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Abstract
This paper introduces the hybrid quantum language with general recursion Hyrql, driven towards
resource-analysis. By design, Hyrql does not require the specification of an initial set of quantum
gates. Hence, it is well amenable towards a generic cost analysis, unlike languages that use different
sets of quantum gates, which yield quantum circuits of distinct complexity.

Regarding resource-analysis, we show how to relate the runtime of an expressive fragment of
Hyrql programs with the size of the corresponding quantum circuits. We also manage to capture the
class of functions computable in quantum polynomial time, which, by Yao’s Theorem, corresponds
to families of circuits of polynomial size. Consequently, this result paves the way for the use of
termination and runtime-analysis techniques designed for classical programs to guarantee bounds on
the size of quantum circuits.
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1 Introduction

Motivations. Most well-known quantum algorithms, such as Shor’s algorithm [45], were
historically designed on the Quantum Random Access Machine (QRAM) model [31]. In this
model, a program interacts with a quantum memory through basic operations complying
with the laws of quantum mechanics. These operations include a fixed set of quantum gates,
chosen to be universal, as well as a probabilistic measurement of qubits. Consequently, the
control flow is purely classical, i.e., depends on the (classical) outcome of a measurement.
Based on this paradigm, several high-level quantum programming languages have been
introduced, each with different purposes and applications, from assembly code [17, 18], to
imperative languages [25], circuit description languages [27], and λ-calculi [44].

A relevant issue was to extend these models to programs with quantum control, also known
as coherent control, enabling a “program as data” treatment for the quantum paradigm.
Quantum control consists in the ability to write superpositions of programs in addition
to superposition of data and increases the expressive power of quantum programming
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languages. It allows the programmer to write algorithms such as the quantum switch,
which uses fewer resources (quantum gates) than algorithms with classical control [15]
and is physically implementable [1, 40]. Hence, quantum control provides a computational
advantage over classical control [3, 46, 32]. In the last decades, several quantum programming
languages implementing this concept have been designed, non-exhaustively [2, 41, 23, 35,
53]. To get the best of both worlds, a natural next step was the development of hybrid
languages, i.e., languages that allow classical and quantum flow/data to be combined. The
hybrid paradigm is conveying considerable practical interest: for example, it is used by
quantum variational algorithms, a class of quantum algorithms leveraging both classical and
quantum computing resources to find approximate solutions to optimization problems; and the
properties of hybrid languages have also been deeply studied, non-exhaustively [48, 51, 20, 9].

Since hybrid languages offer interesting prospects in terms of expressiveness and optimal
resource consumption, a relevant and open issue concerns the development of resource-aware
(static) analyses of their programs. These static analyses can be applied to predict the
low-level resources required to execute quantum algorithms, such as the depth or size of a
quantum circuit.

Contributions. This work solves the above issue for the first time by introducing a HYbrid
Recursive Quantum Language Hyrql on which a resource analysis can be performed. Hyrql
is a hybrid extension of the functional quantum language Spm (Symmetrical pattern-matching)
of [41, 35]. In Spm, the programmer can directly write down unitary applications, combining
quantum superposition of terms with pattern-matching. Unitarity is enforced by a (decidable)
linear typing discipline using an orthogonality predicate. Spm is, however, a purely quantum
language, which makes the manipulation (and, consequently, resource analysis) of classical
information awkward, as it can be neither discarded nor duplicated by linearity. The hybrid
nature of Hyrql relies on a typing discipline which delineates a clear separation between
quantum/linear and classical/non-linear data in the typing contexts. Similarly to Spm, Hyrql
does not include measurement: the flow from quantum data to classical data is handled
through the use of a shape construct, as introduced in [27], which returns the classical
information on the structure of data containing quantum information, without getting any
information on the value of the quantum states. For example, the shape of a qubit list
provides classical (duplicable) information, such as the number of qubits. The decision to
provide Hyrql with a Spm-architecture was motivated by two important factors. First, in
contrast with most of its competitors, Spm does not require the inclusion of an initial set of
quantum gates, making its resource analysis generic. Second, thanks to its pattern-matching
design, Spm allows for the reuse of a wide variety of tools designed for resource analysis (e.g.,
termination or complexity) of term rewriting systems.

Our paper contains the following main contributions:
The introduction of the hybrid language with general recursion Hyrql, as well as its
operational semantics, type system, and standard properties: confluence (Theorem 13),
progress (Theorem 15), and subject reduction (Theorem 16).
A proof that the orthogonality predicate in Hyrql is Π0

2-complete, hence undecidable
(Theorem 18). Consequently, typing is not decidable. This is not surprising as the
language encompasses general recursion. The decidability of typing can still be recovered,
on expressive sub-fragments of the language, e.g., when Hyrql is restricted to finite types
and terminating programs (Proposition 19).
A compilation from terms (of the good type) to quantum circuits, whose size is bounded
by the runtime-complexity of the initial term (Theorem 27). In particular, terms that
terminate in polynomial time characterize exactly the complexity class FBQP (Theorem 29
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Table 1 Comparison table between hybrid quantum languages.

Hyrql FOQ [28] RQC++ [52] DLPZ [20] Silq [11] Qunity [48]

Resource-aware ✓ ✓ ✗ ✗ ✗ ✗

General recursion ✓ ✗ ✓ ✗ ✗ ✗

Higher-order ✓ ✗ ✗ ✓ ✗ ✗

and 30). This result is not trivial, as lambda calculi do not comply with van Emde Boas’
invariant thesis [47], i.e., a polynomial time reduction on a lambda term may correspond
to an exponential time reduction on a Turing machine.
An overview on how complexity results can be obtained and automatized by translating our
language into term-rewrite systems, to use existing techniques for runtime analysis (e.g.,
interpretations [36], recursive path orderings [21, 22], dependency pairs [4], size-change
principle [34]).

We illustrate the expressive power of the language through several examples: implementa-
tion of basic quantum gates (Hadamard gate, Example 1), higher-order (quantum switch,
Example 2), quantum algorithms (quantum Fourier transform, Example 3), and general
recursion (bounded quantum walk, Example 4).

Related works. In Table 1, we provide a non-exhaustive comparison between the main
families of hybrid quantum languages which treat classical data as first-class citizen. Towards
that end, we consider the three following criteria.

Resource-aware highlights if the language is designed towards resource analysis, that
is, allows to characterize well-known quantum complexity classes. This is the case of
FOQ [28, 29], which characterizes, under restrictions, quantum polynomial time and
quantum polylogarithmic time [26]. However, Hyrql has a greater expressive power than
FOQ as it is not restricted to unitary operators. Moreover, all standard inductive datatypes
can be expressed in Hyrql, whereas FOQ is restricted to lists of qubits.
General recursion specifies whether the language includes unbounded recursion on classical
data. The ability to handle this type of recursion is necessary for a resource analysis to
be relevant (i.e., not trivial as in the case of strong normalizing languages).
Higher-order denotes the ability of the language to feature general higher-order terms,
i.e., functions taking functions as input. While some languages of Table 1 have syntactic
constructs to do so, most of them are restricted to first-order calls.

