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—— Abstract
In this paper, we show that the equational theory of relational Kleene algebra with the graph

loop operator (a.k.a. fizset) is PSPACE-complete. Here, the graph loop is the unary operator that
restricts a binary relation to the identity relation. We further show that this PSPACE-completeness
still holds by extending the terms with top, tests, converse, and nominals, over relational models.
Notably, for Kleene algebra with tests (KAT), while the equational theory of relational KAT with
antidomain is EXPTIME-complete, we show that the equational theory of relational KAT with
domain is PSPACE-complete, thereby resolving a problem left open in previous works.

To this end, we introduce a novel automaton model on relational structures (graphs), called
loop-automata. Loop-automata extend nondeterministic finite automata with a transition type that
tests whether the current vertex has a loop. Using this model, we can give a polynomial-time
reduction from the equational theories above to the language inclusion problem for 2-way alternating
automata.
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1 Introduction

Relational Kleene algebra (RKA), Kleene algebra over relational models, is an algebraic system
on binary relations with the operators {0, 1,;,4,-*} of empty relation (0), identity relation
(), union (4), composition (;), and reflexive transitive closure (Kleene star) (-*). RKA arises
in various research areas, for instance, in database theory via regular path queries (RPQs) [5]
and in program verification via relational Kleene algebra with tests (relational KAT, RKAT)
[19]. The equational theory of RKA is well-known to be decidable and PSPACE-complete,
because it coincides! with the language equivalence problem of regular expressions (which
is PSPACE-complete [23]). The equational theory over relational models is still PSPACE-
complete even if we extend RKA terms with several operators, such as tests [19], converse
[3], top [25, 31], nominals [27], and all the combinations of them [27, Cor. 6.7].

A remarkable extension is RKA with domain (-¢) and antidomain (-*) operators [8, 9, 10].
The domain operator -4 maps a binary relation R (on a set X) to the diagonal of the domain
and the antidomain operator - maps R to the (unary) complement of RY:

RY={(z,z) |z € X, yeX.(z,y) €R}, R ={(z,2)|zeX, Vyc X.(z,y) & R}.

L This coincidence can be seen, e.g., from the completeness theorem of Kleene algebra [17] or from a
straightforward argument regarding labelled paths in (relational) structures.
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The equational theory of RKA with antidomain? is EXPTIME-complete [35], coinciding
with the complexity of the theory of Propositional Dynamic Logic (PDL). However, for
the equational theory of RKA with domain, the complexity was left open by McLean [21,
Problem 7.3] and Sedldr [34, p. 16]. To the best of our knowledge,® it was previously known
only that the problem is PSPACE-hard [23] and in EXPTIME [35].

Another extension is RKA with intersection (N), a.k.a. (representable) relational Kleene
lattice [1]. The equational theory is EXPSPACE-complete [24, 4, 27], while it is PSPACE-
complete if we fix the intersection width (i.e., the maximum nesting depth of N) of input
terms [27]. RKA with graph loop (-©) ~henceforth, loop-RKA for short— [27] is a restriction
of RKA with intersection, where we only allow the intersection with identity relation (i.e.,
the graph loop operator). Here, graph loop* [7, 26] (also called fizset [15]) is the unary
operator of restricting a given binary relation R on X to the identity relation: R® := RNAx.
Loop-RKA is still expressive enough to define domain and range operators using top (T),
the full relation, as follows:

= (t;T)°, = (T;0)°. (d/r-by-0,T)

However, the complexity of the equational theory of loop-RKA (without T) was also left
open by Nakamura [27, §8]. To the best of our knowledge, it was previously known only that
the problem is PSpPACE-hard [23] and in EXPTIME [7, 13]. Loop-PDL [7] is propositional
dynamic logic of regular programs with graph loop (strong loop predicate). The theory of
loop-PDL is ExPTIME-complete [7] (another proof is in [13, Corollary 4.9]). By a canonical
embedding (cf., [11, p. 209]), we can give a polynomial-time reduction from the equational
theory of loop-RKA into the theory of loop-PDL. The EXPTIME upper bound for loop-RKA
can be obtained via this reduction. For loop-PDL, the EXPTIME upper bound can also be
obtained from the theory of PDL with intersection where the intersection width is fixed [13,
Corollary 4.9]. In contrast, we cannot obtain the PSPACE upper bound of loop-RKA from
the equational theory of RKA with intersection where the intersection width is fixed, because
“rich tests” in the context of PDL are not employed in RKA with intersection.?

Contributions. We first show the following, which affirmatively answers [27, §8]:
» Theorem 1. The equational theory for loop-RKA is PSPACE-complete.

Moreover, by adapting the encodings of some operators from [27, §6] in our automata
construction, the PSPACE upper bound is strengthened as follows (§ 7). Here, tests are in
the context of KAT [19] and nominals are in the context of hybrid modal logic [2].

The domain - can be expressed using antidomain as RY = (R*)*. The converse does not hold in general.

Using complement R~ := X2\ R where X is the base set, the antidomain -* can be expressed as
R* = ((R*)™)". However, the equational theory of RKA with complement is undecidable (by [14]). It is
still TI%-complete even when the application of complement is restricted to constants [28, Corollary 7.2]
or variables [25, Theorem 50] (via the reduction of [28, Example 3.4] from Horn formulas to equations).
In [33, unpublished manuscript] it is claimed that the containment problem of nested regular expressions
[32] (i.e., the inequational theory of RKA with domain and converse) is in PSPACE, which also implies
the PSPACE upper bound of the equational theory of RKA with domain. However, in the version of [33],
the containment on “semipaths” (not general structures) is only considered as noted in [33, p. 1].

In [7], the strong loop predicate loop(t) is considered. In our paper, we use it as operator. Precisely, tO
is equal to loop(t)? where ¢? denotes the rich test.

