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—— Abstract

Equational reasoning with binders and structural congruence is difficult due to the interaction
between name binding and algebraic laws. Equational theories such as commutativity induce
forms of permutation invariance on names that are not captured by standard approaches to the
formalisation of syntax with binders.

We show that in the nominal setting, this limitation can be addressed by using generalised
permutation fixed-point constraints to make invariance explicit. This yields a uniform framework for
reasoning about equality of nominal terms modulo a-equivalence and arbitrary equational theories.
We introduce a proof system and show that it is sound and complete with respect to a nominal-set
semantics, which explains how symmetry can be internalised via fixed-point constraints viewed as
N-quantified stabiliser conditions. We provide examples in Milner’s 7-calculus — a well-known model
of concurrent computation that includes binders and non-trivial structural congruences.

2012 ACM Subject Classification Theory of computation — Logic and verification; Theory of
computation — Lambda calculus; Theory of computation — Equational logic and rewriting

Keywords and phrases Binding, alpha-equivalence, nominal algebra, permutation fixed-point
Digital Object ldentifier 10.4230/LIPIcs.FSCD.2026.10

Funding This paper was partially funded by Royal Society IES\R3\243187.

Acknowledgements We thank the anonymous referees for their valuable comments and suggestions,

which have substantially improved the quality of this paper.

1 Introduction

Formal reasoning modulo an equivalence relation is a challenging task. Most formal develop-
ments proceed by working with chosen representatives of equivalence classes, which requires
frequent — and often manual — transitions between equivalent representatives during compu-
tations. For example, in proof assistants, one typically has to explicitly apply associativity
and commutativity laws to reshape expressions so that hypotheses, lemmas, or assertions in
the context become applicable. To the best of our knowledge, the Maude system [8] is the
only framework that addresses this difficulty by handling commutative, associative, and unit
axioms transparently within the rewriting engine [10, 18].

In this work, we address an even more general problem: reasoning modulo equational
theories in languages that also involve binders (e.g., separation logic [20,24], m-calculus [19],
first-order logic, etc). In this setting, one must simultaneously account for both a-equivalence
classes and the underlying equational theories. Things get more interesting because it turns
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out that binding and equational theories interact in unexpected and non-obvious ways. To
see why, consider trying to find solutions to the unification problem

va.vb.X = vbva.X,

where v is a binder (think: m-calculus restriction) and our syntax includes a commutative
operator + with equational theory X +Y =Y 4 X (think: nondeterministic choice, or
possibly parallel composition). Here a and b are names (also called atoms) in the sense of
nominal terms [26]: they represent abstractable names (think: m-calculus channel names).
X is an unknown also in the sense of nominal terms: it represents an unknown term.!

What solutions exist to this problem? Without an equational theory there is just one
family of solutions: instantiate X to any ¢ such that a and b are not free in ¢t. With
an equational theory that includes commutativity of 4, other families of solutions come
into existence: we could take X = a+b, or X = (a + a) + (b+ b), and so on. We now
observe that an elegant way exists to finitely describe all possible solutions to the problem
va.vb.X = vbra.X: take any X that is invariant under swapping the names a and b, i.e.,
(a b) - X = X, where (a b) is a swapping permutation, i.e., a bijection on atoms that maps a
to b, b to a, and any other atom d to itself.?

This motivates us to consider equational reasoning based on permutation fixed-point
constraints, expressed as axioms of the form ® = s = ¢t where ® is a set of primitive
permutation fized-point constraints.

For example, in the m-calculus [19], in addition to the commutativity of 4, Milner specified
a structural congruence including axioms such as

ve.(P|Q) = (Plvz.Q) if x & fn(P)

where the condition can be formally expressed using swappings (intuitively, the condition in
this axiom amounts to saying that swapping = with a fresh name does not change P). In the
format above, this is written:

WNe. (xzc)- P=P F vz.(P|Q) = (Plvz.Q),

where V. o(c) informally expresses that the property ¢(c) holds for all but finitely many
atoms c.

Our main contribution is a proof system for reasoning about equality modulo a-equivalence
and arbitrary nominal equational theories, obtained by generalising freshness constraints to
N-quantified permutation fixed-points. We show that the standard nominal set semantics
of nominal algebra [15] extends to this setting naturally, and we establish soundness and
completeness of the system with respect to this semantics. This yields a robust algebraic
foundation in which freshness is captured as invariance. We illustrate the expressive power
of the system with examples inspired by the m-calculus.

Related Work

To compute and reason about systems with binding, several approaches for the representation
of languages with binders have been proposed, such as de Bruijn indices [9], higher-order
abstract syntax (HOAS) [11,21], the locally nameless representation [7] and nominal abstract

! Nominal terms are a formal syntax used in the theory of unification, rewriting, and algebra with
a-converting binders. Nominal terms have specific technical properties, but those properties are not
required for this discussion. The interested reader can find details in [12,13,26].

2 Tt is a basic observation of nominal terms that swappings are a useful primitive for handling a-equivalence.
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syntax [16]. These approaches offer techniques for the definition of data structures that
take into account a-equivalence. More recently, nominal techniques have been employed
to formulate general criteria for inductively defined rule-based systems, enabling inductive
proofs that exploit Barendregt’s variable convention [27], as well as recursion principles for
syntactic structures with bindings [23].

In many application domains, a-equivalence is not the only equivalence relation that
has to be considered. Amongst the above-mentioned approaches, the nominal approach
stands out by its first-order flavour, which makes it a natural candidate to combine it with
well-established equational reasoning techniques based on term rewriting.

Nominal universal algebra [15] provides a framework for equational reasoning in this
setting, incorporating a-equivalence. Its core syntactic objects are nominal terms, which
feature a clear distinction between atoms A = {a, b, ¢, ...} (representing object-level variables)
and unknowns V= {X,Y, Z,...} (representing meta-level variables), along with an explicit
abstraction construct [a]t for binding. This syntax incorporates suspensions 7 - X, which
delay the application of permutations to meta-variables, and freshness constraints a#tt to
capture the notion of a name being “not free in” a term. Semantics is defined via nominal
sets, where each element has a finite support supp(z) (the set of atoms 2 depends on). In this
semantics, the freshness constraint a#x holds precisely when the atom a is not in the support
of z, i.e., a ¢ supp(z). Essentially, this can be defined positively using the W-quantifier
(see [16, Eq. 13]): a#x if and only if Uc.(a ¢) - x = x. This formulation expresses freshness
not as an absence, but as an invariance under swapping with almost any atom.

This perspective inspired the work of Ayala et al. [1], who replaced primitive freshness
constraints a# X with primitive fized-point constraints m - X ~ X, abbreviated m A X, or
7w Ae X if working modulo commutativity as well as a-equality. In the presence of commutative
symbols, fixed-point constraints do not correspond to freshness constraints: for example,
although (a b) - (a + b) =¢ a + b, neither a nor b is fresh for a + b. The derivation system
in [1] is sound and complete with respect to strong nominal set semantics [6]. To address this
limitation, a recent approach [5] introduced fized-point constraints with nested W-quantifiers
of the form We.w A¢ X, where the atoms in ¢ may occur in the permutation 7.

In this paper, we generalise the approach to any equational theory defined by equational
axioms (which may have fixed-point permutation conditions), not just the theory of com-
mutativity. This required a new set of derivation rules to incorporate arbitrary axioms, as
well as new proofs of soundness and completeness. The expressive power of the equational
theories considered here is illustrated by examples taken from the m-calculus, which includes
both binders and an involved structural congruence beyond commutativity.

Contributions and Overview of the paper

Section 2 summarises preliminary definitions and results. The main ones are: (i) classification
of permutation cycles (Definition 2.3.2), (ii) generalised fixed-point properties (Lemma 2.3.4
and Theorem 2.3.5), and (iii) concrete examples showing why fixed-point constraints are
more expressive than freshness alone. Section 3 introduces our core derivation system for
equality in Figure 1. The main definitions include fixed-point constraints and contexts
(Definition 3.1.1) that unify freshness and pure fixed-point constraints. An unexpected
mathematical insight is how normalisation rules R; — R3 ensure contexts form groups. We
provide concrete examples throughout, including theories for commutativity, A-calculus and 7-
calculus (Example 3.2.2). Section 4 establishes soundness (Theorem 4.1.3) and completeness
(Theorem 4.3.1) using nominal sets. While soundness follows by induction as in freshness
approaches [15], completeness requires an extension of the theory T to handle fixed-point
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constraints. Finally, Section 5 concludes and discusses future work.