As we are interested in resource analysis in the general setting, Table 1 only compares
Hyrql with hybrid languages, rather than with existing languages with only quantum control,
non-exhaustively [41, 23, 51, 53]. Other studies have already been carried out on resource
analysis in quantum programming languages. They use techniques (e.g., type systems)
developed in the field of Implicit Computational Complexity (ICC, see [39]) to characterize
quantum complexity classes [19], to infer the expected cost or expected value of a quantum
program [6], or to infer upper bounds on quantum resources (depth and size of circuits) [16].
However, these studies are restricted to classical control. For example, [19] studies the use of
soft linear logic [33] on a quantum lambda calculus [43], [6] adapts expectation transformers
on a language based on QPL [42], and [16] develops a dependent type system on a variant of
the Quipper circuit description language [27].

FSCD 2026
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Table 2 Syntax of the Hyrql language.

(Values) v ::= x | |0⟩ | |1⟩ | c(v1, . . . , vn) | λx.t | letrec f x = t |
∑n

i=1 αi · vi

(Terms) t ::= x | |0⟩ | |1⟩ | qcase t
{

|0⟩ → t0 , |1⟩ → t1
}

| c(t1, . . . , tn) | match t {c1(−→x1) → t1 , . . . , cn(−→xn) → tn}
| λx.t | letrec f x = t | t1t2 |

∑n
i=1 αi · ti | shape(t)

2 The Hyrql Programming Language

We introduce the syntax, the operational semantics, and the type system of Hyrql along
with illustrating examples.

2.1 Syntax
The syntax of Terms and Values in Hyrql is provided in Table 2. Terms feature variables,
denoted x, y, f, . . . and taken from an infinite countable set. We denote by −→e a (finite
and possible empty) sequence of elements e1, . . . , en. Qubits are introduced through basis
states |0⟩ , |1⟩, allowing us to write quantum conditionals qcase t

{
|0⟩ → t0 , |1⟩ → t1

}
, which

correspond to the superposition of t0 and t1 controlled by qubit t. Hyrql also features
classical constructors cs consisting of a constructor symbol c, and a signature s indicating
the type of the constructor. Signatures will be formalized in Section 2.3 and will be explicitly
given only when required. Constructors can be used in constructor application c(t1, . . . , tn)
and through pattern-matching, sometimes abbreviated as match1≤i≤n t {ci(−→xi) → ti}. Each
constructor symbol c comes with a fixed arity and is always fully applied. We assume the
existence of standard inductive constructors for unit (), tensor products ⊗, natural numbers
0 and S, and lists [ ] and ::. For convenience, constructors are sometimes used in an infix
notation. For example, tensor products will be written as x ⊗ y and list constructors as h :: t.

Higher-order is featured via a standard λ-abstraction λx.t, and a construct for general
recursion letrec f x = t. Term application is denoted by t1t2.

Given amplitudes αi ∈ C, the term
∑n

i=1 αi · ti represents a superposition of terms ti. In
the special case where n = 2, we just write α1 · t1 + α2 · t2. In a dual manner, the shape
construct, introduced in [27], returns the classic structural information on data containing
quantum information. For example, the shape of a qubit list is a copy of the list structure
without the qubits (see Example 7).

In order to avoid conflicts between free and bound variables, we will always work up to
α-conversion and use Barendregt’s convention [8, p. 26] which consists in keeping all bound
and free variable names distinct, even when this remains implicit. We also define a partial
order ◁ on terms, where s ◁ t if s is a strict subterm of t. We denote ⊴ as the reflexive
closure of ◁. The size of a term is written |t| and is defined standardly.

As we work with amplitudes and superpositions, Terms and Values have to be considered
with respect to a vector space structure. Towards that end, we introduce an equivalence
relation ≡ in Table 3. Such definition relies on equivalence contexts, defined by the following
grammar:

(Equiv. contexts) C≡ ::= ⋄ | qcase C≡
{

|0⟩ → t0 , |1⟩ → t1
}

| c(−→t1 , C≡,
−→
t2 ) | tC≡ | C≡t

| match1≤i≤n C≡ {ci(−→xi) → ti} | t + C≡ | shape(C≡)
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Table 3 Equivalence relation ≡ ⊆ Terms × Terms.

t1 + t2 ≡ t2 + t1 t1 + (t2 + t3) ≡ (t1 + t2) + t3 1 · t ≡ t t + 0 · t′ ≡ t

α · (β · t) ≡ (αβ) · t α · (t1 + t2) ≡ α · t1 + α · t2 α · t + β · t ≡ (α + β) · t

qcase (
∑m

j=1 αj · sj)
{

|0⟩ → t0 , |1⟩ → t1
}

≡
∑m

j=1 αj · (qcase sj

{
|0⟩ → t0 , |1⟩ → t1

}
)

c(−→t1 ,
∑m

j=1 αj · sj ,
−→
t2 ) ≡

∑m
j=1 αj · c(−→t1 , sj ,

−→
t2 )

match1≤i≤n (
∑m

j=1 αj · sj) {ci(−→xi) → ti} ≡
∑m

j=1 αj · (match1≤i≤n sj {ci(−→xi) → ti})

t(
∑m

i=1 αj · sj) ≡
∑m

j=1 αj · t sj

C≡[t] ≡ C≡[t′] when t ≡ t′

An equivalence context C≡ is thus a term with one hole ⋄; let C≡[t] be the term obtained by
filling the hole with t in C≡. In Table 3, the rules from the two first lines make the definition
of the

∑
construct unambiguous/sound, i.e., it corresponds exactly to repeated applications

of the + construct. The five last rules of Table 3 are commutation rules highlighting the
linearity of quantum terms.

▶ Example 1 (Quantum State and Hadamard Gate). We can define the orthogonal basis
states as |±⟩ ≜ 1√

2 · |0⟩ ± 1√
2 · |1⟩. The Hadamard gate can be encoded in Hyrql:

Had ≜ λx.qcase x
{

|0⟩ → |+⟩ , |1⟩ → |−⟩
}

▶ Example 2 (Quantum Switch). The quantum switch [15] is a program which, on two
unitaries U, V and a two-qubit state |ϕ⟩, applies UV and V U , in superposition, to the
second qubit, controlled by the value of the first qubit. It can be implemented in Hyrql by
QS U V |ϕ⟩, where QS is defined as:

QS ≜ λf.λg.λq.match q
{

c ⊗ t → qcase c
{

|0⟩ → |0⟩ ⊗ f(g t) , |1⟩ → |1⟩ ⊗ g(f t)
}}

▶ Example 3 (Quantum Fourier Transform). The well-known Quantum Fourier Transform
(QFT) can be encoded in our language by the following terms:

cphase ≜ λx.λn.match x
{

c ⊗ t → qcase c
{

|0⟩ → |1⟩ ⊗ t , |1⟩ → |0⟩ ⊗ ϕ n t
}}

rot ≜ letrec f q = λl.λn.match l


[ ] → q ⊗ [ ]

h :: t → let h′ ⊗ q′ = cphase(h ⊗ q)(n) in

let q′′ ⊗ t′ = f(q′)(t)(S(n)) in

q′′ ⊗ (h′ :: t′)


rec ≜ letrec f l = match l

{
[ ] → [ ]

h :: t → let h′ ⊗ t′ = rot(had h)(t)(2) in h′ :: (f t′)

}
swap ≜ letrec f l = λu.match l

{
[ ] → u, h :: t → swap(t)(h :: u)

}
qft ≜ λl.swap(rec(l), [ ])

FSCD 2026
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Table 4 Reduction rules of the language.