For loop-PDL, we can reduce the intersection width to at most 2 [13, Corollary 4.9], e.g., by translating
the nested (ab®a)® into (a({b°)true)?a)©, where ©? denotes the rich test and (¢)p denotes the diamond
modality. Note that the intersection width of ¢? is always defined to be 1, even if ¢ contains arbitrary
nested graph loop.
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» Theorem 2. The equational theory for loop-RKA with top, tests, converse, and nominals
1s PSPACE-complete.

As an application, we can also encode domain and range as above (d/r-by-O,T). Con-
sequently, our result also implies the PSPACE upper bounds for RKAT with domain and
RKA with domain [10, 21, 34]%, which answers [21, Problem 7.3] and [34, p. 16]:

» Corollary 3. The equational theory for RKA with tests, domain, and range is PSPACE-
complete.

Notably, adding domain to RKA maintains the PSPACE upper bound, while the equational
theory of RKA with antidomain (-?) is EXPTIME-complete [35].

To prove Theorems 1 and 2, we give a reduction from the equational theory into the lan-
guage inclusion problem of 2-way alternating string automata (2AFAs) [12]. We first observe
that the equational theory has the linearly bounded pathwidth model property (Proposition 7)
[27, Proposition 2.9]: if there is some counter-model for an equation (i.e., a structure refuting
the equation), then there is also some counter-model with pathwidth linear in the size of the
equation. By viewing path decompositions of bounded width as strings, we can enumerate
all possible structures of bounded pathwidth, using string automata. This baseline approach
itself is the same as in [27] for RKA with intersection. However, the construction of [27] does
not imply the PSPACE upper bound (see also [27, p. 46-47]), especially if the intersection
width is not fixed.

To obtain a PSPACE-algorithm, we introduce a novel automaton model, called loop-
automata (§ 4) as an alternative expression of the relational semantics of loop-RKA. Loop-
automata are obtained from nondeterministic automata by adding a new transition for
testing whether there exists a loop in the current vertex. From loop-automata, we build
2AFAs, where each string expresses a path decomposition. Using this construction, we give
a reduction from the equational theory of loop-RKA into the language inclusion problem
of 2AFAs. In our automata construction, we can also encode several additional operators,
which shows Theorem 2 and Corollary 3.

Related and future work. Our automata construction in this paper is based on [27],
which shows the equational theory for the positive fragment of Tarski’s calculus of relations
with transitive closure (PCoR*) [36, 30, 27] is EXPSPACE-complete. While loop-RKA can
be viewed as a syntactic fragment of PCoR*, the algorithm presented in [27] requires an
exponential space even for loop-RKA [27, p. 46-47]. Our automata construction in this
paper refines it, specializing loop-RKA. Our reduction is different from the reduction of [27],
mainly in the following two points:

We consider only (nested) path graphs instead of series-parallel graphs, using loop-

automata instead of derivatives on graphs. These graphs are sufficient for loop-RKA.

This significantly simplifies our algorithm compared to that of [27] and enables us to

obtain the PSPACE upper bound.

We reduce the alphabet size using a binary encoding of structures. This is also crucial for

our PSPACE upper bound, especially if the intersection width is not fixed.

Notably, RKAT with domain and range has a connection with incorrectness logic [29].
An (angelic total) incorrectness triple (i.e., all states in ¢ can be reached by running ¢ on
some state in p) can be expressed as follows, where p, ¢ are tests and ¢ is a KAT term:

r

pltlgd < (g >q (= (pte)"'=q¢ <+ Tptg=Tq).

6 RKA with domain is a strictly less expressive fragment of RKA with tests and antidomain. The latter
system is often also called (relational) “Kleene algebra with domain” [8].
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See also [38, Table 2] for further correspondences between Hoare-like logics and RKAT with
domain and range, based on the equivalences tT = sT <t =sdand Tt = Ts < t' = s".
In previous work, the PSPACE upper bound of the validity of such incorrectness triples was
shown via an encoding to KAT with top over relational models [25, 31], or KAT with top
over language models [39]. Our Corollary 3 more directly shows that the above (in)equation
is in PSPACE.

In this paper, we present an algorithm for loop-RKA; however, it would also be interesting
to present an algorithm specialized to RKA with domain.”

Additionally, it is open whether the equational theory of loop-RKA (resp., loop-RKAT,
i.e., RKAT with graph loop) is finitely axiomatizable. An interesting valid equation in
loop-RKA is (t7)° < (#)* (cf. [30, p. 14]).

Organization. In § 2, we give basic definitions. In § 3, we define loop-RKA. In § 4, we
introduce loop-automata as an alternative of loop-RKA terms. In § 5 and 6, we show that
the equational theory of loop-RKA is PSpPACE-complete (Theorem 1). In § 7, we extend the
automata construction with several additional operators (Theorem 2 and Corollary 3).

2 Preliminaries

We write N for the set of non-negative integers. For [,r € N, we write [l..r] for the set
{i e N |l <i<r}. Forn €N, we abbreviate [1..n] to [n]. For a set X, we write #X for
the cardinality of X. We may use LI to denote that the union U is disjoint, explicitly. For a
sequence a = aj . .. a,, we write afi] for the element a;.

