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Abstract
Gentzen’s sequent calculus is a foundational tool for describing and investigating provability, yet its
fine-grained inference rules generally do not directly support automated proof search. Incorporating
synthetic inferences improves automatability, but they do not provide mechanisms for reasoning
naturally about the elementary mathematical notions of equivalence and congruence. In this paper,
we present a first-order framework for reasoning modulo such relations within the sequent calculus.
We provide a setting in which congruences can be treated as actual equalities, mirroring the informal
practice of mathematicians and eliminating the need to use the lemmas typically required for
formal congruence proofs. We demonstrate that this approach remains strictly first-order, avoids
the complexity of higher-order or set-theoretic constructions, and yields proof systems that retain
essential meta-theoretic properties.
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1 Introduction

The necessity of reasoning with equivalences is pervasive in both formal mathematics and
program verification. Typically, an equivalence relation ≡ on a structure is used to derive
a new “modulo” structure where equivalent elements are treated as identical. Formally,
this construction usually requires building either a function mapping elements to unique
representatives or a partition of the underlying set into equivalence classes – a process
that involves a set-of-sets construction. These approaches are naturally accommodated by
higher-order logics, such as Church’s Simple Theory of Types [8], or within Zermelo-Fraenkel
set theory.

In this paper, we present an alternative framework for reasoning with equivalences
and congruences that remains strictly first-order and avoids the overhead of set-theoretic
axioms. We demonstrate that, under appropriate conditions, equivalences can be treated as
syntactic equality without resorting to the higher-order encodings often found in automated
reasoning [28]. Instead, we shall observe that in situations where it makes sense to move from,
say, a partition of a group’s carrier set to a new group structure based on equivalence classes
(i.e., when the lifted group operation is well defined), we identify the equivalence as an actual
equality, all without leaving first-order logic and without needing any new constructions. In
fact, we shall formalize the common informal mathematical treatment of equivalences as if
they really are equalities within our underlying first-order logic.

Our broader objective is to elevate structural proof theory beyond the analysis of logical
connectives and consistency (via the cut-elimination theorem) toward the direct support of
theories fundamental to elementary mathematics. This work follows the tradition established
by Gentzen’s study of arithmetic [16], Ketonen’s application of sequent calculus to axiomatic
geometry [23], and Negri and von Plato’s work on orders and algebras [32, 34]. We extend
this trajectory by providing a proof-theoretic treatment of equivalence relations, congruences,
and compatibility.
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24:2 Treating Congruences as Equalities Within Proofs

2 The Basics: Types, terms, formulas, sequents, theories

Following Church [8], we base the syntax of terms and formulas on the simply typed λ-calculus.
We reserve the primitive type o, and assume that there is a fixed set of primitive types (also
called sorts) S that do not contain o. When σ ∈ S, we shall also use σ as a predicate of type
σ → o.

Our first-order, multi-sorted intuitionistic logic is based on the following propositional
connectives

t : o, ∧ : o → o → o, f : o, ∨ : o → o → o, ⊃ : o → o → o

and the following connectives involve term structure (here, σ ∈ S)

=σ : σ → σ → o, ∀σ : (σ → o) → o, ∃σ : (σ → o) → o.

(We shall occasionally omit writing a typing subscript on an equality or quantifier when it
can be inferred from context.) We work only in a first-order subset of Church’s framework
by restricting the types assigned to non-logical constants as follows.

P : σ1 → · · · → σn → o is an n-ary predicate symbol and {σ1, . . . , σn} ⊆ S (n ≥ 0).
f : σ1 → · · · → σn → σ0 is an n-ary constructor of type σ0 and {σ0, . . . , σn} ⊆ S (n ≥ 0).
σ : σ → o is a unary predicate symbol reflecting the sort σ also as a predicate.

A collection of such declarations is called a first-order signature. We usually write Σ0 to
denote the signature of non-logical constants involved in any particular logical specification.
A Σ0-formula is any closed term of type o, all of whose non-logical constants come from Σ0.
Note that if Σ0 contains declarations of only predicate symbols, then a Σ0-formula contains
no occurrences of constructors, even of primitive arity.

Sequents are two-sided and denoted by Σ :: Γ ⊢ B, where the left-hand side Γ is a set of
formulas, and the right-hand side B is a single formula. The signature Σ declares the types
from S for all free variables occurring in {B} ∪ Γ. Following Gentzen’s terminology, Σ is best
understood as declaring the eigenvariables of the sequent – variables that function as generic
or “freshly picked” parameters. Formally, if Σ0 is the fixed signature of non-logical constants
(constructors and predicates), then all formulas in the sequent are (Σ0 ∪Σ)-formulas. However,
since Σ0 is typically held constant, we usually omit it and simply refer to these as Σ-formulas,
implying that their free variables are strictly contained within Σ.

The usual inference rules for LJ are listed in Figure 1. Both the instan and cut rules are
eliminable, in the sense that if a sequent is provable in LJ then it is provable in LJ without
these rules.

Theories are finite sets of formulas. We shall often informally say that some formula, say
B, holds, while what we generally mean is that B is provable from some theory that might
be left implicit.

If C is a formula whose free variables are in the list x̄, we will write this formula as Bx̄

where B is the (closed) abstraction λx̄.C. Here, λ plays only a notational role and does not
need to be seen as part of our first-order logic.

