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—— Abstract

We provide in this paper a generic construction of web models of linear logic with partial sums.

Our construction captures a wide class of orthogonality models, ranging from coherence spaces to
probabilistic coherence spaces, finiteness spaces and Kothe spaces. All these models are built on the
same principles, but were very heterogeneous in the specificities of their technical development. Our
construction factorizes these specificities, allowing a unified treatment of further developments, such
as differentiation and Taylor expansion.

The differential A-calculus relates quantitative aspects of programs to differentiation and to
Taylor expansion in models of linear logic. Recent work has generalized the axioms of Taylor
expansion, so that they apply to many models that only feature partial sums. However, that work
did not cover Kéthe spaces and finiteness spaces. We generalize the theory of Taylor expansion to
models in which coefficients can be negative, and we prove that our generic web models always satisfy
this new axiomatization. Therefore, all the aforementioned models feature a Taylor expansion.
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Introduction

Quantitative semantics was introduced with linear logic after Girard noticed that the
interpretation of programs in mathematical models, were analytic maps [19]. They can be
written as an infinite sum of multilinear maps through a formula called the Taylor expansion:

1
flz) = g jf(") 0) - (x,...,x) where £ (0) is the n-th derivative of f at 0.
n!
neN

The n-th derivative at 0 captures the part of the program that uses its input ezactly n-times
during execution. In this way, quantitative semantics helps us understand how computation
interacts with non-determinism [33], probabilities [11, 15] or quantum primitives [41].

The differential A-calculus [16] and the syntactic Taylor expansion [17] extend quantitative
semantics. They give a purely syntactic way to track resources by building derivatives and
Taylor expansion inside the language itself. These theories also uncover a strong link between
the world of logic and computation, and the world of topology and analysis [12, 13, 26, 27].

The differential A-calculus [6] and the syntactical Taylor expansion, and their models [37]
have a fatal drawback: they allow any countable sums. The only way to interpret such sums
computationally is as non-determinism. From a syntactic viewpoint, this is puzzling. Indeed,
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Taylor expansion can be applied to deterministic [17] or probabilistic [10] programs, and enjoys
uniformity properties that are needed to prove normalization [17, 46]. From a semantic
viewpoint, allowing countable sums rules out most quantitative semantics. Fortunately,
recent works show that the differential calculus [14, 18] and the Taylor expansion [18] can be
axiomatized using only partial sums. Partial sums match computational behaviors such as
determinism in coherence spaces [19], or randomness in probabilistic coherence spaces [11].

One limitation remains. The infinite partial sums used in the coherent theory of Taylor
expansion [18] rely on X-monoids [21]. X-monoids only allow positive sums: if z +y = 0 then
x =y = 0. For programming language semantics, this is not a problem as programs never
cancel each other out. However, this restriction becomes a serious issue when developing
a theory of Taylor expansion that also works for quantitative semantics built on analysis
and topology. In particular, Kothe spaces [12] and finiteness spaces [13] are important
quantitative models that use analytic maps. Because they involve negative coefficients, they
are not covered by the coherent Taylor expansion described in [18].

Contributions. We develop in Part I a generic construction of web models of linear logic
with partial sums. Our construction unifies results on web models that were very similar in
ideas, but featured very heterogeneous technical details. We first consider models in which
objects are sets of vectors and morphisms are matrices whose coefficients range over an
arbitrary Y-monoid. Then, we generalize our construction to a more general notion of partial
sums called PCMs [22]. We consider here PCMs whose summability is given by a notion of
absolute convergence. This describes web models in which coefficients can be negative, as in
Kothe spaces [12] and finiteness spaces [13].

In Part II, we generalize the coherent Taylor expansion of [18] to PCMs. This axiomatiz-
ation of partial sum is more subtle to work with, in the same way that summability over real
numbers is more subtle than summability over non-negative real numbers. We then prove in
a unified way that all the web models developed in Part I feature such Taylor expansion.

Related work. The use of partial sums in semantics is rather common, and can be traced
back to algebraic programming semantics [36]. Various notions of positive sums have been
used in the literature, such as in geometry of interaction [21] and quantum programming
semantics [43, 7]. Our results on web models provide a unified point of view on various proof
techniques that appear throughout the literature on web based semantics [19, 12, 13, 11, 33].
Under some light additional assumptions (see Remark 32), our web models based on X-
monoids can be described as categories of modules over Y-semirings [45] with an orthogonal
basis reminiscent of tight orthogonality in double glueing [23]. However, [45] does not describe
Taylor expansion in that setting, and even though they prove that their model have a Lafont
exponential, they do not provide any explicit definition. They also do not provide a definition
for more general PCMs based on absolute convergence. Our theory of coherent Taylor
expansion is an adaptation of the coherent Taylor expansion of [18] to a setting with possibly
negative coefficients. Our work lies in the field of categorical differentiation, whose aim is to
study the categorical properties of differentiation [2, 3, 8] and of Taylor expansion [25, 34, 47].