2 Preliminaries

This section summarises the main definitions and results used throughout the text. We
assume basic knowledge of group theory [4,25].

2.1 Permutations and nominal terms

We fix disjoint countably infinite sets: the set of atoms A = {a,b,¢,...} and unknowns
V={X,Y,Z,...}. A signature ¥ contains function symbols f:n,g:m,... with arities
(for some n,m, ... non-negative integers), disjoint from A and V.

A (finite) permutation on A is a bijection 7 : A — A whose set of moved atoms
mv(7) = {a € A | m(a) # a} is finite. Write 7 o7/, id and 7! for functional composition,
the identity, and the inverse of permutations, respectively.

The group of all finite permutations of atoms is denoted G(A). Every finite permutation
7 € G(A) can be uniquely® decomposed (up to reordering) into pairwise disjoint cycles as
T =110 0"y, with mv(vy;) Nmv(y;) = 0 for ¢ # j. This is called the canonical form of =.

» Assumption 2.1.1. Permutations are always in a canonical form.

The set of nominal terms T(3,V,A) is defined by the grammar:
tuo=alm- X |£(t1,...,tn) | [a]t

Nominal terms are built from atoms, suspensions* of the form - X (also called unknowns
or variables, with id - X written simply as X), function applications, and abstractions [a]t.
An abstraction [a]t models the binding of the atom «a in ¢, as in constructs such as Aa.t or
name restriction.

Occurrences of a in t are said to be abstracted (or bound), while occurrences of other
atoms are unabstracted (or free). For a term ¢, Var(¢) and Atm(¢) denote the sets® of
unknowns and atoms occurring in ¢, respectively. The set Atm(¢) includes all atoms, abstracted
or not, so Atm([a]t) = {a} U Atm(t). When Var(t) = (), ¢ is called a ground term (i.e., a term
without unknowns); we write T(X, A) for the set of ground terms.

» Remark 2.1.2. We work with raw syntax, where terms are not quotiented by a-equivalence.
In particular, syntactic identity ¢ = u is purely structural, and abstractions are not identified
up to renaming of bound atoms; for example, [a]a Z [b]b. Instead, a-equivalence is treated as
a derived relation on top of =, defined via an appropriate notion of context introduced later.

The following examples illustrate the expressiveness of the nominal language and demon-
strate how binding constructs can be represented using nominal abstraction.

» Example 2.1.3 (Untyped Lambda Calculus). Consider X5 = {lam:1, app:2}, where lam en-
codes abstraction and app encodes application. Object variables (x,y,...) are identified with

3 This is a classical result (see, for example, [25]).
4 Also called moderated variables: the permutation 7 is delayed until X is instantiated.
5 These operators extend naturally to more general syntactic objects such as constraints and contexts.
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atoms (g, ay, . ..), and meta-variables (M, N,...) with unknowns (X, Xy, ...). Binding is
represented by nominal abstraction. The encoding (-)y is:

(T)x = ay (M)x = Xum
(t u)>\ = app(t)\,U)\) (/\CL'.t))\ = lam([am]tk)

Example: (Az.(Ay.M)z)y = lam([az]app(lam([ay] X ), ag))-

» Example 2.1.4 (7-Calculus). Let ¥, = {0:0,tau:1,par:2,sum: 2,match:3,in: 2, out:

3,v:1}. Atoms (ay,ay,...) represent channel names, and unknowns (Xp, X, ...) represent
process variables. Binding (input and restriction) is encoded via nominal abstraction. The
encoding (+) is:

0, =0 (P)r=Xp (7.p)r = tau(py)
(p | ¢)» = par(pr, gx) (p+ @)r = sum(pr, 4r) ([z = ylp)= = match(az, ay,pr)
(@(y)-p)x = in(az, laylpr)  (TY.p)x = out(ay, ay,px) (vz.p)r = v([az]pr)

Example: (vz.(gz.P)). = v([aglout(ay, az, Xp)).

2.2 Permutation actions, substitutions, and nominal sets

We now define permutation actions over terms. Intuitively, a permutation 7 propagates
through the structure of ¢, acting directly when atoms or suspensions are encountered.

1. Define 7 - t as an object-level permutation action on terms by:

7(a) - (r-X)=(mon')- X
[r(a)](m - t) Tf(ty, .. tn) = E(T by, .., T ty)

m™-a

7 - [a]t

2. Define t™ as a meta-level permutation action on terms by:

a”™ = 7(a) (p- X)"=p"-X
([a]t)™ = [w(a)]t™ (£(t1, ... tn))" =£(7,...,t7)

where p™ = mopon ! is the conjugate of p by 7.

A substitution o is a mapping from unknowns to terms such that the set {X € V |
Xo # X} is finite. The substitution action to is defined inductively:

ac =a (m-X)o=7-(Xo)
([alt)o = [a](to) £(t1,...,th)o = £(t10,...,t,0)

We write Id for the identity substitution and [X + wu] for the substitution mapping X to

u. Substitution composes left-to-right: X (op) = (Xo)p. Key properties:

1. No capture-avoidance: substitution on unknowns is a first-order operation and does
not avoid capture. For instance, ([a]X)o = [a]f(a,b), for 0 = [X — £(a,b)]. This is
intentional: substitution is purely syntactic, while a-equivalence is handled separately
(see [12, Sec. 2.2]).

2. Commutation with permutations: 7 - (to) = (7 - t)o
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The semantic counterpart of nominal syntax is given by nominal sets, which formalise
the concept of “name dependence”.

A nominal set is a pair (£, ) consisting of a set 2" and an action - : G(A) x 2" — Z
such that every element x € £ has finite support, i.e., there exists a finite B C A with
m-x =g for all 7 € G(A) such that m(a) = a for every a € B. The least such B is denoted
supp(z). An atom a is fresh for  (written a#x) if a ¢ supp(x).

Sometimes, when there is no ambiguity, we refer to a nominal set (27, ) by its carrier set
Z and leave the action - implicit.

» Example 2.2.1. Examples of nominal sets include:

1. The set of atoms A, with the action 7 - a = m(a), where supp(a) = {a};

2. The set of ground terms T(X, A) with object-level permutation action, where supp(t) =
Atnm(t), e.g., supp([a]f(b,d)) = {a,b,d};

3. The group G(A) under conjugation, defined by 7 - p = p™, where supp(w) = mv(7);

4. The set Psin(A) of finite subsets of atoms, with pointwise action 7 - B = {m(a) | a € B},
where supp(B) = B.

2.3 The WN-quantifier and fixed-point identities

The N-quantifier is one of the most powerful tools in nominal techniques. Introduced by
Gabbay and Pitts [16], it provides a rigorous mathematical foundation for the informal notion
of “choosing a fresh name” that appears frequently when reasoning within structures with
binding constructs. Proofs of the results in this section are given in the Appendix A.

Throughout this section, let 2~ denote a nominal set. We consider formulas of the form
©(c,T)%, where ¢ is an atom and T = z1,...,7, is a finite list of parameters with each
x; € 2. Intuitively, the assertion Vc.¢(c, ) holds when (¢, T) is satisfied for all but finitely
many atoms ¢ € A. We adopt the visual convention of writing W-quantified atoms in teal 7
for visual distinction.

» Definition 2.3.1. The M-quantifier is formally defined as:
Ne.p(e,z) < {ce Al yg(c,z)} is cofinite® (1)

Thus, the N-quantifier captures the generative aspect of fresh name creation.

In cases where multiple fresh atoms are introduced at once, we consider nested -
quantification of the form We; ... Ve, .o(cq, ..., cn,T), abbreviated as Ue.p(e, ). Further
details on the meaning of nested U-quantification are given in the Appendix A.

