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Abstract
Because CDCL produces proofs in the Resolution proof system, problems provably hard for Resolution
are also provably hard for CDCL. Exponentially shorter proofs can sometimes be found using stronger
proof systems such as Res(⊕), a generalization of Resolution to XNF formulas, whose constraints
are disjunctions of parity equations (“linear clauses”) such as (x ⊕ y) ∨ ¬(y ⊕ z). While some modern
solvers like CryptoMiniSAT reason on Boolean clauses with separate parity equations, reasoning
about more general linear clauses is less explored.

We present CDCL(⊕), a generalization of CDCL to XNF formulas, and prove a bidirectional
connection with Res(⊕): CDCL(⊕) not only produces Res(⊕) proofs, but also polynomially simulates
Res(⊕) given nondeterministic decisions and restarts, mirroring the classical relationship between
CDCL and Resolution. Our key technical tool is a new set of inference rules for Res(⊕) that helps
us translate Resolution-based subroutines such as 1-UIP clause learning. Altogether, CDCL(⊕)’s
parity reasoning includes branching on arbitrary parity equations, linear-algebraic reasoning during
unit propagation, and learning linear clauses through conflict analysis.

We provide a proof-of-concept implementation of CDCL(⊕) called Xorcle, which includes adapta-
tions of existing CDCL heuristics to XNF formulas and an extension of LRUP proof logging that we
call LRUP(⊕). On a selected suite of benchmarks focusing on native XNF formulas, Xorcle outper-
forms existing solvers such as Kissat and CryptoMiniSAT. Additionally, on Tseitin formulas written
in CNF, even without preprocessing, Xorcle’s running time appears to scale nearly polynomially.
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1 Introduction

Although conflict-driven clause learning (CDCL) is the dominant method today for SAT
solving, it also has known limitations. Because CDCL produces proofs of unsatisfiability
in the Resolution proof system, all problems with exponential lower bounds for Resolution
proof size must also be hard for CDCL [5]. These limitations have led some solvers to
incorporate ideas and fragments of stronger proof systems: For example, pseudo-Boolean
solvers [10, 45, 55] use ideas from Cutting Planes proofs [28, 15, 17], bounded variable
addition [39] includes a fragment of Extended Resolution [53], and CNF-XOR solvers [49]
include some parity reasoning present in Res(⊕) (“Res-parity”) [32, 33].
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5:2 Extending CDCL to Disjunctions of Parity Equations

In contrast to these situations where solvers apply some aspects of the corresponding
proof system, the relationship between classical CDCL and Resolution is bidirectional: not
only does CDCL produce Resolution proofs, but with the right choice of heuristic decisions,
any Resolution proof can also be turned into a CDCL execution [44]. More precisely, when
we view the non-deterministic versions of CDCL solvers as proof systems in their own right,
they can polynomially simulate (i.e., p-simulate [16]) Resolution proofs.

In this work, we define a CDCL-style algorithm that not only uses Res(⊕) reasoning,
but also p-simulates all of Res(⊕), providing the same precise understanding that we have
for classical CDCL. Res(⊕) handles formulas with constraints involving XORs, which occur
in a variety of areas including cryptanalysis and model counting [3, 26]. A widely studied
special case of Res(⊕)-based solving, known as CNF-XOR solving [4, 13, 34, 35], reasons with
standard Boolean clauses in conjunction with parity equations: expressions involving only ⊕
and negation, such as ¬(x⊕ y⊕ z), which can be written in equation form as [x⊕ y ⊕ z = 0].
CryptoMiniSAT [49, 46, 48, 47] is a particularly important CNF-XOR solver, which both
performs parity reasoning such as Gaussian elimination on parity equations and also detects
short parity equations encoded in Boolean clauses.

Although CNF-XOR solvers use Res(⊕) reasoning, Res(⊕) is more expressive in general.
In Res(⊕), instead of separate Boolean clauses and parity equations, there is only one kind
of object that generalizes both: a linear clause is a disjunction of parity equations, such as
(x⊕y)∨¬(y⊕z). A conjunction of linear clauses is sometimes called an XOR-OR-AND normal
form (XNF) formula [1]. Not only is XNF more expressive than CNF-XOR, but Res(⊕) can
also succinctly prove some problems, such as the bijective pigeonhole principle [32, 29], that
have no known polynomial-length proofs in CNF-XOR systems.

While XNF-solving has received less attention than CNF and CNF-XOR solving, some
proposed algorithms for XNF-solving exist. In their original paper defining Res(⊕) [32],
Itsykson and Sokolov outlined a backtracking search procedure and proved that it is equivalent
to the tree-like fragment of Res(⊕). Horáček [30] defined an algebraic version of unit
propagation in a proof system denoted SRES, inspired by Gröbner basis algorithms and
equivalent to Res(⊕), yielding an analogue of DPLL when combined with the algorithm
of [32]. Two other proposed algorithms use different methods entirely: (1) a brute-force
search through possible ways to apply SRES inference rules [31], and (2) a graph-based
approach to solve 2-XNF formulas (the XNF analog of 2-CNF formulas) called 2-Xornado [1].

Most recently, in work that is concurrent and independent of ours, Danner and Kreuzer [19,
20] show how to use clause learning with XNF formulas. They also implement a restricted
version that only makes Boolean decisions and inferences, and is designed for sparse parity
equations. While our clause learning procedures are similar, we provide distinct contributions.
On the theory side, we are able to prove that our algorithm p-simulates Res(⊕), using a
new characterization of Res(⊕) that also illuminates how our clause learning algorithm is
a direct analogue of classical 1-UIP learning. On the practical side, our implementation
efficiently uses dense parity equations for both decisions and inferred constraints, allowing
greater flexibility and potential to improve over classical CDCL on CNF formulas. We also
propose new XNF-specific heuristics and incorporate proof logging.

Our contributions

Our algorithm CDCL(⊕) (“CDCL-parity”) generalizes CDCL to XNF formulas, by branching
on arbitrary parity constraints, performing linear-algebraic reasoning during unit propagation,
and learning linear clauses through conflict analysis. The clause learning algorithm follows
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naturally from a new characterization of the Res(⊕) proof system, which is our key technical
tool. Also, although implication graphs are used heavily in classical CDCL, they have no
clear XNF analogue. Instead, our definitions match what classical CDCL does semantically.

