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—— Abstract

We are interested in proving input-output properties of functions that handle infinite data such
as streams or non-wellfounded trees. We provide a finitary refinement type system which is
(sound and) complete for Scott-open properties defined in a fixpoint-like logic. Working on top of
Abramsky’s Domain Theory in Logical Form, we build from the well-known fact that the Scott
domains interpreting recursive types are spectral spaces. The usual symmetry between Scott-open
and compact-saturated sets is reflected in logical polarities: positive formulae allow for least fixpoints
and define Scott-open sets, while negative formulae allow for greatest fixpoints and define compact-
saturated sets. A realizability implication with the expected (contra)variance on polarities allows
for non-trivial input-output properties to be formulated as positive formulae on function types.
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1 Introduction

We are interested in input-output specifications of functions that handle infinite data, such as
streams or non-wellfounded trees. Consider the function count: Stream Bool — Stream Nat
defined as count = countrec 0, where

countrec :  Nat — Stream Bool — Stream Nat
countrec n (b :: ) = if b then (countrec (14+n) x) else n :: (countrec n z)

Given a stream of Booleans z, the stream of natural numbers (count z) retains, for each
occurrence of ff in x, the number of tt’s seen so far in x. It is clear that if there are infinitely
many tt’s and infinitely many ff’s in z, then (count z) contains arbitrary large numbers.
Working with a simply-typed A-calculus with sums and recursive types (a.k.a. FPC) [30],
we are interested in specifications interpreted in a denotational semantics: since a stream (as
opposed to e.g. an integer) is an inherently infinite object, a specification for (e.g.) count
should hold for any stream whatsoever, and not only for those definable in a given syntax.
This leads us to consider properties on infinite datatypes in Scott domains. Logics on top
of domains are known since quite a long time. We resort to Abramsky’s paradigm of “Domain
Theory in Logical Form” [1, 2], which allows one to systematically generate a logic from a
domain representing a type. These logics are obtained by Stone duality, the core of a rich
interplay between domain theory, logic and topology (cf e.g. [20, 39, 42, 4, 10, 40, 13, 12]).
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A Complete Finitary Refinement Type System for Scott-Open Properties

In a previous work [32] (based on [7]), we considered a refinement type system which is
sound and complete for saturated (i.e. upward-closed) properties on Scott domains. This
strictly extends [1, 2]. Indeed, saturated properties cover least and greatest fixpoints of
negation-free formulae in modal p-calculi on the corresponding types. On streams, this
includes usual modalities of Linear Temporal Logic (LTL), such as < (eventually, i.e. “there
is a position such that”) and O (always, i.e. “for all positions”) [33]. Logics like LTL, CTL
(Computation Tree Logic) or modal p-calculi are widely used to formulate properties on
infinite objects (see e.g. [5, 14, 8]).

On the other hand, only compact-open properties are available in [1, 2]. But for each
compact-open set K of streams, there is some n € N such that membership to K is completely
determined by prefixes of length n. This excludes proper uses of <» and 0. However, the
systems in [7, 32] are infinitary, in the sense that some rules have infinitely many premises.

In this paper, we devise a finitary refinement type system which is sound and complete
for a family of Scott-open properties allowing for specifications of infinitary behaviours. This
extends [1, 2]. Types are refined by a (negation-free) fixpoint-like logic which relies on the
well-known fact that the Scott domains interpreting recursive types are spectral spaces.

In a spectral space (and more generally in a stably compact space [24]), there is a symmetry
between the open sets and the compact-saturated ones. We reflect this symmetry in the logic:
we have positive formulae which are closed under least fixpoints and define Scott-open sets,
and negative formulae which are closed under greatest fixpoints and define compact-saturated
sets. Input-output specifications of functions are written using a realizability implication |~
with the expected (contra)variance w.r.t. polarities.

On streams, positive formulae are closed under ¢, while negative formulae are closed
under . Given a positive formula ¢ and a negative formula v, we have a positive formula
O |+ & which selects those functions that take a stream whose elements all satisfy ¢ to
a stream with at least one element satisfying ¢. Consider now the composite

count o bft : Tree Bool — Stream Nat

where bft: Treec — Stream o is a breadth-first tree traversal. Negative formulae on trees
are closed under the usual CTL-like modalities YO (invariantly, i.e. “for all nodes”) and
30 (potentially always, i.e. “there is an infinite path on which for all nodes”). Thanks to
the realizability implication, for each n € N there is a positive formula which expresses the
following specification for count o bft: Given a totally defined tree of Booleans, if the children
of the root have an infinite path with only tt’s and an infinite path with only ff’s, then
count o bft produces a stream which contains a totally defined number > n.

We prove a Positive Completeness result: our type system derives all sound positive
specifications of A-terms (thus including the above positive specifications for count o bft).

Positive completeness implies that checking positive formulae on A-terms is semi-decidable.
This is in line with the intuition that membership to a Scott-open set is akin to a reachability
problem: evaluate the (semantics of the) A-term until knowing that the open set is met.
Our refinement type system essentially amounts to a syntactic approach to this reachability
problem. We also note that checking positive formulae on A-terms is not decidable.

Besides, an adaptation of Higher-Order Model Checking to input-output specifications
for a specific format of higher-order tree transducers (weaker than our FPC) has been shown
to be undecidable in [22].

At the technical level, our logic allows for prenex normal forms. To this end, least
and greatest fixpoints are decomposed as finite iterations indexed by variables which are
existentially and universally quantified, respectively. This builds on ideas in [19] (which is
based on guarded recursion and states no completeness result).
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Ex:THFM:T EF M: Tlreca.t/a] EFM: reca.t
EF(): Unit Erfixe M: 1 EFfold(M): reca.r & F unfold(M): T[reca.7/a]
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5|_ini(M)ZT1+T2 5"C3$€M[$10—>N1|1‘2'—>N2]10’

Figure 1 Typing rules for pure types, where ¢ € {1,2}.

