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Abstract
To ensure decidability and consistency of its type theory, a proof assistant should only accept
terminating recursive functions and productive corecursive functions. Most proof assistants enforce
this through syntactic conditions, which can be restrictive and non-modular. Sized types are a
type-based alternative where (co)inductive types are annotated with additional size information.
Well-founded induction on sizes can then be used to prove termination and productivity.

An implementation of sized types exists in Agda, but it is currently inconsistent due to the
addition of a largest size. We investigate an alternative approach, where intensional type theory is
extended with a large type of sizes and parametric quantifiers over sizes. We show that inductive
and coinductive types can be constructed in this theory, which improves on earlier work where this
was only possible for the finitely-branching inductive types. The consistency of the theory is justified
by an impredicative realisability model, which interprets the type of sizes as an uncountable ordinal.
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1 Introduction

Dependent type theory can be viewed as both a programming language and a foundation of
mathematics. In particular, the Curry-Howard correspondence allows us to use dependently
typed programming languages such as Agda, Dedukti, Lean, and Rocq as proof assistants.
To ensure consistency, these languages should only accept total functions, so they put bounds
on recursive calls. For example, if the function has an inductive domain (freely generated
by constructors), then we know that the function terminates if it is only called recursively
on a smaller input. Dually, if the function has a coinductive codomain (cofreely generated
by destructors), then we know that the function is productive if its output is larger than
that of its recursive calls. In both of these cases, we know that the function is total; however,
totality can also be the result of a more intricate mix of induction and coinduction.
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21:2 Constructing (Co)inductive Types via Large Sizes

Syntactic Totality. Totality is usually enforced via syntactic checks for termination and
productivity. By default, Rocq and Lean check for structural (co)recursion [24, 19, 42], while
Agda and Dedukti use the more permissive size-change termination principle [29]. Both
conditions rely on a syntactic comparison of the structural size of the input/output of the
original function with the structural size of the input/output of the recursive call. However,
programs with more complex patterns of (co)recursion are not easily defined in a way that
satisfies these syntactic conditions. Moreover, syntactic methods are sensitive to slight
reformulations of programs, and do not work well with higher-order programs [5].

Type-based Totality. This work is concerned with a type-based approach to enforcing
totality: sized types. Sized types were originally introduced by Hughes, Pareto, and Sabry [26]
as an alternative approach to both termination and productivity checking, in which these
properties are guaranteed by the typing derivation instead of an inspection of syntax. In
this approach, both inductive and coinductive types can be annotated with additional size
information.

We can think of sizes as ordinals, and they come equipped with a well-founded ordering.
In particular, for every size i and inductive type Ind we have an ordinal approximation Indi,
which can be seen informally as the subtype of Ind consisting of terms that can be formed
within i constructor steps. Dually, for every size i and coinductive type CoInd we have an
ordinal approximation CoIndi, which can be seen informally as the quotient of CoInd, where
terms are identified if we cannot distinguish them within i destructor steps.

By defining functions on these annotated versions of the (co)inductive types, we introduce
information about the sizes of the input/output directly in the type of the function. This
allows for greater compositionality of functions, since size-information is retained across
function calls. Moreover, it allows us to reduce both termination and productivity of recursive
functions to well-founded induction on the size parameter.

Sized types, and similar approaches, have been proposed in different forms to aid ter-
mination/productivity checking [52, 16, 12, 2, 3]. The combination of sized types with
dependent type theory has been studied as well [13, 38, 39, 7, 18]. Sized types have been
implemented in Agda [4], and there have been informative practical uses, including: encoding
regular languages coalgebraically [6], up-to techniques for bisimilarity [21], and constructing
quotient-inductive types [23].

Consistency. Importantly, Agda does not allow pattern matching on sizes: they should have
no influence on computation, and are only used to aid the termination checker. However,
there are still significant limitations to both the current implementation of sized types, and
to other proposals. One design question is how the full (co)inductive type (Co)Ind should
relate to its ordinal approximations (Co)Indi.

Agda introduces a special largest size ∞, which can be thought of as a closure ordinal: an
ordinal large enough that the approximation has reached the full (co)inductive type, so that
we can define (Co)Ind := (Co)Ind∞. However, this approach leads to inconsistencies: Agda
proves ∞ <∞, while any strict well-order < can be proven to be irreflexive [46].

We employ a different way of recovering the full (co)inductive type from its ordinal
approximations: using parametric quantifiers [37, 35, 34]. The intuition is that the quantifiers
∃/∀ are versions of Σ/Π that restrict information: the type ∃i. A(i) contains dependent
pairs where the first component is ignored when checking equality, while the universal
quantifier ∀i. A(i) contains dependent functions that act uniformly on any input. With these
quantifiers, we can define the full inductive type as Ind := ∃i. Indi, and the full coinductive
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type as CoInd := ∀i. CoIndi. This follows to our intuition: a term of an inductive type should
be bounded by some possibly infinite height (where the bound is kept abstract), whereas
a term of a coinductive type should be observable up to any depth (where the depth does
not influence observations). Using Σ/Π instead of ∃/∀ would make (Co)Ind too large, so our
parametric quantifiers have the same effect as forbidding pattern matching on sizes.

To our knowledge, using parametric quantifiers for sizes was first described by Vezzosi [50],
although it was framed in the context of guarded type theory [33, 10] to extend its applicability
from coinductive to inductive types. It was later adapted by Nuyts, Vezzosi and Devriese in
work on dependent type theory with parametric quantifiers [35, 34], where this parametric
approach to sized types was described as a possible application. In their work, they also give
a way to construct (co)inductive types: they construct all coinductive types but only the
finitely-branching inductive types; this is because the type of sizes is interpreted as the set
of natural numbers in their model. The interpretation of sizes as a larger ordinal has been
explored [2, 18], but not in combination with parametricity for sizes, which is central to our
construction of (co)inductive types.

Contribution. We show how all (co)inductive types can be encoded using sizes and para-
metric quantifiers. Concretely, we extend a version of Martin-Löf type theory – containing
an empty type, unit type, boolean type, Σ-types, Π-types, =-types, one universe, function
extensionality, and no primitive (co)inductive types – with two additional features: a type
of sizes, and parametric quantifiers ∃ and ∀ over sizes. In our formulation, parametricity is
internalised via the addition of axioms, and quantifying over small types will produce a small
type although the type of sizes is large.

We show how well-founded recursion on sizes can be used to construct ordinal approxim-
ations for any (co)inductive type. Then, we use the parametric quantifiers to construct the
full (co)inductive types: we construct both the initial algebra and the final coalgebra for any
polynomial endofunctor. Our definitions do not use the uniqueness of identity proofs (UIP)
axiom, and are therefore compatible with homotopy type theory [44].

We show the consistency of our theory by constructing a realisability model based on
Hyland’s effective topos [27]: small types are interpreted as partial equivalence relations, and
large types as assemblies. This lets us interpret the type of sizes as an uncountable ordinal,
which is needed to validate the axioms for the parametric quantifiers. This models a stronger
type theory: one that is also impredicative and extensional and therefore satisfies UIP.

Importantly, we do not use impredicativity and extensionality in the syntax when
constructing the ordinal approximations and full (co)inductive types. So, our constructions
can be carried out in a weak theory, while our model validates a strong theory.