2.1 Word languages

For a set X of characters, we write X* for the set of strings over X. We write wv for the
concatenation of strings w and v. We write ¢ for the empty string. A language over X is a
subset of X*. We use w, v to denote strings and use L, KC to denote languages. For languages
L, C X*, the concatenation L ; IC, the n-th iteration L™ (where n € N), the Kleene plus
LT, and the Kleene star L£* are defined by:

LiK={wv|weL NwveK},

L;Lr1 >1
L= { ’ (n=1) cr=J =L
{e} (n=0), n>1 n>0

2.2 Binary relations

We write A4 for the identity relation on a set A: Ay = {(x,z) | « € A}. For binary
relations R, S on a set B, the composition R ; S, the n-th iteration R"™ (where n € N), the
transitive closure RY, the reflexive transitive closure R*, the domain R9, the range R', and

7 Our approach of encoding domain using graph loop and top does not preserve the complexity in general.
For example, whereas the equational theory of RKA with domain and variable complements is in
ExpTIME (by [20]), it is undecidable for loop-RKA with variable complements [25, 28] (Footnote 2).
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the graph loop R are defined by:

R;S={(z,2)| Jy,(z,y) € R A (y,2) € S}, R®:=RnNApg,
R: R 1 >1
R":{ ! (nz1) R*:=|JR", R =|JR",
Ap (n=0) n>1 n>0
RY = {(z,z) | Jy, (z,y) € R}, R ={(y,y) | 3z, (z,y) € R}.

2.3 Graphs and structures

For k > 0 and a set A, a graph G over A with k ports (i.e., k named vertices) is a tuple
(|G|, {a%}aca, 19, ... k%), where

|G| is a set (which is possibly empty when k = 0) of vertices,

a® C |G|? is a binary relation for each a € A denoting the set of edges labelled by a,

i% € |G| is the i-th port for each i € [k].
We depict graphs as usual. For instance, when G is defined as |G| = {1,2,3}, a® =
{(1,2),(2,3)}, 1¢ = 1, and 2¢ = 3, we depict G as ! D-a+@-a-@) 2. By view-
ing the ports 1¢ and 2¢ as the “input” and “output”, respectively, we may depict G as

+0—a—0—a—0+ (by drawing ! ©as +0and© 2 aso+ | respectively, and by forgetting

vertex labels), ~0——0——0~ (by forgetting edge labels a), or o—AG—0. For two
graphs G and H, we write G = H if they are graph isomorphic.

A structure over A is a non-empty graph without ports over A. We use M, A to denote
structures. We write REL for the class of all structures.

2.4 Pathwidth, path decomposition, and gluing operator

We recall the pathwidth of structures [6, Def. 9.12]. For a finite structure M over A, a path
decomposition of M is a sequence N' = N ... N, of finite structures such that

M| = Usep Vil and e = U,y aNi for each a € A,

Wil N[N C NG| forall 1 <i <j <k <n.

Each A is called a bag. The width of N is max;e [, (#[N;| — 1). The pathwidth pw(M) of a
finite structure M is defined as the minimum width among path decompositions of M. For
instance, for the M and A in Fig. 1, A is a path decomposition of M of width 2.

In this paper, we will view path decompositions as strings, based on, e.g., [24, 27]. We
define ® M [27, Definition 5.1] as the structure obtained from the disjoint union of structures
in M by gluing vertices having the same name in adjacent structures. We write [(i,z)]~
for the equivalence class of the vertex named by 2 in M{[i] w.r.t. the equivalence relation
induced from the construction of ®.M; more precisely, it is the minimal equivalence relation
~ satisfying (i,v) ~ (i + 1,v) for all i € [1..n — 1] and v € |[M[i]| N |[M[i + 1]|.

» Example 4. For the A and M in Fig. 1, the structure ®N is illustrated as in Fig. 1 by
gluing vertices according to the dotted lines. We observe that the structure is isomorphic to
M. In general, the gluing operator transforms a given path decomposition into the original
structure up to isomorphisms.

25:5
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Figure 1 Tllustrative example of path decomposition and the gluing operator ®. A is a path
decomposition of M. ®AN is obtained from A by gluing adjacent vertices with the same label
(indicated by dotted lines).

» Example 5. Below is another example of the gluing operator ©:

o5 (*9) (%) a‘ S

@ @

~~~~~~

Note that the vertices labelled with 1 are not glued since they are not adjacent.

3 Relational Kleene Algebra with Graph Loop

In this section, we define relational Kleene algebra with graph loop (loop-RKA).

Syntax. Given a set X of variables, the terms over X are defined as the terms over the
signature {0(0), l(0), +(2)(2)> (1) .8)}:
tys,u  w= al|O0|l|t4+s|t;s]|t*]tC. where a € ¥

We often abbreviate ¢ ;s to ts. We use parentheses in ambiguous situations. We write > . t;
for the term 04 ¢; + - -- +t,. We also let t* := #t*. An equation t = s is a pair of terms. An
inequation t < s abbreviates the equation ¢ + s = s. The size ||t]| of a term ¢ is defined as the
number of symbols occurring in t.

Semantics. For a structure M and a term ¢, the semantics® [t} C |M|? is defined as
follows:

[ =aM,  [O[Mi=0, (M= D, [+ sIM = EM UM
M = EMG TSI, [T = @), IO = Y 0 A

Recall that REL is the class of all structures. For C C REL, we write C |= t = s if [t]" = [s]M
for all M € C. In the sequel, we mainly consider the equational theory w.r.t. REL.

8 For notational convenience, we use structures as an alternative to algebras of binary relations.
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Linearly bounded pathwidth model property. The intersection width iw(t) [13] (where the
term t© is viewed as t N 1) is defined as follows:

iw(a) =1 for a € U {1,0}, iw(t™) =1iw(t),
iw(t © s) = max(iw(t),iw(s)) for © € {;,+}, iw(t°) = iw(t) + 1.
For instance, iw(a®b°c®) = 2 and iw((c(ba®b)°c)®) = 4.
» Proposition 6. For all terms t, we have iw(t) < ||t]|.
Proof. By easy induction on t. <

For a class C C REL, we let Cpyw<t, = {M € C | pw(M) < k}. Because loop-RKA can be
viewed as a syntactic fragment of PCoR* [30, 27], we have the linearly bounded pathwidth
model property:

» Proposition 7 ([27, Proposition 2.9]). For all loop-RKA terms, t and s, we have:
RELEt<s <= RELyycnp =t<s.

For instance, when t = ((a(b7)®a)®¢)t and s = (a(b+bb)ac*)+(cabac*), to show REL [~ t < s,
it suffices to consider structures in REL <3 by iw(t) = 3. For instance, the following structure
M € REL,y<j3 satisfies (z,y) € [t]™ \ [s]™ (hence, REL j£ ¢ < s):

b0 R

b b b b

M = \f“{ ﬁl
e e@

4 Automata Expression for Loop-RKA

In this section, we introduce an automata model, named loop-automata, for representing the
relational semantics of loop-RKA. Loop-automata accept/reject ordered pairs of vertices in
graphs (structures). Given two finite sets ¥ (of characters) and @ (of states), we consider
the following set of transition labels:

Lyq = SU{}H{lpq | (p.0) € Q%)

Each label a € ¥ is employed for the standard transitions. The label | is employed for the
“epsilon”-transitions: transitions that do not consume any input symbol. Each label £, ;)
is employed for expressing loop-transitions, which are conditional “epsilon”-transitions: the
transition is allowed only when there exists a run from the state p on the current vertex to ¢
on the same vertex.

» Definition 8. Let X be a finite set of characters. A (non-deterministic) loop-automaton
A over ¥ is a graph over Ly, | 4| with 2 ports, i.e., a tuple (|Al, {aA}aeLEY‘A‘,lAJA) where
|A| is a finite set of states,
a’ C | AJ? is a binary relation for expressing a transition function for each o € Ly 45
14 € | A| is the source state,
24 ¢ | A| is the target state.

Given a loop-automaton A and a structure M over a finite set X, an M-run (or, run if
M is clear from the context) 7 of A is a non-empty sequence Toa1xy .. . Lp_10,T,, Where
z; € M| and a; € Ly |4 for each i. We write 17 = ¢ and 27 = z,,. For two M-runs

25:7
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T =TgQ1...0,T, and 0 = yoB1 ... BmYm, the coalesced product T ¢ o is partially defined as
follows: 7¢ 0 == 2gQq ... AnTRP1 - - - BmYm if T, = yo and undefined otherwise. The relation
p —MA g (or, p —M qif Ais clear) is defined as the minimal ternary relation of p, ¢ € |A|
and a run 7, closed under the following rules:

p € |A| and z € |IM| R (p,q) € o and (z,y) € [a]M

a for o € X U{I}

p—3'p P —hay 4
p —>M q q —>£” r T (p,q) € fé/,q/y 2 ‘*4\4 q',and 17 =27 =z € | M| ¢
(p'-q")
p HTOO’ p H%(pl,q/)x q
The semantics [AJ™ C |M|? is given as follows:
[AIM = {(z,y) € IM|* | 14 —M 24 for some run 7 s.t. 17 = z and 27 = y}.

» Example 9. Let ¢ := aa(ba)®bb. Then the following A; is the corresponding loop-automaton
(i.e., [AJM = [t]™ holds for every structure M):

i g @O ® .l
For instance, let M = ©(N,N>) where A = (@]: b\@) and N5 = (@: b@) We just

write [(1,1)]~, [(1,2)]~ (= [(2,2)]~), and [(2,3)]~, as 1, 2, and 3, respectively, for short. We
then have (1,1) € [t]™. We also have (1,1) € [A]M, e.g., by the following derivation tree:

M M
Q1 755 92 92 —75,5 43

3

p1 —>{\;lg b2 P2 —>§;1~ p3 T q —>/,\g[2a, q3 Y22 —%2 b5 Ps —%Z% Pe
(q1,93)
b1 —>/\22a) p3 b3 —M? 3P4 P4 —>A;2b Pe
“*(a1,93)” T

M
P11 05030y, gy, 36361 P6

Generalizing Example 9, we can transform every loop-RKA term into a loop-automaton, by
extending the McNaughton-Yamada-Thompson construction [22, 37] for the graph loop ¢©.