We define a predicate via a definition, which takes the form of an equivalence of the
form ∀x̄.[P x1 . . . xn ≡ B x1 . . . xn]. Here, P is an n-ary predicate and B x1 . . . xn is a
formula composed of only ∧, ∨, ∃, =, and atomic formulas (which may include atoms with
the predicate P ). Furthermore, we assume that the free variables of B x1 . . . xn are in the
list x1, . . . , xn. As a direct consequence of the results in [26], an equally valid treatment of
definitions is to omit the equivalence from the theory and instead add the following inference
rules:

Σ :: Γ, B t1 · · · tn ⊢ G

Σ :: Γ, P t1 · · · tn ⊢ G

Σ :: Γ ⊢ B t1 · · · tn

Σ :: Γ ⊢ P t1 · · · tn

.



D. Miller 24:3

Σ :: Γ ⊢ t tR
Σ :: Γ ⊢ B, Σ :: Γ ⊢ C,

Σ :: Γ ⊢ B ∧ C
∧R

Σ :: Γ ⊢ Bi

Σ :: Γ ⊢ B1 ∨ B2
∨R, i ∈ {1, 2}

Σ :: B, Γ ⊢ C

Σ :: Γ ⊢ B ⊃ C
⊃ R

y : σ, Σ :: Γ ⊢ B[y/x]
Σ :: Γ ⊢ ∀σx.B

∀R
Σ ⊢ t : σ Σ :: Γ ⊢ B[t/x]

Σ :: Γ ⊢ ∃σx.B
∃R

Σ :: Bi, Γ ⊢ C

Σ :: B1 ∧ B2, Γ ⊢ C
∧Li, i ∈ {1, 2}

Σ ⊢ t : σ Σ :: B[t/x], Γ ⊢ C

Σ :: ∀σx.B, Γ ⊢ C
∀L

Σ :: Γ1 ⊢ B Σ :: C, Γ2 ⊢ C

Σ :: B ⊃ C, Γ1, Γ2 ⊢ C
⊃ L

Σ :: B, Γ ⊢ C Σ :: C, Γ ⊢ C

Σ :: B ∨ C, Γ ⊢ C
∨L Σ :: f, Γ ⊢ C

fL

Σ :: B, Γ ⊢ B
init

Σ :: Γ ⊢ B Σ :: Γ, B ⊢ E

Σ :: Γ ⊢ E
cut

Σ ⊢ t : σ Σ, x : σ :: Γ ⊢ B

Σ :: Γ[t/x] ⊢ B[t/x] instan

Figure 1 The inference rules for the LJ proof system.

Σ :: Γ ⊢ t = t
=r

(t and s not unifiable)
Σ :: s = t, Γ ⊢ C

=l
(θ = mgu(t, s)) Σθ :: Γθ ⊢ Cθ

Σ :: s = t, Γ ⊢ C
=l

Figure 2 The rules to add to LJ to obtain the LJ = proof system.

An invariant of the sequents considered in this paper is that, for any sequent Σ :: Γ ⊢ B,
a variable declaration x : σ appears in Σ if and only if the atomic formula σ x appears in Γ.
This property – the typing redundancy invariant – is preserved provided that the quantifiers
∀σx.B and ∃σx. B are treated as abbreviations for ∀xσ.σx ⊃ B and ∃xσ. σx∧B, respectively.

3 Inference rules for equality

An elegant proof-theoretic treatment of equality for first-order terms was given independently
by Girard [18] and Schroeder-Heister [35] in the early 1990s. Beyond its elegance, this
approach to equality has proved expressive and useful: extended versions of this treatment of
equality are part of the Bedwyr model checker [5, 20] and the Abella proof assistant [4, 15].
This treatment of equality is central to this paper.

The sequent calculus proof rules for the introduction of equality are presented in Figure 2.
In the two versions of the = L rule, unification is done with respect to the eigenvariables.
The signature Σθ is the result of removing from Σ all variables in the domain of θ and adding
in all variables free in a term in the domain. When these rules are added to the LJ proof
system, we get the proof system LJ =. It is important to understand that equality is a logical
connective and that these inference rules fix its meaning. The addition of axioms does not
affect this notion of equality. Since we shall reserve the term “atomic formula” for formulas
that are not top-level logical connectives, a formula such as t = s is not an atomic formula.

The following are examples of theorems in LJ =, assuming that i ∈ S.
1. ∀ix. x = x

2. ∀ix∀iy. x = y ⊃ y = x

3. ∀ix∀iy∀iu. x = y ⊃ y = u ⊃ x = u

Thus, the logic establishes that equality is an equivalence. If we assume that z (zero) has
type i and s (successor) has type i → i in Σ0, then the following are also theorems.
1. ∀ix∀iy. (s x) = (s y) ⊃ x = y.
2. ∀ix. (s x) = z ⊃ f

FSCD 2026



24:4 Treating Congruences as Equalities Within Proofs

Thus, LJ = proves all the Peano axioms except for the one involving induction. Finally, it is
immediate that ∀σx∀σy.x = y ⊃ Bx ⊃ By is also provable. In the terminology of Section 4,
this means that all abstractions B over the sort σ are compatible with equality.

In LJ , there is little difference between the constructors of arity 0 and eigenvariables:
B(a) can be replaced by ∀a.B(a) and any LJ proof of one of these can be converted directly
to an LJ proof of the other. The LJ = proof system, however, separates these two syntactic
classes. For example, ∀a∀b.a = b ⊃ f is not provable in LJ =, while a = b ⊃ f is provable.