We prove that CDCL(⊕) p-simulates the Res(⊕) proof system using nondeterministic
decisions and restarts. As a side note, this proof can also be adapted to classical CDCL and
Resolution, and thereby improves the polynomial factor originally proven in [44], matching
that in [7] with a simpler argument. We also prove that our unit propagation is equivalent to
a fragment of Res(⊕) called input Res(⊕), again mimicking a result about classical CDCL [5].

We call our proof-of-concept implementation Xorcle (XOR Clause LEarning). In it, we
adapt and introduce heuristics for watch structures, decision making, and phase selection,
and additionally implement proof logging using a new LRUP(⊕) (“LRUP-parity”) format.
Experimental results show that despite being a new solver, Xorcle outperforms existing
solvers such as Kissat, CryptoMiniSAT, and 2-Xornado on a selected suite of benchmarks,
demonstrating the potential of our approach. The benchmark set consists of one cryptography-
related XNF family [1], three synthetic XNF families, and one CNF family consisting of
Tseitin formulas [53]. Tseitin formuals are notable because even without preprocessing,
Xorcle’s running time scales nearly polynomially on our test set, despite exponential lower
bounds for Resolution and classical CDCL [54].

The full version of this paper [6] contains more proofs, details on heuristics and experiments,
and semantic characterizations of classical CDCL that we mimic in CDCL(⊕).

2 Preliminaries on Res(⊕)

The set F2 = {0, 1} is the field of two elements. We will write parity expressions as affine
equations such as [x⊕ y = 0] instead of ¬(x⊕ y). The symbol ⊕ denotes XOR on individual
Booleans, whereas + denotes bitwise XOR on equations, where we associate an equation
with a vector in Fn+1

2 by reading off its coefficients, ending with the RHS. For example,
with 2 variables, [x = 1] is (1, 0, 1), [y = 1] is (0, 1, 1), and [x⊕ y = 0] is (1, 1, 0). Then
[x = 1] + [y = 1] = [x⊕ y = 0]. Additionally, we adopt the notation 1 = [0 = 1] (i.e. ⊥ in
Boolean contexts) and 0 = [0 = 0], so that if f = [x⊕ y = 1], then f + 1 = [x⊕ y = 0].

When determining linear independence, we consider the full vector, so {[x = 0], [x = 1]}
is linearly independent. A set of equations is consistent if they have a common solution.
The set of equations logically implied by a consistent starting set of equations U is exactly
span(U), the F2-linear span of U .

Next, we will define the Res(⊕) proof system [32, 33]. A proof is comprised of a finite
sequence of lines, each of which is either a starting hypothesis or derived from previous lines
via application of inference rules [16]. We call the lines of Res(⊕) linear clauses.

▶ Definition 2.1. A linear clause is a disjunction of affine equations over F2. (We will
often just call these clauses, unless we need to disambiguate them from Boolean clauses.) By
convention, we disallow tautological clauses (evaluating to true on all assignments). We write
C ≡ D if the two clauses are true on the same assignments. A clause with one equation
is called a unit, including the contradiction 1. An XNF formula is a conjunction of linear
clauses, and a k-XNF formula is one where every linear clause has at most k equations.

Linear clauses strictly generalize Boolean clauses, since one can take affine equations with
a single variable. An important distinct feature is that two syntactically distinct linear clauses
C and D may actually have C ≡ D. For example, [x = 1] ∨ [y = 1] ≡ [x⊕ y = 1] ∨ [y = 1].
In order to efficiently determine semantic equivalence, the procedure is to negate the clause
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5:4 Extending CDCL to Disjunctions of Parity Equations

and take the span. For example, the negation of C = [x = 1] ∨ [y = 1] is [x = 0] ∧ [y = 0].
Because the linear span of a set of units has the same set of satisfying assignments as the set
itself, span([x = 0], [y = 0]) captures the semantic information of C.

▶ Definition 2.2. For a linear clause C = f1 ∨ · · · ∨ fm, define its linear negation to be the
subspace of affine equations neg(C) = span(f1 + 1, . . . , fm + 1).

▶ Proposition 2.3. For any clauses C and D, we have C ≡ D if and only if neg(C) = neg(D).

Note that the linear negation is the linear algebraic dual space to the set of falsifying
assignments. Importantly, it is a subspace of equations, not assignments.

▶ Definition 2.4 ([32]). The Res(⊕) proof system has linear clauses as lines, and the following
two inference rules:

(resolution) From C ∨ f and D ∨ (f + 1), deduce C ∨D.
(weakening) From C, deduce any D such that C ⇒ D, equivalently neg(C) ⊆ neg(D).

For example, one can weaken [x⊕ y = 1] to deduce [x = 1] ∨ [y = 1]. The sheer number
of possibilities allowed by weakening makes it difficult to create a solver that p-simulates
Res(⊕). Although there are results that show how weakening can be limited [32, 31], our
key insight is a new equivalent ruleset for Res(⊕) that has no weakening at all, which we
state in the following theorem. We will prove it after a necessary definition.

▶ Theorem 2.5. The following two inference rules are polynomially equivalent to resolution
and weakening for the purpose of refutation (i.e., proving unsatisfiability).

(addition) From C ∨ f and D ∨ g, deduce C ∨D ∨ (f + g).
(change of basis) From C, deduce any D such that C ≡ D, equivalently neg(C) = neg(D).

The simulation preserves graph structure, thus tree-like fragments also simulate each other.

Note that addition generalizes resolution by taking g = f + 1. One may still be concerned
because the number of possible change of basis operations remains exponential in the width
(number of equations) of the clause. However, our algorithms will be efficient because it
suffices to use change of basis in a very specific way that is also used in proving Theorem 2.5.

▶ Definition 2.6. Let U ∪ {f} be a set of equations and let C be a clause. We say that C

uses f (with respect to U) if either neg(C) ⊆ span(U, f) or neg(C) ⊆ span(U, f + 1), but
neg(C) ̸⊆ span(U). If C uses f , isolating f refers to changing the basis of C to C ′ ∨ g, where
C ≡ C ′ ∨ g and neg(C ′) ⊆ span(U); we say that f is isolated (with respect to U) afterwards.

For example, take U = {[x = 0], [y = 0]}, f = [a = 0], and C = [x⊕ a = 1] ∨ [y ⊕ a = 1].
One can check that C uses f w.r.t. U , but f is not isolated because it appears in both equations
of C. To isolate f , because span([x⊕ a = 0], [y ⊕ a = 0]) = span([x⊕ y = 0], [y ⊕ a = 0]),
the clause [x⊕ y = 1] ∨ [y ⊕ a = 1] isolates f with respect to U .