(Qcase0)
qcase |0⟩

{
|0⟩ → t0 , |1⟩ → t1

}
⇝ t0

(Qcase1)
qcase |1⟩

{
|0⟩ → t0 , |1⟩ → t1

}
⇝ t1

(Match)
match1≤i≤n cj(−→vp) {ci(−→xi) → ti}⇝ tj{−→vp/−→xj}

(Lbd)
(λx.t)vp ⇝ t{vp/x}

(Rec)
(letrec f x = t)vp ⇝ t{letrec f x = t/f, vp/x}∑n

i=1 αi · pi ∈ CAN \ Value pi ⇝? ti

(Can)∑n

i=1 αi · pi ⇝
∑n

i=1 αi · ti

(Shape0)
shape(|0⟩)⇝ ()

(Shape1)
shape(|1⟩)⇝ ()

(Shapec)
shape(cs(−→vp))⇝ cshape(s)(shape(−→vp))∑n

i=1 αi · vi ∈ CAN
(Shapes)

shape(
∑n

i=1 αi · vi)⇝ shape(v1)
t⇝ t′

(ShapeE)
shape(t)⇝ shape(t′)

p⇝ t
(E)

E[p]⇝ E[t]

t ≡ t1 t1 ⇝ t′
1 t′

1 ≡ t′

(Equiv)
t⇝ t′

Note that, as our natural numbers are defined recursively, it is not possible to directly
build a phase 1/2n. We thus assume that we are given a term ϕ such that ϕ n |0⟩ = |0⟩
and ϕ n |1⟩ = eiπ/2n−1 |1⟩. To shorten terms, we also use the notations let x ⊗ y = s in t ≜
match s

{
x ⊗ y → t

}
and 2 ≜ S(S(0)).

▶ Example 4 (Bounded quantum walk). Hyrql allows one to write recursive programs that
are classically and quantumly controlled. The program bqwalk produces all the possible
quantum walk paths of size at most n, starting from a quantum state q:

repeat ≜ letrec g n = match n
{

0 → [ ], S(m) → |0⟩ :: g m
}

bqwalk ≜ letrec f q = λn.qcase q


|0⟩ → |0⟩ :: (repeat n)

|1⟩ → |1⟩ :: match n

{
0 → [ ]

S(m) → (f (Had |1⟩) m)

}
In Example 3, as expected, for a given size of the list argument, the program can be

compiled to a fixed quantum circuit. On the contrary, the programs from Examples 2 and 4
do not not naturally compile to a single quantum circuit when the size of the arguments is
fixed. Thus, Hyrql is more than a circuit description language [27].

2.2 Operational Semantics

In this section, we define the call-by-value operational semantics of Hyrql. As we are
interested in resource analysis, we want to avoid reducing non-meaningful terms, e.g., a
reduction of t in s+0 · t ≡ s is meaningless. Towards that end, we introduce canonical forms
(Definition 5), which take care of removing ill-behaved terms before applying a reduction. It
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relies on pure terms, which are defined by the following grammar:

(Pure terms) p ::= x | |0⟩ | |1⟩ | qcase p
{

|0⟩ → t0 , |1⟩ → t1
}

| c(p1, . . . , pn)
| match1≤i≤n p {ci(−→xi) → ti} | λx.t | letrec f x = t | tp | shape(t)

A pure value, denoted vp, is a pure term that is a value.

▶ Definition 5 (Canonical form). A canonical form of a term t is any term
∑n

i=1 αi · pi such
that t ≡

∑n
i=1 αi · pi, where pi are pure terms, αi ̸= 0 and pi ≡ pj implies i = j. The set of

canonical forms is denoted by CAN.

The canonical form always exists and is unique for well-typed terms (Lemma 14). Note
that the naming pure terms comes from [23] and is not related to pure states in quantum
computing, as pure terms could semantically yield a mixed quantum state.

We also define evaluation contexts by the following grammar:

(Evaluation contexts) E ::= ⋄ | qcase E
{

|0⟩ → t0 , |1⟩ → t1
}

| c(−→p , E, −→vp)
| match1≤i≤n E {ci(−→xi) → ti} | tE | Evp

Again, let E[t] be the term obtained by filling the hole ⋄ with t in E.
The operational semantics of Hyrql is described in Table 4 as a reduction relation

⇝ ⊆ Terms × Terms, where {t/x} denotes the standard substitution of a variable x by a
term t. The reduction implements a call-by-value strategy.

In the rule (Can), t⇝? t′ holds if either t⇝ t′ or, ¬(∃t′′, t⇝ t′′) and t′ = t. Intuitively,
it means that we apply one reduction for each element of a superposition, when possible.
In the rule (Shapec), shape(−→v ) is syntactic sugar for shape(v1), . . . , shape(vn), and the
shape of a signature shape(s) is defined formally in Definition 9. In all rules of Table 4,
except for the (Can) and (Equiv) rules, the left-hand-side term is a pure term (i.e., not a
superposition). This implies that any summation must be expressed as a canonical form,
which avoids reducing a subterm with a null amplitude, or more generally to reduce two
identical terms that would sum up to 0. The goal is to avoid reductions that have no physical
meaning, as this would invalidate any resource analysis result.

We define ⇝∗ as the reflexive and transitive closure of ⇝. For k ∈ N, we also write
t ⇝≤k t′, when t reduces to t′ in at most k steps. A term t terminates, if any chain of
reductions starting from t reaches a value, meaning that t⇝≤k v holds for some k.

▶ Example 6. Let us consider the Had program from Example 1, we can check that Had |0⟩
reduces to the expected value:

Had |0⟩⇝ qcase |0⟩
{

|0⟩ → |+⟩ , |1⟩ → |−⟩
}

via (Lbd)
⇝ |+⟩ via (Qcase0)

Since the Hadamard gate is its own inverse, Had |+⟩ is expected to reduce to |0⟩. Reducing
Had |+⟩ cannot be done using (Lbd), as |+⟩ is not a pure term, but rather by developing the
sum and reducing each element. Let hv ≜ qcase |v⟩

{
|0⟩ → |+⟩ , |1⟩ → |−⟩

}
for v ∈ {0, 1}.