» Definition 10. For a loop-RKA term t, we define the loop-automaton A, as follows:®

Ay = ~0—a—0> , Ag:= -0 o, A= -o—i1—0or ,
,/0—-—'0\|
Atys ;A = o fApofA]or

'\«-»o/'
Ape = *o+ , Ao = @ @ where p’, ¢’ are fresh.

+O—[(p/'q/) -0

» Proposition 11. For every term t and every structure M, we have [t]™ = [A]™M.

Proof. By easy induction on t. As the other cases are the same as the McNaughton—
Yamada-Thompson construction, we only write the case of ¢t = s©. First, we have both
[sC]M € Ay and [A]M C Ajaq by the form of s© and Ags, respectively. We also

9 For simplicity, this graphical definition is given modulo renaming of states by hiding names (note that
£p,q also uses names of states).
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have: (z,z) € [sC]M iff (z,z) € [s]™ iff (x,2) € [As]M (IH) iff there is a run 7 of A, on
M such that 17 = 27 = z iff the sequence 140 [(1A512A5)2A50 is a run of A o on M (by
construction of Ayo) iff (z,2) € [Aso]™. Hence, this case has been proved. <

From Proposition 11, in the sequel, we use loop-automata instead of terms in loop-RKA.

5 Decomposition Theorem

Let M € REL'. We consider the glued structure ®M (recall § 2). For each i € [n], we
define the 3-partition {|M|,), M|, [M];. } of [GM]:

M|y = {66, 2)]~ g | @ € ML},

My = (I IMIG) N M), (Ml = (J MG\ M.
j=1

j=i
In this section, we introduce the following relation —>£;‘*A.

» Definition 12. Let M € RELY. The relation p —>$;"A q (or, p —>£;l q if A is clear) is
defined as the minimal ternary relation of p,q € |A| and an ©M-run 7 such that (17,27) €
Ui, |M\%i), closed under the following rules:

pe Al anda € |Mi)| | (pya) € ot and (2,) € [o] ™

a for a € ZU{I}

M M
P2y P P Ga)~aliy)~ €
p—Mg q—My (p,q) € Ké,vq,),p’ —Myg and 17 =27 = [(i,2)]~ € |OM|
M T M L g
P—roo T A T I N () N

The relation —>£;‘ is a “decomposed” version of —>9M in that runs 7 in —>£;‘ are
constructed by composing runs such that (17,27) € [JI-, |M\%Z> The following theorem shows

that —M coincides with — @M (under the restriction of runs 7 that (17,27) € UL, ‘M@))

» Theorem 13 (Decomposition theorem). Let A be a loop-automaton and let M € RELT.
For all p,q € |A| and runs T on ®M such that (17,27) € ;- |M|%¢)} we have:

p—Mqg = p—Mq
The direction (<) is easy by using the derivation tree of the same form. The converse
direction (=) is relatively non-trivial. We first give an example.

» Example 14. Recall the derivation tree given in Example 9. In the tree, we cannot replace
(—>é’lj\7 ) with (—*V) straightforwardly, due to that some runs contain the pair 1 and 3 as
the source and target (note that there is no i such that {I,3} C |J\_/\(Z)) Nevertheless, we

can show (1,1) € [[AHQN by modifying to the following derivation tree:

q1 —>J~\£g a2 42 —>JQ\£~ q3

q1 >;j’;\£§a_§ q3

i
- - q1,93) -
pr —Y o ps ps—Y, ps —25 ps
2a3 wf(ql’qs)» »»b2 T
N N N
P1 —7,5 P2 P2 50500, 0303 P5 Ps =31 P6
T
N
PL = 030304, gy 36361 P6
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Proof of Theorem 13

We first observe the following lemma.

» Lemma 15. Let A be a loop-automaton and let M € REL. Let p,q € |A| and let
T = Foo1Z1 .. Tm-1QmIm- If p —M q, then there exist 1o, ...,y such that ro = p,

Tm = ¢, and for each j € [m], we have 1;_1 —>£;‘71ajij ;.

Proof. By easy induction on the derivation tree of p — ¢. |
For instance, for p; —>?/\~/ s x5~ De in Example 9, we can take the following sequence:
a2a3€(q11Q3)3b2bl
oON oON oON oON oON
Pr =005 P2 7505 P8 gy 05 P4 TR P5 Tyt P

Proof of Theorem 13. (<=): By using the derivation tree of the same form. (=): By
induction on the length of 7. We distinguish the following cases:
Case 7 = ¥ and Case 7 = Tay where a € Ly, | 4): Easy by applying the same rule.
Case T = Z0a1Z1 ... Ty 10Ty, Where m > 2 and a; € Ly, | 4) for each i € [m]. For each
J € [m], let z;(€ M[i']) be such that Z; = [(¢/, z;)]~ for some i’. Note that o = (¢, z0)|~

and Z,,, = [(4, s )|~ holds. By Lemma 15, there exist ro, ..., 7y, such that 7o = p, rp, =g,
and 71 —>gj’fll a;3; T for each j. We distinguish the following cases:

Case 71 € |/\;l\(i): We then have:

M M
"0 —7Zga13; 1 "L~ 7% ag...omim M

M
To ToAL...Q Ty T'm

Case &p,—1 € \/\;l|(i): Similar to the case above.
Case (Z1,%m_1) € \/\;l|%i<) U \./\;l|%i>): WLOG, we consider when (%1, %,,_1) € |/\;l\%i>).
For each j' € [m], there exists some i, > i such that Z;;_1 = [(i;/,zj-1)]~, Tj =

[ij’]

. M

(e, zj0)|~, and (251, x5) € o
Case i1 < iy,—1: By the definition of ~ o with Zp, = [(im—1,Zm)|~ = [(4, Zm)]~
and i <4y < iy—1, we have Ty, = [(i1, Tm )|~ AS T1,Tm € \./\/l|(i1), we have:

M M
To To1T1 1 1 T1Q2...Qm Ty Tm

70 —>M Tm

T . O Tm

Case i1 > im;m—1: Similarly, we have %1, Z,, € |./\;l|(Z ) and thus we have:

———————————————————————— IH at 2,1 A

yM
Tm—1 Tm—10mTm T'm

T

_ 70 asand, I )
Otherwise, (21, Zm—1) € (M| o) x [M],;o))U(M] oy X [M],)): We observe that
{IM[iys IM] )5 IM] ;- } is a 3-partition of the set |©M] and (Z;-1,%;) & (M| %
M| o)) U(IM] sy X [M];) for each j. Then by an analog of the “discrete inter-