Organisation of the paper. Our simply-typed A-calculus is discussed in § 2. The logic is
introduced in § 3, while refinement types are presented in § 4. Section 5 covers denotational
semantics, soundness and positive completeness, as well as some necessary material on
spectral spaces. Finally, the conclusion (§ 6) discusses some further works and compare with
more related works. Proofs are available in the Appendices of the full version [31].

2  The Pure System

The pure types (notation 7,0, ...) are the closed types over the grammar
7= Unit | 7x7 | 727 | a | recar | 747

where a ranges over an infinite supply of type variables, and where rec a.7 binds « in 7.
We consider A-terms from the grammar

M,N == () | (M,N) | m(M) | me(M) | =z | a.M | MN | fixz.M
| fold(M) | unfold(M) | iny(M) | ing(M) | case M [x1 — Ny | 29 — N3]

The term formers fold, unfold, 71, 72, in1, ing are often written in curried form, so that e.g.
(fold M) stands for fold(M). We write M o N for Ax.M (N x).

Terms are typed with judgements of the form £ - M : 7, where the typing context £ is a
list 1: 01,...,%n: 0y with x; # x; if ¢ # j. The typing rules are those in Figure 1, together
with the basic rules in Figure 7a restricted to pure types (i.e. with £ as above and T', U pure
types). Of course, each type 7 is inhabited by the “diverging” term Q, = fixz.a: 7.

» Example 2.1. The type Bool := Unit 4 Unit represents Booleans, with tt := iny(()) and
ff :=ina(()). The type of natural numbers is Nat := rec . Unit + a. For each n € N, we have
a term n: Nat defined as 0 := fold(in; {)) and n 4+ 1 := (14)n, where (1+): Nat — Nat is the
successor function Az.fold(ing ). We can represent “+o00” as inf = fixx. 14+ : Nat.

The type of streams over ¢ is Stream o := rec. 0 X . It is equipped with the constructor
Cons := Ah.At. fold (h,t): 0 — Stream o — Stream 0. We use the infix notation (M :: N) for
(Cons M N). The usual head and tail functions are hd := As. 71 (unfold s): Streamo — o and
tl := As. ma(unfold s): Stream o — Streamo.

The type of binary trees over o is Tree o := reca. o X (a x @). The constructor Node: o —
Treeoc — Treeoc — Treeo and the destructors label: Treec — o and left, right: Treeoc —
Tree o are defined similarly as Cons, hd, tl on streams. 1

» Example 2.2. Table 1 defines functions on streams and trees mentioned in § 1. The stream
function count was discussed in § 1. The notation if M then N; else Ny stands for the term
case M [_ — Ny | _+ N3]. On trees, the function bft implements Martin Hofmann’s breadth-
first traversal (see e.g. [6, 19, 32, 21]). It uses the recursive type Conto = reca. (a = o) — 0.
Note that the recursive type corresponding to Cont o in [6, 19, 21] has an additional constructor
(in place of our fixpoint Over: Conto). See Example 5.2 (§ 5.1). J
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Table 1 Functions on Streams and Trees.

countrec : Nat — Stream Bool — Stream Nat
= fixg.An.Az. if (hdz) then (g (1+n) (tlz)) else (n:: (g n (tlx)))

count := (countrec 0): Stream Bool — Stream Nat
extract: Contoc — o Over: Conto
= fixe.Ac. unfold c e = fixc. fold(Ak. k ¢)

bftrec : Treeoc — Cont(Stream o) — Cont(Stream o)
= fixg.At.Ac. fold (Ak. (labelt) :: (unfold ¢ (ko (g(leftt)) o (g(rightt)))))

bft := \t. extract(bftrec ¢t Over): Treec — Streamo

o, € L3(;T) w0, € L3(E;T)
True € L5(X;7) OAYEL(E;T) False € £5(%;7) eV e Ls(X;T)

(a) Propositional connectives.

p € L5(X;m) p € L5(X;70)
[()] € L3(X; Unit) [m1)p € L3(Z;71 X T2) [mo]p € L3(XZ;71 X T2)
p € L3(X; T[recan.T/a]) p € L5(X;m) p € L5(X; 1)
[fold]p € L£5(X; rec a.7) [in]e € L3(Z;711 + 72) [ina]p € L3(X;71 + 72)

(b) Modalities.
(p:17)ex peL(E;T) pé¢dom(X) e L, p:T;T) p e LS, p:T;T)
p e L(3T) p € Lo(X,p:o;7) (w'p)e € L2(Z7)  (Vip)p € L2(357)
(c) Bounded iteration, where ¢ is an iteration term.
€ LT(X;7) kPosgp w€e LT(3;7) kNege veLTGo) e L(T)
(Fk)p € LF(X57) (VE)p € L~ (%;7) Yl eels(o—T)
(d) Quantification and realizability implication, with —s defined as —+ = 4+, —+ = — and —— = +.

Figure 2 Formation rules for £° (the predicates Pos and Neg are defined in Figure 3).

3 The Logic

The main ingredient of this paper is the logic we use to annotate pure types when forming
refinement types. This logic is in essence manysorted: for each pure type 7 we have formulae
@ of type T, notation ¢ € L(7), where s is 4 for positive formulae and — for a negative ones.

Positive and negative formulae are in essence closed under least and greatest fixpoints,
respectively, and thus may contain fixpoint variables p. But least fixpoints (up)y and greatest
fixpoints (vp)i are actually not directly available. They are defined as (3k)(u*p)yp and
(V) (v*p)ep, where (1Fp)p and (v’p)y represent bounded iterations ¢ (False) and ¢ (True),
respectively. This decomposition allows for a notion of prenez form (Proposition 3.9, § 3.2).
A fixpoint logic with iteration variables was already considered in [36].

Formulae are presented in § 3.1, while deduction is discussed in § 3.2.
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k¢ FV(p) k Pos p, 1 k Pos ¢ k Neg ¢ k Pos ¢ k Pos ¢
k Pos ¢ k Pos ¢ x 1) k Pos [A]p k Pos ¢ |- ¢ k Pos (30)p
k ¢ FV(y) k Neg o, k Neg ¢ k Pos 1 k Neg ¢ k Neg ¢
k Neg ¢ k Neg o x k Neg [A]p kNeg v |Ib ¢ k Neg (V0)
k Pos ¢ kPose k¢&FV(t) k Neg ¢ kNegyp k¢&FV(t)
k Pos (u'p)y k Pos (v'p)¢ k Neg (v'p)e k Neg (u'p)p

Figure 3 The predicates Pos and Neg, where A € {71, m2,in1,in2, fold}, and where % is A or V.