The following reduction holds:

(Lbd)
Had |0⟩⇝ h0

(Lbd)
Had |1⟩⇝ h1

(Can)
1√
2 · Had |0⟩ + 1√

2 · Had |1⟩⇝ 1√
2 · h0 + 1√

2 · h1
1√
2 · Had |0⟩ + 1√

2 · Had |1⟩ ≡ Had |+⟩
(Equiv)

Had |+⟩⇝ 1√
2 · h0 + 1√

2 · h1

FSCD 2026
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We have expressed Had |+⟩ as its canonical form, then reduced simultaneously each element
of the superposition. Similarly, one can derive the reduction 1√

2 · h0 + 1√
2 · h1 ⇝ |0⟩, by

rewriting the reduced term via ≡. Chaining both results yields Had |+⟩⇝2 |0⟩ as expected.

▶ Example 7. Let us define the qubit list l ≜ |+⟩ :: |0⟩ :: [ ]. Its shape shape(l) reduces as
follows:

shape(|+⟩ :: |0⟩ :: [ ])⇝ shape(|0⟩ :: |0⟩ :: [ ])
⇝ shape(|0⟩) :: shape(|0⟩ :: [ ])
⇝ shape(|0⟩) :: shape(|0⟩) :: shape([ ])
⇝∗ () :: () :: [ ]

As shape(|+⟩ :: |0⟩ :: [ ]) ≡ shape( 1√
2 · |0⟩ :: |0⟩ :: [ ] + 1√

2 · |1⟩ :: |0⟩ :: [ ]), which reduces to
shape(|0⟩ :: |0⟩ :: [ ]) using (Shapes), the first reduction shape(|+⟩ :: |0⟩ :: [ ])⇝ shape(|0⟩ ::
|0⟩ :: [ ]) is derived using (Equiv). The remaining reductions are derived by applying either
(Shape0) or (Shapec), and where :: and [ ] are written without signatures.

Now, let us derive the length of the list l, with the help of the following term:

len ≜ letrec f x = match x
{

[ ] → 0, h :: t → S(f t)
}

One can then derive the following reductions, starting from len(shape(l)):

len(shape(l))⇝∗ len(() :: () :: [ ])
⇝ match () :: () :: [ ]

{
[ ] → 0, h :: t → S(len t)

}
⇝ S(len(() :: [ ]))⇝∗ S(S(len([ ])))⇝∗ S(S(0))

While this produces the expected result, one may want to derive the length from the
initial term len(l) instead. However, the same process would yield len(l) ⇝∗ √

2S(S(0)),
which is a non-normalized term. Furthermore, len is a function that discards its input, thus
does not coincide with an expected linear treatment of quantum data, as discussed in the
next section; in particular, len(l) is not a typable term of our language, while len(shape(l))
is (see Example 11).

2.3 Type System
Types and Contexts. Types in Hyrql are provided by the following grammar:

(Types) T ::= Qbit | B | T ⊸ T | T ⇒ T

Qbit is the type for qubits and B is a constructor type from a fixed set B containing the
unit type 1. A basic type, noted B|⟩, is either a qubit type, or a constructor type B, i.e.,
B|⟩ ∈ {Qbit} ∪ B. A constructor symbol c comes with a signature s = B

|⟩
1 , . . . , B

|⟩
n → B of

arity n, defining the inputs and output types of c. For simplicity, we write s = B when s is
of arity 0. Each constructor type is defined by its set of constructors:

Cons(B) ≜ {cs | s = B
|⟩
1 , . . . , B|⟩

n → B}

By construction, Cons(B) ∩ Cons(B′) = ∅ when B ̸= B′. We consider the following
constructor types: the unit type 1 with a unique constructor ()1; tensor types B

|⟩
1 ⊗ B

|⟩
2

for given types B
|⟩
1 , B

|⟩
2 with a unique constructor ⊗B

|⟩
1 ,B

|⟩
2 →B

|⟩
1 ⊗B

|⟩
2 ; natural numbers nat

with constructors 0nat and Snat→nat; lists list(B|⟩) for a given type B|⟩, with constructors
[ ]list(B|⟩) and ::B|⟩,list(B|⟩)→list(B|⟩).
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The language also features two distinct higher-order types for linear and non-linear
functions, denoted respectively by ⊸ and ⇒.

In the typing discipline, it will be useful to distinguish between types based on whether
or not they contain quantum data. The latter must follow the laws of quantum mechanics
(no-cloning), whereas classical types are more permissive. Towards that end, we define
inductively the set of quantum constructor types BQ by

BQ ≜ {B ∈ B | ∃ cB
|⟩
1 ,...,B|⟩

n →B , ∃ i, B
|⟩
i ∈ BQ ∪ {Qbit}}.

A quantum constructor type BQ ∈ BQ has (at least) a constructor symbol with a type Qbit or
(inductively) a quantum constructor type in its signature. The set BC of classical constructor
types BC is defined by BC ≜ B \ BQ. For example, 1, nat ∈ BC whereas list(Qbit) ∈ BQ.
This allows us to split the types between quantum types Q and classical types C:

Q ::= Qbit | BQ C ::= BC | T ⊸ T | T ⇒ T

It is now assumed that the inputs of each constructor are ordered, containing first variables
of classical type, then variables of quantum type, enabling a hybrid behaviour.

Typing contexts are defined as follows:

Γ, ∆ ::= ∅ | { x : T } | { [x : T ] } | Γ ∪ ∆,

where [x : T ] is called a boxed variable, indicating that x is a linear variable captured
by a shape construct. We define the domain of a context ∆ as the set of its variables,
i.e., dom(∆) ≜ { x | ∃ T, x : T ∈ ∆ ∨ [x : T ] ∈ ∆ }. Whenever we write Γ, ∆ or Γ; ∆, it is
assumed that Γ and ∆ are compatible, that is, dom(Γ) ∩ dom(∆) = ∅. We use the shorthand
notation −→x : −→

T for x1 : T1, . . . , xn : Tn; and [∆] for [x1 : T1], . . . , [xn : Tn].

Typing rules. A typing judgment is written Γ; ∆ ⊢ t : T , describing that the term t is
well-typed, with type T , under non-linear context Γ and linear context ∆. The typing rules
of the language are defined in Table 5. A well-typed term Γ; ∆ ⊢ t : T is closed if Γ = ∆ = ∅.
A well-typed closed term t is said to be total, if for any well-typed closed and total values
v1, . . . , vn such that tv1 . . . vn is a well-typed closed term of type B|⟩, tv1 . . . vn terminates.

Typing rules rely on an external orthogonality predicate ⊥ on terms. This predicate uses
the notion of Θ-context substitutions, which, for a given context Θ, denote the substitutions
σ such that for any x : T with x : T ∈ Θ or [x : T ] ∈ Θ, σ(x) = v, where v is a well-typed
closed and total value of type T . Typing also requires the definition of an an inner product
on values with a canonical form, defined below, where δx,y is the Kronecker symbol.