mediate value theorem”, there exists some 1 < k£ < m — 1 such that z; € \M|(i). We
then have:

Tk Tk —>M T'm

ThOk41---UmTm

To —>M

ToQy...0 T

T0 —)M Tm

To1T1. . T —1XmTm

Hence, this completes the proof. <
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6 Automata Construction

In this section, we show that Theorem 13 induces a reduction from the (relational semantics)
inclusion of loop-automata to the (string language) inclusion of 2-way alternating finite string
automata (2AFAs). Our reduction is based on [27, §5.3], but the main difference is that we
apply a binary encoding (§ 6.4) for obtaining the PSPACE upper bound.

6.1 2AFA

We use > and < as the special characters denoting the leftmost and rightmost anchors. A
2AFA A over a finite set A is a tuple A = (|A], 64, 14), where
|A| is a finite set of states,
54 Al x (A, <}) — B (JA| x {~1,0,1}) is a transition function, where B, (X)
denotes the set of positive boolean formulas over a set X of propositional variables given
by

0, € B (X) u=p|false |true | @V | p A where p € X,

14 € | A] is the initial state.
For a 2AFA A and a string w = ay . .. a, over AU{>,<}, the set S:* C | A| x [n] is defined as
the smallest set closed under the following rule: For each (¢,%) € |A| x [n] and propositional
variables (q1,41),- - -, (¢m,im) € |A| x {=1,0,1}, when the positive boolean formula 6% (q, a;)
is semantically equivalent to true under the assumption that each (g, i) is true, then

(qr,i+i1) €SA .. (qm,i+in) €SA
(,7) € St '

For a 2AFA A, the language is defined as [A] :== {w € A* | (14,1) € SA _}. We define
the size [|All as 3_, o)ejax (A Ue,ap) |6“(q, a)]|, where |¢|| denotes the number of symbols
occurring in the positive boolean formula ¢.

By an on-the-fly exponential-size 1-way NFA construction [12, Lem. 1 and 5] for the

language [A] \ [B] (see also [27, Prop. 5.6]), we have the following proposition:

» Proposition 16. The language inclusion problem for 24FAs — given a finite set A and
given two 2AFAs A and B over A, does [A] C [B] hold? — is decidable in PSPACE.

6.2 2AFAs construction

Let ci,co,... be a set of pairwise distinct elements. We write REL; for the class of all
structures M such that | M| C {c1,...,ct}. Below, we consider path decompositions of width
k — 1 as strings over REL;. Additionally, we only consider normalized path decompositions,
based on [27, §5.3.3 & 5.3.4]. Let £N°"™ := REL; \ (£I"a¢ U £1n°n) where

£ .= REL; ; {MN € REL} | IM| N |N| = 0} ; REL},
Lpreon .= REL} ; {MN € REL} | Bb € =, bM N (IM|N|N])? # 6V n (M| N |V))?} 5 REL].
Here, ; denotes the concatenation of languages. £ denotes the class of path decompositions

having an inaccessible pair of vertices under the assumption that every pair of each bag is
connected. E};‘C‘m denotes the class of path decompositions having an inconsistent pair of

25:11
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vertices in that there is an edge between the two vertices in one bag but not in the other bag.
E}j"rm is sufficient to enumerate all structures of pathwidth at most £ —1 in that RELw<x—1
coincides with the isomorphism closure of {&M | M € L}°"™} [27, Proposition 5.11].

Using 2AFAs, we can naturally encode the rules of Definition 12.

» Definition 17. For k > 2 and a loop-automaton A, the 2AFA B;:‘ over RELy, is defined as
follows:

Bi| = {1} U(([k] x [A])? x {?,v'}); we abbreviate ((x,p), (y,q),m) to ((z,p), (¥, q))m

08¢ (g,a) = V{¥ | (,0) ~ $} where (~) C (|Bf| x RELy) x By (IB| x {~1,0,+1}) is
the minimal set closed under the following rules:

(1,5) ~ (2,14, (y,2*)2,+1)  for z,y € [K] 0]
((B,P)vs M) ~ true if p e |M|x|A| ®)
(5, @) v s M) ~ ((B,7)v,0) A((7,4)v,0) if 7 € M| x| A (T)
(((z,p), (,0))v, M) ~ true if (p,q) € o™ and (x,y) € [o]™ for a € SU{I} (a)
(((z,p), (2,0))v, M)~ (((2,0), (2,4)),0) if (0,q) € € o) (Ciprqry)
(5, Q) v s M) ~ (5, )7, +1) (+1)
(5, @) v s M) ~ ((5,q)2,—1) (1)
(5, 4)2, M) ~ ((3,@)v,0) if .G e M| x|A )
15¢ =1

The rules are defined based on those in Definition 12, where
the rules (+1) and (—1) are used for moving vertices in the same quotient class;

the check mark “v"” in ((z,p), (v,q)), expresses that z,y € |[M] holds (where M is the
structure in the current position); the question mark “?” in ((x,p), (y, q))? expresses that
it has not yet been checked. They are introduced to check it after the rule (+1) or (—1).

By construction of B , we can show the following. Both directions are shown by easy
induction on the derivative trees (cf., [27, Proposition 5.9]).

» Proposition 18. Let k > 2 and let A be a loop-automaton. Let M € REL}. Forallj € [n],
z,y € IM[j]|, and p,q € |A|, the following are equivalent:

D —>£;l q for some run T of A s.t. 17 = [(j,2)]~ and 27 = [(4,y)]~;

(((2,0); (4,0))v» )ESDXM

For a set £ C REL}, we say that a loop-automaton A is closed on L if [[A]]GM = or
[A]OM = |oM]? holds for every M € L. By Proposition 18, we have the following.

» Lemma 19. For k > 2 and a loop-automaton A, we have:
B = {M €REL] | ([(1,2)]~.[(1,y)]) € [A]®M for some z,y € |M[1]]}.
In particular, for a set L C REL , if A is closed on L, we have:

BAINL = {Me L] [AIM #0}.
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Proof. We have:
M e B
_ A
& Jr,y € M|, (2,14, (y,24),,1) € Sf/’f;m (By the form of By})

& 3r,y € [M[1]], 37 st 17 = [(1,2)] and 27 = [(1,y)]., 1A —M 2A
(Proposition 18)

& 3r,y € [M[1]|, 37 st. 17 = [(1,2)]~ and 27 = [(1,y)]~, 14 —OM 24
(Theorem 13)

& Jz,y € M|, ([(1,2)]~, (1)) € [AIM. (By definition)
Hence, this completes the proof. (The second claim is immediate from the first one.) |

6.3 Encoding the equational theory

Let ¢t be a variable for encoding the top element T and let [ and r be variables for indicating
the left and right vertex, respectively. We define

L:°P == REL} ; {M € RELy, | ¢}! # |M|?} ; REL}.

For every M € L£orm \ LEOD, we can encode the top element T by the term c%: i.e.,

[ex]oM = |©M|? holds. Using them, we can encode the equational theory as follows.

(Below, we recall A; in Definition 10.)

» Lemma 20. Lett and s be terms such that ct,l,r do not occur. Then,

AC*T Itre

. At aror
RELjw<k—1 EFt<s <= (B, T C B, T TU E}c’“a‘: U E}cnw“ U EEOP.
Proof. We have:

REL,w<p—1 Ft<s & {OM|Me L™} =t<s

& {OM|Me Lo\ L) =t <s (et is fresh)
& {OM | M e LYo\ LIP) b= chltres < chlsrc: (¢t expresses T; [, 7 are fresh)
& YM e ciomy £g°p, [[Acfl_ltrcfrHQM C IIAcfrlsrcfr]]QM (Proposition 11)
v Y orm To v v
~ {M | [[AC*TltT‘C*T]]@M 7£ 0} N (Lll:I \L:k p) - {M | [[AC*TISTC*THQM 7'é ®}
(Actitrer and Aes jgpex are closed on LRorm \ LEOP)
-Ac* ltre® Norm Top 'Ac* lsrc*
e B, T TIN(LTNLT) S By T T (Lemma 19)
Act tirer At tsrer Inac Incon Top
& B, T TIC[B, T TIULM UL UL,
Hence, this completes the proof. |

6.4 Binary encoding of structures

The size of #RELy, is approximately 2#=* . Due to this, the size | B[] is exponential in
k. Nevertheless, we can avoid this exponential blowup by a standard binary encoding of
structures (cf., e.g., [16, Definition 2.1]).

Let ¥ = {a1,...,anm}. Given k > 2 and a structure M € REL;, we define the following
(k + mk?)-bit string | M |:
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The first k bits encode the universe |[M| C [k]: the i-th bit is 1 if ¢ € |[M], and 0 otherwise.
For each ¢ from 1 to m, the next k? bits encode the relation aj* C |[M|?: the ((p—1)k+q)-
th bit is 1 if (p,¢) € a}"!, and 0 otherwise.
For instance, if M is given as follows, k=3, and ¥ ={a, b}, then | M|} is defined as follows:
_ @,\/b |IM| ‘ aM ‘ M
M = A2 MJ, = 110/110000000/000100000
For a sequence M = M;...M, € REL;, we also define the string M;ﬂk =
(Mg ... [Mp|k. For aset £ C REL, we also define the set |L]) == {{M], | M € L}.
We can redefine the construction of Definition 17 via this binary encoding.

» Lemma 21. Given k > 2 and a loop-automaton A, we can construct a 2AFA [;’7;‘ over the
alphabet {0,1} such that [B7t] = |[Bi] |k, in polynomial time in k and ||A].

Proof Sketch. From the construction of Definition 17, by a straightforward modification
based on the binary encoding above. For instance, for the rule (a;) (where a; # I), when
(p,q) € af*, we replace the rule

(((z,p), (4,9)) v, M) ~ true if (z,9) € aM

with the rules so that we move the head to the position of the bit corresponding to (x,y) € alM
and check whether it is 1; more precisely, as follows:

(@ 0), (4, @)+ b) ~ (((2,p), (y.0) 0, 0),
(@ 0), (@)L 0) ~ (((2p)s (1, 9) 7 +1) for € € [k +mk?],
(((z,p), (y, q))(/ai)’l7 1) ~ true ifl=k+(G—-1DE+ (x— 1Dk +y,

where b € {0,1}. Such a construction is done in polynomial time. Additionally, we can also
construct a 2AFA recognizing the language

2
|RELS | = ({0, 1}FHm7\
L {0,137 0{0, 1379 {0,130~ DF ({0, 1} (= DR+=1  fo, 1} =DE+i=1)1 £ 1))+

-
i,1 €[] “p. » ] M ]
_;E[m] ci g M “(ciseyr) € aj” or (¢, ¢i) € az™”

in polynomial time. By taking the intersection of them, we obtain the desired 2AFA. <

» Theorem 22. The (in)equational theory of loop-RKA - given a finite set 3 and two
loop-RKA terms t and s over X, does REL =t < s hold? - is PSPACE-complete.

Proof.

Lower bound. Because the equational theory of RKA, which is equivalent to the language
equivalence problem of regular expressions (Footnote 1), is already PSPACE-hard [23].

Upper bound. By letting k := iw(t) 4+ 1, we have:

RELEt<s < RELpw<p—1 EFt<s (Proposition 7)
AC?’“TC*T AC*TLS”*T Inac Incon Top

& (B, ] € B, UL ULy ULy, (Lemma 20)

= [B‘AC;”T&F} C [B‘A“frl”crr] U Lﬁlrlac U LIncon | £T0PJ L 21

k =Pk k k ko k- (Lemma 21)

Here, we can construct 2AFAs for | £ia¢ |, | £incon |, "and LL';fOpJ & in polynomial time. Thus
we can construct a 2AFA for the right-hand side language by taking the union of them.
Hence, by Proposition 16, this completes the proof. <
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The upper bound of Theorem 1 immediately follows from Theorem 22. The lower bound of
Theorem 1 also follows from the same proof as in Theorem 22.

7 Loop-RKA with Additional Operators

In this section, we briefly give some encodings of additional operators in our automata
construction, based on [27].

For top
Similar to § 6.3, to encode top, it suffices to force the class of structures M so that