3.1 Formulae

We assume given infinitely many iteration variables k, ¥, etc. Iteration terms, intended to
range over natural numbers, are given by the grammar

t o= k|0|t+1

We also assume given fizpoint variables p, q,etc. Fixpoint contexts 3. are lists of the form
P1:01,...,Pn: 0y Where p; # p; whenever ¢ # j. We let dom(X) be {p1,...,p,}. Figure 2
gathers formation rules for sets £°(X;7) indexed by fixpoint contexts and types. We write
L5(7) or L5(;7) for £5(3;7) when the fixpoint context X is empty.

» Definition 3.1 (Formulae). The sets LT (3;7), LY(X;7) and L~(3;7) of respectively
neutral (£), positive (+) and negative (—) formulae are defined by the rules in Figure 2
with s € {£,+,—}, and using the predicates Pos and Neg defined in Figure 3.

L(T) is the fragment of L (1) without the rules in Figure 2c (but with |~ from
Figure 2d). L"(7) is the fragment of L% (T) without binary disjunctions V (but with False).

Note that £*, £ and L are stable under the realizability implication |+. In fact,
LE(S;7) =LY (E;7)NL™(Z;7) and L¥(7) € LF(7) are defined by the rules in Figure 2a-2c
and Figure 2a—2b respectively, together with

veLlLE(o)  pelF(T) YeLlo) pel(r)
Vs pelt(io—T) V= peLe(oc—T)

On the other hand, ||~ is contravariant in its first argument w.r.t. + and —:

YpeL (o) peLlt(T) YpeLYo) peLl(57)

Y eelt(o—rT) v eel—(Go—1) (1)

In any case, ¢ | ¥ contains no free fixpoint variables. Also, formulae ¢ € £“(7) have no
fixpoint variables nor iteration variables at all. When possible, we write £ for £°.

Note that in Figure 3, we could have had a rule stating that k Pos (V¢)¢ if k Pos ¢. But
this would have been useless for the left rule in Figure 2d, since a positive formula has no
positive occurrence of a (V¢). A dual remark applies to k Neg (3¢)¢p.

The semantics of formulae is discussed in § 5.3. Their intended meaning is as follows.

The formula ¢ | ¢ € L(o — 7) is intended to select those M : o — 7 such that ¢ holds on
MN : 7 whenever 1 holds on N: o. The formula [fold]p holds on M if, and only if, ¢ holds
on unfold(M). For i = 1,2, the formula [m;]¢ selects those M : 71 X 72 such that ¢ holds on
7; (M), while [in;]¢ selects those in;(M): 71 4+ 7o such that j = ¢ and ¢ holds on M. Hence
[in1]True A [ing] True is a contradiction and [in1]True V [ing] True fails on Q4+, .
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» Example 3.2. We derive some composite modalities in £~ on the datatypes of Example 2.1.
On Bool, we have formulae [tt] := [in1][()] and [ff] := [ing][()] which hold on tt,ff: Bool,
respectively. The formula [tt] V [ff], which expresses totality at type Bool, fails on Qgeol.

On Nat, we have [0] := [fold][in1][()] and a composite modality [14]p := [fold][inz]p. By
taking [n + 1] := [1+4][n], we have for each n € N a formula [n] € £(Nat) which holds on n: Nat.
We also have a composite modality [> n]e, defined as [> 0]y = ¢ and [> n + 1] == [1+][> n]¢,
such that [> n]True holds on inf: Nat and on m: Nat for all m > n.

On streams Stream o, the composite modalities [hd] and [tl] are defined as [hd]y =
[fold][m1]ep and [tll¢ = [fold][m2]p. Given ¢ € L(o) and ¢ € L(Streamo), the formulae
[hd]yp € L(Stream o) and [tl]p € L(Stream o) select those streams M such that ) holds on
(hd M) and such that ¢ holds on (tl M), respectively. We write Q¢ for [tl]ep.

Similarly, on trees Treeo one can define [label], [left] and [right] such that [label]y) €
L(Treeo) given ¢ € L(0o), and [left]p, [right]p € L(Tree o) given ¢ € L(Treeo). We also have
composite modalities IOy = [left]p V [right]p and YOy = [left]y A [right]¢ which allow for
taking, respectively, disjunctions and conjunctions over the children of a node. 1

We now discuss some uses of fixpoint and iteration variables in £*, £ and £~. Let
p e L(E,p: ;7). Given ¢ € L(X;7) and n € N, we define (p.p)"(¢0) € L(Z;7) as

(p-0)°() = ¢ and (P-o)" W) = @lp.p)"(¥)/p] (2)

If ¢ is a closed iteration term representing n € N (i.e. ¢ is the nth successor of 0), then the
formulae (u'p)e and (v'p)e should be read as (p.p)™(False) and (p.p)™(True), respectively
(cf Equation (5) in § 3.2 below). But in general, the iteration term ¢ may contain free
iteration variables. In fact, we shall see in Example 5.11 (§ 5.3) that the least fixpoint of
@ € LT (p: 7;7) and the greatest fixpoint of ¢ € L™ (p: 7;7) can be represented respectively
as

(3k)(uFp)e € L (7) and (VO (W'p)y € L7(7) (3)

» Example 3.3. The representation of fixpoints in Equation (3) allows for formulae expressing
possibly unbounded behaviours. For instance, totality at type Nat is expressed by the positive
formula [tot] :== (3k)(u*p)([0] V [1+]p), intended to hold on all n: Nat but not on inf: Nat.

On streams Stream o, the usual LTL-like eventually modality { is available on positive
formulae ¢ € L*(Stream o), namely $o = (3k)(1Fp) (@ V Op). The formula ¢ is intended
to hold on those M : Stream o such that ¢ holds on (tI" M) for some n € N.