⟨v, w⟩ ≜
n∑

i=1

m∑
j=1

αiβ
∗
j δvi,wj , where v ≡

n∑
i=1

αi · vi ∈ CAN and w ≡
m∑

j=1
βj · wj ∈ CAN

▶ Definition 8 (Orthogonality). Let Γ; ∆ ⊢ t : Q and Γ; ∆ ⊢ t′ : Q be two well-typed terms. t

and t′ are orthogonal, written t ⊥ t′, if for any Γ ∪ ∆-context substitution σ:
σ(shape(t))⇝∗ v, σ(shape(t′))⇝∗ v′ and v = v′;
σ(t)⇝∗ w ∈ CAN, σ(t′)⇝∗ w′ ∈ CAN, and ⟨w, w′⟩ = 0.

These conditions imply that the reduced values share the same classical structure, and
that their quantum data is orthogonal. For example, orthogonal lists must be of the same
size. Orthogonality is used in the typing rules (qcase) and (sup) of Table 5 to ensure the
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Table 5 Typing rules of the language.

(ax)
Γ; x : T ⊢ x : T

(axc)
Γ, x : C;∅ ⊢ x : C

(ax0)
Γ;∅ ⊢ |0⟩ : Qbit

(ax1)
Γ;∅ ⊢ |1⟩ : Qbit

Γ; ∆ ⊢ t : Qbit Γ; ∆′ ⊢ t0 : Q Γ; ∆′ ⊢ t1 : Q t0 ⊥ t1 (qcase)
Γ; ∆, ∆′ ⊢ qcase t

{
|0⟩ → t0 , |1⟩ → t1

}
: Q

s = B
|⟩
1 , . . . , B

|⟩
n → B Γ; ∆i ⊢ ti : B

|⟩
i (cons)

Γ; ∆1, . . . , ∆n ⊢ cs(t1, . . . , tn) : B

Cons(B) = { csi

i }n
i=1 si = −→

Ci,
−→
Qi → B Γ1; ∆1 ⊢ t : B Γ2, −→yi : −→

Ci; ∆2, −→zi : −→
Qi ⊢ ti : B|⟩

(match)
Γ1, Γ2; ∆1, ∆2 ⊢ match1≤i≤n t {csi

i (−→yi , −→zi ) → ti} : B|⟩

Γ; ∆, x : T ⊢ t : T ′

(abs)
Γ; ∆ ⊢ λx.t : T ⊸ T ′

Γ, x : C; ∆ ⊢ t : T
(absc)

Γ; ∆ ⊢ λx.t : C ⇒ T

Γ, f : T ;∅ ⊢ λx.t : T
(rec)

Γ;∅ ⊢ letrec f x = t : T

Γ; ∆ ⊢ t1 : T ⊸ T ′ Γ; ∆′ ⊢ t2 : T
(app)

Γ; ∆, ∆′ ⊢ t1t2 : T ′

Γ; ∆ ⊢ t1 : C ⇒ T Γ;∅ ⊢ t2 : C
(appc)

Γ; ∆ ⊢ t1t2 : T

Γ; ∆ ⊢ ti : Q
∑n

i=1 |αi|2 = 1 ∀i ̸= j, ti ⊥ tj

(sup)
Γ; ∆ ⊢

∑n

i=1 αi · ti : Q

Γ; ∆ ⊢ t : B|⟩

(shape)
Γ, [∆];∅ ⊢ shape(t) : shape(B|⟩)

Γ, [x : B|⟩]; ∆, y : B|⟩ ⊢ t : T
(contr)

Γ; ∆, y : B|⟩ ⊢ t{y/x} : T

Γ; ∆ ⊢ t : T t ≡ t′

(equiv)
Γ; ∆ ⊢ t′ : T

feasibility of typed terms, similarly to existing languages [23, 35, 20]. Note that the rules
requiring ⊥ apply it only to well-typed subterms, thus the type system is not circular. While
an alternative condition could have been given with dependent types, Definition 8 gives a
uniform process that is defined for any type, including types that could be defined later
by a programmer, and a simpler type system. As we will prove that values have a unique
canonical form (Lemma 14), the inner-product condition is sound.

We also define the shape of a basic type below.

▶ Definition 9. The shape of a basic type is defined inductively as shape(Qbit) ≜ 1, and
shape(B) is the type defined by the constructor set

Cons(shape(B)) ≜ { cshape(s) | cs ∈ Cons(B) }

where the shape of a signature s = B
|⟩
1 , . . . , B

|⟩
n → B is defined as

shape(s) ≜ shape(B|⟩
1 ), . . . , shape(B|⟩

n ) → shape(B).

In particular, the shape of a list of qubits is a list of units, i.e., shape(list(Qbit)) = list(1),
which is coherent with the reduction rules in Table 4. By construction, it always holds that
shape(B|⟩) ∈ BC . The shape of a basic type is used in the typing rule (shape) of Table 5,
which extracts the classical structure of a quantum term, boxes any variable in ∆, and puts
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it in the non-linear context. The judgment obtained has an empty linear context and thus
can be used classically (i.e., duplicated or discarded). A boxed variable x can be removed
using rule (contr) of Table 5, by associating with a linear variable of same type y, allowing
to read both the quantum data and the classic structural information of y (see Example 11).

Typing derivations. We write π ▷ Γ; ∆ ⊢ t : T for the tree of root Γ; ∆ ⊢ t : T derived using
the rules of Table 5. We also denote by π 3 (r)[t1, . . . , tn] the subtree of π rooted by (r) and
whose premises are t1, . . . , tn.

▶ Example 10. The quantum switch from Example 2 is typable in Hyrql with the following
notations: v ≜ |0⟩ ⊗ f(g t), w ≜ |1⟩ ⊗ g(f t), ∆ ≜ f : Qbit ⊸ Qbit, g : Qbit ⊸ Qbit,
s ≜ match q

{
(c ⊗ t) → qcase c

{
|0⟩ → v , |1⟩ → w

}}
, and Q2 ≜ Qbit ⊗ Qbit.

∅; c : Qbit ⊢ c : Qbit ∅; ∆, t : Qbit ⊢ v : Q2 ∅; ∆, t : Qbit ⊢ w : Q2 v ⊥ w

∅; ∆, c : Qbit, t : Qbit ⊢ qcase c
{

|0⟩ → v , |1⟩ → w
}

: Q2 ∅; q : Q2 ⊢ q : Q2

∅; ∆, q : Q2 ⊢ match q
{

(c ⊗ t) → qcase c
{

|0⟩ → v , |1⟩ → w
}}

: Q2

∅; ∆ ⊢ λq.s : Q2 ⊸ Q2

∅; f : Qbit⊸ Qbit ⊢ λg.λq.s : (Qbit⊸ Qbit)⊸ (Q2 ⊸ Q2)

∅;∅ ⊢ QS : (Qbit⊸ Qbit)⊸ (Qbit⊸ Qbit)⊸ (Q2 ⊸ Q2)

The predicate v ⊥ w is verified, as for any {f, g, t}-context substitution σ, both
σ(shape(v)) and σ(shape(w)) reduce to () ⊗ (); σ(v)⇝∗ |0⟩ ⊗ v′ and σ(w)⇝∗ |1⟩ ⊗ w′ and
their inner product is zero. Note that we substitute by total values, thus v, w terminate and
we can evaluate the inner product.