[e5IM = M, (top)

where ct is a fresh variable. For a class C C REL, let CTP := {M € C | M satisfies (top)}.
In this class, we can define the top element T (such that [T]™ = |M]|? for all M € CT°P) by
letting T be ¢%. To encode the condition (top), we recall the language E;CFOP (§ 6.3). Then,
RELgfvak_l = {OM | M € REL] \ (£.°P U L£}eon U £1%)}. For the language [ £, ]y, we
can construct a INFA of the language such that the number of states is in polynomial time
in k and #3. Hence, we can encode top.

For tests

Let B, B C ¥ be two disjoint sets of variables with a bijection ~ : B — B. To encode tests
as in KAT [19], it suffices to force the class of structures M so that

oM = ANIVY \ oM for every b € B. (test)

For a class C C REL, let CT' := {M € C | M satisfies (test)}. In this class, for {I,0,;, +}-
terms p, we define the complemented term p~ (w.r.t. the identity relation) as follows:

b:=b, b :=b 17:=0, 00 =1 (p;q) " =p +q, (p+q9 =p ;q .

Then [p~|™M = A \ [p]™ holds for all M € REL™". We thus can encode tests (pro-
positional formulas), by expressing true, false, conjunction, disjunction, as I, 0, ;, and +,
respectively, and expressing complement as above. Using tests, for instance, we can encode
propositional while programs [11, 18]:

while p do ¢t == (pt)*p~, if p then ¢ else s :== (pt) + (p~s).
To encode the condition (test), we define the following language:
£t == REL}; {M € REL; | 3b € B, b™ UM # A} ; REL}.

Then, REL'®Y, | = {OM | M € REL; \ (L1 U £°™)}. For the language | £}, we

pw<
can construct a INFA of the language such that the number of states is in polynomial time
in k and #X. Hence, we can encode tests.

For converse

Let C,C' C ¥ be two disjoint sets of variables with a bijection ~ : C — C. To encode
converse, it suffices to force the class of structures M so that

M= (M)~ for every ¢ € C. (converse)

25:15
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For a class C C REL, let C°°" := {M € C | M satisfies (converse)}. In this class, for each
term ¢, we can define a term ¢~ that [t=]™ = ([t]™)~ for all M € REL“°™ as follows:

cT=¢ ¢ =e, IT=1 07:=0, (t;s)T =87t
(t+s)" =t"+s, )" =7), () =t")°.
To encode the condition (converse), we define the following language:

LE = REL}; {M € RELy | 3c e C, (M)~ # ¢M} ; REL;.

Then, RELSV(;%Vk_l = {OM | M € REL{ \ £{°"}. For the language |L£{°" |, we can
construct a INFA of the language such that the number of states is in polynomial time in &
and #3. Hence, we can encode converse.

For nominals

Let L C X be a set of variables. To encode nominals (from hybrid modal logic) [2], it suffices
to force the class of structures M so that

#IM =1 for every l € L. (nominal)

For a class C C REL, let CN°™ := {M € C | M satisfies (nominal)}. To encode the condition
(nominal), we define the following language:

{M € REL; | ™ = 0}" U (REL} ; {M € RELy, | M & Apq}; REL}) U
L£yom = U REL* My ... M, € RELY | 3z, Jy, (z,z) € M REL®
ks . ) k
et Ay,y) € M Az #yV3j e [n],a & M)

Then, RELNSZ, | = {&M | M € REL] \ LY} holds. (By the first line, (%M # () and
[OM C Aoxq- By the second line, #{z | (z,z) € [9M} < 1.) For the language |£3°™ |,
we can construct a INFA of the language such that the number of states is in polynomial
time in k£ and #3. Hence, we can encode nominals.

Putting it all together

We finally consider loop-RKA with tests, converse, and nominals; precisely, we consider
loop-RKA over the class RELToP:Conv.Test:-Nom 45 the above encodings for these extensions,
where B, B,C,C, L are pairwise disjoint subsets of X. We recall the fact that loop-RKA
with tests, converse, and nominals still has the linearly bounded pathwidth model property:

» Proposition 23 ([27, Proposition 6.5]). For all loop-RKA terms t and s, we have:

Top,Conv,Test,Nom Top,Conv,Test,Nom
REL Et<s e RELIROCTN™ g <

» Theorem (Restatement of Theorem 2). The equational theory for loop-RKA with top, tests,
converse, and nominals is PSPACE-complete.

Proof.

Lower bound. Immediate from the lower bound of Theorem 1.
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Upper bound. Given two loop-RKA terms with top, tests, converse, and nominals, ¢ and
s, let t' and s’ be the loop-RKA terms obtained from ¢ and s by replacing top, tests, and
converse with their encodings as above, respectively. By letting &k := iw(¢) + #L + 1, we have:

RELTOp,ConV,Test,NOm ’: t<s & RELT()p,ConV,Test,Nom ’: t < s’

& RELIT)g‘;gfiV’TESt’Nom Et<s (Proposition 23)

Aok 14/ pex Ak 15/ pex

= [Bk T T] g [Bk T -r] U L}gnac U ‘C}Cncon UE;C[‘OI) U Lgonv U [/%‘cst U ‘Cgom
(Lemma 20 with the encodings above)

S Ak 14 rex S Ak 1t re

= [Bk T T] g [Bk T fr] U Lﬁinac Uﬁ}cncon UEEOP Uﬁgonv Uﬁ;ge:"t U Cl}joka.

(Lemma 21)

For the right-hand side language, since we can construct the 2AFA for each language in
polynomial time, we can construct its 2AFA by taking the union. Hence, by Proposition 16,
this completes the proof. |

Corollary 3 immediately follows from Theorem 2 via the encoding of domain (d/r-by-0,T).
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