A formula is equality-free if it contains no occurrences of equality.

4 Equivalences and compatibilities

For every primitive type σ ∈ S, we assume that we have a binary predicate eqσ: that is,
a non-logical constant of type σ → σ → o. We abbreviate by E the set {eqσ}σ∈S of such
binary predicates and by E the set of formulas that axiomatize the properties of reflexivity,
symmetry, and transitivity for all the predicates in E. Given this axiomatization, these
binary predicates denote equivalence relations.

Let P be an abstraction with type σ1 → · · · → σn → o where n ≥ 0. We say that P is
compatible with respect to E (following terminology in, say, [7]), if the following formula
holds.

Compatibility: ∀x̄∀ȳ.(
n∧

i=1
eq xi yi) ⊃ P x̄ ⊃ P ȳ

The equivalence predicates eqσ themselves are trivial examples of predicates that are com-
patible with E.

Let C be a set of predicates and define C to be the set of formulas that axiomatize the
compatibility of the predicates in C. The following theorem proves that any abstraction over
formulas whose only non-logical constants are compatible with E is also similarly compatible.

The theorems in this section consider only formulas that are equality-free: this is necessary
since there might be a type σ ∈ S such that eqσ is different from =σ: this would cause a
problem since we intend to lift eqσ to be equality in a certain sense. It is, however, perfectly
possible for eqσ to be the same as =σ. Equality plays a role starting in the next section when
we define determinacy.

▶ Theorem 1. Let B be an abstraction of type σ1 → · · · → σn → o (n ≥ 0) of an equality-free
formula for which all non-logical symbols are in E ∪ C. The following compatibility-like
property is provable in LJ =:

E , C ⊢ ∀x̄ȳ.(
∧

i

eq xi yi) ⊃ Bx̄ ⊃ Bȳ.

Proof. Since the displayed sequent above has no occurrences of equality, it is provable in
LJ = if and only if the sequent

x1, y1, . . . , xn, yn :: E , C, eq x1 y1, . . . , eq xn yn, Bx̄ ⊢ Bȳ

is provable in LJ . We proceed by induction on the structure of Bx̄ to show that this sequent
is provable. Besides being equality-free, Bx̄ will necessarily contain no term constructors.
Our proof is a simple modification of the proof that the general initial rule is admissible
when only atomic initial rules are available.



D. Miller 24:5

Case. Bx̄ is an atom. There are three kinds of atomic formulas possible here.
1. If Bx̄ is of the form eqσ xi xj , then the proof is completed using symmetry and transitivity

for eqσ.
2. If Bx̄ is of the form σ xi then we know that yi is of the same type as xi and, given the

typing redundancy of sequents, we know that σ yi ∈ Γ.
3. The remaining case is when this atom is of the form (p u1 · · · ui) for i ≥ 0, p ∈ C, and

u1, . . . , ui is a list of variables in x̄. This case is proved directly by using the compatibility
property for p that appears in C.

Case. Bx̄ is B1x̄ ⊃ B2x̄. The inductive hypotheses give proofs of two sequents

x1, y1, . . . , xn, yn :: E , C, eq x1 y1, . . . , eq xn yn, B1ȳ ⊢B1x̄

x1, y1, . . . , xn, yn :: E , C, eq x1 y1, . . . , eq xn yn, B2x̄ ⊢B2ȳ

The proof of the first of these also requires the symmetry property of the equivalence relations.
From these two subproofs, one can immediately build a proof of

x1, y1, . . . , xn, yn :: E , C, eq x1 y1, . . . , eq xn yn, B1x̄ ⊃ B2x̄ ⊢ B1x̄ ⊃ B2x̄

The cases for the other binary propositional connectives (∧ and ∨) are completely similar.
The cases for t and f are immediate.

Case. Bx̄ is ∀u, B0ux̄ where B0 is an n + 1 abstraction. The inductive hypothesis yields a
proof of

x1, y1, . . . , xn, yn, u, v :: E , C, eq x1 y1, . . . , eq xn yn, eq u v, B0ux̄ ⊢ B0vȳ

By substituting u for v into this sequent, cutting with the proof of eq u u, and introduction
rules for ∀ on the left and right, we have a proof of

x1, y1, . . . , xn, yn, u, v :: E , C, eq x1 y1, . . . , eq xn yn, ∀u.B0ux̄ ⊢ ∀u.B0uȳ

The case for the existential quantifier is similar. ◀

It is useful at times to replace the formulas in E and C with synthetic rules. By employing
the techniques found in [26, 33], these formulas can also be turned into the following inference
rules, encoding, respectively, reflexivity, symmetry, transitivity, and compatibility.

u : σ, Σ :: eqσ u u, Γ ⊢ B

u : σ, Σ :: Γ ⊢ B

Σ :: eqσ t s, eqσ s t, Γ ⊢ B

Σ :: eqσ t s, Γ ⊢ B

Σ :: eqσ t s, eqσ s r, eqσ t r, Γ ⊢ B

Σ :: eqσ t s, eqσ s r, Γ ⊢ B

Σ :: eqσ1 t1 s1, . . . , eqσ1 t1 s1, P t1 · · · tn, P s1 · · · sn, Γ ⊢ B

Σ :: eqσ1 t1 s1, . . . , eqσ1 t1 s1, P t1 · · · tn, Γ ⊢ B

As shown in [26], the addition of such synthetic rules to LJ results in a proof system that
satisfies the cut elimination theorem.