A fundamental connection between the U-quantifier and freshness is given by the following
equivalence [16]:

a#r <= WNc.(ac) z=u=. (2)

This characterisation generalises to arbitrary permutations involving freshly generated
atoms. We define a generalised fixed-point identity as an assertion of the form:

Nerm-x=zx,
5 Typically, ¢ is a predicate in higher-order logic [22] or ZFA set theory [14,16].

7 The distinction remains clear in black-and-white formats, as these atoms are typeset in bold.
8 A cofinite subset of a set M is a subset B whose complement in M is a finite set.
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where 7 is a permutation that may contain atoms bound by W. Intuitively, 7 - x = x holds
for all tuples ¢ fresh for z, i.e. c¢#%z>. In this case, z is invariant under .

By (2), a freshness condition can be expressed as a quantified fixed-point identity, which
also captures permutation invariance. This motivates the study of generalised fixed-point
identities. For ¢ = ¢q, ¢2, ¢c3, ¢4 and

7= (a1 ¢1 ¢c2) o (az c3)o (as aq as) o (ag ca) o (a7 ag),

what is the meaning of Vie.w - x = 2?7 Can it be expressed via freshness?

8 For a finite set of atoms A and a finite list of elements Z = x1, ...,z of 2, write A#T as abbreviation
for AN supp(Z) = 0, where supp(T) = Ule supp(z;). If @ = a1,...,an is a list of atoms, we write
a#7 as shorthand for {a}#%z, where {a} = {a1,...,an}.

FSCD 2026
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We analyse identities of the form We.w - x = by decomposing 7 into disjoint cycles and
classifying them according to their interaction with c.

» Definition 2.3.2 (c-cycles and c-permutations). Let 7 be a permutation written as a product

of disjoint cycles and let ¢ be a list of atoms.

1. A cycle n of 7 is called a ¢-cycle if mv(n) N {c} # 0, and a —¢-cycle otherwise.

2. A permutation 7 is a c-permutation iff all its cycles are ¢-cycles, and a ~¢c-permutation
iff all its cycles are —c-cycles.

Write m = 7z o m—z where 7z is the product of all c-cycles of w, and 7—z is the product of all

—c-cycles of 7.

» Example 2.3.3. For ¢ = ¢4, ¢s, c3, ¢4, the permutation:
7= (a1 c1 c2) o (az c3)o (as aq as) o (ag ca) o (a7 ag)

decomposes as: ™ = (a1 ¢1 ¢3) o (ag ¢3) o (ag ca)o (a3 aq as) o (a7 ag).

e T—c
The following lemma shows that if a permutation fixes an element and one of its cycles
moves an atom outside its support, then all atoms in that cycle must lie outside the support.
It also ensures that permutation invariance is closed under composition. The latter is observed
by taking permutations from the group generated® by a finite number of permutations that
fix an element x.

» Lemma 2.3.4. Let x € 2 and w,m,...,n, be permutations written as compositions of
disjoint cycles.

1. If m-x ==z, nis a cycle of w, and mv(n) — supp(z) # 0, then mv(n)#supp(z).

2. Ifn;-x=ux, foralli=1,....,n, and p € (N,...,ny), then p -z = x.

For example, if (a1 as as) o (ag a5) - @ = x and as ¢ supp(z), then az,a; ¢ supp(x).
The next theorem provides answers to the questions induced by the definition of the
generalised fixed-point identities.

» Theorem 2.3.5 (Generalised Fix-Point). Let © € 2 and let w be a permutation.

1. If 7 is a c-permutation and A =nv(w) \ {c}, then Ne.r -z = x iff A#a.

2. Ve -z = iff Nems -z =) A\ (7 -2 = ).
FEquivalently, if A =mv(rmz) \ {¢}, then Nie.m - = o iff A#x A (moe - x = x).

Theorem 2.3.5 shows that a generalised fixed-point identity We.m - © = x exhibits two

behaviours depending on the decomposition of :

A fresh part. If 7 is a c-permutation, the identity enforces freshness: atoms modified by 7
must lie outside supp(z).

An algebraic part. If 7 is a =c-permutation, the identity expresses permutation invariance,
independent of ¢ and not derivable from freshness, but from the structure of x.

» Example 2.3.6 (Fixed-points in Psn(A)). Let x € Prn(A) and consider the identity
WNep,ez. ((ac1)o(bea)o(de)) -z =z By Theorem 2.3.5, this decomposes as
(Nep,ea.((acr)o(ber)) -z =2) A (de) -z =

The first conjunct enforces a, b#x, while the second requires invariance under (d e), allowing
d,e € supp(z). For instance, x = {d, e} satisfies a,b#z and (d e) - = = x.

9 For aset S C G(A), we write (S) for the subgroup generated by S, that is, the smallest subgroup of G(A)
containing S. In particular, if S = {p1,...,pn} is a finite set of permutations, we write (p1, ..., pn) for

(S)-
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In this example, invariance under (d e) is not induced by freshness, but by the internal
structure of x. We call this an algebraic symmetry.

We now study how identities of the form We.(m-2 = ) interact under shared quantification,
in particular expressions of the form We.(m-z =z Ap-x = x).

» Definition 2.3.7 (Cycle Grafting). Let 7 = yon’ and 7 = 5o p be (canonical) permutations,
where 7 is a ¢-cycle of m and 7 is a —¢-cycle of 7 such that mv(y) Nmv(n) # 0. We write
~ ~n for a chosen cycle ¢ such that mv(d) = mv(y) Umv(n), noting that the order of atoms in
¢ is arbitrary, and hence the grafting is not unique.

We write 7|y — v ~n] for the permutation obtained by replacing the cycle v in 7 with
v ~n, leaving all other cycles unchanged.

The next proposition establishes a property of cycle grafting in fixed-point identities:
freshness enforced by the c-cycle (say «y) propagates to the overlapping —c-cycle (say n),
forcing (fragments of) its algebraic part to be transferred to the c-part without changing the
semantics.

» Proposition 2.3.8. Let x € Z and let 1 = vox' and 7 = no p as in Definition 2.3.7.
Then

Ne(m-z=axAT-2=2) < WNe.(n[y—y~n-z=xAp-x=ux).

» Example 2.3.9. Let y = (a ¢), 7’ =
{a}, a possible grafting is y ~n = (a f
Ne.(((ae)o(de))-z=xN((a f)o(r

(de),n=(a f)and p=(r s). Since mv(y) Nmv(n) =
¢). Then the equivalence of Proposition 2.3.8 rewrites

Multiple c-permutations that share some non-fresh atoms and fix the same element can
be combined into a single fixed-point constraint.

» Corollary 2.3.10. Let w and p be ¢-permutations such that (mv(m) Nmv(p))\ {c} # 0. Then
Ne(rm-zo=xAp-z=2) < Wc.(ay...ap ') - =u,
where {a1,...,ax} = (mv(m) Unv(p)) \ {c} (in any order), and ¢’ € {c}.

» Example 2.3.11. Let 7 = (a ¢1) and p = (b c2) with ¢1,c2 € {¢}. Then (mv(7) Nmv(p)) \

{¢} ={a,b} and VNle.(m-x =z Ap-x = x) is equivalent to Nc.(a b ') -z = z for any ¢’ € {c}.

3 Derivation system

In this section we introduce a proof system for reasoning modulo a-equivalence and an
arbitrary nominal equational theory, based on generalised fixed-point constraints.

3.1 Constraints and Contexts

» Definition 3.1.1. An equality constraint is a pair ¢t = u. A generalised fixed-point
constraint is an expression Vc.(m A t), abbreviating We.(m -t = t). When ¢ is empty we
write just m A t. It is called primitive when ¢t = X.

A (generalised) fixed-point context is an expression Wc. YT, where Y is a finite set of
primitive constraints {m A Xi,...,m, A X, }, read conjunctively.

Intuitively, generalised fixed-point constraints are defined so as to mirror their semantic
counterparts in nominal sets, expressing invariance under permutations.

s))-x==)asWNe.(((a fc)o(de)) - z=xA(rs) z=ux).