More generally, if C uses f with respect to U , let span(f1, . . . , fk, fk+1, . . . , fm) be any
basis of neg(C), where the fi are ordered so that fi ∈ span(U) iff i ≤ k. (In other words,
fk+1, . . . , fm involve the extra equation f .) Then the following isolates f .

(f1 + 1) ∨ · · · ∨ (fk + 1) ∨ (fk+1 + fm + 1) ∨ · · · ∨ (fm−1 + fm + 1)︸ ︷︷ ︸
C ′

∨ (fm + 1)︸ ︷︷ ︸
g
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Proof of Theorem 2.5. First, change of basis is a restricted form of weakening, and addition
is simulated by weakening C ∨ f into C ∨ (f + g) ∨ (g + 1), then resolving with D ∨ g to get
C ∨D ∨ (f + g). This proves the soundness of these inference rules, as well as one direction
of the simulation.

In the other direction, we will convert any proof using resolution/weakening to a proof
using addition/change of basis. Proceeding in topological order, we will maintain the
structure and convert individual lines, where each new line will be at least as strong as the
corresponding old one, which is sufficient for refutation. The base cases are the starting
clauses, which remain the same.

In the inductive step, consider the first not-yet-converted clause derived via resolution:
Ĉ ∨ D̂ derived from Ĉ ∨ (f + 1) and D̂ ∨ f . Then, clauses Ĉ ∨ (f + 1) and D̂ ∨ f must be
derived by sequences of weakenings from already-converted clauses C and D, respectively,
using the fact that each original clause can be seen as a weakening of its corresponding
converted clause.

Let U be a basis of neg(Ĉ ∨ D̂) = span(neg(Ĉ), neg(D̂)). Since Ĉ ∨ (f + 1) can be derived
from C by a sequence of weakenings, we have neg(C) ⊆ span(neg(Ĉ), f) ⊆ span(U, f). We
may also assume that neg(C) ̸⊆ span(U); otherwise, take C itself as the conversion of Ĉ ∨ D̂.
Thus, C uses f with respect to U . One similarly sees that D uses f .

This setup lets us isolate f in both C and D, creating clauses C ′ ∨ g and D′ ∨h such that
C ≡ C ′ ∨ g, D ≡ D′ ∨ h, and neg(C ′), neg(D′) ⊆ span(U). (This is change of basis.) Then,
we apply the addition rule on C ′ ∨ g and D′ ∨ h, resulting in C ′ ∨D′ ∨ (g + h).

By construction, the coefficient of f is 1 when g + 1 is written in the U ∪ {f} basis, and
similarly the coefficient of f + 1 is 1 when h + 1 is written in the U ∪ {f + 1} basis. Thus,
g + h + 1 ∈ U , and neg(C ′ ∨D′ ∨ (g + h)) ⊆ span(U) which equals neg(Ĉ ∨ D̂). Therefore
C ′ ∨D′ ∨ (g + h) is at least as strong as Ĉ ∨ D̂ as required. ◀

The key steps in the proof above are shown in the example below. Intuitively, the equation
that we isolate and cancel out via addition is analogous to a variable being resolved on.

▶ Example 2.7. Consider the Res(⊕) proof below whose resolution step is highlighted.

[x⊕ a = 1] ∨ [y ⊕ a = 1]
weak

[x = 1] ∨ [y = 1] ∨ [a = 1]

[z ⊕ a = 0] ∨ [w ⊕ a = 0]
weak

[z = 1] ∨ [w = 1] ∨ [a = 0]
res

[x = 1] ∨ [y = 1] ∨ [z = 1] ∨ [w = 1]

Weakening allowed the proof to resolve [a = 0] and [a = 1]. Instead, in the revised proof
below, we will isolate a on both sides, allowing it to be canceled out by addition.

[x⊕ a = 1] ∨ [y ⊕ a = 1]
change-basis

[x⊕ y = 1] ∨ [y ⊕ a = 1]

[z ⊕ a = 0] ∨ [w ⊕ a = 0]
change-basis

[z ⊕ w = 1] ∨ [w ⊕ a = 0]
add

[x⊕ y = 1] ∨ [z ⊕ w = 1] ∨ [y ⊕ w = 1]

Though this final result is not exactly identical to the result from the original Res(⊕) proof,
it implies the original conclusion and is therefore better.

Finally, we make a note that one can formalize the idea that change of basis is only used
to isolate, and that addition is only used to cancel out. We call this affine resolution.
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5:6 Extending CDCL to Disjunctions of Parity Equations

Algorithm 1 Basic CDCL(⊕).

Input: A set of linear clauses ∆

1 Initialize U ← ∅, R← ∅. // True units and corresponding reason clauses
2 while true do
3 Run unit propagation on ∆ (Section 3.1) and update U and R accordingly.
4 if 1 ∈ span(U) then
5 if U contains a decision then
6 Find an asserting clause C (Section 3.2) and add it to ∆.
7 Revert U and R to the asserting level of C.
8 else
9 return “unsatisfiable”

10 else
11 if |U | < n then
12 Restart or decide any f with f, f + 1 /∈ span(U) (Section 5) to add to U .
13 else
14 return “satisfiable” and the solution to the system of equations U

▶ Definition 2.8. The affine resolution rule may be applied to clauses C and D whenever
there exists U ∪ {f} such that both C and D use f , and specifically neg(C) ⊆ span(U, f)
while neg(D) ⊆ span(U, f + 1) or vice versa. The rule derives any clause with linear negation
span(neg(C), neg(D), 1) ∩ span(U).

▶ Remark 2.9. The affine resolution rule by itself is polynomially equivalent to Res(⊕).
Although the definition is abstract, it is identical to the process we have been describing.

▶ Proposition 2.10. The result of affine resolution may be obtained by isolating f to get
C ≡ C ′∨g and D ≡ D′∨h, where neg(C ′), neg(D′) ⊆ span(U), then taking C ′∨D′∨ (g +h).
In other words, neg(C ′ ∨D′ ∨ (g + h)) = span(neg(C), neg(D), 1) ∩ span(U).