1 Partial Commutative Monoids (PCMs)

We need a suitable axiomatization of partial sums that captures sums that are typical of
analysis and topology. We use the notion of partial commutative monoids [22]. If A is
a countable set and M is a set, an A-indexed family of elements of M is a function



C. Tasson and A. Walch

Z:A— M, written & = (24)aeca. We consider a set M with a partial function ¥ called the
sum from indexed families on M to M. An indexed family (z,)qca i summable if it is in
the domain of X, and we write its image as ). 4 a.

» Definition 1. For any expression e and €' involving partial sums, we write e se’ (ore' ze)
if whenever e is defined, then €' is also defined and e = ¢’ We write e e’ if ese’ ande=¢'.

» Definition 2 ([22]). The tuple (M,X) is a partial commutative monoid (PCM) if M is
non-empty and if the sum X satisfies the following axioms.
(Unary) Unary sum aziom: every singleton family (x) is summable with sum x.
(WPA) Weak partition associativity axiom: Let (2q)aca be an indexed family, I countable,
and {A}Yicr a partition of A (the A;’s can be empty). Then Y e Ta =Y ie; (Paca, Za)
A PCM is strong if it satisfies the partition associativity axiom (PA), where the implication =
of (WPA) is replaced by an equivalence 5. Strong PCMs are often called X-monoids [21].

Observe that the neutral element 0 is not given as part of the data, but can be defined
from the axioms. Indeed, the sum over the empty family is always defined by Lemma 3.

» Lemma 3. If A C B and (xp)pep is summable, then (q)aca is summable.

» Definition 4. FEvery PCM has a canonical preorder (it is not antisymmetric in general)
given by © < y if there exists z such that x + z = y.

Algebraic programming semantics is often based on strong PCMs and additive domains [36].
An additive domain is (roughly) a strong PCM whose preorder of Definition 4 is antisymmetric,
and where Y -, #q = sup {3,y %o | F C A finite}. However, strong PCMs (M, ) are
positive [22]: for all z,y € M, x +y =0 = 2 = y = 0, as illustrated in Examples 5 and 6.
Positivity is not an issue when one is concerned with programming languages semantics.
However, it does not capture partial summability in models based on traditional analysis.

» Example 5. A family of non-negative real numbers (r, € R>g)qeca is summable when
D = {},cpTalF is a finite subset of A} has an upper bound, written ) ., 2, = sup D.
This sum defines an additive domain. A countable family of real numbers (z, € R)qeca is
absolutely convergent if the family of their absolute values (|z4|)ac is summable. Then we can
define the sum of the (Z4)aca 85 Y 4cn Ta = Pogea [T1F =D aca 2|5, where |z|F = max (0, z,)
and |z|; = max(0, —x,). The notion of absolute convergence yields a PCM, the axiom (WPA)
corresponds to the Fubini-Tonelli theorem. However, this PCM is not strong: (—1,1) is
summable with sum 0, (0,0,...) is summable, but (—1,1,—1,1,...) is not.

» Example 6. For every monoid M, we can define the finitary PCM generated by M in
which a family Z = (24)4ca is summable if supp(Z) = {a € A | z, # 0} is finite, with sum
defined as }° e 4 Ta = >, equpp(a) Ta- This PCM is strong if and only if M is positive.

Properties of PCMs. First, the sum over the empty family, 0, is a neutral element.

» Definition 7. We define the support of a family & = (24)aca as supp(Z) = {a € Alz, # 0}.

» Proposition 8 ([22, Prop. 2.4]). Let & = (x4)aca be an indexed family, and A’ be a set
such that supp(Z) C A" C A. Then Y ,c 4/ Ta 5 D qea Ta-

Proof. Assume that (x4)qca/ is summable. Then for all a € A, define 4, = {a} if a € 4,
and A, = 0 otherwise. Then, {A4}aca is a partition of A’. Thus, by (WPA), >~ .4 %4 =
D acA 2oarea, Ta- But forall a € A, 30,4 @ar = 4, by (Unary) if z, # 0, and by
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definition of 0 if 2, = 0. Thus, > 4 Ta 5 > ,c4 Ta- Conversely, if (24)qea is summable
then (z,)qca’ is summable by Lemma 3 because it is a subfamily of (24)ac4, and it is proved
above that the sums are equal. |

Sums in PCMs are agnostic to the index set. Given two index sets A and B, an injection
¢ : A — B and a family & = (2,)qaca we define a B-indexed family ¢*Z = (ys)ocp by
Yg(a) = Ta, and yp = 0 if b ¢ H(A). We now generalize [22, Prop. 2.3] to injections.

» Proposition 9. For any injection ¢ : A — B and any A-indexed family X, ¢*Z is summable
if and only if  is summable, and the two sums are equal.