▶ Example 11. Let us come back on Example 7, which introduced the following term that
computes the length of a list:

len ≜ letrec f x = match x
{

[ ] → 0, h :: t → S(f t)
}

Notice that we discard h, thus the list is not used linearly. Therefore, we can only type len
as a non-linear function, i.e., ∅;∅ ⊢ len : list(B) ⇒ nat for a given B ∈ BC . However,
we can still compute the length of a qubit list with λx.(x ⊗ len(shape(x))), whose typing
derivation π is written below. For conciseness, we hide the signature of ⊗.

(ax)
[y : list(Qbit)]; x : list(Qbit) ⊢ x : list(Qbit)

(ax)
∅; y : list(Qbit) ⊢ y : list(Qbit)

(shape)
[y : list(Qbit)];∅ ⊢ shape(y) : list(1)

(appc)
[y : list(Qbit)];∅ ⊢ len(shape(y)) : nat

(cons)
[y : list(Qbit)]; x : list(Qbit) ⊢ x ⊗ len(shape(y)) : list(Qbit) ⊗ nat

(contr)
∅; x : list(Qbit) ⊢ x ⊗ len(shape(x)) : list(Qbit) ⊗ nat

(app)
∅;∅ ⊢ λx.(x ⊗ len(shape(x))) : list(Qbit)⊸ list(Qbit) ⊗ nat

As shape(y) is of classical constructor type, it can be used as an input of len, allowing us
to compute the length of y, given by the subtree π 3 (appc)[shape(y)]. The rule (contr)
removes the marker introduced by (shape), by substituting y with a variable of same type, x,
thus yielding a closed term. Note that while x appears twice in the final term, the quantum
information of x has a linear behaviour, and only the classical structure is used non-linearly.
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3 Main Results

This section is devoted to checking that Hyrql satisfies usual properties of typed languages.
Moreover, it studies the complexity of verifying the orthogonality predicate. We also prove
that we can compile an expressive subset of terms of Hyrql into quantum circuits, with a
guarantee on the size of the circuit. This gives us a characterization of the class of functions
computable in quantum polynomial time, known as FBQP [10].

3.1 Standard Properties
By design of the type system, the non-linear context Γ can be weakened and typing still
holds. Weakening does not hold for ∆, as intended, due to its linear behavior.

▶ Proposition 12 (Weakening). Let Γ; ∆ ⊢ t : T be a well-typed term. Then Γ, Γ′; ∆ ⊢ t : T

holds for any context Γ′ compatible with Γ, ∆.

The reduction relation ⇝ is confluent up to equivalence for well-typed terms.

▶ Theorem 13 (Confluence). Given a well-typed term t, if there exist t1 and t2 such that
t⇝∗ t1 and t⇝∗ t2, then there exist t3 and t4 such that t1 ⇝∗ t3, t2 ⇝∗ t4 and t3 ≡ t4.

Due to rule (Equiv) of Table 4, confluence is up to equivalence ≡. Moreover, confluence only
holds on well-typed terms. A consequence of Theorem 13 is that any terminating term has a
unique normal form, up to equivalence, which will be useful for progress (Theorem 15).

▶ Lemma 14 (Canonical form for typed terms). Let Γ; ∆ ⊢ t : T be a well-typed term. Then t

has a canonical form
∑n

i=1 αi · pi, and this canonical form is unique, up to equivalence on
each pi and term reordering. Furthermore, ∀ 1 ≤ i ≤ n, Γ; ∆ ⊢ pi : T .

As there are no distinct and equivalent pure values, Lemma 14 implies that the canonical
forms of Definition 8 exist and are unique.

Typing implies that the values are the normal forms of the language, up to equivalence.

▶ Theorem 15 (Progress). Let ∅;∅ ⊢ t : T be a closed term, either t is equivalent to a value,
or t reduces.

In contrast to standard progress lemmas, we require t to be a value up to equivalence.
For instance, the term |0⟩ + 0 · (λy.y) |1⟩ does not reduce and is not a value, though it is
equivalent to the value |0⟩.

Finally, typing is also preserved by reduction, provided we consider pure or terminating
terms.

▶ Theorem 16 (Subject reduction). Let Γ; ∆ ⊢ t : T be a well-typed term, and t⇝ t′. If t

terminates or t is pure, then Γ; ∆ ⊢ t′ : T .

▶ Remark 17. Theorem 16 does not hold on non-terminating and non-pure terms, as we
cannot type non-terminating superpositions. This is the case with the following example,
with the Bell state |Φ+⟩ = 1√

2 · |0⟩ ⊗ |0⟩ + 1√
2 · |1⟩ ⊗ |1⟩:(

λy.qcase ((letrec f x = fx) |0⟩)
{

|0⟩ → |0⟩ ⊗ y , |1⟩ → |1⟩ ⊗ y
})

|Φ+⟩

While such a term is well-typed, it reduces to a superposition of non-terminating pure
terms, which is impossible to type through the rule (sup) from Table 5, as the orthogonality
predicate requires termination. This is a counterpart of having a general language with few
restrictions; however, as resource analysis will be done on terminating terms, such ill-behaved
cases will not be considered.
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3.2 Decidability of Orthogonality
The orthogonality predicate of Definition 8 is extensionally complete. As a consequence,
orthogonality is undecidable. Indeed, it is as hard as the Universal Halting Problem [24],
that is Π0

2-complete in the arithmetical hierarchy [38]. Orthogonality uses the inner product,
which requires computing additions, multiplications, and nullity checks on complex numbers.
Recall that algebraic numbers are complex numbers in C that are roots of a polynomial
in Q[X], and write their sets as C̄. In the field of algebraic numbers, equality is decidable,
and product and sum are computable in polynomial time [30]. We thus restrict ourselves to
terms that only contain amplitudes α ∈ C̄.

▶ Theorem 18 (Undecidability of orthogonality). Deciding orthogonality between two well-typed
terms is Π0

2-complete.

This result is not surprising as Hyrql allows for general recursion. Decidability can be
recovered under some slight restrictions. Towards that end, we introduce for basic types a
type depth d as a partial function d : {Qbit} ∪ B → N, defined as follows:

d(Qbit) ≜ 1

d(B) ≜ max
{

1 +
n∑

i=1
d(B|⟩

i ) | cB
|⟩
1 ,...,B|⟩

n →B ∈ Cons(B)
}

Note that d(B|⟩) is undefined on inductive types. We call finite types any basic type with a
defined depth.

▶ Proposition 19. Given a finite type B|⟩, and two terminating terms ∅;∅ ⊢ s : B|⟩,
∅;∅ ⊢ t : B|⟩, it is decidable whether they are orthogonal.