Proof sketch. The ⊆ direction is quickly checked by definitions. For the ⊇ direction,
consider any equation f∗ in the RHS and note that we have span(neg(C), neg(D), 1) =
span(neg(C ′), g + 1, neg(D′), h + 1, 1). Write f∗ in this decomposition; then, because f∗

must reduce to 0 modulo span(U), one can calculate that the coefficients of g + 1, h + 1,
and 1 must be equal. This implies that f∗ belongs to the LHS. ◀

3 The CDCL(⊕) Algorithm

In this section, we define an algorithm, CDCL(⊕), that mimics classical CDCL in the Res(⊕)
proof system. Its basic form is given in Algorithm 1, calling subroutines for unit propagation
and clause learning, as well as decision heuristics. The correctness of this algorithm is argued
identically to the correctness of classical CDCL. Note that we include optional restarts in
this basic form (i.e. deleting all decisions made so far) because they will be necessary for
Theorem 4.10, on the simulation of Res(⊕) by CDCL(⊕). In the rest of this section, we will
explain the unit propagation and clause learning subroutines.

3.1 Unit propagation
Let U be a list of equations (i.e. units) and ∆ be a set of clauses. We will ensure that U is
always linearly independent (analogous to not repeating literals), and is consistent until the
conflict is deduced (analogous to never having both a literal and its negation).
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Algorithm 2 Unit propagation on a particular clause.

Input: Set of starting units U and clause C

1 Write neg(C) = span(f1, . . . , fm).
2 Write U in row-echelon form (i.e. each equation as a row, with unique leading terms).
3 Define gi ← fi reduced by U for each i (i.e. eliminate all variables in fi that are

leading variables in U , by adding equations from U).

4 if some gi is 1 then
5 return no propagation
6 else if every gi is 0 then
7 return 1
8 else if there exists k such that every gi is either 0 or identically gk then
9 return fk + 1

10 else
11 return no propagation

Because we want CDCL(⊕) to be semantically similar to CDCL, we want unit propagation
to deduce all units that are logically implied by the combination of a clause and some known
units. This will allow us to derive more units than if we tried to be operationally similar; i.e.,
checking if all but one equation in a clause consists of negations of known units.

▶ Example 3.1. Suppose that U = {[x = 0], [y = 0]}, and we are processing the clause
C = [x⊕ y ⊕ z = 1] ∨ [z = 1]. By plugging the known information into the clause, we get
[z = 1] ∨ [z = 1], so the unit [z = 1] is true. This shows that if we want to determine if a
clause reduces to a unit, it is insufficient to simply check for negations of known units, and
some linear algebraic reasoning is necessary.

Also, because we deduce [z = 1] and already know U , the result is that we know all equa-
tions in span(U, [z = 1]) = span([x = 0], [y = 0], [z = 1]) to be true, such as [x⊕ y ⊕ z = 1].
Then, instead of choosing to deduce [z = 1], one can see that it would have been equivalent
to deduce from C any equation in span(U, [z = 1]) \ span(U), since it would produce the
same span when added to U .

The definition below incorporates the considerations in Example 3.1 at a high level, and
coincides with the definition of unit propagation for the SRES proof system from [30].

▶ Definition 3.2. From a set of starting units U , unit propagation on a clause C refers to:
1. Deducing the contradiction 1 if neg(C) ⊆ span(U).
2. Otherwise, deducing an equation f if neg(C) ⊆ span(U, f + 1) and f, f + 1 ̸∈ span(U).

We call C the reason clause for f , if f is deduced (or if 1 is deduced) as above.
Note that the definition relies only span(U), not the exact units in U . Thus, we may refer

to a starting subspace (rather than a starting set of units), since every basis would produce
the same propagation.

As written, the definition checks exponentially many equations f and is also non-
deterministic, allowing many different f to be deduced. This is not a problem, as we
provide a polynomial-time, canonically deterministic algorithm in Algorithm 2.

▶ Proposition 3.3. The following properties of unit propagation are true:
1. If unit propagation on a clause C = f1 + 1 ∨ · · · ∨ fm + 1 permits deducing an equation,

then it permits deducing some fi + 1 in particular (for poly-time deduction).
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5:8 Extending CDCL to Disjunctions of Parity Equations

2. If f and g can be deduced, then span(U, f) = span(U, g) (for canonical determinism).
These show that Algorithm 2 implements Definition 3.2 up to equivalent span.

Proof sketch. For (1), if we can deduce f , write f1, . . . , fm in the U ∪ {f + 1} basis. Then
one can check that any fi + 1 where fi has non-zero f + 1 component can be deduced.

For (2), we know f, g ∈ neg(C) \ span(U), and are thus equal mod span(U) (i.e. in the
quotient space) because the subspace neg(C) only extends beyond span(U) in one dimension.

To conclude that Algorithm 2 is correct, note that it checks if neg(C) ≡ span(fi)
(mod span(U)) for each i, and this holds iff neg(C) ⊆ span(U, fi) as desired. ◀

Note that our actual implementation of unit propagation includes a few optimizations over
Algorithm 2. For one, we keep U in row-echelon form between runs instead of recomputing
it each time. This is also why the formal definition of unit propagation is nondeterministic,
allowing us to choose equivalent equations to learn as long as we maintain the same span.
Finally, the definition considers arbitrary f instead of only equations appearing in the clause
C, since this property is important for establishing the semantic characterization below.

▶ Proposition 3.4. Let U be a consistent set of units. Unit propagation on a clause C

deduces the contradiction 1 if and only if C ∧ U ⇒ 1, and
deduces an equation f if and only if C ∧ U ⇒ f , C ∧ U ̸⇒ 1, and f, f + 1 ̸∈ span(U).

Finally, unit propagation on a set of clauses is defined analogously to the classical case.

▶ Definition 3.5. Unit propagation on a set of clauses ∆ refers to choosing clauses C ∈ ∆
and updating U with unit propagation on C, until 1 ∈ U or no C ∈ ∆ causes propagation.

We note that U stays linearly independent and consistent while deducing equations f ̸= 1
because we require f, f + 1 ̸∈ span(U). When 1 is explicitly deduced and added, the set U

stays linearly independent but becomes inconsistent. Lastly, the important property of a
unique fixed point is preserved in our setting, allowing clauses C to be chosen in arbitrary
order, proven similarly to the classical case.

▶ Proposition 3.6. Let ∆ be a set of clauses and let U be a set of equations. Let U∗
and U ′

∗ be two potential results from unit propagation on ∆ starting with U . Then either
1 ∈ span(U∗) ∩ span(U ′

∗) or span(U∗) = span(U ′
∗).