Related work. Beyond the work that we already mentioned it is worth noting the similarity
between this approach to sized types and guarded type theory [33], as this was also the context
in which this parametric approach to sizes was described [50]. Guarded type theory introduces
a modality �, called the later modality. This modality allows for the construction of guarded
recursive types, in which the recursive variable only occurs under the guarding modality.
However, the guarding modality by itself is not sufficient to construct coinductive types.
Instead, the type system can be extended with so-called clock variables [10], which represent
different time streams and can be used to define coinductive types via universal quantification
over clocks. This construction requires quantification over clocks to be parametric, which is
often expressed in the form of additional axioms [32, 15]. This is very similar to our approach,
as we encode coinductive types using parametric universal quantification over sizes. However,
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21:4 Constructing (Co)inductive Types via Large Sizes

we also encode inductive types using existential quantification, whereas guarded type theory
focuses on constructing coinductive types. The relation between sized types and guarded
type theory has been studied, and it was shown that guarded recursion can be simulated in
a simple type theory using sized types [49].

Another method for guaranteeing termination is via user-defined well-founded order-
ings [30], which is possible in Lean, or using even weaker orderings [51]. Rocq also has the
equations package [40, 31, 41] that extends the termination checker at the cost of losing
computational behaviour. Although more flexible, these methods require significant manual
work from the user.

Structure of the paper. Section 2 defines the theory in which we work, introducing
the type of sizes and parametric quantification. In Section 3, we develop the encoding
the approximations and for the full (co)inductive types by quantification over sizes. The
consistency of the theory is justified in Section 4, which describes the main features of
the realisability model. Finally, a summary and perspective on future work are given in
Section 5.

2 The type theory

We highlight some features of the dependent type theory that we work in, which is given in
its entirety in Appendix A. Our starting point is Martin-Löf type theory with the empty
type (⊥), unit type (⊤) and boolean type (Bool), together with dependent pair types (Σ),
dependent function types (Π), and propositional equality types (=). For Σ and Π we include
definitional η rules.

We also include a Tarski-style universe U , meaning that it comes with an explicit decoder
El from terms of U to types, which we omit when possible for readability. The universe
contains terms that act as codes for the basic types, and similar codes for Πx : A. B(x),
Σx : A. B(x) and a =A a′ when both A and B(x) have codes in U . For each type (former),
we use a superscript (−)U to distinguish the code (term of U) from the type when needed,
although we will often omit this for readability. We will call types with codes in the universe
small, whereas general types are large. A consequence of the η-rule for Π-types is that we
may identify a family of small types x : A ⊢ B(x) : U indexed by the type A with a function
B : A→ U ; we will make extensive use of this in later sections.

Although we do not work with univalence, we will make use of terminology and typical
constructions from homotopy type theory [44]. In particular, the notion of an equivalence
will be important to this work: we would like to say that a function f : A → B is an
equivalence, written f : A ≃ B, if it has a quasi-inverse, which is a map g : B → A such
that both compositions are pointwise equal to the identity. However, we want to ensure
that the type stating that f is an equivalence a mere proposition, meaning that all terms of
the type are equal. To this end, we also assume a coherence condition between the proofs
of pointwise equality; see [44, Definition 4.2.1], where this definition is called a half-adjoint
equivalence. We say that a type A is contractible when there exists exactly one term of type
A up to propositional equality. We may also refer to terms of identity types as paths, and
use operations defined by path induction, such as the action of a function f : A → B on
paths and the transport operation.

We also include the function extensionality axiom as described in homotopy type the-
ory [44], which states that for any two dependent functions f, g : Πx : A. B(x), the canonical
function happly : (f = g)→ Πx : A. (f x = g x) defined by path induction is an equivalence:

(f = g) ≃ Πx : A. (f x = g x). (function extensionality)

We call the quasi-inverse to happly obtained via this equivalence funext.
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2.1 Sizes and parametric quantifiers
We extend the theory with a primitive type Size, which comes with a zero term and a
successor operation:

Γ ⊢ Size type Γ ⊢ 0 : Size
Γ ⊢ i : Size
Γ ⊢ ↑i : Size

So far this looks a lot like the type of natural numbers; the difference in their behaviour will
be the elimination principle, for which we first need to introduce some other notions. In
particular, we assume a preorder (also known as quasi-order) relation ≤ on the type of sizes,
which will be a small type. We encode this relation as a mere proposition, which means that
for any two terms p, q : i ≤ j we have a propositional equality p = q. The ordering on sizes is
encoded by the following rules:

Γ ⊢ i : Size Γ ⊢ j : Size
Γ ⊢ i ≤ j type

Γ ⊢ i : Size
Γ ⊢ le0 i : 0 ≤ i

Γ ⊢ i : Size
Γ ⊢ lesuc i : i ≤ ↑i

Γ ⊢ i : Size
Γ ⊢ lerefl i : i ≤ i

Γ ⊢ p : i ≤ j Γ ⊢ q : j ≤ k

Γ ⊢ letrans p q : i ≤ k

We let i < j be notation for ↑ i ≤ j. To discuss the elimination and computation principles
for sizes, we first need to add universal and existential quantifiers over sizes. These are
impredicative: although the type of sizes is large, quantifying over small types will result in
a small type:

Γ, i : Size ⊢ A(i) : U

Γ ⊢ ∃i. A(i) : U

Γ, i : Size ⊢ A(i) : U

Γ ⊢ ∀i. A(i) : U

These quantifiers will have very similar rules to Σ and Π; however, we will introduce additional
axioms in Subsection 2.2 to internalise a notion of parametricity: sizes must be treated
uniformly by quantifiers. As with Σi : Size. A(i), terms of ∃i. A(i) are pairs ⟨s, a⟩∃ where
s : Size and a : A(s). However, unlike Σ, the elimination principle of ∃ only allows elimination
to a small type P :

Γ ⊢ s : Size Γ ⊢ a : A

Γ ⊢ ⟨s, a⟩∃ : ∃i.A(i)

Γ, z : ∃i.A(i) ⊢ P (z) : U

Γ, i : Size, x : A ⊢ p(i, x) : P (⟨i, x⟩∃)
Γ, z : ∃i.A(i) ⊢ ind∃(z, p(i, x)) : P (z)

Γ ⊢ ind∃(⟨s, a⟩∃, p(i, x)) ≡ p(s, a) : P (⟨s, a⟩∃)

Consequently, we cannot define a projection to the first component, since the type Size is
not small. Thus, the size given to the second component of a term of the existential type is
inaccessible via the elimination principle and therefore kept abstract. For ∀, the rules are
completely analogous to Π:

Γ, i : Size ⊢ a(i) : A(i)
Γ ⊢ λ∀i : Size. a(i) : ∀i.A(i)

Γ ⊢ f : ∀i.A(i) Γ ⊢ s : Size
Γ ⊢ f s : A(s)

Γ ⊢ (λ∀i : Size. a(i)) s ≡ a(s) : A(s) Γ ⊢ (λ∀i : Size. f i) ≡ f : ∀i.A(i)

Since we will not allow case distinctions on sizes due to its limited elimination principle, it
will not be possible to construct non-parametric functions in the syntax.

Here we have used ⟨. . .⟩∃ and λ∀ to distinguish the pairs and functions from those in
Σ-types and Π-types; however, when this does not lead to ambiguity we will drop these
superscripts. In fact, we see Πi : Size. A(i) ≃ ∀i. A(i) where the maps are given by h 7→ λ∀i. h i
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21:6 Constructing (Co)inductive Types via Large Sizes

and h′ 7→ λΠi. h′ i. In particular, this shows that function extensionality for Π implies a
function extensionality principle for ∀. However, the dual principle ∃i. A(i) ≃ Σi. A(i) can
not be shown, since the elimination principle of ∃ does not allow us to build a function to Σ,
and this equivalence is not true in the model of Section 4.