10:9
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Context Normalisation

The decomposition of fixed-point identities established in Theorem 2.3.5 suggests that fixed-
point contexts admit a more structured representation. In particular, permutations can be
separated into two components with distinct roles: c-permutations, which enforce freshness
conditions, and —c-permutations, which capture algebraic symmetry.

Motivated by this observation, we define a rewriting system R, that normalises contexts
by making this separation explicit. Rather than combining both behaviours within a single
constraint, Rys rewrites contexts into a form where each primitive constraint involves only
one kind of permutation.

» Definition 3.1.2 (Normalisation process). Consider the rewriting system Ry consisting of
the following rules'?:

(Ry) We (T, (maomaz) A X) — e (Tyma A X, 7z A X)
where 7z, Tz # id
(R2) We.(T,m A X,(nop) A X) — UNe (T, (x[y—=v~n]) A X,p A X)
where
1. v is a c-cycle in the decomposition of 7
2. n is a —e-cycle satisfying mv(y) Nmv(n) # 0
(R3) We.(T,m A X, pAX)— WNe(T,(ay ... ar ) A X)
where
1. m, p are c-permutations such that (mv(7) Nmv(p)) \ {c} # 0
2. a1,...,ax € (mv(m) Umv(p)) \ {¢} (in any order), and ¢’ € {¢} (arbitrary).

The system R,¢ is sound with respect to the nominal semantics, by the results of § 2.3.
Specifically, rule (Rq) is justified by Theorem 2.3.5, rule (Rg) by Proposition 2.3.8, and
rule (R3) by Corollary 2.3.10. Consequently, every rewriting step preserves the semantic
meaning of the context. After exhaustive application of the rules, contexts separate into a
part T#, containing only ¢-permutations (encoding freshness), and a part T*, containing
only —¢-permutations (encoding algebraic symmetries).

» Example 3.1.3. Consider the context:
Ner,ea{(aci)o(bd) A X,(ae) A X,(a ca) A X}
— @) Vler,c2{(aci) A X, (bd) A X, (ae) A X,(aca) A X}
—Ry) Vcr,c2{(aeci) A X, (bd) A X,(a ca) A X}
—(Rgy) Vcr, c2{(aeci) A X, (bd) A X}

» Theorem 3.1.4. The rewriting system Ryg is terminating.

Proof sketch. We prove termination by defining a measure function that maps a context Tz
to a triple (mq,m2, m3) of natural numbers where: m; counts mixed constraints, mso counts
—c-cycles in permutations, and mg counts constraints with only c-permutations. Order these
triples lexicographically.

Each rule strictly decreases this measure: (R;) reduces my by removing one mixed
constraint; (Rg) preserves m; and reduces ms by eliminating one —¢-cycle; (Rg3) preserves
m1, my and reduces mg by merging two c-constraints into one. <

10Recall that all permutations are assumed to be in canonical form (Assumption 2.1.1). For readability,
we write Ve.(YU {m A X}) as Nc.(T, 7 A X).
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The next theorem ensures that the order of application of the rules in R,¢ in a context is
irrelevant.

» Theorem 3.1.5. Ry is locally confluent.

Proof sketch. Let C' = We. Y and suppose C — C7 and C — C3. We show that this local
peak is joinable, i.e., there exists C3 such that C X O3 and Cy =5 C5. Since each rule
rewrites only constraints for a single variable X, steps on different variables or on disjoint
constraints commute, so it suffices to consider peaks where both steps act on the same
variable and share a constraint.

Local peaks arise from pairs (R;, R;), yielding 9 cases; by symmetry it suffices to consider
i < j, giving 6. We illustrate the argument with (Rz, Rsy). Intuitively, (Rg) takes a —¢-cycle
7 and grafts it into a c-cycle of a permutation, so two applications correspond to choosing
where 7 is absorbed. Consider the case where both steps use (7o p) A X but absorb 7 into
w1 A X or mo A X. This is the only non-trivial overlap: all others involve disjoint constraints
or independent absorptions and hence commute.

In either branch, (o p) A X disappears and 7 is incorporated into a ¢-cycle; then (Rj)
merges the resulting c-constraints. Regardless of the order, the final constraint contains
exactly the atoms moved by 71, 73, and 1. Hence the two branches are joinable. The
remaining cases are simpler variations of the same operations, so every local peak is joinable
and R,¢ is locally confluent. <

» Corollary 3.1.6. Rs is convergent. FEvery normal form is unique up to reordering of
disjoint cycles, cyclic rotation within cycles, choice of the N-bound atoms, and reordering of
atoms inside c-cycles.

Proof sketch. By Newman’s Lemma [2], termination (Theorem 3.1.4) and local confluence
(Theorem 3.1.5) imply that Ry is confluent, hence convergent. Uniqueness of normal forms
holds modulo harmless choices: reordering disjoint cycles and cyclic rotations do not affect
the permutation semantics; the choice of -bound atoms is immaterial up to renaming, since
N quantifies over fresh atoms; and reordering atoms inside c-cycles yields the same freshness
information by Theorem 2.3.5. |

» Assumption 3.1.7. In what follows, all fixed-point contexts are assumed to be in normal
form with respect to Rys.

» Notation 3.1.8. We use the following notation. Write Yz for Me.T. For a variable X, let
Tix ={m L X |7 A X €T} be the set of primitive constraints on X, and Y¢|x = Ve Y|x
their quantified form. Let Atm(Y:) be the set of atoms in Yz, including those in ¢. Also,
perm(Y) = {7 | # A X € T} is the set of permutations in Y.

We associate to a context YTz and a variable X the set of permutations:
P(Ye|x) = {msoms | s € G(Fresh(Yz|x)), ms € Sym(T|x)}. (3)

Here, G(Fresh(T.|x)) = {7 € G(A) | mv(x) C Atm(Y¥|x)} is the subgroup of G(A)
consisting of permutations that move only atoms that are fresh for X, and Sym(Y|x) =
(perm(Y*|x)) is the subgroup of G(A) generated by symmetry constraints. For brevity, we
write P(YTz|x) = G(Fresh(Yz|x)) o Sym(T|x).

If Yz is not in normal form, P(Yz|x) may fail to be a subgroup of G(A). For example, let
O, =WNec{(ac) A X, (ab)o(de) A X}. Then P(P.|x) =G({a,c})o ((ab)o(de)), which is
not closed under composition since (a b) o (d €) o (a ¢) ¢ P(P.|x)-

If Tz is normalised, these two subgroups are disjoint (in the group-theory sense that their
intersection contains just the identity) and commute, so P(Tz|x) is a group.
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(refl) THu= THt=v THv=u

c 4 t
YTt =t T — (symm) T ica (tran)
THt=u
- (congf)
YEC (b, tytn) = £ttty t)
L= Congla) LA LA
- congla - e g
T € [a]t = [a]u g THt"o =u"o T
TH (ac¢)-t=(bc)-u ' loreP(Telx)
b —
T+ [a]t = [bu (conglab]) Tra X = x )
Y rAXFet—uy

S () (@v(m)\{e}) N Aen(Te b ) = 0)

Figure 1 Inference rules. In (fr), 7 is a ¢-permutation.

3.2 Inference rules

We now introduce the inference rules for equality derivations under fixed-point contexts,
relative to a theory T.

» Definition 3.2.1. An equality judgement is an expression of the form Ue.(T F ¢ = u)
(or simply T ¢t = u).

A theory T = (X, Az) consists of a signature ¥ and axioms Az of the form Y +° ¢ = u.

We write Y < ¢ = u for derivability using the rules in Figure 1, where (az) rules range
over axioms in T. When T or ¢ are empty, they are omitted. A judgement VNc.(Y k¢t = u)
is understood as universally quantified over fresh atoms ¢, that is, it represents all instances
of T k¢ t = u where c are fresh for the remainder of the judgement.

» Example 3.2.2.

1. For each signature 3, there is a theory called CORE(X), which has no axioms, i.e., such
that Az = (. We usually omit ¥ and refer to it simply as CORE.