Proof. Let § = ¢*% = (yp)pep. By definition, supp(7) C Im(¢) C B, so by Proposition 8, ¢
is summable if and only if (y5)pem(e) is summable, and the two sums are equal. Thus, it
suffices to prove our result for all bijections to conclude that it holds for all injections. We now
assume that ¢ is a bijection. Assume that ¥ is summable. For all b € B, let A, = {¢~1(b)}.
Then the {Ap}pep are a partition of A, so by (WPA) we have Y 1 %4 5 e D aca, Ta-
By (Unary), >_,ca, Ta = ¢*Z(b). Thus, ¢*7 is summable with the same sum as . Conversely,
if ¢*# is summable then (¢~1)*¢*Z = T is summable. <

Partial commutative rigs. We introduce a PCM analogue to the notion of rigs (also called
commutative semirings) [20]. They will serve as the coefficients of our web models (Part I).

» Definition 10. A Partial Commutative Rig (PCR) is the data of (R,%,1,-) such that
(R,%) is a PCM, (R,1,-) is a commutative monoid, and such that for all indexed families

(Za)aca and (yp)ven of R, (ZaeA xa) . (ZbeB yb) = ZaeA’beB(xa -yp). A PCR is strong if
the underlying PCM is strong. Strong PCR are called X-semirings in [45].

» Example 11.
Both R and R>g are PCR, with the PCM structure of Example 5 and with the usual
multiplication.
Every rig (R,0,+,1,-) induces a PCR called the finitary PCR generated by R, in which
the PCM structure is the finitary PCM induced by (R, +) (see Example 6).
A complete rig [32] is the same as a PCR in which sums are always defined. A continuous
rig [33] is a complete rig in which the PCM structure is an additive domain. A standard
example of complete rig is the completion of positive real numbers R>g = R>q U {w}.

PCM categories. We now give a definition of categories “enriched” over PCM. This
enrichment is at the core of our theory of Taylor expansion, in the same way that differential
categories [2] are enriched over commutative monoids. Let £ be a locally small category such
that for all objects X, Y, £L(X,Y) is a PCM.

» Definition 12 ([22]). The category L is a PCM category if for all (fo € L(X,Y))aca and
(g0 € LY, Z))veB, (ZbEB gb) © (ZaeA fa) = Z(a,b)eAxB(gb o fa)-

This property is called the strong distributivity of the composition. By (Unary), strong
distributivity implies both left and right distributivity: (3 ,cp ) © f 5 Y pep(gp o f) and
90 (Xaeafa) 52 acalgo fa). However, left and right distributivity do not imply strong
distributivity, unless the PCM is strong [22]. We need to be very careful about this subtlety.

» Definition 13. A category L has zero morphisms if for all X,Y, there exists a morphism
0%Y € L(X,Y) such that for all f € L(X',X) and g € L(Y,Y"), 05Y o f = 0XY and
go XY = 0XY'. When the category has zero morphism, we define for all object X, the

Kronecker symbol 53 € L(X,X) by 6! =idx and 5{ =0ifi#j.

It follows from left and right distributivity that a PCM category always have 0-morphisms,
defined as the sum over the empty family.
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—— Part |
A generic construction of web models

We provide in this part a unified construction of web models of linear logic, based on a generic
PCR R. This definition encompasses many web based models from the literature depending
on the choice of R (see Example 17), and clearly identify what common patterns these
models share. We give two constructions. The first one follows the standard construction of
most web based models, but only works when the PCR is strong. The second one works on
more general PCR, whose summability consists of some sort of absolute convergence.

Let us introduce new notations for this part. We define the Kronecker symbol: 6% = 0 if
a # b, and 6¢ = 1. We define for all a € |X| a vector e, € RIX! by (e4)o = 6%, For all set
| X| (called the web) and all PCR R, we define the following partial maps on vectors:

scalar product {.|.) : RIXI x RIXI — R by (z|y) = > ae|x| Talas

matrix multiplication - : RIYIXIZIx RIXIXIYT 5 RIXIXIZ] 15y (t-$)a,.e = ZbelY\ Sab tb.cs

and the application of a matrix to a vector - : RIXIXIYI x RIXI 5 RIY (this is an

instance of matrix multiplication) by (s - @)y = }_,¢|x| Sa,b%a-

Notations on LL. Let £ be a model of linear logic, more precisely a Seely category [38].
Let (!,der,dig) be the resource comonad, £, the Kleisli category of ! . We write the
composition of f € L(X,Y) with g € L(Y,Z) as go f. We write the symmetric monoidal
structure as (®, A, p,a,7v) where A\x : 1 ® X — X and px : X ® 1 — X are the unitors,
axyz: (X Y)®Z - X ® (Y ® Z) is the associator, and yxy : X ®Y - Y ® X
is the symmetry. We write X — Y the internal hom, the currying of f : X ® Y — Z
is cur(f) : X — (Y — Z), and the evaluation is ev : (X — Y)® X — Y. There
is a bifunctor _ — _ : L’ x L — L that maps f : X’ - X and g : Y — Y’ to
f—og=cur(goevo (X =Y)®f)): (X -=Y) = (X' —Y’). We write X : [ — L the
constant functor, where I is the category with one object and one morphism. This functor
induces two functors X ®  : L — Land X —_ : L — L. We write [-indexed product as
& icr Xi, the projections as p; : &7, Xi — X;. We write I-indexed coproducts as @, ; X,
the injections as in; : X; — @,.; X;. We write the paring of a family f; : X — Y; as
(fi)ier : X = &er Vi, and the co-pairing of f; : X; = Y as [filier : @,;c; Xi = Y. A finite
multiset over a set A is a function m : A — N with finite support. Let Mg, (A) be the set
of all finite multisets over A. We write mj + my the pointwise sum of multisets. We also use
the notation [aq, ..., a,] for the multiset that maps a to the size of {i | a = a;}.