5 Inference rules for equivalences

If we are working only with equality-free formulas over E∪C, then we can move to a new proof
system in which the (possibly numerous) axioms describing compatibility and equivalence
are replaced by inference rules that make the predicates in E into logical connectives by

FSCD 2026



24:6 Treating Congruences as Equalities Within Proofs

giving them their own left and right introduction rules. In particular, those new introduction
rules are essentially the rules for equality.

Σ :: Γ ⊢ eqσ t t
eqσR

u, Σ :: Γ[u/v] ⊢ B[u/v]
u, v, Σ :: eqσ u v, Γ ⊢ B

eqσL

Given that we will be working with formulas without occurrences of constructors, the rules
for introducing equivalences on the left and right are simpler than for general equality. In
particular, the left introduction rule lacks the “failure-to-unify” case. Let LJ E be the proof
system that results from adding the above introduction rules (for every σ ∈ S) to LJ , and let
LJ =

E be the proof system that results from adding them to LJ =.

▶ Theorem 2. Let B be an E ∪ C-formula without equalities. If · :: E , C ⊢ B has an LJ =

proof then · :: · ⊢ B has an LJ =
E proof.

Proof. Assume · :: E , C ⊢ B has an LJ = proof. Since B contains no equalities, then
· :: E , C ⊢ B has an LJ proof. For the purpose of this proof, we extend the LJ proof system
to the LJ + proof system by adding the synthetic rules for all the formulas in E ∪ C: as a
result, the assumptions in E ∪ C can be removed from the sequent. In that extended proof
system, every sequent is of the form

u1 : σ1, . . . , un : σn :: S, R, Γ ⊢ C, (1)

where S is {σ1 u1, . . . , σn un}, and R is the set of atomic formulas of the form eqσ ui uj

(and we assume that Γ does not contain such atomic formulas). For σ ∈ S, let ≡σ be
the least equivalence relation on the variables in {u1, . . . , un} that contains the relation
{⟨u, v⟩ | eqσ u v ∈ R}. We fix some linear order on variables (say, alphabetic) and define
the function ≡̂σ from variables to variables (both of type σ) such that ≡̂σ(u) = v if v is
the representative of the ≡σ-equivalence class containing u. Here, the representative is the
member of the equivalence class that is least in the order relation. The function ≡̂(C) is
defined to map the formula C to the formula that results in substituting free variables of C

(of type, say, σ) with their image under ≡̂σ. Next, we apply ≡̂ to the formulas in the sequent
(1) to get the new sequent

v1, . . . , vm :: ≡̂σ(S), ≡̂σ(R), ≡̂σ(Γ) ⊢ ≡̂σ(C). (2)

Here, the vi’s are representatives of equivalence classes and the atoms in ≡̂σ(R) are all of
the form eqσ vi vi. We shall say that the sequent (2) is associated with the sequent (1).

A simple induction on the structure of LJ + proofs shows that if (1) has an LJ + proof,
then its associated sequent has an LJ E proof. As a result of this induction, we know that
since the sequent · :: · ⊢ B has an LJ = proof, then the associated sequent · :: · ⊢ B has an
LJ =

E proof. ◀

▶ Theorem 3. Let B be an E ∪ C-formula without equalities. If · :: · ⊢ B has an LJ =
E proof

then · :: E , C ⊢ B has an LJ = proof.

Proof. We show how to transform a LJ =
E proof of Σ :: Γ ⊢ B into an LJ = proof Σ :: E , C, Γ ⊢

B. All rules of LJ =
E are rules of LJ = except for the eqσL and eqσR rules. The eqσR rule is

easily accounted for using the reflective rules in E . To account for the eqσL rule, we first
prove that the sequents

u, v, Σ :: E , C, eqσ u v,B ⊢ B[u/v] (3)
u, v, Σ :: E , C, eqσ u v,B[u/v] ⊢ B (4)
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have LJ = proofs. We do this by induction on the structure of B. The case where B is
an atomic formula follows immediately from the axioms in E , C. All the other cases follow
directly from the inductive hypothesis.

Now, assume that the last inference rule is the eqσL rule. We apply the inductive
assumption to conclude that the sequent

u, Σ :: E , C, Γ[u/v] ⊢ B[u/v]

has an LJ = proof. We can now apply the cut rule with (3) for every member of Γ[u/v] and
with (4) with B[u/v]. Cut elimination for LJ = proofs then yields the desired proof of the
sequent u, v, Σ :: E , C, eqσ u v, Γ ⊢ B. ◀

▶ Theorem 4. The inference rule eqσL is invertible.

Proof. Assume that u, v, Σ :: eqσ u v, Γ ⊢ B has a proof. It follows (using the instan rule)
that the sequent u, Σ :: eqσ u u, Γ[u/v] ⊢ B[u/v] has a proof. If we use cut with the proof of
u, Σ :: E, C ⊢ eqσ u u, we can conclude that u, Σ :: Γ[u/v] ⊢ B[u/v] has a proof. ◀

6 Predicates as functions

Let P be a predicate of arity n + 1 (n ≥ 0) and assume that we wish to assert that P

describes a function from its first n arguments to its last argument. That is, we wish that the
predicate P encodes the function f if the (closed) atomic formula P t1 · · · tn t0 is provable
whenever t0 is the result of (f t1 · · · tn). This is possible if we assert the two formulas

Determinacy: ∀x̄∀u∀v. P x̄ u ⊃ P x̄ v ⊃ u = v

Totality: ∀x̄.∃y. P x̄ y.