2. Commutativity (C) theory (of some f) has a signature with a binary function symbol
{f:2} and only one axiom + £f(X,Y) =£(Y, X).

3. The theory PI captures (a fragment of) the algebraic structure induced by parallel

composition and restriction in the m-calculus [19]. The signature ¥, is as in Example 2.1.4.
We write X|Y for par(X,Y) and va.X for v([a] X).

(commy) F XY = Y|IX
(assoc)) F (XM)|Zz = X|(Y|2)
(zero)) F Xlo = X
(commy,) Fova.(wbX) = vb(va.X)
(zeroy) H va.0 = 0

(extr) (ac) NY F° va(X]Y) = (waX)|Y
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Understanding the Key Rules in Figure 1

1. (conglab)]) - a-conversion: To prove [a]t = [b]u, a fresh atom ¢’ is introduced, chosen
outside the atoms occurring in the judgement, which is always possible since atoms are
drawn from an infinite supply, and equality is checked under the renaming that maps
both a and b to ¢’. For example, deriving [a]f(a) = [b]£(b) reduces to £(c¢’) = £(c’) after
the renaming (a ¢’) and (b ¢’).

2. (azx) - Axiom instantiation: Axioms are of the form Y’ F 7 = s, where Y’ is a (normalised)
fixed-point context and the judgement is globally quantified by ¢’. To apply such an
axiom under a context Yz, we first need to check that Yz satisfies the constraints of the
axiom. This is expressed by the premise! Y F&¢" T’?¢, which requires that all fixed-point
constraints of the axiom hold after applying the permutation p and substitution o, i.e.,
Y4 7f . Xo = Xo for every m A X € Y’. Intuitively, this means that an axiom can
only be instantiated when the current context already enforces the invariances it requires.
For example, if Y’ contains (a b) A X, then we may instantiate the axiom at X only if
Y. entails (a b) - Xo = Xo. When o instantiates X to a suspended variable, this reduces
to checking equality of suspended variables via (var), as explained below.

3. (war) — Variable equality: The rule (var) handles equality between suspended variables.
The context may impose fixed-point constraints on a variable X, and these constraints
determine which permutations are allowed to act trivially on X. This information is
collected in the group P(Yz|x). Thus, to prove m - X = 7’ - X, the rule checks whether
the composition 7/~!
two suspensions of the same variable are equal whenever their difference is absorbed by

o7 is already accounted for by the constraints on X. Intuitively,

the invariance imposed on that variable. To make the role of (var) clearer, we compare it
below with the traditional freshness-based rule.

4. (fr) - Freshness introduction/elimination: This rule has a dual nature. Reading bottom-
up, it introduces freshness constraints by adding 7 A X to the context. Reading top-
down, it eliminates redundant constraints when their freshness information is implicit.
Following [15], (fr) is primitive to ensure an infinite supply of fresh atoms for abstraction.

Comparative Analysis: Freshness vs. Fixed-Point

The variable rule highlights a key difference with freshness-based nominal equational sys-
tems [13,15] originating in nominal unification [26]. In such systems, the equality 7- X = 7/- X

/—1

is derivable only when every atom moved by the permutation 7'~* o 7 is fresh for X:

Va € mv(r’~lom). a#tX € A
Abn-X=7-X

Expressivity Advantages

The fixed-point approach offers several expressivity benefits:

1. Conservative extension: If T is in normal form and Y* |y =0, then T ¢ 7- X = 7/- X
iff mv(7'~1 o) C Atm(T#|x). Indeed, in this case P(T¢|x) = G(Fresh(Ye|x)), since
Sym(Y|x) = {id}, so (var) applies exactly when the relative permutation 7'~! o 7
moves only atoms made fresh for X by the context, which is precisely the traditional

freshness-based condition.

1 Here ¢,¢’ denotes the concatenation of ¢ and ¢’. Since axioms are interpreted as schemata closed under
permutation of quantified atoms, we may assume without loss of generality that the quantified atoms ¢
and ¢’ are disjoint, by renaming fresh atoms if necessary.
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2. Enhanced reasoning: It can derive equalities impossible in the freshness approach:
For U. =Wec{(abc) A X,(de f) A X,(f e) A X}, we have P(U;|x) = G({a,b,c}) o
((de f),(f e)), and so

(de)o(ac)eP(Ve|x)
UhHe(ac)- X=(de)- X
is derivable, since (d €) = (d e f) o (f e), while the freshness approach would require
d,e#X.
3. Unified treatment: Combines symmetries induced by freshness, via fixed-points in-

volving W-quantified atoms, with algebraic symmetries, captured by fixed-points that do
not involve M-quantified atoms, within a single framework.

» Example 3.2.3 (Unification in the m-calculus). We consider the theory PAR consisting only
of the axioms (comm,) and (assoc|) from Example 3.2.2(3). Consider the unification problem
modulo a-equivalence and PAR:

va.(vb.X) =7 vb.(va.X).

In standard freshness-based nominal unification [26], solutions are pairs (I', o), where T’
is a freshness context and ¢ a substitution. A straightforward solution enforces a and b to
be fresh for X, yielding the context IV = {a# X, b# X } with ¢ = Id. This solution is overly
restrictive, since IV excludes processes where a and b occur freely in a symmetric way, such
as @b.0 | ba.0. This limitation motivates the use of fixed-point constraints, which allow us
to describe invariance under name permutations directly, without enforcing freshness. In
fixed-point-based nominal unification, solutions would be pairs of the form (T, o), where T
is a fixed-point context such that Y Fppg (va.(vb. X))o = (vb.(va.X))o.

Using fixed-point constraints, we instead consider the context Y/ = {(a b) A X}, which
expresses invariance of X under swapping a and b. We show that (Y’, Id) is a solution.
Since va.P is sugar for v([a]P), it suffices to derive Y’ Fppp [a]([6]X) = [b]([a] X). Applying
(conglab]) twice, with fresh atoms ¢ and ¢/, this reduces to

TGS (b)Y ae) X =(ac)(be) X,
Let 7 = (b c')(a ¢),p=(a c')(bc). Then p~t o = (a b)(c ¢), and since

P(Y, o1x) =G({c,c'}) o ((a b)),

we have p~' o € P(Y/, ,|x). Rule (var) applies, yielding Y’ I—S,;CR/ 7+ X = p- X. Retracing
the abstraction steps, we conclude Y’ Fpyp (va.(vb.X))Id = (vb.(va.X))Id.

Thus (Y’, Id) represents a family of solutions. For instance, let so = @b.0 | ba.0 and
oo = [X > sg]. To show that o satisfies T’, we must check that the constraint (a b) A X holds
after instantiation, that is, Fpag (@ b) - so = so. This follows using the axiom (comm,), which
states - Z | Y =Y | Z. Instantiating this axiom with p = id and 0 = [Z + ba.0, Y — @b.0],
we obtain Fpyg ba.0 | @.0 = @b.0 | ba.0. Since ba.0 | @.0 = (a b) - (@h.0 | ba.0), this yields
Fpar (@ b) - so = so. Therefore, o satisfies T/, and (f), o) is a concrete solution, which is an
instance of the symbolic solution (Y’ Id).

» Example 3.2.4. Consider a concurrency course in which students are asked to write a
m-calculus parallel composition process satisfying a certain specification. If there are no free
names, the marker can check whether two submitted solutions p; and ps are the same by
adding the axiom

(plag) F plagiarism(P, P) = true
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to the theory PI and checking whether - plagiarism(p;, p2) = true is derivable. However, if
there are free channels and the students are allowed to choose any names for them, submitted
solutions should be compared using the theory T defined as the theory PI augmented with
the following axioms!?:
(glob-sym) F(ad)- (PIQ) = (P|Q),
(plag) (ab) A P+ plagiarism(P,P) = true

Given two answers p; and ps, the marker checks whether Fr plagiarism(p,ps) = true is
derivable. If so, then p; and py are equal in the theory T and therefore coincide modulo a
permutation of free channel names.

