for each clause ci:

The lower bound ImSmin(ci) is the proportion of permutations where ci is the unequivocal
pivotal clause (L + 1 = U and τU = ci).
The upper bound ImSmax(ci) is the proportion of permutations where ci is a pivotal
candidate, including those where it is unequivocal (ci ∈ {τL+1, . . . , τU}).

In practice, we obtain the estimates ÎmSmin and ÎmSmax by applying the sampling procedure
of Algorithm 1. By construction, for any fixed set of permutations, the estimate ÎmS(ci) that
would result from invoking the SAT solver is guaranteed to be contained in the interval, i.e.,
ÎmSmin(ci) ≤ ÎmS(ci) ≤ ÎmSmax(ci) for all ci ∈ FS . The interval length ÎmSmax(ci)− ÎmSmin(ci)
quantifies the uncertainty introduced by the incomplete coverage of the powerset. Furthermore,
this interval-based attribution is computed in polynomial time relative to FS , M, and S, as
it replaces satisfiability with subset-membership tests.

To provide further information under this uncertainty, we propose to approximate ÎmS by
distributing the unit of importance among all the candidates Cτ = {τL+1, . . . , τU} in each
permutation τ . Specifically, we propose three strategies to calculate the fraction of the unit
of importance ρ(τk) allocated to a clause τk in a given permutation τ :

1. Uniform: The unit is split equally among the candidates, assuming a situation of
maximum entropy where each candidate is equally likely to be pivotal:

ρunif(τk) =
{

1
|Cτ | if L + 1 ≤ k ≤ U

0 otherwise
(4)

2. Exponential: Follows a geometric progression to account for the cumulative effect of
adding clauses, assuming unsatisfiability becomes rapidly more likely:

ρexp(τk) =
{

2k−L−1

2|Cτ |−1 if L + 1 ≤ k ≤ U

0 otherwise
(5)
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3. Conservative: Assigns the entire unit to the last candidate τU , the specific clause that
explicitly closes a known MUS in M. This summarizes the MUSes in M as in [42] and
formally guarantees that no irrelevant clause will ever be given any importance:

ρcons(τk) =
{

1 if k = U

0 otherwise
(6)

In practice, these fractions of the unit of importance are accumulated at each iteration
of Algorithm 1. The final approximation for each strategy is then obtained by dividing the
total accumulated value of each clause by nsamples.

Notably, the three metrics and the importance intervals are computed simultaneously in
a single run, with no noticeable overhead over the subset-membership tests.

▶ Example 6. Consider F as in Example 2, M = {M2}, S = {S1}, with M2 = {c2, c3, c4}
and S1 = {c1, c3, c4, c5}, and the permutation τ = (c1, c2, c3, c4, c5). Since T1 = {c1} ⊆ S1
but T2 ̸⊆ S1, the lower threshold is L = 1. Conversely, since M2 ⊆ T4 and 4 is the smallest
such index, the upper threshold is U = 4. Hence, the pivotal window is (1, 4] and the
candidates are Cτ = {c2, c3, c4}. The uniform, exponential, and conservative strategies assign
the importance (1/3, 1/3, 1/3), (1/7, 2/7, 4/7) and (0, 0, 1) to (c2, c3, c4), respectively, and 0
to c1 and c5 as they do not belong to the pivotal window. In contrast, for the permutation
τ ′ = (c5, c4, c3, c2, c1), the pivotal window is (3, 4]. Hence, c2 is identified as the unequivocal
pivotal clause and the three strategies assign it the entire unit of importance.

To test subset-membership efficiently, we use incremental SAT solving via assumptions [17]
over two formulas FM and FS, defined over variables si for each ci ∈ FS .

Each MUS M∈M yields a clause (
∨

ci∈M ¬si) in FM. A set U ⊆ FS contains a known
MUS if and only if FM is unsatisfiable under the assumptions {si | ci ∈ U}.

Each MSS S ∈ S yields a clause (
∨

ci∈FS\S ¬si) in FS, i.e., with literals associated with
the clauses in the corresponding MCS. A set U is contained in a known MSS if and only if FS
is unsatisfiable under the assumptions {si | ci ∈ FS \ U}. Notice that a satisfiable outcome
indicates that the complement FS \ U does not contain any known MCS; by De Morgan’s
laws, this implies that U is not a subset of any MSS in S.

Since FM and FS contain only negative clauses, these tests are solved in polynomial
time [42]. While they could be implemented via direct subset-membership, using an incre-
mental SAT interface provides a convenient and efficient framework to perform these tasks.
To determine the pivotal window (L, U ], we use a Deletion strategy over FM to find U , and
then we search for L with an Insertion strategy over FS.

5 Experimental Evaluation

We implemented a Python prototype using PySAT [25, 27] with MiniSat 2.2, and considered
the unsatisfiable unweighted instances from the exact track of the MaxSAT Evaluation 2024.
These include industrial formulas derived from real-world applications.