Regarding greatest fixpoints, the CTL-like modalities V[ and 300 on Tree o are available
for negative formulae: given v € L™ (Treea), we let YV = (V£)(v’p)(x» A YOp) and
30¢ == (V) (v*p)(v» A IOp). The intended meaning of VO[label]y) € L~ (Tree o) is to select
those trees of o’s whose node labels all satisfy ¢ € £~ (o), while 30[label]) € L7 (Treeo)
asks 1 to hold on all labels in some infinite path.

We thus obtain for each n € N the following positive formula

vO[label] ([tt] V [ff]) A 3O30(label][tt] A 30O30[label][ff] [ [hd][> nlftot]  (4)

in L1 (Tree Bool — Stream Nat), which expresses the specification for count o bft devised
in § 1: Given a totally defined tree of Booleans, if the children of the root have an infinite
path with only tt’s and an infinite path with only ff’s, then count o bft produces a stream
which contains a totally defined number > n. Note that fixpoints of the same polarity can
be nested, e.g. {[hd][> n][tot] € LT (Stream Nat) with [tot] € LT (Nat). N
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» Remark 3.4 (Non-Examples). Given a negative 1» € L~ (Stream o), we have the usual always
modality Oy = (V) (v*p)(» A Op) € L~ (Stream o) which holds on M if 1) holds on (tI" M)
for all n € N. A composite OJ<{[hd]p would require a stream to have infinitely many elements
satisfying ¢. But OO [hd]p is not a formula since {[hd]y is not negative.

Also, in order to universally quantify over n € N in the r.-h.s. of (4), one could think of
(V0)<[hd] (1p) ([tot] V [1+]p). This is not a formula since 1 has to be negative in (V£)1.

3.2 Deduction
Deduction will enter the refinement type system via subtyping (Figure 6 in § 4).

» Definition 3.5 (Deduction). A sequent has the form ¢ b ¢ where o, € L5(X;7). The
derivable sequents are defined by the rules in Figure 4, using the consistency predicate C
defined in Figure 5. Write ¢ -+ ¢ when the sequents ¢ = ¢ and ¢ = 1 are both derivable.

We discuss some rules in Figure 4, heading to basic properties of the deduction system.
We begin with a notion of normal form for £¥. Let £Y"(7) be the closure of £"(7) under
disjunctions (but under no other rules in Figure 2, so e.g. [m1](¢ V ¥) is not in LV").

As usual, the converse of the distributive rule (D) in Figure 4a is derivable, and so is the
dual law ¢ V (o A ) A (¢ V @) A (¢ V 0). Moreover, given A € {m;,in;,fold} we can derive
[Al(e V) 4= [Alp V [AlY (and similarly for A). Tt follows that for each ¢ € LY, there is
some ¢ € LY such that [A]p - 9. Using the rules (V/|=) and (JF+/V) in Figure 4e, we can
similarly obtain that for each ¢1, o € LY there is some ¢ € LY such that (1 ||+ ¢2) "+
(but beware that the rule (|+/V) requires ¢ to be in £"). Hence:

» Lemma 3.6. For each ¢ € L¥(7), there is some 1 € LY(T) such that ¢ - 1.

» Remark 3.7. The rule (C) in Figure 4e is a kind of a zero-ary case of (|=/V). Since
True F (False |~ False), the sequent (¢ | False) - False is derivable only when v is
consistent. This is enforced by the consistency predicate C(1)), see Theorem 5.13(1) in § 5.3.
Our predicate C is akin to [1, 32], but differs from the coprimeness predicates of [2, 7, 4].
Note that the clauses defining C are positive (compare with [7, Figure 3] and [4, Figure 10.3]).

At sum types, we have inconsistent formulae which do not mention False: The rule (I)
in Figure 4b means that it is inconsistent to assert both [ini|True and [ina]True. Hence, our
sum types are disjoint, and we do not need the termination predicates of [1, 2].

Besides, note that the sequent True F [iny]True V [ing| True is not derivable. a

If t is a closed iteration term, then using the rules in Figure 4d we can derive
(W'p)e = (pp)"(False) and (v'p)e A= (p.p)"(True) (5)
where ¢ is the nth successor of 0 (cf Equation (2) in § 3.1). This yields:
» Lemma 3.8. For each closed p € LE(7), there is some ¥ € L¥(T) such that ¢ —F ).

The main fact of this § 3.2 is that quantifiers can be assumed to be in prenex position.

Quantifiers of the same type can be merged using the rules (3IM) and (VM) in Figure 4c,

themselves permitted by the polarity constraints in Figure 2d. Formally, the positive, resp.

negative, prenex forms are the formulae (3k)1, resp. (Vk)v, with ¢ € LT neutral.

The rules (WF), (CC) in Figure 4e, which apply to positive formulae, are crucial to obtain
prenex forms. Note also that the Frobenius rules (3L) and (VR) in Figure 4c make it possible
to derive the following when k ¢ FV(¢)):

YAk A= (FR)(WA) and (VE) V) = (Ve Vi
» Proposition 3.9. For each ¢ € L5(3;7), there is a prenex 1 € L5(3;7) such that ¢ - .
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P =0 0F

D
ok P ( )w/\(soVG)F(w/\s@)V(wM)
Yo Y F oo Y1 o P Fop
Y E o1 Aps Y1 A = 1 ANpa o ¥ True
U2 Y oo e %
P o1V Yoo Vs Y1 Vihe oo False F ¢
(a) Propositional rules.
0 Yo A4
in1]e A [ing]tp = False [AlY F [Alp U e U
A ¢ {inl,ing}

[Aler A [Dlpa B [Al(pr Apz)  True = [ATrue  (VE)[A]p F [A](VE)g

[Al(p1Vp2) B [Alpr V[Alp2  [AlFalse - False  [A](3k)e = (3k)[Ale
(b) Modal rules, where A € {71, 72,in1,in2, fold}.

Y o[t/k] ONe Fy  k¢EFV(y,0)

S @ T g @e v M EHGE. F @elk/d

olt/h] - o G evO k¢ FV(.0)

e Fo T e v e M) Rl F (R (70
o) k¢ FV (1) k¢ FV(1)

\4
D@ - GO R R
(c) Quantifier rules, where ¢ € {u,v}.