Another important notion will be “bounded” quantification over sizes. Recall that for sizes
i, j : Size, the type i < j is a mere proposition. We will use the notation i : Size ⊢ ∀j < i.A(j)
to denote the type i : Size ⊢ ∀j.(j < i)→ A(j). Similarly i : Size ⊢ ∃j < i.A(i) will denote
the type i : Size ⊢ ∃j.((j < i)×A(j)). When defining functions in the type theory, we will
often omit the inequality proofs, writing the term ⟨j, ⟨p, a⟩⟩ : ∃j < i.A(j) as ⟨j, a⟩ instead, as
p is unique up to propositional equality. Similarly, if we have a term f : ∀j < i. A(j), we will
simply write f j to mean f j p where p : j < i. In lambda notation, we may also write λj < i

when constructing a term of type ∀j < i. A(j).
Finally, we can give the elimination principle for the type Size, which comes in the form

of a fixpoint operator, corresponding to well-founded induction on sizes:
Γ, i : Size ⊢ A(i) type Γ ⊢ f : ∀i.((∀j < i.A(j))→ A(i))

Γ ⊢ fixf : ∀i.A(i)

The β-rule for fix ensures that fix f behaves as a fixpoint of the map g 7→ λi. f i (λj < i. g i):

Γ ⊢ f : ∀i.((∀j < i.A(j))→ A(i))
Γ ⊢ fixβ f : ∀i. fixf i = f i (λj < i. fixf j)

We can view this as the unfolding rule of the fixpoint operator. The model we construct
supports this β-rule as a definitional equality, because the model is extensional, meaning that
propositional and definitional equality coincide. However, this definitional equality would lead
to a loss of decidable type checking if allowed to unfold indefinitely. Thus, we opt to encode
this as a propositional equality for now, and discuss alternatives in Section 5. Importantly, we
can prove that, up to propositional equality, fix f is the unique term satisfying this unfolding,
which we may view as its propositional η-rule:

▶ Lemma 1 (Uniqueness of fixpoints). The following type is contractible for any term
f : ∀i.(∀j < i.A(j))→ A(i):∑

h:∀i.A(i)

∀i. (h i = f i (λj < i. h j)).

Proof. We follow a well-known strategy [44, Theorem 5.4.7] [14, Lemma 3.2]. First, note that
the type is inhabited by the pair (fixf, fixβ f). For any other pair (g, gβ), we need to show
(fixf, fixβf) = (g, gβ). For this, it suffices to give a pointwise equality e : ∀i.fixf i = g i and a
proof eβ : (funext(e))∗ (fixβf) = gβ . We take e := fix(λi. λe′. p) where p is a concatenation of

fixf i f i (λj < i. fixf j) f i (λj < i. g j) g i.
fixβf i apfi(funext(λj<i. e′ j)) gβ i

To define eβ , it suffices to show that the following square commutes:

fixf i f i (λj < i. fixf j)

g i f i (λj < i. g j).

fixβf i

e i apfi(funext(λj<i. e j))

gβ i

However, this is given precisely by the β-rule fixβ (λi. λe′. p). ◀
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2.2 Type equivalences
We want to internalise parametricity for quantifying over sizes in our theory, which we do by
adding additional equivalences to the theory as axioms. These equivalences describe how
universal and existential quantification over sizes commute with the type constructors for
small types. They will allow us to encode (co)inductive types in the calculus, and their
consistency will be justified by the model we construct in 4.

Before introducing the additional axioms for the calculus, we show that two equivalences
can be constructed in the calculus already. These correspond to swapping function arguments
and elements of pairs.

▶ Proposition 2. For small types A and x : A, i : Size ⊢ B(x, i) we have the following
equivalences:

Πx : A.∀i.B(x, i) ≃ ∀i. Πx : A. B(i, x), (∃ parametric over Σ)
Σx : A.∃i.B(x, i) ≃ ∃i. Σx : A. B(i, x). (∀ parametric over Π)

We also require equivalences showing the remaining interactions between the quantifiers and
Σ, Π, and <, for all small types A, x : A, i : Size ⊢ B(x, i), and i : Size ⊢ C(i). These are not
constructible in the calculus, so we add these as axioms, similarly to what has been done in
guarded type theory [32, 15].

Πx : A.∃i.B(x, i) ≃ ∃i. Πx : A.∃j < i.B(x, j), (∃ parametric over Π)
Σx : A.∀i.B(x, i) ≃ ∀i. Σx : A. B(i, x), (∀ parametric over Σ)

∃i. C(i) ≃ ∃i.∃j < i. C(j), (∃ parametric over <)
∀i. C(i) ≃ ∀i.∀j < i. C(j). (∀ parametric over <)

More precisely, for each equivalence, a canonical map f can already be defined in one
direction: for ∃ these are the right-to-left maps and for ∀ these are the left-to-right maps.
Our axioms state that each such f forms an equivalence, giving us a quasi-inverse in the
other direction.

Note that the first equivalence differs in the fact that the existential quantifier does not
exactly commute with the small Π-type; we will call this weakly commuting later on. The
intuitive reason for this is as follows: to go from right to left, there must be a limit of all
sizes in the range of the dependent product. However, we cannot guarantee that the type
B is monotone (also known as covariant) in Size, so we make use of ∃j < i.B(x, j) instead,
which is monotone in Size. Importantly, this axiom thus provides an implicit construction of
limits of sequences of sizes in the theory, without explicitly adding a limit operator on sizes
to the syntax.

With these parametricity axioms, we can also show how the quantifiers interact with
fixed types such as the base types:

▶ Proposition 3. For a small type A with i /∈ fv(A), we have the following:

∃i. A ≃ A, (∃ parametric over a small fixed type)
∀i. A ≃ A. (∀ parametric over a small fixed type)

Proof. We first prove both statements in the special case where A := ⊤. For ∃, we use the
fact that for any type B we have ⊥ → B ≃ ⊤, and for ∀, we use function extensionality:

∃i.⊤ ≃ ∃i.(⊥ → ∃j < i.⊥) ≃ ⊥ → ∃i.⊥ ≃ ⊤, ∀i.⊤ ≃ ⊤.

FSCD 2026



21:8 Constructing (Co)inductive Types via Large Sizes

We use this special case and the equivalence Σx : A.⊤ ≃ A to prove the general versions:

∃i. A ≃ ∃i. Σx : A.⊤ ≃ Σx : A.∃i.⊤ ≃ Σx : A.⊤ ≃ A,

∀i. A ≃ ∀i. Σx : A.⊤ ≃ Σx : A.∀i.⊤ ≃ Σx : A.⊤ ≃ A. ◀

3 Encoding (co)inductive types

In this section, we encode (co)inductive types in the theory by quantifying over sizes,
taking inspiration from the approach of previous work [35, 50]. We encode these types by
constructing initial algebras and terminal coalgebras for polynomial endofunctors; these
functors denote the shape of a (co)inductive type. In particular, inductive types can be
described as initial algebras for polynomial endofunctors [1, 11], while coinductive types can
be described as terminal coalgebras for polynomial functors, as was done in the construction
of coinductive types from inductive types [9].