2 Web models based on strong PCMs

2.1 Orthogonality and objects

First we assume that R is a strong PCR, and we consider 8 C R. We assume that ‘B is
downward closed: if v <y and y € B then x € ®B. This assumption is not necessary to build

the model, but it will be necessary to ensure that the construction yields PCM categories.

We define an orthogonality relation x 1y on vectors and the orthogonal of a set F' C R‘f‘ as:
xzly if (z|y)5 is defined and belongs to B Ft={d ¢ le‘ | z L2’}

This construction has the usual properties of an orthogonality construction: F C F*+
(FCG)= (G+ C FY), and F+++ = F*. Different choices of R, and B yield the usual
definitions of orthogonality in various web models (see Example 17).

29:5
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» Definition 14. A set of vectors F' C RLX| is a covering if for all a € |X|, there exists
x € F such that its a component x, is invertible.

» Definition 15. An R -space is a pair X = (| X|, AX) where |X| is a set and AX C 'Rl_i(‘
is a set of vectors such that AX*+ = AX, and such that both AX and AX* are coverings.
The dual of an R -space X is defined as the R -space X+ = (| X|, AX ).

The downward closure of B induces the downward closure of R -spaces, for the pointwise

preorder on le induced by the preorder on Ry given in Definition 4.

» Lemma 16 (Downward closure). For all z,y € RLXl such that x <y, y € AX =z € AX.

» Example 17. This definition and the PCRs of Example 11 describe many web models.
Relational model [13, App. A]: take R4 to be the complete boolean rig {0,1} (the infinite
sum 1+ 1+ ... is defined and equal to 1), and B = R,.

Weighted relational model [33]: take R to be any continuous rig (or simply complete,
see [32]), and B = R.

Probabilistic coherence spaces [11]: take R4 = R (recall Example 5) and B = [0, 1].
Coherence spaces [19]: take Ry = {0,w} with w + w undefined, and B = {0,w}.
Finiteness spaces (relational version) [13]: take R4 to be the finitary PCM induced by
the finite boolean rig {0,1} (the infinite sum 1+ 1+ ... is not defined), and B = R.
Kothe spaces (positive version) [12]: take Ry = R>g and B = R>g.

Different choices of PCR describe different computational properties: the countable non-
determinism of the (weighted) relational model, the randomness of probabilistic coherence
spaces, the determinism for coherence spaces, and the finite non-determinism for finiteness
spaces. There are however some web models that cannot be described by an orthogonality
relation, for instance the category of non-uniform coherence spaces [5].

2.2 Tensor product of objects and morphisms

We can now build the category of R -spaces following the standard procedure of web based
models: we first build the tensor product of objects, and we deduce the morphisms by duality.
For all vectors x € R‘f‘ and y € lel, define x ® y € RLXlXIY‘ by (£ ® yY)a,b = Tayp. For all
sets FQRL;Xl and GQRLE/‘, weset FRG={xQ®y |z ecF,y<c G} The tensor X Y of
two R-spaces X and Y is defined as

XeV|=|X|x[Y] AXQY)=(AX®AY) .

The closure under double orthogonality is crucial to ensure that this is an R;-space. We now
define the R y-space of linear maps between R -spaces by duality: X Y = (X ® Yl)l.
> Remark 18. A(X —Y) = A(X ® Y1) = (AX ® AYL)""" = (AX ® AY1)". Thus, a
matrix s € RIX =Yl belongs to A(X — V) if and only if s L (z®3/) for all z € AX,y' € AY*.
This predual characterization of X —o Y is the backbone of web semantics.

» Theorem 19. For alls € A(X —Y) andt € A(Y — Z), t- s is well-defined and belongs
to A(X — Z). Furthermore, the identity matriz idx € RL‘FX_OX‘ belongs to A(X — X).
Thus, we can define the category Webg_ whose objects are the Ry -spaces, whose morphisms
are Webgr_ (X,Y) = A(X —Y), and whose composition is given by matriz multiplication.

Proof sketch of Theorem 19. The proof (see Appendix A) uses the predual characterization
described in Remark 18. Now, observe that (s |  ® 3} can be reordered as follows.



C. Tasson and A. Walch

» Lemma 20. For all s € R‘Xlxm T € R‘ " and Yy € Rly‘
(s-x|y) = <s | z ®y). Furthermore, 2fs x s deﬁned then (s-x | Ys(s|lzey).
(st y | x)5 (s | @ @y). Furthermore, if s* -y is defined, then (s | )5 (s | z®y).
Where s+ € R\IMX\ is the transpose of s, (SJ‘)b,a = Sqb

Unfortunately, the equivalences in Lemma 20 requires s-2 and s*-y to be defined. Fortunately,
we can ensure that this condition often holds, by Lemma 21 below.