(w'p)e -9 Yo
(1p)p = False  (u*ip)o = @[/p]  @l(u'p)e/pl = (1 *ip)e  (uPp)Y F (uip)e
Y F (Vip)e Yo

True = ()¢ p[Y/p] F (VT ip)e  (VHp)e F p[(vip)e/p]  (Vip)Y F (Vip)p
(d) Bounded iteration.

W T e eie T O BT G
oyl A Lo ey e
I T oA G e F oo (piAva)  Tre b (0] True)
) T R AT Givid oe  Tuer (Fase o 9)

(V) rec e

Ol (p1V2) F (0] @) V(6] p2) ( )(5 |F> False) = False
(e) Rules for the realizability implication |- (the predicate C is defined in Figure 5).

Figure 4 Deduction rules.
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Cly) Cle)  C() Cly) Clp)
C([0)  C(foldlp)  C([m]eAlm]y)  C(lini]e)  C([inz]e)
I finite and Vi € I, C(v);) and C(y;);
Cw) v perr  VCL Nyt Faise or (A, v)
C(True) Cle) C (Nier(®i I #1))

Figure 5 The consistency predicate C.

T=<U U<V Y
T=<T T=V T =T 7 =2 {7 | True} {r1¢} =2 {7 |}

<7  U<U
TxUzT xU {r ¢} x{o [ ¢} ={r x o |[m]pA[m]y}

U<U  T<T
U=T=2U =T Aoy ={rlet={o=7[¢ [}

Figure 6 Subtyping.

4 The Refinement Type System

We cousider neutral, positive and negative refinement types (or types), notation T°, U*, etc.

with s = &+, 4, — respectively. They are given by the grammar
T5,U% == 7 | {7} | T°xU* | U*=>T°
where 7 is a pure type and where ¢ € £5(7) is closed. When possible, we write T' for T%.

» Example 4.1. For each n € N, the specification for countobft is given either by the positive
refinement type {Tree Bool — Stream Nat | 1}, where ®7 is the formula in Equation (4),
Example 3.3, or by the positive refinement type St defined as

{ Tree Bool | VO[label([tt] V [ff]) A 3O3IO[label][tt] A IO3IO[labell[ff]} —
{ Stream Nat | $[hd][> n][tot]}

J

We shall consider typing judgements of the form £ - M : T', where £ is allowed to mention
refinement types. A judgement M: {7 | ¢} is intended to mean that M is of pure type 7 and
satisfies ¢. Positive typing judgements are of the form £~ F M : T, where only negative
types are declared in €.

We derive typing judgements £ = M : T using the rules in Figure 7 augmented with those
in Figure 1 (§ 2). Deduction on formulae (§ 3.2) enters the type system in Figure 7c via the
subtyping relation U < T defined in Figure 6, where U ~ T stands for the conjunction of
U <XTand T <X U. Note that for each 7 we have 7 ~ {7 | True}. Subtyping is extended
to typing contexts: given & = x1: Uy,...,2y: U, and & = z1: U{,...,z,: U}, we let
E X & when U; X U/ for all i = 1,...,n. Note that if £ - M: T is derivable then so is
|E| = M : |T|, where the underlying pure type |T| of T is defined by induction from |7| =7
and | {7 | ¢} | == 7, and where |£| is the extension of |—| to &.

The rules in Figures 6 and 7 are adaptations of those in [2, 7, 19, 32]. In particular, the
crucial rule for fixxz.M in Figure 7d comes from [2].
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(x:T)eé& E,x:UFM:T EFEM:U—->T EFN:U
Erax:T EFXaM:U—-T EFMN:T
EFM:T EEN:U EEM:TxU EFM:TxU
EF(M,N): TxU EFm(M):T EFm(M): U
(a) Basic rules.
EEM: {7]|p1} EFM: {7] 2} IEl, x: 0, |E'|F M : |T|
EFM: {7 ]| p1 ANp2} E,x: {o]|False}, &'+-M:T

E,x: {o| 1}, &M T E,x: {o| e}, &M T
E,x: {o |1V}, E'EM: T

(b) Propositional connectives.
&=xE T<T EFM:T
EFM:T

(c) Subtyping (cf Figure 6).
EFfixa.M: {r|¢} Ex: {r | Y} M: {7y}
Erfixe.M: {1 | ¢}

(d) Fixpoints.
EFM: {n x 1| [mle} EFM;: {1 | ¢} EFMsz_;: 134
EFm(M): {r ]| ¢} EF (M1, My): {m x 12| [m]p}

EEM: {r | ¢}
EFQ: {Unit[[(]}  EFiny(M): {m1 + 72| [ini]ep}

EFM: {Tl + 7o | [lnl]cp} g,l'ii {’Ti ‘ QO} = Nl T |g|,$3,i2 T3—4 H Ngfil |T|
EFcase M [x1— Ny |x2— NoJ: T

EFM: {r[reca.t/a] | ¢} EF M: {reca.7 | [fold]p}
EFfold(M): {reca.t | [fold]p} EF unfold(M): {r[reca.7/a] | ¢}

(e) Modalities, where ¢ € {1, 2}.

Figure 7 Typing rules.

» Example 4.2. The bottom ~-rule in Figure 6 yields S* ~ {Tree Bool — Stream Nat | ®*}
in Example 4.1, as well as the following derived typing rules.

Ex: {o| Y} M: {7] ¢} EFM: {o—=71|Y | ¢} EFN: {o]| v}
EF Xz M: {o—=T1|¢ |~ ¢} EFMN: {7] ¢}

» Lemma 4.3. For each type T?, there is a ¢ € L5(|T|) such that T® ~ {|T*| | ¢}.

» Remark 4.4. Refinement types are not closed under + since in view of Remark 3.7, the
equivalence {7 | ¢} + {0 | ¥} = {7+ o | [in1]p V [ina]y} would be wrong, thus preventing
from Lemma 4.3 to hold. 4

Our main result (Theorem 5.17) is that the positive fragment of this type system is (sound
and) complete w.r.t. the usual Scott semantics: given - M : 7 and a positive ¢ € LT (1),

FM: {7| e} if, and only if, ¢ holds on [M] in the Scott semantics.