For instance, let p; = @d.0 | be.0 and p, = bd.0 | @e.0. These two processes are not
identified in the theory PI. However, we have ps = (a b) - p; syntactically. To apply (plag),
we must check that its premise (a b) A P holds for the chosen instance P +— pq, that is,
that Fr (a b) - p1 = p1. This follows by an instance of the axiom (glob-sym), instantiated
with p = id and o = [P + @d.0, Q + be.0], yielding Fr (a b) - p; = p1. Hence, the premise
of (plag) is satisfied, and we obtain 1 plagiarism(p;,p1) = true. Since py = (a b) - p1
and Fr (a b) - p1 = p1, it follows that b p1 = po, and by congruence (congf) we conclude
Fr plagiarism(pi,p2) = true.

In a freshness-based setting [15], this problem cannot be expressed directly, since enforcing
freshness of all free channel names would exclude processes that depend on them in a
symmetric way.

4 Semantics

The semantic constructions, concepts, and proof techniques in the next sections closely follow
those of nominal universal algebra as developed by Gabbay and Mathijssen [13,15]. The
purpose of this section is to show that this nominal-set semantics also extends to permutation
fixed-point constraints, providing an adequate semantic foundation for our framework. In
particular, we show that the resulting semantics supports soundness and completeness of the
proof system.

4.1 Interpretations, models and validity

For a signature 3, a (nominal) ¥-algebra 2 consists of:

1. A nominal set (&, -);

2. An equivariant'® map atom® : A — &7 to interpret atoms;

3. An equivariant map abs® : A x &/ — & such that a ¢ supp(abs®(a,x)), for all @ € A
and x € of; we use this to interpret abstraction;

4. An equivariant map £2 : &/™ — o7, for each £:n in X.

» Remark 4.1.1. atom® need not be injective, ensuring singleton interpretations model all
theories (cf. Remark 4.22 in [15]).

12 Axioms are understood as equivariant schemes. In particular, an axiom written with specific atoms,
such as (glob-sym), represents all its variants obtained by renaming the atoms at the meta-level. Hence
it suffices to consider invariance under a single swapping as the invariance under arbitrary finite
permutations follows by equivariance at the object-level.

13 Given G(A)-sets 2, %, call a map f: 2 — % equivariant when 7 - f(z) = f(7 - z) for all 7 € G(A)
andz € 4.
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Given a -algebra 2 and a valuation ¢ : V — 7, the interpretation [t]* is defined
inductively by:
[a]* = atom¥(a) [r- X]2 - ¢(X)
[lalt]2 = abs¥(a, [t]3) (£, )] = £ ([0l Tl

The interpretation map [-]% is equivariant: - [t]* = [r - t]? for any permutation 7 and
term ¢.

» Definition 4.1.2. For ¥-algebra 2 and theory T = (X, Az):

1. [Y]? is valid if 7 - ¢(X) = ¢(X) for each m A X € T.

2. [T et =u]? is valid if Ne. ([T]2 is valid = [t]? = [u]?).

3. 2 is a model of T if all axioms in Az are valid in 2 for any valuation.
4. YES t =wif [T +° ¢ =u]? valid in all models of T for any valuation.

Derivability of equality judgements is sound for the nominal set semantics.
» Theorem 4.1.3 (Soundness). If YT F$t =w then T ES t = u.

Proof sketch. The argument follows the same pattern as in nominal algebra [15], by induc-
tion on the derivation; the only difference is the interpretation of permutation fixed-point
constraints, which is immediate via the permutation action. We illustrate the case of (var).

Here Y F¢7- X = p- X with p~1om € P(T¢|x). Let 2 be a model and < a valuation.
Assume that for a given choice of fresh ¢ we have 7/ - ¢(X) =¢(X) forall 7/ A X € Y. In
particular, for every n A X € T|x we have 1 - ¢(X) = ¢(X). By the characterisation of
generalised fixed-points (Theorem 2.3.5), this implies that (i) Atm(T¥|x)#¢(X), and (ii)
every permutation in perm(Y*|x) fixes ¢(X).

Since p~! o € P(T¢|x), we can write p~! o = 7 oy with m; € G(Fresh(Yz|x)) an
o € (perm(Y*|x)). By (i), m fixes ¢(X) following the definition of support, and by (ii) plu
closure of generated groups (Lemma 2.3.4(2)), 72 also fixes ¢(X). Hence (p~tom)-¢(X) = ¢(X )
and applying p yields 7 - ¢(X) = p - ¢(X), as required. <

4.2 Free term models

We construct a canonical model for nominal theories T, extending the classical free term
model construction. Since traditional constants generate only elements with empty support,
we enrich the signature with auxiliary term-formers.

Let ¥ be a signature and D a disjoint set of auxiliary fresh term-formers. The set of
free terms Free(X, D) is defined by:

g=alladg|£(g1,..-,9n) | dlar,... ax)

Here f:n ranges over ¥ and d:k range over D.

As expected, to obtain nominal models for a theory T, we work with the set of free terms
quotiented by provable equality modulo T. This construction incorporates a-equivalence
modulo T, allowing us to build a model that satisfies the intended properties in the nominal
set semantics.

» Definition 4.2.1 (Free term equivalence modulo T). Free terms g and ¢’ are equivalent if
FS g = ¢' (for some ¢) is derivable without using (congd) for any d € D. Let clt(g) denote
the equivalence class and Free(T, D) the quotient set.
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Free(T, D) forms a nominal set under 7 - c11(g) = clz(7 - g) with support supp(clr(g)) =
My ccta(q) SUPP(9), where supp(g’) = Atm(g’).

» Remark 4.2.2. Following [15], we exclude the (congd) rule to avoid situations where axioms
like F a = b would cause clr(d(ay,...,ay)) to have empty support. For example, if the
theory proves - a = b, then by equivariance it may identify arbitrary atoms. If congruence
for d were allowed, we could derive equalities such as d(a,b) = d(e, f) for arbitrary atoms
e, f. Consequently, the class clr(d(a, b)) would have empty support, defeating the intended
role of d(a, b) as a representative whose support records the atoms a, b.

We define the free nominal ¥-algebra as follows. Its carrier is the nominal set Free(T, D),
and the algebraic operations are given by:
1. atom™™(TP)(a) = cly(a), for all a € A;
2. abs™(™P)(q, c1(g)) = c11([a]g) for all a € A and all g € Free(X, D);
3. £Free™P)(c1r(g1) ..., clr(gn)) = cle(£(g1,. .., 9n)), for all gy, ..., g, € Free(X, D) and all
f:nin 3.

» Theorem 4.2.3. The algebra Free(T, D) forms a model of T

The proof follows the same argument as Theorem 6.13 in [13].

4.3 Completeness

Fix a signature X, a theory T = (X, Az), and terms ¢, u together with a context Tz in
signature X.
We prove completeness: semantic equality implies derivability.

» Theorem 4.3.1 (Completeness). If T ESt =u then TSt = u.

The proof constructs a free term model Free(T, D) with a canonical valuation that “realizes”
unknowns as concrete terms while preserving fixed-point constraints in Yg.

» Definition 4.3.2. Let A = Atm(Y,¢,u) \ {c} and X = Var(Y,¢,u).
1. For each X € X, choose the following data:
a. Define Ax as the set of atoms a € A such that there is no 7 A X € T#|x with
a € mv(m);
b. Let ax,,...,ax,, be the atoms in Ay, listed in an arbitrary but fixed order.
c. Introduce a fresh term-former dx : kx.
2. For each X ¢ X, let dx : 0 be a term-former. Denote by D the set of all such d’s (so that
for every X € V we have a corresponding dx € D). Moreover, let ¥+ = X UD.

» Example 4.3.3. For T. =Wc{(abc) A X,(d e) A X} and ¢,u mentioning a’,t’. For X,
we fix the order d, e,a’, b’ and assign a term-former dx :4. Thus, in the free term model, X
will be realized as dx(d, e, a’,b").