In previous works of Spm [14, 13], the syntax of the language was restrictive enough to
ensure the decidability of orthogonality. As Spm is a strict sublanguage of Hyrql, orthogonality
can also be decided on this fragment.

3.3 Complexity Properties
We finally discuss how quantum circuits and their size are related to terms of Hyrql and their
runtime-complexity. Towards that end, we introduce a sublanguage of Hyrql (Hyrql(T ),
Definition 26) based on three restrictions: one on the runtime-complexity of the program, to
ensure terminating terms (Time(T ), Definition 20); one on types, to obtain terms that can
be represented as circuits (CircuitTerms, Definition 21); and one on recursive calls, to have
a faithful relation between the size of the circuit and the runtime-complexity (Faithful,
Definition 24). These restrictions allow, for terms terminating in polynomial time, to
characterize precisely the class FBQP. We first define the time termination of a term.

▶ Definition 20. Given a term ∅;∅ ⊢ t : Q⊸ Q′ and a function T : N → N, we say that t

terminates in time T , if for any value ∅;∅ ⊢ v : Q, tv terminates in at most T (|v|) steps.
Let Time(T ) be the set of terms terminating in time T .

Note that this definition should not be confused with termination defined in Section 2.2.
To obtain terms that can be compiled to a circuit form, we introduce a typed restriction

CircuitTerms, which relies on the following type grammar:

Br ::= Qbit | nat | list(Br) | Br ⊗ Br | Br ⊸ Br | Br ⇒ Br
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▶ Definition 21 (Circuit terms). We define CircuitTerms as the set of well-typed terms
π ▷ ∅;∅ ⊢ s : Q⊸ Q′ satisfying the following conditions:

Any type in π is generated by the grammar of Br;
Any rule π 3 (sup)[t1, . . . , tn] satisfies ti ∈ Value;
Any rule π 3 (qcase)[t, t0, t1] satisfies either t0, t1 ∈ Value; or t0 = c(|0⟩ , s0) and t1 =
c(|1⟩ , s1), for c ∈ { ⊗, :: }.

While the first condition yields terms that can be represented by a circuit, the two others
allow for an efficient compilation and guarantees that any superposition can be compiled
effectively to circuits. Note that while terms in CircuitTerms only take inputs of type Q, to
represent them clearly in a quantum circuit, they can nonetheless contain multiple inputs
and higher-order constructs in their body. This restriction alone is sufficient to compile t to
a family of circuits in Theorem 23, provided t terminates for a given time T .

▶ Example 22. The following term, which is an adaptation of the program from Example 4,
belongs to CircuitTerms.

π ▷ ∅;∅ ⊢ λx.match x
{

q ⊗ n → bqwalk q n
}

: Qbit ⊗ nat⊸ list(Qbit)

Any type in π is derived from Br. The only term superposition happens in Had and is between
values. Furthermore, there are two qcase constructs, either between values, or between two
terms |0⟩ :: s0 and |1⟩ :: s1, thus it satisfies all properties of CircuitTerms. Note that as Br

allows for tensor products, any program taking multiple inputs can always be rewritten using
the same technique so that it belongs to CircuitTerms.

In the literature, quantum algorithms do not correspond to a single circuit, but rather
to a family of quantum circuits, which are parameterized, e.g., by the size of their input
for the Quantum Fourier Transform, or by the natural number we want to factor in Shor’s
algorithm. In Hyrql, such parameterization is done by the shape of the input, which will
give us the necessary information. Formally, we define

S(Q) ≜ { w | ∅;∅ ⊢ w : shape(Q) }
S(w) ≜ { v | ∅;∅ ⊢ v : Q ∧ shape(v)⇝∗ w } , ∀w ∈ S(Q),

where S(Q) is the set of closed values of type shape(Q), and S(w) the set of closed values of
shape w.

Assuming an encoding of t ∈ CircuitTerms to a quantum state |t⟩, which can be done
naturally, a circuit C is said to approximate v on input v′ with probability p, if C evaluates
to |ϕ⟩, on input |v′⟩ (up to ancillary qubits), and |⟨v|ϕ⟩|2 ≥ p.

▶ Theorem 23 (Circuit compilation). Let t ∈ CircuitTerms ∩ Time(T ) be a term of type
Q⊸ Q′ for a given T : N → N. Then, we can generate a family of circuits C(t) ≜ (Cw)w∈S(Q)
such that for any w ∈ S(Q) and any v ∈ S(w), Cw approximates v′ with probability 2

3 on
input v, where tv ⇝∗ v′.

We are now interested in the size of each circuit of the family, i.e., the total number of
gates acting on the circuit; in particular, the goal is to exhibit a relation between the size
and the runtime of the initial term t. To avoid a blow-up due to recursive calls, we introduce
a syntactic restriction Faithful. It relies on the notion of the width of a variable f in a
term t, written w(f, t) and defined inductively as follows:
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w(f, x) ≜ δx,f

w(f, |i⟩) ≜ 0
w(f, λx.t) ≜ w(f, t)

w(f, letrec g x = t) ≜ w(f, t)
w(f, t1t2) ≜ w(f, t1) + w(f, t2)

w(f,
∑n

i=1
αi · ti) ≜ max

1≤i≤n
w(f, ti)

w(f, c(t1, . . . , tn)) ≜
∑n

i=1
w(f, ti)

w(f, shape(t)) ≜ w(f, t)
w(f, qcase t

{
|0⟩ → t0 , |1⟩ → t1

}
) ≜ w(f, t) + max(w(f, t0), w(f, t1))

w(f, match1≤i≤n t {ci(−→xi) → ti}) ≜ w(f, t) + max
1≤i≤n

(w(f, ti))

▶ Definition 24. A term t is said to compile faithfully, if for any term t′ = (letrec f x = s)
such that t′ ⊴ t, the following conditions hold:

w(f, s) ≤ 1;
∃! t′, ∀t′′, ft′′ ⊴ s =⇒ t′ = t′′;
¬∃ t′, t′f ⊴ s.

Let Faithful be the set of terms that compile faithfully.

The first two conditions are derived from [29], and ensure that, for each recursive program
letrec f x = s, all recursive calls are done in different branches of a qcase or match, with
the same input. Furthermore, the last condition ensures that this behaviour is preserved,
even in presence of higher-order constructs.

▶ Example 25. The program of Example 22 belongs to Faithful, as both bqwalk and
repeat only perform one recursive call. All the examples across the paper also satisfy this
criterion.

▶ Definition 26. Let T : N → N. We define Hyrql(T ) as follows:

Hyrql(T ) ≜ CircuitTerms ∩ Faithful ∩ Time(T )

Any term in this subset compiles to quantum circuits of size bounded polynomially by T .

▶ Theorem 27 (Bounded circuit compilation). Let T : N → N, and let t ∈ Hyrql(T ) be a
term of type Q⊸ Q′. Then, we can generate a family of circuits C(t) ≜ (Cw)w∈S(Q) and a
polynomial P such that, for any w ∈ S(Q):

|Cw| ≤ P (T (|w|));
∀ v ∈ S(w), Cw approximates v′ with probability 2

3 on input v, where tv ⇝∗ v′.