In this case, the 1-ary abstraction λx.P t1 . . . tn x (also written simply as (P t1 . . . tn))
denotes a singleton set. We shall often interchangeably refer to predicates-as-functions as
well as 1-ary abstractions-as-singletons.

The following theorem provides a kind of converse to the instan inference rule (Section 2):
the instan rule allows one to instantiate an eigenvariable in the premise to get the conclu-
sion. The P -det rule allows the following version of the converse: one can instantiate an
eigenvariable in the conclusion to get the premise, provided that (i) the eigenvariable that is
instantiated is restricted by a 1-ary abstraction known to be a singleton and (ii) the term
used in the substitution is known to be an inhabitant of that singleton.

▶ Theorem 5. Let P be a 1-abstraction over σ for which we can prove both the determinacy
and totality properties from Σ and Γ. The following rule is admissible in LJ =.

Σ :: Γ1 ⊢ P t Σ :: Γ2[t/x] ⊢ B[t/x]
Σ, x :: P x, Γ1, Γ2 ⊢ B

P -det

Furthermore, if Σ :: Γ1 ⊢ P t is provable for some term t and Γ1 is contained in Γ2, then if
the conclusion is provable, the right premise is provable.

This rule does not satisfy the subformula property: while P t is often considered a
subformula of ∀x.P x, it is not generally considered a subformula of P x. Thus, it is not
surprising that the admissibility of this rule relies on the cut rule.

FSCD 2026



24:8 Treating Congruences as Equalities Within Proofs

Proof. The P -det inference rule results from combining an instance of cut and the equality
left rule with an application of the determinacy axiom, as shown below.

Σ :: Γ1 ⊢ P t

Σ :: Γ2[t/x] ⊢ B[t/x]
Σ :: P t, P x, x = t, Γ2 ⊢ B

=l, weakening

Σ :: P t, P x, Γ2 ⊢ B
Determinacy axiom

Σ, x :: P x, Γ1, Γ2 ⊢ B
cut

To prove the other, invertible-like property, assume that t is a Σ-term of type σ, Γ1 is
contained in Γ2, and both Σ :: Γ1 ⊢ P t and Σ, x :: P x, Γ1, Γ2 ⊢ B are provable. (Note that
x is not free in the formulas of Γ1.) These can be assembled into a proof of the right premise.

Σ :: Γ1 ⊢ P t

Σ ⊢ t : σ Σ, x :: P x, Γ1, Γ2 ⊢ B

Σ :: P t, Γ1, Γ2[t/x] ⊢ B[t/x] instan

Σ :: Γ1, Γ2[t/x] ⊢ B[t/x] cut

Since Γ1 is contained in Γ2 and since contexts are treated as sets, we have a proof of the
right premise. ◀

The consequence of this theorem is that if we are searching for a proof of the sequent
Σ, x :: P x, Γ ⊢ B and we know that P is a singleton, then we can continue the search with
the sequent Σ :: Γ[t/x] ⊢ B[t/x] where t is known to be the member of the singleton denoted
by P . Note that we do not need to use Hilbert’s ϵ or Church’s ι choice operators here [8, 21].

7 Predicates as congruences

Often, we wish that a particular function is actually a congruence with respect to the
equivalence relations E. The following formulas can be used to assert this property.

Determinacy modulo: ∀x̄∀ȳ∀u∀v.(
∧

i

eq xi yi) ⊃ P x̄ u ⊃ P ȳ v ⊃ eq u v

If the equivalence relations are all trivial (denoting just syntactic equality), then determinacy
modulo is simply determinacy.

Congruences can be used to build compatible relations. In particular, let P be a predicate
of type σ1 → · · · → σn → σ0 → o (n ≥ 0) and assume that this predicate satisfies the
conditions for being a congruence (i.e., determinacy, totality, and determinacy modulo).
Axiomatize the predicate R of the same type as P by the following equivalence.

∀x̄.[R x1 · · · xn x0 ≡ ∃y.(P x1 · · · xn y ∧ eq y x0)].

▶ Theorem 6. Let Γ be a theory that includes E and the definition of R above based on the
predicates P and eq. If Γ proves that P is a function (determinate and total) as well as a
congruence, then Γ also proves that R is compatible for E.

Proof. Follows as a simple consequence of the assumptions on P and R. ◀

We can now state as a theorem the result of lifting Theorem 5 about functions and LJ =

to dealing with congruences and LJ =
E .
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▶ Theorem 7. Let Γ be a theory composed of E ∪ C-formulas without equalities. Let P be a
1-ary abstraction over σ for which we can prove that it is a congruence from Σ and Γ. The
following rule is admissible in LJ =

E .

Σ :: Γ1 ⊢ P t Σ :: Γ2[t/x] ⊢ B[t/x]
Σ, x :: P x, Γ1, Γ2 ⊢ B

P -det

Furthermore, if Σ :: Γ1 ⊢ P t is provable for some term t and Γ1 is contained in Γ2 then if
the conclusion is provable, the right premise is provable.

The proof of this theorem follows the proof of Theorem 5.

8 Computing with functions encoded as relations

As was noted in [17], when a predicate P denotes a function, the following equivalence holds
for any 1-ary abstraction Q.