» Lemma 21 (Covering principle). Let Q be a covering olef‘. Letz € le‘ and s € ’le(%y‘

such that (s | © @ y) is well-defined for all y € Q. Then s - x is well-defined.
Similarly, let P be a covering ole_i(l. Lety € R‘Il and s € le_oyl such that (s | ¢ ®@ y)
is well-defined for all x € P. Then s* -y is well-defined.

Used together, Lemmas 20 and 21 give us a convenient characterization of A(X —o Y'). This
characterization gives a unified account of seemingly different characterizations that appears
in all web models, such as probabilistic coherence spaces [11, Lemma 3], finiteness spaces [13,
Lemma 3], and even the historical model of coherence spaces [19, Def. 3.6].

» Proposition 22. Let s € ’le_oy‘. The following are equivalent:

1. se A(X —Y); 3. Vx € AX, sz is defined and belongs to AY;
2. st c A(YL — XH); 4. Wy € AY*, sty is defined and belongs to AX*.

The proof of Theorem 19 uses this characterization. First, we prove that ¢ - s is well-defined
with an argument similar to that of Lemma 21. Then, we prove that (t-s) -z 5t (s- ),
and we conclude that ¢ - s € A(X — Z) by applying Proposition 22 twice. <

To wrap up this section, we further improve the predual characterization of X — Y given
in Remark 18 and Proposition 22. This new predual characterization captures in a unified
way various proof techniques that appear throughout the literature on web models.

» Theorem 23 (Predual characterization of morphisms). Let X and Y be two R4 -spaces. Let
P C RlX‘ and @ C R‘ " be two coverings such that P+ = AX and Q* = AY. Then for

all s € R‘f—oyl, the following are equivalent.
1. se A(X —Y); 3. forallx € P, s-x is defined and belongs to AY ;

2. se(P® Q)L; 4. for ally' € Q, s* -y is defined and belongs to AX .

The proof of Theorem 23 relies heavily on Lemmas 20 and 21 (see Appendix A). The following
result immediately follows from Theorem 23, using that X @ Y = (X —o YJ-)J'.

» Corollary 24. Let P C R‘f‘ and Q C le‘ be two coverings such that P+ = AX and
QL = AY. Then AX®Y)=(PeQ)"".

2.3 The linear logical structure of web models

We describe here the objects of the linear logical structure of Weby , . The rest of the structure
(symmetric monoidal structure, closure, resource comonad, and Seely isomorphisms) is the
usual structure of web based models (summarized in Figure 1).

The predual characterization of Theorem 23 ensures that all the matrices describing the
LL structure (in Figure 1) are morphisms. We define the exponential of an R -space X by:

'X|={m e Mg,(|X]) | 3= € AX such that Va € m, z, is invertible}
AMX)={a' |z € AX}L where (2') (4, a0 = Ty Ta

n
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Monoidal structure: 1 = ({*},{e.}"") and for all s € A(X; —o V1) and s’ € A(Xy —o Y3),
the tensor s ® s’ € Rl_iQ@XroYl@Y?‘ is defined by (s ® 8')(a,a1),(bb') = SabSyrp SO that
(5@) (z @) = (s 2) ® (s - 2')

A e RIIEX =X Aera)ar = 0% A (roz)=rz
pE R‘Jf(@lwx‘ Pla)a = 5 p-(z@r)=rx
a € REFEDIZTETEDN oo =08 80 a- (2@ ©2) =28 (y©2)
v e RLX@/—QY@X‘ Veab) (v .ar) = 08 6F Y (rey) =y
Closed structure: for all s € A(X ®Y —o Z)
ev € RK(X_OY)G@X)_"Y‘ eV((ab),a)b = 59 s ev-(s@z)=s-x

c RE(_O(Y_OZ)\

cur(s) cur(s)a,(b,e) = S(a,b),e (cur(s)-2)-y=s-(z®@vy)

Exponential: for all s € A(X —Y)

ls € Rl—:-X_O!Y‘ (!S)m,[bl,...,bn] = Z Say,by * " San,bn ls o' = (S : I)!
a,...,an €1 X|
s.t. m=[ai,...,an]
der € RL!_X_OX‘ der,, o = ol der-2' =2
dig € RIS digy, o = omb e dig L (@) = o
Seely isomorphisms: Define k& - [a1,...,a,] = [(k,a1),...,(k,a,)]. Observe that every

m € [(X &Y)| can be written uniquely as m = 1-m; + 2 - my with m; € |!X]| and
mg € Y] (even when taking into account that |!X| is not the set of all multisets in general).
Furthermore, recall that T = (0,{0}) so !IT = ({[]} , {O!}ll) = ({[]} , {eH}LL)_

mo ¢ RL}A)!T\ mo*,[] -1 ml .y =g
(m®)~ € RET () =1 ()~ er=r

1B
m?2 c RL(_!X@!Y)—o!(X&Y)\ mz(m,m)m _ 5;m1+2»m2 m2 . (x! ® y!) _ (x,y>!