3.1 Polynomial functors
As we will be especially interested in endofunctors on the “category” U of small types and
functions, we will omit El for small types in this section. We will also be interested in the
“category” of size-indexed small types, where the objects are functions A : Size→ U , and a
morphism between A, B : Size → U is a map f : ∀i. (A i) → (B i), which we will write as
f : A

i→ B.
▶ Remark. Because we do not assume uniqueness of identity proofs (UIP), U and Size→ U

are not technically categories, but (∞, 1)-categories [45]. So, when we talk about functors it
would also be more proper to talk about (∞, 1)-functors, which satisfy additional coherence
conditions. Although we suspect that the functors we give here satisfy these coherences, we
do not require these conditions for our purpose. Thus, our internal notions corresponds to
those of wild category theory [14], although we will stick to the terms category and functor.
For example, an endofunctor on U (a functor from U to U) consists of the following terms:

F : U → U, and FA,B : (A→ B)→ (FA→ FB) for all A, B : U,

which satisfy

ϕA : FA,A(idA) = idF A, and ϕf,g : FA,C(g ◦ f) = FB,C g ◦ FA,Bf.

We briefly recall polynomial endofunctors, and how they relate to inductive types (W-
types) and coinductive types (M-types), which are the types of well-founded trees and
non-well-founded trees respectively. Given a small type A : U and a type B : A→ U , the
polynomial endofunctor PA,B on the category of small types is defined as:

PA,B(X) := Σa : A. (B(a)→ X),
PA,B(f) := λ⟨a, g⟩. ⟨a, f ◦ g⟩.

We can encode W-types and M-types as initial algebras and terminal coalgebras of polynomial
endofunctors respectively. These W-types and M-types can in turn be used to encode all
inductive and coinductive types. We give some examples of (infinitely-branching) inductive
types encoded as W-types. More on W-types and M-types, their elimination principles, and
their construction can be found in, for example, [1, 9].

Given A : U and B : A→ U , the associated W-type Wx : A. B(x) of well-founded trees
has a single constructor rule:
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Γ ⊢ a : A Γ ⊢ f : B(a)→Wx : A. B(x)
Γ ⊢ tree(a, f) : Wx : A. B(x)

Intuitively, the type A determines the shapes or constructors of nodes in a well-founded tree,
and B determines the branching structure, i.e. arity of each constructor. The term tree(a, f)
can be thought of as the tree with the root node labelled by a, and children given by f . For
example, because the type of natural numbers has two constructors, zero and successor, it
is encoded as a W-type by taking the shape to be the boolean type. The zero constructor
takes no arguments and the successor constructor takes a single argument. Thus, the type
B : Bool→ U determining the arity should defined by B(ff) = ⊥ and B(tt) = ⊤.

More interestingly, infinitely-branching inductive types can also be encoded as W-types
by letting B be infinite. One example is the inductive type Brw of Brouwer ordinals, which
extends the constructors for the natural numbers with a limit constructor lim : (N→ Brw)→
Brw. Informally, assuming an existing type of natural numbers, this is encoded as the type
Wx : A. B where A := ⊤+⊤+⊤ is a type with three terms, which we may suggestively call
zero, succ, and lim. We can then define B : A→ U by

B(zero) = ⊥, B(succ) = ⊤, and B(lim) = N.

Infinitely-branching well-founded trees are also essential in the model of constructive set
theory given by Aczel [8]. In this model, the type of all sets is given by the W-type WA:U A,
where U is the type of the constructors, and the arity is given by the identity on U . The idea
for this type is that each set can be viewed as a well-founded tree, where its direct successors
are the elements of the set.

3.2 Size-indexed functors
In the next sections, we will develop our theory for general functors on small types and
size-indexed small types, and show how polynomial functors fit in this framework. We will call
endofunctors on the category of size-indexed small types size-indexed endofunctors. Following
existing notation [35, 50], we define size-indexed endofunctors 3 and 2, corresponding to
bounded existential and universal quantification.

▶ Proposition 4. We have an endofunctor of the category Size→ U :

3 : (Size→ U)→ (Size→ U), 3A,B : (A i→ B)→ (3A
i→ 3B),

3A i := ∃j < i. A j; 3A,B f i ⟨j, a⟩ := ⟨j, f j a⟩.

▶ Proposition 5. We have an endofunctor of the category Size→ U :

2 : (Size→ U)→ (Size→ U), 2A,B : (A i→ B)→ (2A
i→ 2B),

2A i := ∀j < i. A j; 2A,B f i g := λj. f j (g j).

We will write 3i A for 3A i := ∃j < i. A j and similarly 2i A for 2A i := ∀j < i. A j.
Given a functor F on small types, we can make use of 3 to “lift” F to the category of

size-indexed types by precomposing with 3:

F [3−] : (Size→ U)→ (Size→ U), F [3−]A,B : (A i→ B)→ (F [3A] i→ F [3B]),
F [3A] i := F (3i A) := F (∃j < i. A j); F [3 f ]A,B i := F3iA,3iB(3A,B f i).
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Given a functor F on the category of small types describing the shape of an inductive type,
the size-indexed functor F [3−] should describe the shape of the size-indexed variant of the
type. Analogously, F [2−] is defined by precomposition with 2:

F [2−] : (Size→ U)→ (Size→ U), F [2−]A,B : (A i→ B)→ (F [2A] i→ F [2B]),
F [2A] i := F (2i A) := F (∀j < i. A j); F [2 f ]A,B i := F2iA,2iB(2A,B f i).

3.3 Inductive types
Since we encode inductive type as initial algebras, we recall the notion of an algebra for a
endofunctor on U and define it for size-indexed functors.

▶ Definition 6 (Algebra). Given an endofunctor F : U → U , an F-algebra is a pair (A, kA)
consisting of a type A : U and a structure map kA : FA → A. A map of coalgebras
(h, sh) : (A, kA)→ (B, kB) is a pair of a map h : A→ B and a path sh : h ◦ kA = kB ◦ Fh.
We write F -Alg for the type of F -algebras. An initial F -algebra is an algebra (µF, in), such
that for any algebra (A, kA), the following type is contractible:∑

h:µF →A

(h ◦ in = kA ◦ Fh).

We define size-indexed F -algebras as algebras for F [3−]. Explicitly, a size-indexed F -algebra
is a pair (A, kA) where A : Size→ U and kA : F [3A] i→ A.

To encode size-indexed inductive types, we need to construct initial algebras for size-
indexed functors. This is done in the following lemma, where we make use of the fixpoint
operator:

▶ Lemma 7. Let F : U → U be a functor. The size-indexed functor F [3−] has an initial
algebra (µ3F, in3), where the first component is given by:

µ3F i := fix(λi.λX.F (3iX)) i.

Proof Sketch. We note that the propositional β-rule for the fixpoint operator gives us the
following equality:

µ3F i := fix(λi. λX. F (3iX)) i

= (λi. λX. F (3iX)) i (λr < s. fix(. . . ) r)
≡ F (3i fix(λs. λX. F (3sX)))
=: F [3(µ3F )] i.

The structure map in3 : F [3(µ3F )] i→ µ3F is then given by the pointwise transport
operation. Given an algebra (A, kA), the term fold3 A kA : µ3F

i→ A is also defined using the
fixpoint operator, and can be shown to be an algebra morphism. Initiality then follows from
the contractibility of fix described in Lemma 1, together with function extensionality. ◀

Thus, we have a way of constructing size-indexed types, which can be thought of as the
ordinal approximations for our inductive types. But our main interest is in showing that F

itself has an initial algebra that can be constructed via existential quantification over the
initial F [3−]-algebra. To this end, we first note the following properties:

▶ Lemma 8. Every F -algebra (A, kA) induces an F [3−]-algebra (TA, kT A), where the first
component is TA := (λi.A) : Size→ U. This extends to a functor T : F -Alg→ F [3−]-Alg.
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Proof Sketch. We require a structure map kT A : F [3TA] i→ TA. Noting that i /∈ fv(A), we
can define the following auxiliary term:

extract : ΠA : U.3TA
i→ TA,

extractA i ⟨j, a⟩ := a.