∀x̄ [ ∀u (P x̄ u ⊃ Q u) ≡ ∃u (P x̄ u ∧ Q u) ] (5)

Although this equivalence is a simple observation to make, it has a striking impact on viewing
the operational reading of sequent calculus rules. For example, if one is attempting a proof
of Γ ⊢ ∃u.(P x̄ u ∧ Q u) in the Gentzen-style proof systems we are using in this paper, the
proof could proceed by first guessing a term t, then checking that it is the result of applying
the function encoded by P on the arguments x̄, and then checking that Q t holds. The
equivalence mentioned above allows us to change from this “guess and check” strategy and
instead change to an attempt to prove Γ ⊢ (∀u.P x̄ u ⊃ Q u). As we now illustrate, the
operational reading of proof search for this sequent amounts to computing the value of the
function encoded by P .

To present some examples related to natural numbers, we introduce the following primitive
sort and two constructors (using the syntax of the Abella prover).

Kind nat type.
Type z nat.
Type s nat -> nat.

The following definition for the predicate nat

Define nat : nat -> prop by
nat z

; nat (s N) := nat N.

encodes, within Abella, a least fixed point. (The type of formulas in Abella is written as
prop instead of as o.) In the setting of LJ =, we will instead translate this definition as the
equivalence

∀x.nat x ≡ (x = 0 ∨ ∃y. x = (s y) ∧ nat y).

This equivalence is weaker than the intended least fixed-point definition used in Abella, since
it will hold for all fixed points of this recursive definition. This reduction in strength is not
surprising since LJ = does not include an induction scheme, whereas Abella is intended as an
approach to arithmetic and does include induction.

Using the procedures for transforming such formulas into synthetic inferences given
in [26, 33], the two implications given by this equivalence yield the following synthetic
inference rules.
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Σ :: Γ ⊢ nat 0
Σ :: Γ ⊢ nat N

Σ :: Γ ⊢ nat (s N)
Σ :: n = 0, Γ ⊢ B Σ, y :: n = (s y), nat y, Γ ⊢ B

Σ :: Γ, nat n ⊢ B

Similarly, the definition of the predicate that encodes addition of natural numbers
Define plus : nat -> nat -> nat -> prop by

plus z N N := nat N
; plus (s M) N (s K) := plus M N K.

yields the following equivalence

∀n∀m∀k. plus n m k ≡ (n = 0 ∧ m = k ∧ nat m) ∨
(∃n′∃k′.n = (s n′) ∧ k = (s k′) ∧ plus n′ m k′)

and the following synthetic inference rules.

Σ :: Γ ⊢ nat N
Σ :: Γ ⊢ plus 0 N N

Σ :: Γ ⊢ plus N M K

Σ :: Γ ⊢ plus (s N) M (s K)
Σ :: n = 0, k = m, Γ ⊢ B Σ, n′, k′ :: (s n′) = n, (s k′) = k, plus n′ m k′, Γ ⊢ B

Σ :: Γ, plus n m k ⊢ B

Two instances of this last synthetic rule are

Σ :: m = k, Γ ⊢ B

Σ :: Γ, plus 0 m k ⊢ B and
Σ, k′ :: (s k′) = k, plus n′ m k′, Γ ⊢ B

Σ :: Γ, plus (s n) m k ⊢ B
.

We write the boldface numerals 0, 1, 2, 3, and 4 to denote the terms z, (s z), (s (s z)),
(s (s (s z))), and (s (s (s (s z)))). The following derivation verifies that 4 is the sum of 2
and 2.

Γ ⊢ nat 2
Γ ⊢ plus 0 2 2
Γ ⊢ plus 1 2 3
Γ ⊢ plus 2 2 4 Γ ⊢ nat 4
Γ ⊢ ∃p.plus 2 2 p ∧ nat p

∃, ∧

To complete this proof, we must construct the (obvious) proofs of ⊢ nat 2 and ⊢ nat 4. It
is most accurate to say that this proof checks that 4 is the result of adding 2 and 2. It is
possible to use a proof to compute by switching this existential formula to its equivalent
universal formula.

· :: Γ ⊢ nat (s (s 2))
k′′ :: Γ, 2 = k′′ ⊢ nat (s (s k′′))

=l

k′′ :: Γ, plus 0 2 k′′ ⊢ nat (s (s k′′))
k′, k′′ :: Γ, k′ = (s k′′), plus 0 2 k′′ ⊢ nat (s k′)

=l

k′ :: Γ, plus 1 2 k′ ⊢ nat (s k′)
u, k′ :: Γ, u = (s k′), plus 1 2 k′ ⊢ nat u

=l

u :: Γ, plus 2 2 u ⊢ nat u

· :: Γ ⊢ ∀u(plus 2 2 u ⊃ nat u)
∀, ⊃

The conclusion-to-premise construction of this proof involves the systematic computation of
the value of 2 plus 2.
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This method of computing the value of a function when using its specification as a relation
has an important defect: there might be many paths of computation that all arrive at the
same value, but all of these paths will be traced out in the proof. To illustrate this issue,
consider the following predicate definition for specifying the addition of natural numbers.

Define pluss : nat -> nat -> nat -> prop by
pluss z N N := nat N

; pluss N z N := nat N
; pluss (s N) M (s P) := pluss N M P
; pluss N (s M) (s P) := pluss N M P.