Our evaluation involves: (i) estimating the Shapley-Shubik index using the sampling
approach from [42] (Deletion with unsatisfiable cores); (ii) enumerating MUSes and MCSes
using a custom implementation of MARCO [33] biased toward MUS discovery2; (iii) computing

2 Our implementation iteratively computes a maximal model of a blocking formula H (analogous to Fcov

in Section 3); if the resulting clause set is unsatisfiable, it is reduced to an MUS; otherwise, it is an MSS.

SAT 2026



33:8 Shapley-Shubik Attribution from Minimal Subsets

1 5 10 20 50 75 100

Percentage

0.2

0.4

0.6

0.8

1.0

C
ov

er
ag

e

(a) Coverage.

1 5 10 20 50 75 100

Percentage

0.0

0.2

0.4

0.6

0.8

1.0

In
te

rv
al

le
n

gt
h

(b) Interval length.

1 5 10 20 50 75

Percentage

10−3

10−2

A
v
g.

M
A

E
(l

og
sc

al
e)

Uniform

Exponential

Conservative

(c) Avg. MAE (log scale).

Figure 1 Evolution over percentage of MUSes and MSSes.

the coverage metric via the hashing-based approximate model counter ApproxMCv4 [55, 54]
(with ϵ = 0.025, δ = 0.95); and (iv) computing the interval-based approximations (see
Section 4). For both (i) and (iv), we target α = 0.05 and ϵ = 0.001, following [42], requiring
approximately 106 samples. We use the same random seed to evaluate the same permutations.

All experiments were run on a Linux cluster (AMD EPYC 9654 2.40 GHz, 512 GB RAM)
with 6 GB memory limit per instance. We set a 2-hour timeout for both Shapley-Shubik
estimation and coverage computation, and a 1-hour limit for MUS/MCS enumeration.

5.1 Coverage and Importance Interval Convergence

The first experiment validates our interval-based approach over 17 baseline instances. These
are the cases where full MUS/MCS enumeration was achieved out of the 179 instances
where a full SAT-based Shapley-Shubik approximation was feasible within the timeout. We
discarded a few instances with only one MCS, as the computation of the index is trivial in
such cases. The total number of MUSes/MCSes ranges from 27 to 231,510, with a median of
274.5. We analyzed the evolution of Cov, the importance interval length, and Mean Absolute
Error (MAE) of the proposed distribution strategies by considering subsets of 1%, 5%, 10%,
20%, 50%, 75%, and 100% of the discovered minimal sets, in the order found by MARCO.

Figure 1a shows that coverage grows rapidly: just 5% of minimal sets often characterize
over 80% of the subset space in these instances. As shown in Figure 1b for all clauses,
intervals narrow consistently as enumeration progresses. Regarding accuracy (Figure 1c,
log-scale), Uniform performs best at low coverage, Exponential dominates the intermediate
cases, and Conservative takes the lead in high values (all three match MAE = 0 at 100%).

5.2 Attribution in Harder Formulas

This experiment evaluates the framework on 38 challenging instances where the SAT-based
sampling approach failed to reach 20% of the required samples within the 2 hours, and
MARCO required between 5 and 900 seconds for the first MUS. For these cases, we enumerated
MUSes and MCSes for one hour, finding between 4 and 23,237 with a median of 355.

The relationship between coverage and average interval length is illustrated in Figure 2.
A large cluster of instances is concentrated near full coverage (including 10 cases where full
enumeration was achieved within the time limit) and short importance intervals. Conversely,
instances with lower coverage exhibit increased uncertainty, as reflected by longer intervals.
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Figure 2 Coverage vs. average interval length on harder formulas.

Notably, in several low-coverage cases, multiple MUSes were found but no or very few
MCSes were identified within the time limit. This gap suggests that the framework could be
further enhanced by exploring alternative enumeration techniques specifically tailored for
maximizing coverage or by refining the underlying coverage model. For instance, exploiting
the fact that all proper subsets of an MUS are satisfiable (and all proper supersets of an
MSS are unsatisfiable) represents a promising research avenue to potentially increase the
known coverage without additional enumeration effort.

6 Conclusions

Explaining the unsatisfiability of a propositional formula is a central task in a variety of
domains. In this paper, we addressed this problem by presenting a framework to bound
and approximate the Shapley-Shubik power index by leveraging the structural information
provided by a partial enumeration of MUSes and MCSes.

We introduced a coverage metric to rigorously quantify the fraction of the powerset
characterized by the identified MUSes and MCSes, and proposed the use of model counters
for its computation. Our interval-based attribution framework addresses the uncertainty
of incomplete enumeration by deriving rigorous bounds for the Shapley-Shubik index. Fur-
thermore, it offers flexible estimates based on different assumptions under partial knowledge
of the subset space. By shifting the computational effort from expensive SAT solving to
efficient subset-membership tests, our framework provides a scalable alternative for formulas
otherwise intractable. Experimental results show the suitability of the proposed approach,
and open research avenues aimed at further improving the quality of the approximations.
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