This is well-defined because TA j ≡ A. As the name suggests, it allows us to extract a term
away from the irrelevant size-index. This allows us to define kT A i := kA ◦ F (extractA i),
since F (extractA i) : F [3iTA]→ FA.

Given a algebra map f : (A, kA)→ (B, kB), we lift this to a map between size-indexed
algebras T f : (TA, kT A)→ (TB, kT B) defined by Tf := λi.f . The fact that this forms an
algebra map follows from the fact that extractA is natural in A. ◀

We can also define a functor from size-indexed algebras to algebras by existential quanti-
fication on the carrier of the size-indexed algebra. However, this construction only works on
the class of functors satisfying the following condition. As we will see, the equivalences we
axiomatised ensure that this includes all polynomial functors.

▶ Definition 9. Let F be an endofunctor on the category of small types. We say that F

weakly commutes with the existential type if the following canonical map is an equivalence
for any A : Size→ U :

canA : ∃i. F [3A] i→ F (∃i.A i), φA : ∀i. (∃j < i.A j → ∃j.A j),
canA ⟨i, a′⟩ := F (φA i) a′ φA i ⟨j, a⟩ := ⟨j, a⟩.

For functors that satisfy this property, we can define a functorial map ∃ : F [3−]-Alg→
F -Alg by lifting the existential quantifier to work on algebras.

▶ Proposition 10. Given a functor F on the category of small types that weakly commutes
with the existential quantifier, a size-indexed F -algebra (A, kA) gives rise to an F -algebra
(∃i.A i, k∃A). Moreover, this operation is functorial.

Proof Sketch. We first note that for any map f : A
i→ B, we can define a map between

existentially quantified types as follows:

∃f : ∃i.A i→ ∃i.B i,

∃f ⟨i, a⟩ := ⟨i, f i a⟩.

Let can−1
A : F (∃i.A i) → (∃i.F [3A] i) be the equivalence obtained from F weakly com-

muting with the existential type. We define the map k∃A : F (∃i.A i)→ ∃i.A i by

k∃A := ∃ kA ◦ can−1
A .

Given an algebra map f : (A, kA) → (B, kB), we define an algebra map (∃i.A i, k∃A) →
(∃i.B i, k∃B) as ∃f : ∃i.A i → ∃i.B i. The fact that this constitutes an algebra morphism
follows from canA being natural in A. Thus, we have a functor ∃ : F [3−]-Alg→ F -Alg. ◀

Finally, we are able to prove our desired result, namely that for functors that weakly
commute with the existential type, their initial algebra is obtained by existential quantification
over the initial size-indexed algebra.
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▶ Theorem 11. Let F be a functor on the category of small types that weakly commutes with
the existential type. Then F has an initial algebra with first component:

µF := ∃i.(µ3F ) i.

Proof Sketch. The categorical intuition is that this follows from the fact that the functorial
map ∃ : F [3−]-Alg → F -Alg of the previous proposition is the left adjoint of T : F -Alg →
F [3−]-Alg. Since left adjoints preserve initial objects, we find that ∃i.(µ3F ) i is the initial
algebra of F , with the structure map in := ∃ in3 ◦ can−1

µ3F , which is also an equivalence.
We can work this out in more detail: for any A : Size → U and B : U , there is an

isomorphism between maps of type A
i→ TB and those of type ∃i.A i → B, given by the

currying isomorphism. This extends to an isomorphism between size-indexed algebra maps of
type (A, kA)→ (TB, kT B) and algebra maps of type (∃i.A i, k∃A)→ (B, kB). Thus, defining
an algebra map (µF, in) → (B, kB) is equivalent to defining a size-indexed algebra map
(µ3F, in3)→ (TB, kT B). This map is uniquely given by the initiality of (µ3F, in3). ◀

Lastly, we show that all polynomial endofunctors on small types satisfy the condition of
weakly commuting with the existential quantifier. The equivalences that we have axiomatised
entail the following chain of equivalences, which corresponds precisely to the canonical map
denoted in Definition 9, noting that i /∈ fv(A) and i /∈ fv(B(a)) for a : A:

∃i.PA,B(3X) i := ∃i. Σa : A. (B(a)→ ∃j < i.X j)
≃ Σa : A. (∃i.B(a)→ ∃j < i.X j)
≃ Σa : A. (B(a)→ ∃i.∃j < i.X j)
≃ Σa : A. (B(a)→ ∃i.X i) =: PA,B(∃i.X i).

Since all polynomial functors (both finitely- and infinitely-branching) weakly commute with
the existential quantifier, their initial algebra is constructed via existential quantification
over the corresponding initial size-indexed algebra. This allows us to construct W-types via
quantification over size-indexed types.

3.4 Coinductive types
The coalgebra construction is similar to that of algebras. We define size-indexed coalgebras
and construct their terminal coalgebras using the fixpoint operator. This allows us to obtain
terminal coalgebras for functors satisfying an analogous property: weakly commuting with
the universal quantifier. This is done by showing that the universal quantifier lifts to a
functor from size-indexed coalgebras to coalgebras, which is right adjoint to the inclusion
map from coalgebras to size-indexed coalgebras. The equivalences allow us to show that all
polynomial functors weakly commute with the universal quantifier. Further details can be
found in the full version of this paper [28].

4 Realisability model

4.1 Assemblies and partial equivalence relations
In this realisability model, based on Hyland’s effective topos, [27], types are interpreted as
assemblies: sets with associated computability data in the form of a relation between a set of
realisers and elements of the set. The intuition given by Reus [36] is that realisers can be
seen as “codes” in a low-level language or a general model of computation. A code that is
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related to an object in the set is said to realise it, and can be seen as a representation of
that object. Maps between such assemblies must be computable in this general model of
computation.

The definition of an assembly is parameterised by a general model of computation, which
is given by a partial combinatory algebra (pca) [22], providing the set of realisers. We
will restrict ourselves to the most well-known pca, the first Kleene algebra K1, although
the construction should work in general. Here, the realisers are the natural numbers,
which enumerate the partial recursive functions {φn}n∈N. We define a partial operation
· : N×N ⇀ N on this set of realisers by m · n := φm(n), and we write m · n ↓ when φm(n) is
defined.

▶ Definition 12. An assembly is a pair (X,⊩X), where X is a set and ⊩X ⊆ N×X is a
relation such that for every x ∈ X there exists some n ∈ N such that n ⊩X x. We will call
⊩X the realisability relation of X. A morphism between assemblies (X,⊩X) and (Y,⊩Y ) is
a function f : X → Y such that there exists an e ∈ N (not part of the data) satisfying:

∀n ∈ N.∀x ∈ X. (n ⊩X x) =⇒ (e · n ↓ and e · n ⊩Y f(x)).

In this case, we say that f is tracked by e. We denote the category of assemblies by Asm.

Note that there is a full and faithful inclusion from sets to assemblies defined by assigning
the largest realisability relation; we denote this by ∇X := (X,N×X).