The canonical substitution o embeds unknowns as concrete terms in the free model as
follows:

. {dx(axl,...,axkx) X ek,

dx () X ¢ X
In the standard nominal framework [15], a term d(aq,...,a,) represents an unknown
element with support {aq,...,a,}, which suffices for freshness-based theories. With fixed-

point constraints, however, terms must also reflect permutation invariance. For instance, if
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(ab) A X €Y, we would like a term d(...) such that (a b)-g =1 g. The standard construction
fails, since d-term formers alone do not encode the algebraic symmetries required by the
context.

» Remark 4.3.4. The canonical free term model Free(T, D) with valuation ¢*(X) = c11(Xo)
does not, in general, satisfy pure fixed-point constraints 7 A X. Consider Example 4.3.3.
Freshness-related constraints such as (a b ¢) A X are handled by construction. However, for
a pure fixed-point constraint (d e) A X, there is no guarantee that T proves dx (e,d,a’,b’) =1
dx(d,e,a’,b"). Hence, (d €) may fail to fix clr(dx(d,e,a’,b")) in Free(T, D).

This motivates the following extension of the theory.

» Definition 4.3.5. Let TT be the theory obtained from T by adding, for each 7 A X € T*|x,
the axiom 7 -dx(ax,,...,ax, ) =dx(ax,,...,ax, ).

» Remark 4.3.6. The extension TT equips the d-symbols with the algebraic symmetries
required by the context. In Free(T™, D) with ¢*(X) = cl+(X o), all fixed-point constraints in
T are satisfied. For Example 4.3.3, T* contains the axiom - dx(e,d,a’,b') = dx(d,e,d’, V),
ensuring that (d e) fixes clr+(dx(d, e, a’,b)).

» Lemma 4.3.7. The following hold:
+
1. [[t]]Free (T5D) _ = cly+(to) and [[u]]ziee(T D) 1 (uo).
2. |/|C.(V7T AXeY 7 [[X]]Eiee(r+,D) _ [[X]]Eiee(T+’,D))_
Proof sketch. Item 1 is immediate by induction on the structure of the terms. For item 2,

fix a fresh choice of ¢ and let 7 A X € Y. If 7 A X € Y#, then m moves only atoms
outside supp([[X]]Free(T D)) by construction; hence it fixes [[X]]Free(T P Ifra X e,

then 7 fixes [[X]]Eiee (T*.D) by construction of T*. Thus, for this fresh choice of ¢, every

+

constraint in Y is satisfied, ie. Vo A X € T. 7 - [[Xﬂfiee(T D) = [[X]]Free(T ) Hence
+ +

Ne.(Vr A X € X.om- [X]TT D) = [x]free™ Py, <

We now invert the embedding o: from concrete terms dx (ax,,...,ax, ) we reconstruct

the original unknown X.

» Definition 4.3.8. Let II be a derivation of kg, to = uo (without using (congd)), and

extend the set of atoms A to a larger set AT by including:

1. a set C containing any atoms appearing in I that are not already in A4,

2. a set B of fresh atoms, in bijection with A — for convenience, we write bx, for the atom
corresponding under that bijection with ax, — and

3. one additional fresh atom e*.

We define an inverse mapping (—)~! from free terms in * mentioning only atoms
from A1\ (BU {e*}) to nominal terms in ¥ inductively:

71

= a,
(lal)™" = [alg™",
f(gl,...,gn) V= f(gy . 9,Y), feX,
dx()"! = e, X¢A,
dx(a,,. . ak, )~ Vo= wx(dy,,. vk, )X, Xed,

where ﬂ'X(a’Xl,...,a’XkX) = (a’x, bx,)o...0 (anX bx,, ) o (bx, ax,)o...0(bx, ax,, )
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The permutation mx uses the intermediate atoms bx, as fresh markers to restore the
original atom ordering. We restrict to ground terms g with Atm(g) C AT\ (BU {e*}).

» Example 4.3.9. For Ax = {a,b,d} with order a,b, d:

1. dx(a,b,d)"t' =X

2. dx(b,d,a)”" = (b bx,) o (d bx,) o (a bx,) o (bx, a) o (bx, b) o (bx, d) - X
Observe that applying o to this suspension recovers dx (b, d, a).

» Definition 4.3.10. Define T, as Y. extended with:
1. ¢’ = ¢, c* where c¢* is a fresh name

2. (b1 ... byt ...l e c*)AX forall X € X where B={by,...,bptand C={c} ... ¢ }.

n

This extension ensures the technical atoms b;, e*, and ¢} are treated as fresh for each
unknown X, preventing interference with the original term structure during inversion.
The inversion mapping respects permutation structure:

» Lemma 4.3.11. Y+ 5 (m-g) ' =7 - g7 for all w such that mv(w) C AT\ (BU {e*}).

Proof sketch. By induction on the structure of g. The only non-trivial case is g = dx (a’y ),
o~ We must show TH o (m-dx(ay)) ™t =7 -dx(ay) .
Unfolding the definitions, we have (7 - dx(a’y)) ™' = nx(r(a’y)) - X and m-dx(a’y)~! =
(momx(a’y)) - X. Thus, it suffices to prove T Foome Tx (m(dy)) - X = (momx(dy)) - X.
By rule (var), this holds if (7 oy (a’y)) !t omx(m(ay)) € P(T5+/|X)~ A direct calculation

yields (7 o mx (%))t o mx(w(aly)) = (7~ 1)Ax Bx) where (Ax Bx) = (ax, bx,)o---

s ) /
with a’y = ay ,...,a'x

o

(ax,, bx, ). Its support is contained in Atm(Y#|x) UB, which is included in Atm((T“‘)? |x)-

Hence (7~ 1)(Ax Bx) ¢ Q(Fresh(T;ﬂx)) - P(T(_J:F,|X), and the result follows. <

» Lemma 4.3.12. The following hold:
1. YF Fops (to) ™ =t and YT Foopg (uo)™ = u.
2. If b5, to =wuo, then TH t = u.

Proof sketch. For part 1, the result follows by a straightforward induction on the structure of
the terms. For part 2, the result follows by induction on the given derivation 7, to = uo. <«

Proof of Theorem 4.3.1 (Completeness). Assume Y FS ¢ = u. We interpret terms in the
free model Free(Tt, D) under ¢*(X) = clr+ (X o). Fix a fresh choice of ¢. By Lemma 4.3.7(2),
all constraints in T are satisfied under this choice. Hence, by the semantic assumption
T ¢ t = u, we obtain [[t}]Fiee(T+’D) = [[u]]fiee(ﬁ’m. By Lemma 4.3.7(1), this gives clr+(to) =

<

clr+ (uo), hence 7, to = uo. By Lemma 4.3.12(2), this lifts to T F{ t = . <

5 Conclusion and Future work

We have introduced a new framework for equational reasoning with binding and equational
theories, extending freshness constraints to W-quantified permutation fixed-points. The
resulting system is expressive and equipped with a sound and complete derivation system
with respect to the nominal set semantics.

One natural next step is to investigate whether our setting admits algebraic closure
properties similar to those for freshness in nominal algebra [13], where Birkhoff’s HSP
(Homomorphic images, Subalgebras, Products) theorem has been successfully adapted (an
alternative approach can be found in [17]).

Another next step is to study connections to nominal automata [3], where orbit-finite
sets and group-theoretic methods play a central role.
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A Proofs of Section 2.3

» Lemma 2.3.4. Let x € & and m,n1,...,n, be permutations written as compositions of
disjoint cycles.

1. If m-x ==z, nis a cycle of m, and mv(n) — supp(z) # 0, then mv(n)#supp(z).

2. Ifni-x=ux, foralli=1,....,n, and p € (M, ..., M), then p-x = x.

Proof.

1. Write m = iy 0 - - - o u,, with disjoint cycles piq, ..., ftn, and let 7 = p; for some 1 < j < n.
Choose a € mv(n) \ supp(z).

Suppose, by contradiction, there exists b € mv(n) N supp(z). Since the cycles are disjoint,
ui(b) = b for all i # j. Hence w(b) = n(b). Since b € supp(z) and 7 -z = z, it follows
that 7(b) € supp(w - 2) = supp(z), and therefore 1(b) € supp(x).