3.2 Clause learning
In classical CDCL, clause learning is often defined using implication graphs, which draw
directed edges (x, y) between units if x is part of the reason for deducing y in unit propagation.
However, the graph structure does not translate easily to CDCL(⊕). For example, continuing
Example 3.1, it is not clear which edges should point into [z = 1]. If one creates edges from
both [x = 0] and [y = 0], attempting to capture that these two units were used to deduce
[z = 1], the graph only encodes the information [x = 1] ∨ [y = 1] ∨ [z = 1], which is weaker
than the original clause C = [x⊕ y ⊕ z = 1] ∨ [z = 1] used to deduce [z = 1].

Instead, we use a semantically motivated definition. To set up the notation, let U =
f1, . . . , fm, fm+1 with fm+1 = 1 be a sequence of unit propagations and decisions ending in
contradiction, and let R = R1, . . . , Rm, Rm+1 with Rm+1 = R⊥ be the corresponding list
of reason clauses, including decisions denoted Ri = ∗. Write Uk = f1, . . . , fk for the first k

units and define level(fi) as the number of decisions in R1, . . . , Ri.
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Algorithm 3 1-UIP–like clause learning.

Input: Units U = f1, . . . , fm, 1 and corresponding reasons R = R1, . . . , Rm, R⊥

1 Initialize C ← R⊥ and i← m.
// Invariant: neg(C) ⊆ span(Ui) and Ri is not a decision.

2 while C is not asserting do
3 Decrement i until C uses fi (i.e. neg(C) ⊆ span(Ui) but neg(C) ̸⊆ span(Ui−1)).

4 Isolate fi in C by changing basis into C ′ ∨ f with neg(C ′) ⊆ span(Ui−1).
// f contains fi, possible by line 3

5 Isolate fi in Ri by changing basis into R′
i ∨ g with neg(R′

i) ⊆ span(Ui−1).
// g contains fi, possible by definition of unit propagation

6 Apply addition to update C ← C ′ ∨R′
i ∨ (f + g).

// Now neg(C) ⊆ span(Ui−1) because fi’s in f and g cancel out
7 return C

▶ Definition 3.7. A clause C is a conflict clause (with respect to U and R as above) if
neg(C) ⊆ span(Um) and
unit propagation starting with units neg(C) and clauses R produces a contradiction.

The asserting level of a conflict clause C is the smallest level k such that starting with the
prefix of U consisting all units of level at most k, unit propagation on C results in some
propagation. A conflict clause C is asserting if its asserting level is less than level(1).

In classical CDCL, a 1-UIP asserting clause is found by taking the reason for contradiction
R⊥ and going backwards, successively resolving with other reason clauses on the propagated
variables. In CDCL(⊕), Algorithm 3 mimics the same algorithm using affine resolution
instead, though we state it in terms of addition and change of basis to be more concrete.

▶ Proposition 3.8. Algorithm 3 computes an asserting clause.

Proof sketch. The invariant neg(C) ⊆ span(Ui) is justified in the pseudocode comments,
and unit propagation from neg(C) and R derives contradiction by replaying the original
propagation, so C is a conflict clause. If k is the index of the last decision and the loop
reaches k, then C must be asserting because neg(C) ⊆ span(Uk) = span(Uk−1, fk) where
Uk−1 is the previous level. So C can be used to propagate, in particular deducing fk + 1. ◀

Note also that although there are generally many ways to isolate an equation in a clause,
the determinism of Algorithm 3 is given by Proposition 2.10. Below, we give an example of
Algorithm 3 in action.

▶ Example 3.9. Suppose that we decide equations f1 and f2, then unit propagation produces
f3, f4, and 1 using reason clauses R3 = (f2 + f3) ∨ (f1 + f3), R4 = (f1 + f3 + f4) ∨ (f3 + 1),
and R⊥ = (f1 + f4 + 1) ∨ (f3 + f4 + 1). Note that we have already converted all reason
clauses into the U basis, which is necessary to efficiently isolate fi’s during the algorithm.

To find an asserting clause, start with R⊥. This clause is not asserting because no unit
propagation is possible from just f1. In the main loop, we generate the following Res(⊕)
proof, which isolates and eliminates f4. Recall that change of basis for R⊥ operates on
neg(R⊥), where span(f1 + f4, f3 + f4) = span(f1 + f3, f3 + f4). For the other side, observe
that R4 already has f4 isolated, so no change of basis is needed.
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(f1 + f4 + 1) ∨ (f3 + f4 + 1)
change-basis

(f1 + f3 + 1) ∨ (f3 + f4 + 1) (f1 + f3 + f4) ∨ (f3 + 1)
add

(f1 + f3 + 1) ∨ (f3 + 1) ∨ (f1 + 1)

The final clause is linearly dependent and simplifies to (f1 + 1) ∨ (f3 + 1), which is
asserting because f3 + 1 can be deduced by unit propagation from f1. Note that R3 was not
used at all, indicating that Algorithm 3 can terminate before reaching the decision.

4 Connections to Res(⊕)

To recap, there are two important ways that classical CDCL relates to Resolution. First,
CDCL with any asserting clause learning procedure (not just the 1-UIP algorithm) produces
Resolution proofs of size at most the number of unit propagations [5]. More generally, this
can be viewed as an exact equivalence between unit propagation and a fragment of Resolution
known as input Resolution (or sometimes trivial Resolution) [12, 5]. Second is the converse
direction, that any problem with a Resolution proof of unsatisfiability of length M also
admits a sequence of decisions and restarts for CDCL that returns unsatisfiable after learning
at most O(n2M) clauses [44, 7]. We generalize both of these to CDCL(⊕) and Res(⊕).

For simplicity in this section, consider the “lines” of Res(⊕) proofs to be consistent
subspaces of equations (i.e. neg(C) instead of C, so that a consistent subspace corresponds
to a non-tautological clause). Then change of basis is the identity operation, so the only
inference rule is addition: from span(A, f) and span(B, g), deduce span(A, B, f + g + 1).

▶ Definition 4.1. An input Res(⊕) proof of a clause C from a set of clauses ∆ is a sequence
of subspaces neg(C0), neg(C1), V1, neg(C2), V2, neg(C3), V3, . . . , Vk with Vk = neg(C) that is
itself a valid Res(⊕) proof, where each Ci ∈ ∆ and each Vi is derived from an appropriate
addition of Vi−1 and neg(Ci), considering V0 = neg(C0). The length of the proof is k.

▶ Definition 4.2. A consistent subspace of equations V is conflict-like with respect to a set
of clauses ∆ if unit propagation starting with units V and clauses ∆ produces a contradiction.