Since morphisms between assemblies are functions that are tracked by a realiser, they
must be sufficiently computable. This ensures that the dependent product can be small,
even when quantifying over large types, which allows us to model the impredicative universal
quantifier. It also allows us to enforce a notion of parametricity in the model via the inclusion
from sets to assemblies. The intuition is that ∇X carries no meaningful computational data,
making the objects of X indistinguishable when defining morphisms. Since we view the
axioms that we added to the theory as a kind of parametricity, this construction allows us to
enforce these axioms in the model.

Since we will interpret types as assemblies, we need a sufficiently “small” subcategory
to interpret the small types. As a step towards this goal, we first consider the following
subcategory of assemblies.

▶ Definition 13. An assembly (X,⊩x) is called a modest set if every n ∈ N codes at most
one a ∈ X:

∀n ∈ N. (n ⊩X x1, x2) =⇒ (x1 = x2).

We denote the category of modest sets by Mod, which is a full subcategory of Asm. However,
the size of the carrier set of a modest set is not bounded in any way, so we cannot equip the
“set” of all modest sets with the structure of an assembly. Instead, we note that the elements
of a modest set are not that important: we only need to know when two realisers encode
the same element, as this lets us represent an object by the equivalence class of its realisers.
This insight gives us a category that is equivalent to the modest sets, namely that of partial
equivalence relations on the set of realisers.

▶ Definition 14. A partial equivalence relation (PER) is a symmetric and transitive relation
R ⊆ N× N. We define the following notation:

dom(R) := {n ∈ N | n R n}, [n]R := {m ∈ N | nRm}, N/R := {[n]R | n ∈ dom(R)}.

A morphism between PERs R and S is a function f : N/R→ N/S such that f([n]R) = [e ·n]S
for some e ∈ N, in which case we say that f is tracked by e. We denote this category by PER.
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Note that a PER R is an equivalence relation on dom(R).

▶ Lemma 15. There is an equivalence between the categories PER and Mod.

Proof Sketch. Given a PER R ⊆ N×N the pair ι(R) := (N/R,∈) is a modest set. Conversely,
given a modest set (X,⊩X), we can define a relation on the set of realisers as follows:

n1 ∼X n2 ⇐⇒ ∃x ∈ X. (n1 ⊩X x) ∧ (n2 ⊩X x).

This induces an equivalence between PERs and modest sets. ◀

In our model, we will use assemblies to interpret large types, while Lemma 15 allows us
to make use of the category of PERs to interpret the small types, since every PER induces a
modest set with a countable carrier. To describe our model, we make use of the categories
with families (CwF) framework, which closely follows the syntactic structure of dependent
type theory.

We recall the basic parts of which a CwF C consists:
A category C of semantic contexts and context morphisms;
For every semantic context Γ ∈ C, a collection Ty(Γ) of semantic types;
For every semantic context Γ ∈ C and semantic type A ∈ Ty(Γ), a collection Tm(Γ, A) of
semantic terms;
For every context morphism f : ∆→ Γ, an operation −[f ] : Ty(Γ)→ Ty(∆) for semantic
substitution on types, and for A ∈ Ty(Γ), an operation −[f ] : Tm(Γ, A)→ Tm(∆, A[f ])
for semantic substitution on terms;
For every semantic context Γ ∈ C and A ∈ Ty(Γ), an extended context Γ.A ∈ C.

The category of assemblies can be given the structure of a CwF, with semantic contexts
given by assemblies. A semantic type A ∈ Ty(Γ) is given by a Γ-indexed family of assemblies
(Aγ)γ∈Γ. Given a semantic type A ∈ Ty(Γ), a semantic term a ∈ Tm(Γ, A) is given by a
dependent morphism a : (γ ∈ Γ)→ Aγ , that is, a dependent function tracked by an e ∈ N:

∀n ∈ N.∀γ ∈ Γ. (n ⊩Γ γ) =⇒ (e · n ⊩Aγ a(γ)).

We will also write this as a family (aγ)γ∈Γ. The semantic substitution operation −[f ] on
both types and terms is given by precomposing with f . Finally, context extension is given
by dependent pairing (as in the ussual set-theoretic model).

We will omit the term “semantic”, blurring the distinction between syntax and semantics.
Further details on categories with families and the associated structures in assemblies can
be found in, for example, [25, 36]. Assemblies support the interpretation of our basic types,
dependent products and sums, and the identity type. In the following subsections, we
highlight the relevant constructions.

4.2 Universe type
We give a brief description of how the universe type is interpreted in the model, as it will
provide intuition on why we interpret the type of sizes in the same way. The universe type
U in a context Γ is interpreted as a semantic type U ∈ Ty(Γ), meaning a Γ-indexed family
of assemblies. Since the universe type is a non-dependent type, its interpretation should
be a constant family. As we will want to interpret the small types using PERs, we will
interpret U as the constant family of an assembly where the carrier set is the set of all PERs,
which we also denote by PER. To construct an assembly out of PER, we use the inclusion
from sets to assemblies, giving us ∇PER. Recall that the intuition is that ∇PER carries no
meaningful computational data, making the PERs computationally indistinguishable when
defining morphisms. The decoder El is interpreted by the inclusion of PERs into assemblies.
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4.3 Type of sizes
In previous work [35], the type of sizes is interpreted as the set of natural numbers. By
contrast, the impredicativity of our realisability model allows us to interpret the type Size as
a large type, while still having universal quantification over Size with a small type live in U .
Given a context Γ, we define the semantic type Size ∈ Ty(Γ) as Sizeγ = ∇ω1, where ω1 is the
first uncountable ordinal: the set of all countable ordinals. We construct an assembly from
the ordinal ω1 by giving it the full realisability relation, just as we did for the interpretation
of the universe type. This ensures that morphisms from ∇ω1 must treat all sizes uniformly.

The reason for interpreting the type of sizes as ω1 is that it allows us to justify the
following equivalence:

Πx : A.∃i.B(x, i) ≃ ∃i. Πx : A.∃j < i.B(x, j). (∃ parametric over Π)

Intuitively, the left-to-right direction of this equivalence states the following: given a dependent
function that sends a term a : A to a pair ⟨s, b⟩ : ∃i.B(a, i), there is a limit size α such that
s < α for each ⟨s, b⟩ in the range of the dependent function. This requires limits of sequences
of sizes to be a size as well. Note that, since A here is a small type, it is interpreted as a
partial equivalence relation over N, hence it has countably many equivalence classes. Since
countable limits of countable ordinals are themselves countable, ω1 suffices for our purpose.

The ordering on sizes is interpreted as the ordering on ω1, interpreting s1 ≤ s2 as the
terminal singleton assembly when true, and the initial empty assembly otherwise. This
interpretation validates the encoding of the ordering on sizes as a proposition in the theory.

4.4 Bounded quantification and the fixpoint operator
Recall that the notation i : Size ⊢ ∀j < i. A(j) for bounded universal quantification is
shorthand for i : Size ⊢ ∀j. (j < i→ A(j)). A term of this type is interpreted by a family of
dependent morphisms, where the domain is bounded by the size in context, which confirms
the syntactic intuition for this type.

Given a term f : ∀i.(∀j < i.A(j)) → A(i), the fixpoint operator fix f : ∀i.A(i) is
interpreted as a morphism, where the underlying dependent function is defined by well-
founded induction on ω1. The definition given by well-founded induction corresponds exactly
to the β-rule in the theory. In order for fix f to be a morphism, it must be tracked by a
realiser. The following fact, which states that a fixpoint operator exists in every partial
combinatory algebra, allows us to find an appropriate realiser for the fixpoint operator.

▶ Proposition 16 (Fixpoint operator in a pca [48]). For every pca (A, ·), there exists a term
fix∈ A such that the following hold for any f, a ∈ A we have fix f ↓ and fix f a ≃ f (fix f) a.