(m?) 71 e REEZIREIT () S R T

m,(mi,ms) =

Figure 1 LL structure of Webx_ .

Observe that [!X| # Mgn(]X|) in general because we want A(!X) to be a covering. Indeed,
in coherence spaces the web of !X is the set of multisets whose support is a clique.

By design, the category is *-autonomous, with dualizing object | = 1+. It has products
and coproducts. The webs are given by |&7,c; Xi| = |@,c; Xi| = U,e; {i} x Xi. We can

define for all i € I injections in; € R, (@, and projections p; € RL(&’E’ ) |
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by (ini)a,(,a) = (Pi)(Gra),r = 6764 We can then define

K3

1
A(&Xl> = {ini - T | x; € .AXlL} A(@XZ) = {ini - T | x; € .AXi}lL,
iel il
and we can check that these are products and coproducts. Observe in particular that for
e Xi . . . .
all z € RL&'LEI |, (pi x| ') 5 (x|in;-a’) sox € A(&;e; Xi) if and only if for all i € 1,
pi -z € AX;. In particular, A(@iel X,-) cA (&ieIXi)’ but this is not an equality in
general. The initial and terminal object is T = (0, {0}).
» Remark 25. We conjecture that the exponential we describe here is always Lafont [31]. All
the web models given in Example 17 are known to be Lafont, except Kéthe spaces for which
the question is still open. However, the proof changes drastically depending on the model:

the proof that probabilistic coherence spaces are Lafont [9] uses a generic formula that fails
in finiteness spaces [39].

3 Web models based on absolute convergence

We now describe web models based on PCRs that are not strong, but whose summability
behaves similarly to the absolute convergence on real numbers (Example 5). We give two
examples: Kothe spaces [12], and the category of modules over a finiteness space [13].

» Definition 26. A PCR R is absolute if there exists a strong PCR Ry and a function
|| : R = Ry (called the absolute value) such that
|z| = 0 if and only if x = 0;
|.| is @ monoid morphism for the multiplicative part: |zy| = |z||ly| and |1] = 1;
Triangle inequality: (xq)aca ts summable in R if and only if (|xa|)aca is summable in
Ry, and |3 eaTal < gea |Zal

» Example 27. The PCR of real numbers is absolute, taking R4 = R>( and |.| to be the
regular absolute value. The finitary PCR induced by a rig (Example 11) is also absolute,
taking R to be the finitary PCR induced by the boolean rig, and |x| = §1.

We generalize to inequalities the notations of Definition 1. For example, the triangle

inequality stated in Definition 26 above is described by the equation | Y, .4 #al S ,ca |Zal-

The absolute value |.| extends to a function abs : RIXI — le‘ for all web |X|, defined by
abs (), = |z,4| for all a € |X|. By triangle inequality, for all s € RIX=Yl and ¢t € RIV =4I,
abs (t-s) S abs (t) - abs (s). Similarly, for all ,y € RIXI, | (z | )| S (abs () | abs (y)).

» Definition 28. For all R -space X, let R(X) = {z € RIX| | abs (z) € AX}. We define
the category Webg whose objects are the R -spaces, whose morphisms from X toY are the
matrices in R(X —Y), and whose composition is matriz multiplication.

Forall s € R(X — Y) and t € R(Y —o Z), we have that abs (¢ - s) Sabs (¢)-abs (s) € A(X —o
Z) so t - s is well-defined and belongs to R(X — Z) by downward closure of A(X —o Z)
(Lemma 16). We can check that Webyx is a model of linear logic, with the same structure
as the one described in Section 2.3. These matrices are all morphisms in Webg, because
abs (z ® y) = abs (z) ® abs (y), abs (z') = abs ()" and abs (!s) < labs (s).

» Example 29. Definition 28 captures the two seminal models of the differential A-calculus.

Finiteness spaces. The category of modules over a finiteness space [13, Sec. 4] is an
instance of our Definition 28 in which R is a finitary PCR.
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Kothe spaces. Kothe spaces are defined in [12] a bit differently, by a generalization
of the orthogonality relation given in Section 2 and of the notion of R -space given in
Definition 15 to the absolute PCR of real numbers. In the end though, by [12, Prop. 2.12]
the category of Kothe spaces coincides with our definition of Webg. In fact, we can check
that a Kothe space X = (|X|,£X) in the sense of [12, Def. 2.8] is exactly the same as
the module R(X’) where X’ is the R>¢-space given by X’ = (|X|,{abs(z) | z € £X}).

4 Summability in web models

We prove in this section that both the category Webg , defined in Section 2 and the category
Weby defined in Section 3 have a PCM structure on their morphisms. In fact, we prove
that for all R4-space X, both AX and R(X) have a PCM structure. We start with AX.

» Definition 30. Let X be an Ry -space. A family (x(i));cr of elements of AX is summable
if their pointwise sum (3 ,c; (i) =3 ,c;2(i)q is defined and belong to AX.

a

» Proposition 31. Let X be an Ry -space. Then AX is a strong PCM.