In particular, the judgement F count o bft: S¥ is derivable.
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5 Semantics

We interpret pure types as Scott domains and A-terms as Scott-continuous functions (§ 5.1).
Using the well-known fact that Scott domains are spectral spaces (§ 5.2), this yields the
semantics of our logic (§ 5.3) and of our refinement type system (§ 5.4). Our main result is
the Positive Completeness Theorem 5.17 in § 5.4.

We mostly use the terminology in [4, §1]. A dcpo is a poset with suprema of all directed
subsets (a subset D of a poset is directed if all (possibly empty) finite F* C D have an upper
bound in D; directed sets are non-empty). A cpo is a dcpo with a least element (often
denoted L). A function between dcpos is Scott-continuous if it preserves the order (i.e. is
monotone) as well as directed suprema.

» Definition 5.1 (Scott Domain). A Scott domain is a bounded-complete algebraic cpo. Scott
is the category of Scott domains and Scott-continuous functions.

Recall that a cpo X is bounded-complete if any two z,y € X have a sup (or least upper
bound) z V y € X whenever they have an upper bound.

An element z of a depo X is finite if for all directed D C X such that x <\/ D, we have
2 < d for some d € D (finite elements are called compact in [4]). Note that L is always finite,
and that if d,d’ € X are finite, then d V d’ is finite whenever it exists. A dcpo X is algebraic
if for each x € X, the set {d € X | d finite and < z} is directed and has sup z.

The category Scott is Cartesian-closed (see e.g. [3, Corollary 4.1.6]).

5.1 Semantics of the Pure System

Typed terms € - M : 7 of the pure system (§ 2) are interpreted as morphisms [M]: [E] — [7]
in Scott, where [€] = [[;,[o;] when & =21 : 01,..., 2y, : 0. See [31, §C] for details.

Product types 7 X o are interpreted using the Cartesian product of Scott, i.e. the
Cartesian product of sets equipped with component-wise order. Arrow types o — 7 are
interpreted using the closed structure of Scott, given by equipping each homset Scott(X,Y)
with the pointwise order.

The interpretation of Unit is {L, T} with [()] .= T. We let [7 + o] be the weak coproduct
([71 I [o]) L, i-e., the disjoint union of [7] and [o]] augmented with a new least element L
(Scott does not have finite coproducts [18]). We refer to [4, 3, 37] for the interpretation of
recursive types rec a.7. Term-level fixpoints fix .M are interpreted using the usual fixpoint
combinators Y: (X — X) — X taking f: X — X to Y(f) ==V, cn f"(L).

» Example 5.2. The domain [Stream o] of streams is [o]N equipped with the pointwise
order, while the domain [Tree ] of trees is [o]{%!}". The finite elements are those z € [o]
such that z(p) is finite in [o] for all p € I, and z(p) # L for at most finitely many p € I.

Given z € [Stream o]] we have [hd](x) = z(0), while [tI](x) is the stream taking n € N
to z(n + 1) € [o]. Moreover, x = [Cons]([hd](z), [t!](z)). Similarly, if y € [Treeo] then
[label](y) = y(e) is the root label of y, while [left](y) and [right](y) are the left- and
right-subtrees of y, respectively.

One can then check that [bft]: [Tree o] — [Stream o] indeed computes a breadth-first
tree traversal (see [31, §C.3.1]). In particular, [count]o [bft] satisfies its expected specification
(cf Equation (4) in Example 3.3). a

5.2 Scott Domains as Spectral Spaces

The semantics of formulae and refinement types involves some topology.
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[ Avlp = [elp N [¥]p [plp = p(p) [(1'p)elp = [(p.¢)I1*(False)]p

[V lp = [elpU[¥]p [[O1p = {T} [(v'p)elp = [(p-) 1P (True)]p
[Truelp = [7] [[Alelp = [[AINelp) [Fk)elp = Unenlelpln/k]
[False[p :== () [V = el = [Wlp = [ele  [(VR)elp = N, enlelpln/kl

Figure 8 Interpretation [¢]p € P([7]) of ¢ € L(E;7), where A € {m1,m2,in1,in2,fold}.

Let (X, <) be a dcpo. A set U C X is Scott-open, notation U € O(X), if U is saturated
(if z € U and z <y in X, then y € U), and if moreover U is inaccessible by directed sups,
in the sense that if \/ D € U with D C X directed, then D N U # @. This equips X with a
topology, called the Scott topology. A function between dcpos is Scott-continuous precisely
when it is continuous for the Scott topology. See e.g. [4, §1.2] or [3, §2.3]. The following is
well-known (see e.g. [3, Theorem 7.2.29] or [12, Theorem 7.47]).

» Theorem 5.3. The Scott topology of a Scott domain is spectral.

There are different equivalent definitions of spectral spaces, see e.g. [11, 1.1.5], [12, §6.1]
or [13, 9.5.1]. For now, a spectral space is Ty, well-filtered, and the compact-opens are stable
under finite intersections and form a basis of the topology. See [31, §D] for details.

Scott topologies are always Ty since < y in a decpo X if, and only if, x € U implies y € U
for each Scott-open U. Given a finite d € X, it is easily seen that 1d = {x € X | d < x} is
compact-open (i.e. compact and Scott-open). In fact, if X is algebraic then the Scott-opens
are exactly the unions of 1d’s, with d finite in X. Each cpo X is trivially compact since
?L = X. More importantly, if X is a Scott domain then td N 1d’ is compact for all finite
d,d" € X (by bounded-completeness, if 1d N 1d’ is non-empty, then d Vv d’ is defined, finite
and such that $(d Vv d') = tdN*1d’). Tt follows that the set KO(X) of compact-open subsets
of X is stable under finite intersections and forms a basis of the Scott topology.