4.5 Universal and existential type
The assembly model supports the interpretation of general impredicative products. Although
we do not add impredicative products to the theory in full generality, this does allow us to
interpret the (impredicative) universal quantifier ∀i.A(i) where A : U in the model simply
as a dependent product. The interpretation of sizes as ∇ω1 then suffices to validate the
equivalences for the universal quantifier.

To interpret the existential type ∃i.A(i), we construct a quotient of the corresponding
Σ-type that lives inside the universe. Thus, we should canonically construct a family of
PERs from the semantic Σ-type, Σ(Size, A), which is a family of assemblies (the complete
definition can be found in the full version [28]). The following lemma gives us a quotient
construction resulting in a modest set.
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▶ Lemma 17. The inclusion functor I : Mod→ Asm has a left adjoint M : Asm→ Mod.

Proof Sketch. For an assembly (A,⊩A), we define a modest set M(A) = (A/∼M,⊩M(A))
where ∼M is the least equivalence relation satisfying the following: ∃n ∈ N. (n ⊩A a1, a2) =⇒
(a1 ∼M a2). The relation is defined by n ⊩M(A) [a]∼M iff ∃a′ ∈ [a]∼M(n ⊩A a′). ◀

However, the universe consists of PERs rather than modest sets. Following Lemma 15, every
modest set is isomorphic to a PER. Thus, we may treat M(A) as the PER that is isomorphic
to it. Given a type A ∈ Ty(Γ), we can define its U -truncation ∥A∥ ∈ Tm(Γ, U) as the family
of PERs ∥A∥γ = M(Aγ). Given a small type A ∈ Tm(Γ, U), this allows us to interpret the
small type ∃i.A(i) ∈ Tm(Γ, U) as the U -truncation of the Σ-type:

∃i.A(i) := ∥Σ(Size, El A)∥.

This also allows us to interpret the pairing operation and elimination of existential
types. Moreover, it validates the equivalences we have axiomatised in the theory related to
the existential quantifier in the model. Further details of the model are given in the full
version [28].

5 Conclusion

We continue the development of sized types with parametric quantifiers over sizes. In previous
work [50, 35], the type of sizes was interpreted in the semantics as the natural numbers. This
means that the following axiom for small types was restricted to the case where A is finite:

Πx : A.∃i.B(x, i) ≃ ∃i. Πx : A.∃j < i.B(x, j). (∃ parametric over Π)

Our main contribution is a model where the type of sizes is instead interpreted as a larger
ordinal. Indeed, for infinite A, the left-to-right direction of the equivalence intuitively shows
that limit ordinals exist. This model allows us to remove the restriction that A is finite,
which enables us to define all (co)inductive types, not just the finitely-branching ones.

Our model is based on realisability instead of the reflexive graphs used in previous
work [50, 35]. This semantics fits well with the intuition of parametric quantifiers: ∃i. A(i)
behaves like the union of the A(i), while ∀i. A(i) behaves like the intersection of the A(i).
The model also shows that our syntax is consistent with two additional principles: an
impredicative universe of sets, and uniqueness of identity proofs. However, we do not use
these properties in the syntax, which makes our construction of (co)inductive types more
widely applicable and compatible with homotopy type theory.

Discussion and Future work. A main motivation for our work is obtaining a consistent
implementation of sized types in proof assistants. Encoding (co)inductive types using
quantifiers would allow the closure ordinal ∞ to be removed from Agda, which is a source of
inconsistency of the current implementation. However, proof assistants should satisfy desirable
computational properties like decidability and canonicity, and this requires computational
behaviour for our parametricity axioms. So, to use our results for this purpose, we need
to connect them with notions of internal parametricity that compute, such as those based
on bridge types [35], which have also been developed in combination with cubical type
theory [17, 47].

In addition, we need a computational version of the β-rule for the fixpoint operator. We
have only assumed a propositional version of this rule because a naïve definitional version
of this rule breaks normalisation due to unrestricted unfolding. For example, it would be
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possible to disallow unfolding under binders, only allowing unfolding when a smaller size
exists in context, or to ignore computation on sizes entirely. However, each of these options
come with drawbacks and it is not clear to us what the most principled approach is.

Because we include suprema sizes, it is not generally possible to keep inequality decidable.
In the current Agda implementation, i < j is a judgement that is automatically checked
when applying a function f : (i : Size<j)→ A. However, without decidability of inequality
we need to ask the user for a term of the type i < j, which increases the amount of manual
work. One partial solution is to have two versions of inequality: a propositional type i < j

and a definitional judgemental fragment i Î j (similar to the two versions of equality, =
and ≡). Then we could add a term ineq so that ineq : i < j holds whenever i Î j (similar
to the term refl where refl : a =A a′ holds whenever a ≡ a′). This would allow the user to
fill in a simple term when the computer can decide the inequality, while still allowing more
complicated terms when using suprema sizes.

On the semantic side, it is worth investigating whether we can generalise our realisability
model. We restricted the model to the pca of partial recursive functions, as it allowed us
to interpret the type of sizes as the first uncountable ordinal. In principle, it seems that
the model could generalise to other pcas, as long as the type of sizes is interpreted as a
sufficiently large ordinal: one of larger cardinality than the pca. The realizability model
could also be constructed using more general notions of computation, such as the monadic
combinatory algebras introduced in [20], to allow for an integration of sizes with effects.

Another question is whether we can model both sizes and the univalence axiom. A
possibly suitable model for this is given by cubical assemblies [43], which form a model of a
type theory with a univalent and impredicative universe. It seems likely that this construction
can be extended to include sizes and parametric quantifiers in a similar way as in this work,
but a more careful investigation is needed to confirm this.

We would also like to investigate how realisability models can model internal parametric
quantifiers and related modalities such as irrelevance in dependent type theory more generally.
The inclusion from sets to assemblies assigns a set the complete realisability relation, which
intuitively makes elements computationally indistinguishable and enables parametricity for
sizes. It seems reasonable that this construction would work for a more general notion of
parametric quantifier in the theory.
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A The type theory

The symbol ≡ denotes definitional equality in the theory for both types and terms. We make
use of the following forms of judgements:

⊢ Γ ctx, Γ ⊢ A type, Γ ⊢ A ≡ B type, Γ ⊢ a : A, Γ ⊢ a ≡ b : A.

For brevity, we omit the standard rules stating that definitional equality is a congruence
relation with respect to all type- and term formers. We may also assume weakening and
substitution rules with respect to all judgements, which are both admissible [25].

The rules for context formation are given as follows:

⊢ ⋄ ctx
⊢ Γ ctx Γ ⊢ A type

⊢ Γ, x : A ctx

⊢ Γ, x : A, ∆ ctx
Γ, x : A, ∆ ⊢ x : A

Γ, x : A ⊢ b(x) : B(x) Γ ⊢ a : A

Γ ⊢ b(a) : B(a)

The rules for the empty-, unit-, and boolean type are as follows, where their elimination
and computation principles are left implicit.
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Γ ⊢ ⊥ type Γ ⊢ ⊤ type Γ ⊢ Bool type

Γ ⊢ ⋆ : ⊤ Γ ⊢ tt : Bool Γ ⊢ ff : Bool

The rules for Π-types include definitional β- and η-rules.