We now want to use Theorem 27 to obtain a characterization of FBQP (Definition 28).
We recall that a family of circuits (Cn)n∈N is said to be uniform polynomially-sized with
α : N → N if there exists P ∈ N[X] such that |Cn| ≤ P (n) and Cn has exactly α(n) ancillary
qubits, and there is a polynomial-time Turing machine, which takes n as input, and outputs
a representation of Cn for any n ∈ N.
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▶ Definition 28 ([10]). A binary function f : { 0, 1 }∗ → { 0, 1 }∗ is said to be computed by a
family of circuits (Cn)n∈N if for any x ∈ { 0, 1 }∗, C|x| approximates f(x) with probability 2

3
on input x. FBQP is defined as the set of binary functions computed by a uniform polynomially-
sized family of circuits.

To characterize FBQP, we define the following set of terms, which terminate in polynomial
time, and have list of qubits as input:

Hyrql(Poly)QList ≜ ∪P ∈N[X] { t ∈ Hyrql(P ) | ∅;∅ ⊢ t : list(Qbit)⊸ Q }

These generated families of circuits will be indexed by natural numbers instead of shape,
as one can remark that S(list(Qbit)) is in bijection with N. Altogether, Hyrql(Poly)QList

contain terms that are compiled to circuits approximating functions of FBQP.

▶ Theorem 29 (FBQP soundness). Let t ∈ Hyrql(Poly)QList, and let f : { 0, 1 }∗ → { 0, 1 }∗.
If f is computed by C(t), then f ∈ FBQP.

For example, the Quantum Fourier Transform program from Example 3 belongs to FBQP,
and can thus be compiled to circuits of polynomial size.

We now prove FBQP completeness, meaning that every function of FBQP can be represented
by a function in Hyrql(Poly)QList. This is proven by writing any function of Yamakami’s
algebra [50], which is known to capture FBQP, into Hyrql(Poly)QList.

▶ Theorem 30 (FBQP completeness). Let f : { 0, 1 }∗ → { 0, 1 }∗ ∈ FBQP. Then, there exists
t ∈ Hyrql(Poly)QList such that C(t) computes f .

We have given a typed, syntactic and semantic restriction of Hyrql, that compiles into a
bounded family of quantum circuits. Such restriction could be refined, either to accept more
terms by lifting requirements in Definition 24, as done in [29]; or by adding requirements to
characterize more precise complexity classes [26]. We are nonetheless able to encapsulate
FBQP, which demonstrates the expressivity of the Hyrql(Poly)QList fragment.

4 Towards Automatization

Theorem 27 establishes that, given a program that terminates with a specified complexity
bound, one can extract a concrete quantum circuit exhibiting the same space complexity.
This result is particularly significant, as it enables the characterization of quantum polynomial
time, as shown in Theorem 29 and Theorem 30. However, the burden of proving termination
of a Hyrql program currently rests entirely on the programmer. This naturally raises the
following question: to what extent is the termination of Hyrql programs semi automatable?

We argue that such automatization is feasible by leveraging techniques from Term Rewrite
Systems (TRS)1, as they are equipped with a rich toolbox for analyzing both termination
and computational complexity. Approaches to termination analysis include non-exhaustively
recursive path orderings [21, 22], dependency pairs [4], and size-change termination [34].
Similarly, several methods address complexity analysis, e.g., interpretation methods [12, 36, 7],
and polynomial path orders [37, 5].

Although a full formal treatment is left to future work, we present an illustrative example
supporting our claim. Specifically, we illustrate how a Hyrql program can be efficiently

1 More specifically, a higher-order version called Simply-Typed TRS [49], but we do not enter this level of
details here.
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translated into a (quantum) TRS, how the reduction behaviour of the original program is
faithfully simulated by the resulting rewriting system while preserving complexity bounds,
and how termination and complexity results established for the TRS can be transferred back
to the corresponding Hyrql program.

For example, the standard NOT gate is represented by the quantum TRS whose set of
rewrite rules is {NOT |0⟩ → |1⟩ , NOT |1⟩ → |0⟩}. The application of the NOT function symbol
to |0⟩ rewrites to |1⟩. Similarly, the Hadamard gate H can be defined using a superposition
of terms {H |0⟩ → 1√

2 · |0⟩ + 1√
2 · |1⟩ , H |1⟩ → 1√

2 · |0⟩ − 1√
2 · |1⟩}. The evaluation of a quantum

term will follow a parallel strategy, similar to Hyrql operational semantics (Table 4), which
reduces in parallel the distinct branches of a superposition, when possible (otherwise, the
reduction will have an exponential blowup).

We claim that we can automatize the translation of any term of Hyrql to a corresponding
TRS. This translation works as follows:

Produce a set of rules, inductively on the syntax of the term;
Yield a function symbol f for the initial term t;
When encountering qcase x

{
|0⟩ → t0 , |1⟩ → t1

}
(same for match), merge the two sets of

rules generated for t0 and t1, while keeping track of which path was taken.

Coming back on Example 4, such an algorithm would generate the following rewrite rules:
Repeat 0 → [ ] BQWalk |0⟩ m → |0⟩ :: Repeat m

Repeat S(m) → |0⟩ :: Repeat m BQWalk |1⟩ 0 → |1⟩ :: [ ]
BQWalk |1⟩ S(m) → |1⟩ :: BQWalk (|−⟩) m


One can remark that this set of rules captures completely the behaviour of bqwalk, and

they both compute the same function; furthermore, one reduction step for a given rewrite
rule will correspond to 1 ≤ k ≤ |bqwalk| reduction steps in Hyrql. Therefore, a certificate
on this TRS yields directly a certificate on the original term.

Now, it is possible to apply tools we mentioned to the obtained TRS. In particular, we can
use recursive path orderings [21] to show termination, coupled with quasi-interpretations [12]
to get that this TRS terminates in time O(n) for any input of size n. While such properties
are not defined for quantum TRS, i.e., with superpositions and parallel reduction, they can
be adapted to fit the quantum setting; a formal adaptation is left for future work. Altogether
with Theorem 27, we can conclude that bqwalk can be compiled to a family of quantum
circuits, whose size is polynomial in the size of the input.

Using the same ideas, we claim that we can describe a semantic-preserving translation
algorithm from Hyrql to TRS, with no blowup on the termination complexity in either
direction. Such work, along with a proper development of TRS in the quantum setting
and an adaptation of existing techniques, would give a semi-automatized way to prove the
feasibility/tractability of terms in Hyrql.

While this section was focused on termination and time complexity, some of the mentioned
techniques also provide results to bound the space complexity of a TRS program [12]. Given
a good definition of quantum space, this would make it possible to characterize quantum
space complexities, and obtain bounds on the depth or width of the circuit.
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