It is easy to prove that this predicate is total, determinate, and computes the same function as
the plus predicate defined above. As a relation, this relation is highly non-deterministic: for
example, it is possible to build 20 different proofs of ∃N, pluss 2 2 N by using backchaining
on the clauses in this definition: of course, all of these paths will yield the same witness
for ∃N . However, if we attempt a proof of the sequent n :: pluss 2 2 n ⊢ Q n we will
necessarily need to have all of these paths explored on the left (the encoding of the definition
of pluss involves a disjunction of four cases): of course, all of these cases will yield the
sequent · :: · ⊢ Q 4 as their premise, and all of these identical premises must be proved.

The P -det rule can be used to eliminate such highly redundant proof search. For example,
although there are 20 proofs (using the associated synthetic rules) of · ⊢ pluss 2 2 4, we only
need the existence of one such path to invoke the P -det rule. Thus, we have the following
instance of the P -det rule.

· :: · ⊢ pluss 2 2 4 · :: · ⊢ Q 4
n :: pluss 2 2 n ⊢ Q n

pluss-det

The resulting proof search is a far more direct way to exploit the functionality of pluss via
a built-in use of the cut rule. We only needed to develop one trace of computing the pluss
predicate (the proof of the left premise).

These observations about computing function values using predicate specifications can
also be extended to similar observations about congruences. When a predicate encodes also
a congruence, we can prove a generalized form of the equivalence in (5), namely,

∀x̄∀ȳ(
∧

i

eq xi yi) ⊃ (∀v.P x̄ v ⊃ Q v) ≡ (∃v.P ȳ v ∧ Q v), (6)

where Q is a 1-ary abstraction that is also compatible. This equivalence can be used to
switch from guessing the value of a function on one list of arguments to computing it, but
for a different but equivalent list of arguments. The flexibility to choose different arguments
can be valuable since one can select values that yield a more direct computation (often via
some canonical representative for equivalence classes).

9 Applications to interactive theorem provers

We continue to illustrate the declaration of types, definitions, and theorems using the syntax
of the Abella prover, as these declarations are relatively easy to read and closely resemble
common logical notions. It is important to say that Abella has a number of specialized
features – such as the ∇-quantifier [15, 30] and its own proof script language – but these are
not relevant to our discussions here. We are only using Abella as an implementation of a
multi-sorted first-order intuitionistic logic.
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9.1 Systematically replacing functions with predicates
A typical approach to providing functions in a relational logic setting is to use a choice
operator such as Hilbert’s ϵ operator or Church’s definite description operator ι. For example,
if the predicate P with type σ → τ → o is known to describe a function, then that function
could be written as λxσ.(ι y.(P x y)) of type σ → τ (see [1]). As we have mentioned earlier,
we intend to remain strictly first-order and not admit such choice operators.

Not only do we not have genuine functions as part of our logic, but some of the theorems
in this paper are about formulas built from only the predicates in E and C: in particular, no
term constructors are present.

Thus, we need a strategy for converting informal mathematical statements involving
functions and term constructors into statements that admit only predicates. For example, an
expression of the form (x + y) = u needs to be translated into the relational expression plus
x y u. Fortunately, the compiler-based notion of administrative normal form (ANF) [12] –
where functions are applied only to arguments that are variables can be used to perform
this mapping for expressions containing functions to expressions using only predicates.
Furthermore, this normal form has been given a proof-theoretic definition (where proof
structures are identified with term structures) in [17].

To illustrate a use of ANF, the expression (f (g x) (f x y)) can be written in ANF as

name u = (g x) in name v = (f x y) in name w = (f u v) in w.

Although such name-binding expressions (similar to let-binding expressions) are not part of
our first-order logic, such expressions can be translated directly into quantified expressions.
In particular, if we let Pg denote the predicate that encodes the function g (i.e., (Pg x u)
stands for g x = u) then the expression name u = (g x) in · can be encoded equivalently as
either ∀u.Pg x u ⊃ · or ∃u.Pg x u ∧ · (their equivalence follows from the equivalence in (5)).

More generally, assume that we wish to prove the following theorem about the natural
numbers (with the usual notions of addition and greater-than).

forall N M K, N < M -> (N + K) < (M + K)

This can be converted into ANF format, yielding the expression.
forall N M K, N < M -> name U = (N + K) in name V = (M + K) in U < V.

This expression can be converted into one of the following two theorems
forall N M K,

N < M -> forall U, plus N K U -> forall V, plus M K V -> U < V.

forall N M K,
N < M -> exists U, plus N K U /\ exists V, plus M K V /\ U < V.

9.2 Separating concrete types from an abstract type
A multiset can be defined as a list modulo permutations. To illustrate this approach, the
following items regarding the binary predicate perm.

Type perm list A -> list A -> prop.
Theorem perm_ref : forall L, list L -> perm L L.
Theorem perm_sym : forall L K, perm L K -> perm K L.
Theorem perm_trans : forall L K M, perm L K -> perm K M -> perm L M.

These theorems assert that perm is an equivalence relation. We intend to manipulate
multisets-as-lists using the following predicates.
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Type empty list A -> prop.
Type adj A -> list A -> list A -> prop.
Type merge list A -> list A -> list A -> prop.

Here, empty L should be provable exactly when L is the empty list; adj X L K is provable
when adding the item X to the multiset L yields the multiset K; and merge L K M is provable
when M is the result of merging the multisets L and K. The following are the axioms that
assert that these predicates are compatible for permutations.