Proof. It immediately follows from (PA) on R4 that for all family (x(i));cs of R‘f‘ and all
partition {I}cp of I, D 2icr (i) & D g Doieq, ©(4). To conclude, we still need to ensure
that whenever (x());er is summable in AX, then for all k € K, (2(7))icr, is summable in
AX. This is an immediate consequence of the downward closure of AX (Lemma 16). <«

» Remark 32. If the set 8 used to define orthogonality is stable under multiplication, then
B is a strong PCR and R -spaces are B-modules with orthogonal basis [45].

Similarly to morphisms, summability can be characterized in terms of predual. The proof
is very similar to the proof of Lemma 21 and of Theorem 23.

» Proposition 33. Let P be a covering ofR‘_i(I such that P+ = AX. Then a family (z(i))icr
of AX is summable if and only if for all ' € P, <Zie[ x (i) ‘ x'> is defined and is in B.

We now define the summability in R(X).

» Definition 34. Let X be an Ry -space. A family (x(7))icr of elements of R(X) is summable
if (abs (x()))icr is summable in AX (in the sense of Definition 30).

By triangle inequality, abs (3, ; #(i)) §>_,c; abs (#(i)) € AX so the pointwise sum Y, ; (i)
is well-defined and belongs to R(X) by downward closure of AX.

» Proposition 35. The pointwise sum defined above is a PCM on R(X).

Proof. Let (2(i))ic;r be summable in R(X), and {Ij}, ., be a partition of I. For all k € K,
(abs (z(7)))ier, is summable in AX by Lemma 3. Thus, (2(¢))icr, is summable in R(X):

Z abs (Z x(z)) gl Z Z abs (z(7)) ;2 Z abs (z,) € AX
keK = kEK i€, acA

where (°1) holds by triangle inequality and (°2) by (PA) on the strong PCM AX. We
conclude that (3, #(i))kex is summable in R{X) by downward closure of AX. <
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—— Part 1l

Taylor expansion

We generalize coherent Taylor expansion [18] to models of LL enriched over not necessarily
strong PCMs (Definition 12), that subsume the monoids of differential categories [2]. First,
let us give a bird’s-eye view of the theory developed in [18]. A summability structure on L is,
in essence, a functor S with projections 7; : S = Id such that (f; : X — Y);cn is summable
if and only if there exists f : X — SY such that m; 0 f = f;.

» Remark 36. Defining summability by an endofunctor is standard in algebraic programming
semantics. However, the object SX is often a coproduct, as in partially additive categor-
ies [36]. Summability structures are more general, and enjoy an epi-mono factorization

(see Appendix B): @P,cy X —— SX —"— [],cy X . When sums are total, this factoriza-

tion collapses into an equality, and thus the category has countable biproducts. This collapse
is an infinitary counterpart of a well known result on finite biproducts [35, Chap. 8].

The axioms of (strong) PCMs then endow the summability structure S with a canonical
bimonad structure (a monad and a comonad structure that interact nicely) [40]. Furthermore,
the compatibility between the PCM structure of £ and its LL structure boils down to
categorical structures on the monad S: a lax monoidal structure (wrt ®), a strong monoidal
structure (wrt &), and an invertible pointwise structure S(X — Y) — (X — SY) [29].

In quantitative semantics, morphisms in the Kleisli category of the resource comonad are
seen as analytic maps. Taylor expansion is thus described as a functor T on £, [18]. The
action on object TX = SX ensures that all sums in the Taylor expansion are well-defined.
The Taylor expansion Tf € £(SX,SY) of f € £Li(X,Y) is intuitively the function:

Tf:(%i)ien — ( Z Z %f(k)(fo) : (Sﬂil,u-,éﬂik)) . (1)

1<k<j it Fin=j jeN

The j-th coefficient of T f corresponds to the degree j component of the Taylor expansion of
f (ZieN xiei), where ¢ is a formal variable reminiscent of dual numbers [44]. In particular,

Tf(z,u,0,...) = (;!f(”(x) ' (”""’u))jEN

so Tf captures the Taylor expansion of f. The intuitive Equation (1) is validated by web
model examples in [18]. Furthermore, this equation is used in [47] to build T directly in
cartesian differential categories [3], even when there is no LL structure.

Let Der : £ — L, be the canonical functor that maps f € L(X,Y) to foder e L(IX,Y).
Now, observe that for all f € L(X,Y), Der f € L(!X,Y) is a linear map, so we should
have that T(Der f)(z;)ien = (Der f(x;)),cy, thus T(Der f) = Der (Sf). We say that T is an
extension of S to Ly [42]. Such an extension boils down to a distributive law [42] between the
functor S and the comonad !_. It consists of a natural transformation 9 : !S = S! subject to
a compatibility condition with der and dig. Additional compatibility conditions between 0
and the structure on S (bimonad structure, monoidal structure with regard to ® and &, and
projection ) ensure that the structure on S extends to T. This structure on T describes
with categorical equations the standard properties of the differential calculus [47].