▶ Theorem 4.3. If a clause C has an input Res(⊕) proof from ∆, then neg(C) is conflict-like
with respect to ∆. Conversely, if neg(C) is conflict-like, there is an input Res(⊕) proof of
C ′ such that neg(C ′) ⊆ neg(C). The number of additions in the proof is equivalent to the
number of unit propagations made.

While the version of Theorem 4.3 for input Resolution and classical CDCL was originally
proved using implication graphs [5], one can alternatively prove it by constructing a run of
unit propagation for one direction and running Algorithm 3 without stopping for asserting
clauses in the other direction, which generalizes to our setting. Also, because every conflict
clause is also conflict-like, we get the following corollary, establishing one direction of the
relationship between CDCL(⊕) and Res(⊕).

▶ Corollary 4.4. Let ∆ be an unsatisfiable set of clauses and consider CDCL(⊕) with any
asserting clause learning scheme. The execution of the algorithm on ∆ may be converted
into a Res(⊕) proof of unsatisfiability with at most as many additions as the number of unit
propagations made.

For the converse relationship, the original simulation of Resolution by CDCL in [44] used
a concept called absorption [43]. A Boolean clause C is absorbed by a set of clauses ∆ if for
all sets of starting units U , unit propagation on the set ∆ ∪ {C} deduces the same units
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as ∆ alone. (In some treatments, a clause that is not absorbed is called “1-empowered,”
though we won’t use this phrase.) This definition translates easily to CDCL(⊕) and its more
powerful unit propagation algorithm, but it turns out to be the wrong definition to use.

▶ Example 4.5. Suppose that ∆ = {[x = 1]∨[z = 0], [y = 1]∨[z = 1]} and we are considering
C = [x = 1] ∨ [y = 1]. This same example is a valid input for both classical unit propagation
and the unit propagation in CDCL(⊕). Classically, C would be absorbed by ∆ because the
only ways to use C are if [x = 0] or [y = 0] were part of the starting units U , and in both of
these cases, the deduction using C can also be deduced using the two clauses in ∆.

However, in our version, suppose that U = {[x⊕ y = 0]}. We see that C is actually not
absorbed, because unit propagation can deduce, for example, [y = 1] from U and C, whereas
nothing can be unit propagated from U and ∆. In other words, it is much harder to absorb
clauses in our version, because unit propagation is more powerful. This prevents us from
tracing the argument in [44] directly.

Instead of absorbing clauses, we absorb specific decompositions of clauses. Intuitively, a
decomposition is a particular way that a clause can be used for unit propagation, and it is
absorbed if that method can be done through ∆ instead. Absorbing a clause is equivalent to
absorbing every possible decomposition. While there are at most n possible decompositions
for Boolean clauses, there are exponentially many possible decompositions for linear clauses.

▶ Definition 4.6. Let V be a consistent subspace of equations and let ∆ be a set of of
clauses. Let (V ′, f) be such that V = span(V ′, f). We call this a decomposition of V . The
decomposition is absorbed by ∆ if unit propagation with units V ′ and clauses ∆ either results
in contradiction or deriving f + 1.

The addition rule of Res(⊕) naturally specifies decompositions of its antecedents, and
these decompositions used in a given Res(⊕) proof are exactly what we absorb. Then, at a
high level, the rest of the construction of decisions and restarts to absorb these decompositions
closely follows closely the original argument in [44], and in fact improves it by a multiplicative
factor n (the number of variables).

To summarize the improvement, given a clause C in a Resolution proof of unsatisfiability
from ∆, the authors in [44] force the solver to absorb an entire conflict-like clause C,
equivalent to absorbing all n decompositions in the Boolean case. Instead, we only absorb
the decompositions that are used in applications of the addition rule, which on average is
fewer than 2 decompositions per clause, a factor n improvement. For completeness, we give
the full argument below, following the same definition and lemma structure of [44], which
starts by defining which decompositions we would like to absorb.

▶ Definition 4.7. Let ∆ be a set of clauses and V be a conflict-like space of equations. A
decomposition (V ′, f) of V is asserting-like for ∆ if (V ′, f) is not absorbed by ∆.

▶ Proposition 4.8. Suppose that ∆ is unsatisfiable and unit propagation alone cannot derive
a contradiction. Then every Res(⊕) refutation of ∆ contains a deduction

span(A, f) span(B, g)
span(A, B, f + g + 1)

such that at least one of (A, f) and (B, g) is asserting-like for ∆.

Proof. Our refutation starts with linear negations of clauses and ends with 0 = [0 = 0]. Note
that starting subspaces are conflict-like, and by hypothesis, 0 is not conflict-like. Consider
the deduction of the first subspace in the proof that is not conflict-like, with notation as
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in the proposition statement. Then, (A, f) and (B, g) are conflict-like, and suppose for
contradiction that both are absorbed. This means that A and B either deduce contradiction,
or deduce f + 1 and g + 1, respectively. All cases contradict span(A, B, f + g + 1) not being
conflict-like. ◀

Note that once every asserting decomposition in a proof is absorbed by ∆, the contra-
positive of Proposition 4.8 implies that unit propagation will deduce contradiction from ∆.
Thus, we turn our attention to absorbing asserting decompositions. We adopt the convention
that when we specify a sequence of decisions, some decisions may already be contained in
span(U), and in this case CDCL(⊕) automatically skips them.

▶ Proposition 4.9. Let ∆ be a set of clauses and let (V ′, f) be an asserting-like decomposition
for a consistent subspace of equations V . There exists a decision sequence that results in
absorbing (V ′, f) while learning at most n2 clauses, where n is the number of variables.

Proof. Until (V ′, f) is absorbed, we repeatedly perform the following loop as our decision
sequence for CDCL(⊕): decide a restart, then any basis of V ′, then f . We claim that we
learn n clauses per loop iteration, and the loop terminates within n iterations.

For the number of clauses per loop iteration, first note that we never deduce contradiction
and perform conflict analysis before deciding f because (V ′, f) is not absorbed, and we
always deduce contradiction after deciding f because V is conflict-like. After reaching a
contradiction, CDCL(⊕) can reach contradiction and learn clauses many more times before
needing the next decision. Each contradiction moves the solver up by at least one level, so it
takes at most n learned clauses to reach the next decision.