Γ ⊢ A type Γ, x : A ⊢ B(x) type
Γ ⊢ Πx : A. B(x) type

Γ, x : A ⊢ b(x) : B(x)
Γ ⊢ λx : A. b(x) : Πx : A. B(x)

Γ ⊢ f : Πx : A. B(x) Γ ⊢ a : A

Γ ⊢ f a : B(a)

Γ, x : A ⊢ b(x) : B(x) Γ ⊢ a : A

Γ ⊢ (λx : A. b(x)) a ≡ b(a) : B(a)
Γ ⊢ f : Πx : A. B(x)

Γ ⊢ (λx : A. f x) ≡ f : Πx : A. B(x)

Similarly to Π-types, Σ-types also come with β- and η-rules. The η-rule for Σ-types is
defined via its destructors, where π1 and π2 are the projections derived from the elimination
principle.

Γ ⊢ A type Γ, x : A ⊢ B(x) type
Γ ⊢ Σx : A. B(x) type

Γ ⊢ a : A Γ ⊢ b : B(a)
Γ ⊢ ⟨a, b⟩ : Σx : A. B(x)

Γ, z : Σx : A. B(x) ⊢ P (z) type
Γ, x : A, y : B ⊢ p(x, y) : P (⟨x, y⟩)

Γ, z : Σx : A. B(x) ⊢ indΣ(z, p(x, y)) : P (z)

Γ, z : Σx : A. B(x) ⊢ P (z) type
Γ, x : A, y : B ⊢ p : P (⟨x, y⟩)

Γ, x : A, y : B ⊢ indΣ(⟨x, y⟩, p) ≡ p(x, y) : P (⟨x, y⟩)

Γ ⊢ c : Σx : A. B(x)
Γ ⊢ c ≡ ⟨π1(c), π2(c)⟩ : Σx : A. B(x)

Propositional identity types are defined with the standard induction principle.

Γ ⊢ A type Γ ⊢ a1, a2 : A

Γ ⊢ a1 =A a2 type
Γ ⊢ A type Γ ⊢ a : A

Γ ⊢ refl a : a =A a

Γ, x : A, y : A, z : x =A y ⊢ P (x, y, z) type
Γ, x : A ⊢ p(x) : P (x, x, refl x)

Γ, x : A, y : A, z : x =A y ⊢ ind=(x, y, z, p) : P (x, y, z)

Γ, x : A, y : A, z : x =A y ⊢ P (x, y, z) type
Γ, x : A ⊢ p(x) : P (x, x, refl x)

Γ, x : A ⊢ ind=(x, x, refl x, p) ≡ p(x) : P (x, x, refl x)

The universe type is closed under the base types, propositional equality, and the type
constructors. The definitional type equalities for the small types ensure that they lift to the
proper type.

Γ ⊢ U type
Γ ⊢ A : U

Γ ⊢ El A type
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Γ ⊢ ⊥U : U Γ ⊢ ⊤U : U Γ ⊢ BoolU : U

Γ ⊢ A : U Γ, x : A ⊢ B(x) : U

Γ ⊢ ΠU x : A. B(x) : U

Γ ⊢ A : U Γ, x : El A ⊢ B(x) : U

Γ ⊢ ΣU x : A. B(x) : U

Γ ⊢ A : U Γ ⊢ a : El A Γ ⊢ a′ : El A

Γ ⊢ a =U
A a′ : U

El (⊥U ) ≡ ⊥ El (ΣU x : A. B(x)) ≡ Σx:El A(El B(x))
El (⊤U ) ≡ ⊤ El (ΠU x : A. B(x)) ≡ Πx:El A(El B(x))

El (BoolU ) ≡ Bool El (a =U
A a′) ≡ (a =El A a′)

The type of sizes is defined with constructors for zero and successor. The ordering on
sizes is defined as a mere proposition, with constructors for reflexivity and transitivity.

Γ ⊢ Size type
Γ ⊢ i, j : Size
Γ ⊢ i ≤ j : U Γ ⊢ 0 : Size

Γ ⊢ i : Size
Γ ⊢ ↑ i : Size

Γ ⊢ i : Size Γ ⊢ j : Size
Γ ⊢ i ≤ j type

Γ ⊢ i : Size
Γ ⊢ le0 i : El (0 ≤ i)

Γ ⊢ i : Size
Γ ⊢ lesuc i : El (i ≤ ↑i)

Γ ⊢ i : Size
Γ ⊢ lerefl i : El (i ≤ i)

Γ ⊢ p : i ≤ j Γ ⊢ q : j ≤ k

Γ ⊢ letrans p q : El (i ≤ k)

Γ ⊢ p : i ≤ j Γ ⊢ q : i ≤ j

Γ ⊢ leeq p q : El (p = q)

The type of the existential quantifier over sizes is defined as follows. Note that the
elimination principle is limited to small types.

Γ, i : Size ⊢ A(i) : U

Γ ⊢ ∃i.A(i) : U

Γ, i : Size ⊢ A(i) : U Γ ⊢ s : Size Γ ⊢ a : El A(i)
Γ ⊢ ⟨s, a⟩∃ : El (∃i.A(i))

Γ, z : El (∃i.A(i)) ⊢ P (z) : U

Γ, i : Size, x : El A ⊢ p(i, x) : El P (⟨i, x⟩∃)
Γ, z : El (∃i.A(i)) ⊢ ind∃(z, p(i, x)) : El P (z)

Γ, z : El (∃i.A(i)) ⊢ P (z) : U

Γ, i : Size, x : El A ⊢ p : El P (⟨i, x⟩∃)
Γ ⊢ s : Size Γ ⊢ a : El A(s)

Γ ⊢ ind∃(⟨s, a⟩∃, p(i, x)) ≡ p(s, a) : El P (⟨s, a⟩∃)

The universal quantifier is defined analogously to the Π-type, only as an impredicative
quantifier.
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Γ, i : Size ⊢ A(i) : U

Γ ⊢ ∀i.A(i) : U

Γ, i : Size ⊢ a(i) : A(i)
Γ ⊢ λ∀i : Size. a(i) : El (∀i.A(i))

Γ ⊢ f : El (∀i.A(i)) Γ ⊢ s : Size
Γ ⊢ f s : El A(s)

Γ, i : Size ⊢ a(i) : El A(i) Γ ⊢ s : Size
Γ ⊢ (λ∀i : Size. a(i)) s ≡ a(s) : El A(s)

Γ ⊢ f : El (∀i.A(i))
Γ ⊢ (λ∀i : Size. f i) ≡ f : El (∀i.A(i))

Finally, the fixpoint operator on sizes, corresponding to well-founded induction, is defined
as follows. Note that the associated β-rule is propositional.

Γ, i : Size ⊢ A(i) type Γ ⊢ f : ∀i.((∀j < i.A(j))→ A(i))
Γ ⊢ fixf : ∀i.A(i)

f : ∀i.((∀j < i.A(j))→ A(i))
Γ ⊢ fixβ f : ∀i. fixf i = f i (λj < i. fixf j)

Function extensionality is encoded as in [44]: given f, g : Πx : A. B(x), there is a map

(f = g)→ Πx : A. (f(x) = g(x)),

and the function extensionality axiom states that this map is an equivalence. Similarly,
we note that for small types A, B(i, x), and C(i) there are canonical maps, for which the
parametricity axioms state that each such map is an equivalence:

Πx : A.∃i.B(x, i)← ∃i. Πx : A.∃j < i.B(x, j),
Σx : A.∀i.B(x, i)→ ∀i. Σx : A. B(i, x),

∃i. C(i)← ∃i.∃j < i. C(j),
∀i. C(i)→ ∀i.∀j < i. C(j).
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