Theorem empty_compat : forall L K, perm L K -> empty L -> empty K.
Theorem adj_compat : forall X, forall L K, forall M N,

perm L K -> perm M N -> adj X L M -> adj X K N.
Theorem merge_compat : forall L K, forall M N, forall P Q,

perm L K -> perm M N -> perm P Q -> merge L M P -> merge K N Q.

Defining empty to hold only for the empty list yields a relation that is compatible. The
append operation on lists is a congruence but not compatible. Making it compatible is one
way to define the merge relation (via Theorem 6).

At this point, we wish to use the proof system LJ =
E , in which there are inference rules

that treat perm as if it were an equality on the type mset A. One way to achieve this in
Abella is to leverage its typing discipline. For example, we can introduce a new (polymorphic)
type for multisets and change the typing of the three primitive predicates as follows.

Kind mset type -> type.
Type empty mset A.
Type adj A -> mset A -> mset A -> prop.
Type merge mset A -> mset A -> mset A -> prop.

Note that we will not introduce any constructor of type mset A. By introducing these type
declarations instead of list-based ones above, we can guarantee that all the definitions and
formulas are compatible. This allows us to drop the axioms of equivalence and compatibility
and to treat lists modulo permutations as multisets with equality. We can also transport
any definitions and theorems proved using this restricted set of predicates back to being
theorems where mset A is replaced by list A, where perm is, again, a non-trivial relation
on lists, and where the compatibility and equivalence relations are again assumed.

10 Related work

The concept of abstract datatypes in programming languages – prominent in the literatures
for both functional programming [31] and logic programming [19, 29] – is, of course, strongly
related to the topic of this paper. Our approach separates the concrete and abstract views of
structures, specifically within a proof environment rather than a traditional programming
environment.

The deduction modulo framework [2, 11] is also capable of treating abstractions due to its
ability to work modulo equational theories. In that work, equality is enriched with rewriting
theories. The notion of equality in this paper remains the simple, syntactic equality, even
when it is standing in for equivalences.

Treatments of equivalence and congruence have long appeared in systems based on
constructive type theory, with probably the earliest such approach being the quotient types
in NuPRL [10]. Setoids [6] are strongly related to the topic of this paper. For example,
the pairing of types to equivalences is done using record typing, and compatibilities are
captured by the notion of morphism. Setoids are generally developed in the context of
constructive type theories and have been given mature implementations [9, 37]. In the Rocq
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system, a setoid_rewrite tactic can be used to mimic the eqσL and eqσR inference rules.
Although much of the topic of this paper is mirrored in this earlier work on setoids, it is worth
examining how a proof-theoretic approach might express these similar concepts. For example,
the presentation here remains first-order and can be simply applied to other logics with
well-developed sequent calculi, such as classical and linear logics. Finally, the proof-theoretic
approach to congruences here should also work seamlessly with the usual unification-based
approaches to implementing proof search and with the ∇-quantifier of Abella. However,
these possibilities are left for future work.

Foundational inquiries into the nature of equality have long occupied an important role
in constructive type theory, spanning from the introduction of Martin-Löf’s J-rule [27] to
contemporary investigations into the “Uniqueness of Identity Proofs” principle [22]. The
results presented in this paper may resonate with these long-standing conceptual concerns.

While we make claims in this paper that various kinds of combinatorial explosions can
be averted using specific techniques, those claims are meant to apply entirely within the
sequent calculus. Also, no claims are made about fully automating the proof theory results
here, although we hope to consider doing so to enhance the automation in Abella. If one
leaves the domain of sequent calculus and structural proof theory, one can turn to automated
approaches based on resolution, such as those used in the superposition calculus [3]. Such
approaches have been given highly effective automation by many systems, including the E
Prover [36] and Vampire [24]. Given the divergence between the proof theory in this paper
and the resolution-based framework of those systems, it would be interesting to bridge their
foundational differences and to see to what extent the sequent calculus could adopt results
from the superposition calculus.

The treatment of mathematical structures in category theory is likely to be related to
our ability here to move from a concrete representation of data structures to a more abstract
treatment. Fruitful connections might be made to the multi-sorted, first-order treatment of
category theory given in the work by Freyd [13, 14] and Makkai [25].

11 Conclusion

This paper presents a first-order framework based on the sequent calculus that treats
congruences and equivalence relations as actual equalities. By elevating structural proof
theory to support these basic mathematical relations directly, we are helping bridge the
gap between the fine-grained formal inference in proof theory and the informal practices of
mathematicians.

The primary contributions of this paper include:
A strictly first-order framework: We demonstrate that reasoning modulo equivalences can
be achieved without resorting to higher-order logic or set-theoretic constructions, such as
partitions or equivalence classes, while reasoning on structures modulo congruences.
The replacement of axioms with inference rules: We show that the numerous axioms
typically required for compatibility and equivalence can be replaced by dedicated left and
right introduction rules that are essentially familiar rules for treating equality.
Operational efficiency: By identifying when predicates encode functions, we can shift
from a “guess and check” proof search strategy to one that mimics direct computation.
This shift also provides flexibility for predicates that encode congruences.
Articulation with a proof assistant: We illustrate how the various proof-theoretic results
can be used within a proof assistant by illustrating how the administrative normal form
can be used to map expressions involving functions into expressions involving only the
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relations that denote those functions. We also illustrate how a simple change in typing
allows one to move from a concrete treatment of structures to an abstracted treatment
governed by the assumed equivalences.

Ultimately, this approach to abstraction should make proof search more effective and
natural when dealing with the many constructions built from concrete structures modulo
various equivalences.
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