Proposition 5.4 below states that Scott domains are well-filtered. This will yield the
topological classification of polarised formulae in Proposition 5.8 (§ 5.3). We let £KS(X) be
the set of compact-saturated (i.e. compact and saturated) subsets of X. Note that a set
S C X is saturated if, and only if, S = ({U € O(X) | S C U}. Proposition 5.4 implies that
Q € K§(X) if, and only if, @ = ({K € KO(X) | @ C K}, and thus that £S(X) is stable
under all intersections. A subset Q of a poset P is codirected if Q is directed in P°P.

» Proposition 5.4 (Well-Filteredness). Each Scott domain X is well-filtered: given a codirected
set Q CKS(X), if N Q C U with U Scott-open, then Q C U for some Q € Q.

» Corollary 5.5. If X is a Scott-domain, then KS(X) is stable under all intersections.

» Remark 5.6 (De Groot Duality). In a spectral space X, the compact-saturated sets are
exactly the intersections of compact-opens, while the opens are exactly the unions of compact-
opens. This symmetry between KS(X) and O(X) is formalised by de Groot duality. A nice
panorama from the more general point of view of stably compact spaces is given in [24].1

5.3 Semantics of Formulae

A waluation of a fixpoint context ¥ is a function p taking fixpoint variables p with (p: 7) € &
to sets p(p) € P([7]), and iteration variables k to natural numbers p(k) € N. A valuation
p thus interprets iteration terms ¢ as natural numbers [t]p € N. Figure 8 defines the

! In a stably compact space X, KO(X) may not be a basis. A stably compact algebraic dcpo is spectral.
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SeP([n) — [mlS) = {ze[nxn]|[m]() e s}
SeP(nD) — [in]l(S) = Alinil(z) € [r1 + 7] [ € S}
S € P([r[reca.7/a]]) +— [[fold]](S) := {z € [reca.r] | [unfold](z) € S}
SeP(a]), TeP(r]) — ((SIT) = {fe€fo—r7]|Vzes, f(x)eT}

Figure 9 Semantic modalities, where i = 1, 2.

interpretation [¢]p € P([7]) of a formula ¢ € L£(X;7) under a valuation p of X, where
(p.p)™(False) and (p.¢)™(True) are defined in Equation (2), § 3.1, and where the semantic
modalities [[A]] and (=) |~ (—) are defined in Figure 9. See [31, §E] for details.

In view of Figure 9, it is clear that [in1](S1) N [in2] (S2) is always empty. This yields the
soundness of the rule (1) in Figure 4b (cf Remark 3.7). The semantic realizability implication
(=) |F» (<) is clearly contravariant in its first argument and covariant in its second argument.
Besides, the polarity constraints in Equation (1) (§ 3.1), as well as the rule (WF) in Figure 4e,
come from the following crucial consequence of well-filteredness (Proposition 5.4).

» Lemma 5.7. Given V € O([o]) and a codirected Q C KS([7]), if f € NQ > V, then
there is some Q € Q such that f € Q |l> V already. Moreover, given Q € KS([7]) we have
Q> VeO(r—o]) and V |» Q € KS([o — 7]).

» Proposition 5.8. If ¢ € LT(7) then [¢]p € O([7]). If ¢ € L™(7) then [¢]p € KS([7]).
In particular, if ¢ € LE(7) then [¢]p € KO([7]).

Our polarised logical languages £+ and £~ are motivated by the topological classification
in Proposition 5.8. In view of Figure 2d, the following Lemma 5.9 implies that the unions
and intersections interpreting (3k)p and (Vk)p are directed and codirected, respectively. It
also yields the soundness of the rules (M) and (VM) in Figure 4c.

» Lemma 5.9. If k Pos ¢ (resp. k Neg @) then the function n w— [p]p[n/k] is monotone
(resp. antimonotone), that is, n < m (resp. m < n) implies [¢]p[n/k] C [¢]p[m/k].

Formulae satisfy an important Scott-(co)continuity property w.r.t. their fixpoint variables.
Given ¢ € L(X;7) and a valuation p of X, for each (p: o) € ¥ we have a function

[p-¢lp: P(lo]) — P(I7D), S — [#]plS/p]

Note that in the case of ¢ € L(X,p: 7;7), for all ¢ € L(X;7) and all n € N, we have
(Ip-210)" ([¥16) = [(p-9)" (¥)]p, where (p.)" (1) is the formula in Equation (2).

» Proposition 5.10. Let p be a valuation of ¥, and let (p: o) € X.

(1) If p € L5(X;7), then [p.¢]p is monotone.

(2) If p € LT(Z;7), then [p.¢]p is Scott-continuous (i.e. preserves directed unions).

(3) If p € L7(X;7), then [p.¢]p is Scott-cocontinuous (i.e. preserves codirected intersections).

» Example 5.11. Let p € LT(3,p: 7;7) and ¢ € L™(X,p: 7;7). It follows from Proposi-
tion 5.10 that the least fixpoint of [p.¢]p and the greatest fixpoint of [p.¢]p are

[3E) (1 p)elp = Unen([p-2lp)"(False)  and  [(VO)(v*p)v]p = N,en(lp-1]p)" (True)

On streams, we get that (o defines an open set, while [t defines a compact-saturated set
(with ¢ positive and 9 negative). For instance, [O[hd][tt]] = {[tt]“} is compact-saturated in
[Stream Bool] = [Bool]¥. This contrasts with the case of w-words, for which {tt“} is a closed
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subset of {tt, ff}* for the product topology.? Besides, w-words over a finite alphabet form a
Stone (Boolean) space, i.e. a spectral space in which the compact-saturated sets coincide with
the closed ones. But in the case of the Scott domain of streams, proper compact-saturated
sets (such as {[tt]*}) are never closed. We think this makes the case of de Groot duality
(Remark 5.6) for temporal properties on streams.

In the context of Example 3.3, the significance of well-filteredness (Proposition 5.4) in
Lemma 5.7 is that a Scott-continuous function f: [Tree Bool — Stream Nat], say [count o bft],
satisfies the formula in Equation (4) if, and only if, there is some m € N such that for each
totally defined t € [Tree Bool], the length-m prefix of f(t) contains a totally defined number
> n provided that in the depth-m truncation of ¢, the children of the root have a maximal
path consisting of tt’s and one consisting of ff’s. Hence, only a depth-m exploration of f(t)
is needed to establish the property, where m € N depends on f but not on t. 1

Proposition 5.10 yields the rules (¢/3) and (¥/¢) in Figure 4c. The following Proposi-
tion 5.12 is crucial for the rules (|»/V) and (CC) in Figure 4e, as well as for completeness.