For the number of loop iterations, consider the first asserting clause derived in each
iteration. Each allows a new equation to be deduced from decisions V ′. Since each is new
with respect to all previous learned asserting clauses, they must be linearly independent, and
hence this can occur at most n times. ◀

▶ Theorem 4.10. Given a Res(⊕) proof of unsatisfiability of a set of clauses ∆ using M

additions, there is a sequence of decisions and restarts such that CDCL(⊕) learns at most
2n2M clauses before concluding unsatisfiability.

Proof. The decision sequence is constructed adaptively while running CDCL(⊕). Until
unit propagation can immediately derive contradiction from ∆, we repeatedly perform the
following loop: use Proposition 4.8 to find an asserting-like decomposition (V ′, f), then use
Proposition 4.9 to absorb (V ′, f) by learning n2 new clauses.

Note that ∆ is growing throughout this process, but Proposition 4.8 may view the proof
of unsatisfiability as always starting with the original ∆ and ignoring learned clauses. Since
each absorbed decomposition must stay absorbed as ∆ grows, and each addition uses 2
decompositions, the procedure must terminate within 2M iterations. ◀

Since each clause has a length O(n) input Res(⊕) proof by Theorem 4.3, the translation
of a Res(⊕) proof to a CDCL(⊕) execution and back to Res(⊕) incurs a multiplicative O(n3)
overhead. When this argument can be translated line-by-line back to the Resolution and
classical CDCL case, this O(n3) factor matches what is proven in [7].

▶ Corollary 4.11. Theorem 4.10 is also true for Resolution and classical CDCL.



P. Beame and G. Sun 5:13

5 Implementation and Heuristics

Our proof-of-concept implementation of CDCL(⊕) is called Xorcle. In this section, we
summarize techniques and heuristics that Xorcle implements to compute efficiently, and
note a few cases of common classical CDCL heuristics that are difficult to translate. This
summary focuses on techniques and heuristics that are enabled by default in Xorcle. We
selected these defaults based on experimentation over the families of XNF and CNF formulas
described in Section 6.

Fast linear algebra over F2. We store equations with n variables as ⌈(n + 1)/64⌉-length
row vectors of bit-packed unsigned integers, using the bit library [22] with additional
customizations. This representation makes it easy to add equations or reduce modulo a
subspace in row-echelon form. The use of bit-packing for XOR constraints is similar to [47].

For clause learning as in Algorithm 3, note that when U is kept in row-echelon form
(not reduced row-echelon form), we can preserve the sequence of subspaces U1, . . . , Um by
tracking the order in which rows are inserted into U . This allows us to change the basis
of every clause into the Ureverse = 1, fm, . . . , f1 basis. Row-echelon form in the new basis
guarantees that the latest propagated equation is already isolated.

Compaction. When the trail at decision level 0 is non-empty, we remove all satisfied clauses
and reduce equations in all remaining clauses using this knowledge, removing the columns
that are now zero. We call this compaction.

While generally a useful optimization, we note that proofs of unsatisfiability are much
longer when compaction is on. This is because when compaction is on, learned clauses may
be “missing” level 0 units, which need to be added back for proof logging. See Section 7 for
details on proof logging.

Watched equations and clause selection. Watched literals [40] optimize classical unit
propagation in two ways: (1) if neither of the two “watched” literals in a clause is falsified
then it doesn’t propagate, and (2) the “watchlists” of clauses that watch a particular literal
allow the solver to quickly find candidate clauses for propagation.

CDCL(⊕) can easily watch two equations f, g ∈ neg(C), with a note that we must also
check if f + g ∈ span(U) to determine if a watch must be updated. However, watchlists are
more difficult to adapt. A new unit alone does not determine which clauses require action –
it also depends on the previously known units, since linear combinations are allowed. Thus,
we need heuristics for clause selection.

In experimental testing, it was fastest to simply cycle through all clauses in the order they
appear in the input or are learned. While we attempted two alternative watchlist-inspired
designs that sought to prefer or guarantee that selected clauses will be useful to look at (i.e.
produce unit propagation or a change in watched equation), the overhead of maintaining
these structures exceeded the performance benefits.

Decision procedure. Unless CDCL(⊕) branches on equations, it cannot improve over
classical CDCL for CNF inputs, so we need to choose equations rather than variables.
Classical SAT solvers commonly choose variables based on information tracked for each
one, using techniques like VSIDS [40, 21] and CHB [37]; since we have exponentially many
equations, these are difficult to adapt.
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Instead, we choose an equation to branch on by first choosing a clause C and then
choosing an equation associated with C, similar to some older approaches in classical SAT
solving such as BerkMin [25] and Clause-Move-To-Front (CMTF) [23]. We cannot simply
choose one of the equations syntactically represented in C, since that would still only branch
on literals for CNF inputs. Thus our default approach is to branch on a random unfalsified
equation in neg(C) obtained by rejection sampling, justified by the following.

▶ Proposition 5.1. Let U be a set of units and let C be a clause not satisfied by U such
that there exists g, h ∈ neg(C) with g, h, g + h ̸∈ span(U) (i.e. watched equations). For a
uniformly random equation f sampled from the space neg(C), there is a ≥ 75% chance that
f, f + 1 ̸∈ span(U).

It remains to choose the clause C. We introduce a new heuristic that we call CSIDS (Clause
State Independent Decaying Sum), which is inspired by standard VSIDS and interpolates
between the intuition behind clause choices in BerkMin and CMTF, generalizing both.

In particular, CSIDS maintains activity scores for all clauses and selects clauses in order
of activity. Starting clauses have base activity 0, new asserting clauses have base activity
A0 ≥ 0, each clause used during conflict analysis has activity bumped by ∆ ≥ 0, and all
activities decay by a multiplicative factor 0 ≤ α ≤ 1 at every conflict. Our default parameter
choices are A0 = 1, ∆ = 1, and α = 0.98. Experimentally, this outperformed the BerkMin-like
choice of A0 = 1, ∆ = 0, and any 0 < α < 1, as well as the CMTF-like choice of A0 = 1,
∆ = 1, and any 0 < α < 0.5. It also outperformed a baseline approach that mimics standard
variable-based VSIDS and makes only variable decisions.

Phase selection. Common techniques such as phase saving [42] are also difficult to generalize
due to tracking information for each variable. After sampling an equation f ∈ neg(C) via
the above, we tested the three simple techniques: always satisfy the clause (choosing f + 1),
always falsify the clause (choosing f and making progress towards unit propagation), and
randomly choosing. Experimentally, always falsifying performed best.