Because a,b € mv(n), there exists [ > 0 such that n'(b) = a. Applying 7 repeatedly
to n(b) € supp(z) and using that 7 -z = x yields 7'(b) € supp(z), hence a € supp(x),
contradicting the choice of a.

2. Assume that 7; -« = x for every i = 1,...,n, and let p € (n1,...,n,). By definition
of the subgroup generated by 71,...,n,, the permutation p can be written as a finite
composition p = (; o --- o (s, where each (, belongs to {nfl, comEh
We first note that each inverse ;" 1 also fixes x. Indeed, from n; - & = x, applying N, !
to both sides gives 77;1 “(ni-x) = 17;1 -z, and therefore x = 77;1 -x. So every (, in the
above decomposition fixes z. We now prove that p fixes = by repeated application of
these equalities:

prr=(Gool)a=C (G (- (Co-z) ).

Since (, - * = x, the innermost term simplifies to z; then (y_1 - * = x, and continuing in
this way we obtain p -z = x. <
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A key property of the Vl-quantifier is the Some/Any principle [16, Prop. 4.10]:

» Proposition A.1 (Some/Any Principle). The following are equivalent:
Ne.p(e,T) <= Ve(c#T = ¢(c,T)) <= Fe.(c#T A p(c,T)) (4)

For multiple atoms, nested M-quantifiers introduce distinctness conditions. We avoid
writing these explicitly by fixing the following convention.

» Notation A.2. Let ¢ = ¢4,..., ¢, be a list of pairwise distinct atoms. We abbreviate
Ver ... Ven (N\iojci # ¢j = ¢) as Ve. ¢, and similarly for 3e. ¢.

» Lemma A.3 (Generalised Some/Any Principle). Let ¢ be a list of atoms. Then:
Ne.p(e,T) <= Ve.(c#T = ¢(c,T)) < TJe.(c#T N p(c,T)) (5)

Proof. By induction on the length of ¢. The base case is (4). For the inductive step,
write ¢ = ¢, ¢,,+1 and define (¢, T) := Wey41.9(¢, €1, T). Then NS . = UNeap and by
the induction hypothesis and (4) this is equivalent to VeVcy,41.(CH#T A Cr+1#T, € = @).
By Notation A.2; this is exactly Vé'.(¢'#T = ¢), as required. The existential case is
analogous. |

» Theorem 2.3.5 (Generalised Fix-Point). Let z € 2" and let w be a permutation.
1. If 7 is a c-permutation and A =mv(w) \ {¢}, then Ne.r -z = x iff A#x.
2. Ve -z =u iff Neme -z =) A (T2 - & = ).

FEquivalently, if A =mv(nz) \ {¢}, then Ne.w - = x iff A#x A (m-e - x = z).

Proof.

1. (=) Assume Ve - 2 = 2. By Lemma A.3, for some (equivalently, any) choice of ¢ such
that c#x, we have m-x = x. Let  be a cycle of w. Since 7 is a c-permutation, n contains
some atom a € ¢. As a#xz, Lemma 1 yields mv(n)#x. Hence mv(7)#z, and therefore
Aftx.

(<) Assume A#x. Let ¢ be such that c#x. Since 7 is a ¢-permutation, every cycle of «
contains an atom from ¢ and all remaining atoms lie in A. Thus every cycle is disjoint
from supp(x), so 7 - = x. By Lemma A.3, it follows that Vc.w - = = «.

2. If 1z = id or m—z = id, the result is immediate. Assume both are non-identity.

We first show that e -z =z iff e.(me - c = A7 -z = x).

By Lemma A.3, both sides are equivalent to universal statements over ¢ with the freshness
condition ¢#x, mv(w) \ {¢}. Hence it suffices to show that, for such ¢, one has 7 -z =z
iff both 7z -2 =2 and m—z - & = z.

Assume 7 - x = x. Let n be a cycle of mz. Since 7; is a c-permutation, 7 contains some
atom a € ¢. As a#x, Lemma 1 yields mv(n)#z. Since this holds for every cycle n of m¢,
and the cycles are disjoint, we obtain mv(7z)#2, and therefore 7z - & = x (equivalently,

Lo =ua).

From 7 = 7z o -z and 7 - © = x, we have 7z - (7-z - ) = 2. Applying 7rg1 to both sides

and using that ng -x = x, it follows that 7z -z = .

Conversely, if both 7z and 7 fix @, then 7 2z = (mzom_e) @ = 7e - (7o - ) = @.

Te

From the fact that W distributes over conjunction, we obtain We.(rz -2 = x Az - x = x)
is equivalent to We.(mz - x = x) AMe.(m-z - & = x). Since m_z does not involve atoms from
¢, the formula 7_z - ¢ = z is independent of ¢, and hence, Ue.(m-z - x = x) is equivalent
to m-z-x =x.

Therefore, e -z = x iff Ne.(me -z = z) A (m-e - = x), and the final equivalence follows
from item (1), applied to 7z and B. <
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» Proposition 2.3.8. Let x € 2 and let 1 = yon' and 7 = nop as in Definition 2.3.7.
Then

Ne(m-z=aAT-2=2) < WNe(n[y—y~n-z=xAp -x=ux).

Proof. (=) Assume We.(m-z =2 A7 -2 =x). By Lemma A.3, it suffices to fix ¢ such that
c#x and c#((mv(m) Unmv(p)) \ {¢}) and prove that n[y —y~n]-x =2 and p-z = z.

Since v is a ¢-cycle, it contains some atom ¢; € {¢}. As ¢;#x and 7-x = z, Lemma 2.3.4(1)
applied to « implies that mv(vy)#z. Choose a € mv(y) Nmv(n), which exists by hypothesis.
Then, a#x. Since 7-x = z and n is a cycle of 7 with a € mv(n), another application of
Lemma 2.3.4(1) gives mv(n)#x. Thus, ((mv(y) Unv(n))#z, and therefore (y ~n) -z = x by
the definition of support.

By definion, w[y — v ~n] = (y~n)ox’. Since 7-x =z and v - x = z, it follows that
7' -2 = x. Hence 7|y — v ~n] -z = z. Finally, from 7 -2 = 2 and n -z = z, we conclude
that p-z = =x.

(<) Assume Ve.(n[y — v~n]-x =xAp-x=x). Fix ¢ such that c#x and c#((mv(r) U
wv(p)) \ {e}).

Since v ~ 1 contains all atoms of ~, it contains at least one atom from ¢. Thus, from
7wy v ~n] -z =2z, Lemma 2(1) yields ((mv(y) Umv(n))#z. In particular, by the definition

of support, y-x =x,n -z =z, and (y~n) -z = x. By definition, [y — v ~n] = (y~n) o’
Since (y ~n) -z = x and 7w[y = v ~n] - & = x, we obtain «’ - x = x. Therefore, 7 -2 = x.

Moreover, since p - x = x and 1 - ¢ = z, we conclude that 7-z = x. <

» Corollary 2.3.10. Let 7 and p be ¢c-permutations such that (mv(m) Nmv(p))\{c} # 0. Then
Ne(m-x=xzAp-z=2z) < WNec.(a1...a; )z =uz,

where {a1,...,ap} = (mv(m) Umv(p)) \ {c} (in any order), and ¢’ € {c}.

Proof. Define S = (mv(7w) Umv(p)) \ {¢} = {a1,...,ar}. Since m and p are ¢-permutations,
by Theorem 2.3.5(1), we have:

We(m-o=2Ap o =1) > (av(r)\ {ch)4e A (av(p) \ {c})de
= ((av(m) Umv(p) \ {e)) e
— S#x
<~ We(ay...ap )z =2x

and the result follows. <

10:23

FSCD 2026



	1 Introduction
	2 Preliminaries
	2.1 Permutations and nominal terms
	2.2 Permutation actions, substitutions, and nominal sets
	2.3 The new-quantifier and fixed-point identities

	3 Derivation system
	3.1 Constraints and Contexts
	3.2 Inference rules

	4 Semantics
	4.1 Interpretations, models and validity
	4.2 Free term models
	4.3 Completeness

	5 Conclusion and Future work
	A Proofs of Section 2.3