» Proposition 5.12. Given § € L"(7), if [8] # O then [§] = 1d for some finite d € [1].
Conversely, if d € [7] is finite, then td = [8] for some § € LN(T).

» Theorem 5.13 (Soundness of Deduction).
(1) For all 6 € L"(7), if C(8) is derivable, then [0] # 0.
(2) For all p,v € L5(X;7), if ¥ b @ is derivable, then [¥]p C [¢]p-

The following is the key logical fact toward completeness. It also entails the completeness
of the neutral fragment (which we actually do not need for our main Theorem 5.17).

» Theorem 5.14 (Completeness of L). Let v, € L(1).
(1) If [¢] # 0, then C(p) is derivable.
(2) If [¥] C [¢], then o F ¢ is derivable.

5.4 Semantics of the Refinement Type System

The interpretation [T] C [|T|] of a refinement type T is defined as [{7 | ¢}] = [¢] and
[U = T] = [U] = [T] and [T x U] = [[m]]([T]) 0 [[==])(IUD)-

» Definition 5.15 (Sound Judgement). A judgement EF M: T with & =x1: Uy,...,xn: Uy
is sound if |E| F M: |T| is derivable and if moreover [M](u1,...,u,) € [T] whenever
u; € [Ui] foralli=1,...,n.

» Theorem 5.16 (Soundness of Typing). If £+ M: T is derivable then it is sound.

It follows from Examples 5.2 and 5.11 that F count o bft: T'F is sound, where T'F is either
type in Example 4.1. This judgement is also derivable, thanks to our main result:

» Theorem 5.17 (Positive Completeness). If £~ + M: T is sound, then it is derivable.

Write T” for a refinement type which only contains formulae in £, and similarly for .
We obtain Theorem 5.17 by reduction to judgements of the form £ = M : T”, for which
completeness essentially amounts to [2] (through formally our system differs).

» Theorem 5.18. If ENF M: T is sound, then it is derivable.

2 See [33] for a comparison of the Scott topology on streams with the product topology on w-words.
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The reduction of Theorem 5.17 to Theorem 5.18 is an adaptation of [7, 32]. Consider
first the case of a sound - M : T, where T is positive. By Lemma 4.3 and Proposition 3.9,
let ¢ € L*(|T]) such that T ~ {|T| | (3k)p}. Since the judgement - M : T is sound, there
is some m € N such that - M: {|T|| ¢[m/k]} is also sound. By Lemmas 3.8 and 3.6, the
closed formula ¢[m/k] € L*(|T|) is equivalent to a disjunction of formulae v € £"(|T|). But
there must be at least one of these 4’s such that the judgement - M: {|T| | v} is sound, and
we can apply Theorem 5.18. Since {|T'| | v} = {|T| | ¢[m/k]} < {|T|| (3k)¢}, we obtain a
derivation of - M: {|T| | (3k)¢} from a derivation of - M: {|T| | ~}.

Consider now the case of z: U = M: T, where U is negative. Let ¢ € £ (|U]) such that
U~ {JU]| (V)¢}. Since [T] is Scott-open and [M] is Scott-continuous, well-filteredness
(Proposition 5.4) yields some m € N such that [v[m/¢]] € [M]~'([T]), i.e. such that
x: {|U||¢[m/€} + M: T is sound. We can similarly write t[m/¢] as a disjunction of
§ € L*(JU|), and each disjunct ¢ leads to a sound judgement z: {|U||d} b M:T. If
d I/ False, then Proposition 5.12 gives a finite d € [|U|] such that [6] = 1d. Since [T7] is
saturated, we have td C [M]~([T]) if, and only if, [M](d) € [T]. Unfolding T similarly
as above, the condition [M](d) € [T] yields some v € L"(|T'|) with {|T'| | v} < T and such
that z: {|U| |6} M: {|T) |~} is sound. See [31, §F] for details.

» Remark 5.19 (Undecidability). Positive judgements are semi-decidable but not decidable:
by Turing-completeness, there is a K : Nat — Nat such that Kn evaluates the nth partial
recursive function on input n. Hence the total function which given n € N decides the
derivability (or soundness) of = Kn: {Nat | [tot]}, is not recursive ([29, Theorem II.2.3]). J

6 Conclusion

We presented a finitary refinement type system which is complete for a set of Scott-open
specifications strictly extending [1, 2]. We moreover noted that these specifications are not
decidable for the typed A-calculus under consideration (Remark 5.19 above).

An important direction of future work is to characterise the expressiveness of our logic.

Example 5.11 means that our positive (resp. negative) fragment corresponds to a modal
p-calculus on (finitary) polynomial types, restricted to negation-free formulae with least
(resp. greatest) fixpoints. However, we cannot yet be as precise for higher-order types (with
formulae involving the realizability implication [—).

An other direction for future work is to extend this system to liveness properties (as in

Remark 3.4), while still targeting a complete finitary type system (in contrast with [19, 32]).

Our system has sum types (so as to have a recursive type of natural numbers), but
the category Scott does not have finite coproducts. Working with Call-By-Push-Value
(CBPV) [25, 26], for the usual adjunction between dcpos and cpos with strict functions,
may lead to a cleaner situation. In the long run, it would be nice if this basis could
extend to enriched models of CBPV, so as to handle further computational effects. Print
and global store are particularly relevant, as an important trend in proving temporal
properties considers programs generating streams of events. Major works in this line include
[35, 15, 16, 27, 23, 38, 27, 34]. In contrast with ours, these approaches are based on trace
semantics of syntactic expressions rather than denotational domains.

In a different direction, we think the approach of this paper could extend to linear
types [17, 28, 41], in particular for the A-calculus HOPLA, and possibly relying on the
categorical study of [9].
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