6 Experimental Results

In this section, we compare the performance of Xorcle with various heuristics and against
other existing solvers. All experiments are run on an Apple M2 processor with 16 GB RAM
and a 60 second timeout. Our benchmark families are listed below. Note that because XNF
solving is still relatively underdeveloped, we were only able to find one industrial XNF family.
Pebbling and Tseitin instances described below are generated using cnfgen [36].

Ascon-128 [1] Set of 400 satisfiable instances relating to the Ascon-128 cipher. Note that
these are all 2-XNFs, specifically designed for the 2-XNF solver 2-Xornado.

Random k-XNFs The number of clauses is set so that about 50% of instances are satisfiable.
Restricted random k-XNFs Inspired by a technique in approximate model counting [11],

we restrict a random k-XNF by a system of random linear equations. For Xorcle, the
linear equations should not increase the difficulty of solving.

Pebbling formulas lifted by k-XORs Pebbling formulas are unsatisfiable and can be solved
using unit propagation alone. We replace each variable with the XOR of k fresh variables.
Xorcle continues to solve the lifted version using just unit propagation.

Tseitin formulas in CNF An unsatisfiable family consisting of parity expressions naively
translated to CNF. They are provably difficult for Resolution-based solvers [54].
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Figure 1 Cactus plot of 40 random instances from each family. Each solver is using default
configurations except for Kissat --plain. Note that Xorcle, default Kissat, and 2-Xornado can solve
some instances with 0 decisions (by unit propagation or preprocessing), so the corresponding lines
on the decisions plot do not start from 0 instances solved.

Comparison with existing solvers

We benchmark Xorcle 0.1 against Kissat 4.0.4, Kissat 4.0.4 with --plain (disabling advanced
techniques), CryptoMiniSAT 5.13.0, and 2-Xornado 1.0.2,1 all using default configurations
except for Kissat --plain. We convert XNF files to CNF-XOR for CryptoMiniSAT with an
extension variable for each equation, then to CNF for Kissat with standard Tseitin encodings.
For 2-Xornado, all formulas are converted into 2-XNF using extension variables, following
the algorithm in [1]. Note that runtime errors occurred with 2-Xornado on some pebbling
formulas and Tseitin formulas; these were recorded as timeouts.

Randomly sampling 40 benchmarks from each family, Xorcle’s performance significantly
exceeds every other solver that we tested, shown in Figure 1. In addition, Xorcle achieves
this using significantly fewer decisions, indicating that Xorcle makes better quality decisions
and deductions on these XNF families compared to other solvers.

We make special note of Xorcle’s performance on two families. First, as shown in Figure 2,
Xorcle performs exceptionally well on 2-XNF Ascon-128 instances, even beating the default
configuration of the dedicated 2-XNF solver 2-Xornado. This is noteworthy because Xorcle is
not optimized for the 2-XNF input format, using general XNF reasoning.

Second, without any preprocessing and using only core reasoning, Xorcle empirically
solves CNF Tseitin formulas on expander graphs in our test set with nearly polynomially
scaling running time. This is shown in Figure 3, and is noteworthy because Resolution-based
solvers must take exponential time. Note that CryptoMiniSAT can trivialize Tseitin formulas
through preprocessing, but by default can only recognize parities with up to 7 variables.

7 Proof Logging with LRUP(⊕)

Many SAT solvers output machine-checkable proofs for unsatisfiable instances in DRAT
format [56], but DRAT does not natively support parity reasoning. CryptoMiniSAT outputs
proofs in the XLRUP format [52]. This supports parity reasoning but not extension variables,
which are needed to compile our reasoning about linear clauses down to CNF-XOR. Another
approach uses pseudo-Boolean solving and VeriPB [24], but is more technically involved.

Xorcle outputs a new variation of the LRUP proof format [18] that we call LRUP(⊕),
identical to LRUP except with parity expressions written in place of literals, with similar
syntax to the XNF extension to the DIMACS input format in [1]. LRUP(⊕) proofs can be
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Figure 2 Cactus plot for all 400 instances from the Ascon-128 family of benchmarks. We
include an extra curve to better compare with the experiment in [1]. In particular, [1] measures the
performance of CryptoMiniSAT using v5.8.0 and running on CNF converted directly from ANF files
(whereas we normally convert from XNF for consistency with other tests). Both changes are needed
for reasonable performance; in particular, the default configuration of v5.13.0 surprisingly performs
significantly worse than v5.8.0 on this family.

Figure 3 Xorcle’s performance on Tseitin formulas for random k-regular n-vertex graphs, with 5
graphs per size, encoded in CNF. Over the tested range of inputs, scaling in k appears polynomial
in the input size, while scaling in n appears to slightly exceed polynomial time.
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generated by simply recording a trace of the clauses used and derived during conflict analysis,
e.g. Algorithm 3. We provide a basic independently-written LRUP(⊕) proof checker that
simply runs unit propagation to verify the proof.

8 Conclusion

We have demonstrated the potential and effectiveness of CDCL(⊕), through both theoretical
p-simulation of the Res(⊕) proof system and empirical analysis of our proof-of-concept Xorcle
on several benchmarks. Still, there are limitations to our present understanding.

Xorcle does not yet fully implement a variety of other existing CDCL heuristics, such as
restarts [38, 27], clause deletion [2], clause minimization [50], preprocessing and inprocessing
techniques (see [9] for a survey), and changing heuristics dynamically based on a schedule or
other observations [8, 41, 14]. These remain important open directions that could lead to
performance improvements on both CNF and XNF formulas.

Additionally, it would be interesting to explore heuristics that specifically target CNF
formulas. For example, one might imagine swapping between Clause VSIDS and Variable
VSIDS if the instance is suspected to require less parity reasoning, or using a different
strategy to select an equation from a given clause in order to solve CNF problems like the
bijective pigeonhole principle that require more complicated parity branching. The goal of
this is not to substitute for general-purpose CDCL SAT solvers but, instead, to allow Xorcle
to be useful for a wider range of CNF formulas where there is an implicit need for parity
reasoning.

On the theoretical side, while Algorithm 3 is clearly algorithmically similar to the standard
1-UIP algorithm, it is less clear if the output satisfies some notion of being specifically “1-UIP”
(beyond being generally asserting), relating to classical notions of unique implication points
and the 1-UIP cut. Clause minimization is another classical CDCL notion typically defined
with implication graphs [50]. We would also be interested to semantically characterize this
and faithfully generalize it to CDCL(⊕).
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