Summability is often given by S =D — _, with D = &, 1 (see [18]). The object D
has a bimonoid structure that is mate [24] to the bimonad structure of S (see Figure 2). The
mate isomorphism implies that the existence of the distributive law 0 : !S = S! is equivalent
to the existence of a !-coalgebra de L(D,!D) compatible with the bimonoid structure of D.
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Contribution. We adapt [18] to a setting where PCMs are not necessarily strong. In Sec-
tion 5, we present summability structures in the absence of (PA). In Section 6, we replace
the object D = &7,.;
In Section 7, we show that all web models defined in Part I can be captured by this theory.

1 as it does not account for representable summability in Kothe spaces.

5 Taylor expansion in PCM categories

Summability structure. We generalize the summability structure of [18] to PCM categories.

» Definition 37. A summability structure on a category L is a tuple (S, (7;)ien, 0,0) where
(S-fun): S is a functor on L, and m;,0 : S = Id are natural transformations called
respectively projections and sum, and 0 is a family of zero morphisms 0%V € L(X,Y).
(S-proj) The m; are jointly monic: Vf,g € L(X,SY), (Vie N,mjof =mog) = f=g.
(S-sum) For all objects X,Y , there exists a PCM structure on L(X,Y) such that
(S-sum-1) A family (fiy .. i, )ix,....inen over L(X,Y) is summable if and only if there
exists f € L(X,S"Y) such that m;, o---om; of = fi, .. n
(S-sum-2) If (fi,,....in)ir,...sinen s summable then >, . fir, i, = mw".
(S-sum-3) The sum over the empty family is equal to the zero morphism 0.
The axiom (S-proj) ensures that the object SX describes N-indexed families over X. It is
similar to a product, but the pairing only exists if the family is summable by (S-sum).

» Definition 38. By (S-proj), the morphism f given in (S-sum) is unique and is called the
witness of (fir,...in)ir,....inen. We write this witness (fir,...in )iy, i yenn-

The reader may be puzzled as for why we consider N™ indexed families in (S-fun) instead
of simply N. We need to consider these families to ensure that the iteration of S does not
introduce more constraints than the summability of each component.

» Example 39. In web models, the summability structure is given by [SX| = [J;cy {7} x | X|
N
and A(SX) = {(xi)ieN € (R‘f‘) | (zi)ien is summable in AX}, with projections m; -

(7i)ien = x; and sum o - (2;)ien = D,y %i- Observe that SX sits between the product
and the coproduct, as mentioned in Remark 36. We will prove in Section 7 that our web
models are representable PCM categories (Definition 50), which will ensure de facto that S is
a summability structure.

We do not assume in Definition 37 above that £ is a PCM category. This is captured by
(S-fun), as shown in Proposition 40 below.

» Proposition 40. If L is equipped by a summability structure, then L is a PCM category.

Proof. We need to prove strong distributivity. Let f = (fa)aca be a summable family
of L(X,Y), and § = (ga)aca be a summable family of £(Y,Z). Let ¢; : A — N and
¢2 : B < N be any injections (they exist because A and B are countable). Let (f!)ien = qﬁ’{f
and (g})jen = ¢3g. These families are summable by assumption and Proposition 9.

Let f/ € L(X,SY) and ¢’ € L(Y,SZ) be the witnesses given by (S-sum-1). Then, by
naturality of the m;, mj o m 0Sg' o f' = mj0g omo f' = gio f]. Thus, by (S-sum-1),
(g;- o f1);,jen is summable with sum coooSg’o f’ 2 ocog'oogof 2 (ZjeN gg) o (ZieN f{) 2
(Xpern 95)0 (X aca fa) where (°1) is naturality of o, (°2) is (S-sum-2) and (°3) is Proposition 9.
To conclude the proof that £ is a PCM category, we only need by Proposition 9 to give an
injection ¢ : A x B — N? such that (g; o fi)ijen = V" (hap)(ap)eaxn With hap = gy o fa.
Define ¢ as 1(a,b) = (¢1(a), d2(b)). Then, for all 4,5 € N,
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if (7,7) € Im(%), then i € Im(¢1) and j € Im(¢2), and ggofi’ = 9¢;1(j)°f¢1—1(i) = Ny-1(i,5);
otherwise, either i ¢ Im(¢1) and f; =0, or j ¢ Im(¢2) and g; = 0. By (S-sum-3), 0 is a
zero morphism and thus g; o f; = 0. <

As shown in [18, Sec. 3.4], every summability structure S has a canonical bimonad
structure [40]. The proof of [18] carries to our setting, so we simply recall the result here.

» Proposition 41.

1. For alli € N, there exists v; : |d = S characterized by w; o v; = (53

2. There exists a natural transformation 0 : SS = S characterized by m; 00 = Z;‘:O Ti—j O Tj.
3. There exists a natural transformation | : S =SS characterized by m; omjol = 557@.

4. There exists a natural transformation c : SS = SS characterized by m; o mj oc = m; om;.

» Theorem 42 ([18, Thm. 74]). (S, o, 0) is a monad, (S, 0,!) is a comonad, c: SS =SS is a
distributive law between the two [1, 42], and together they form a bimonad.

By monicity of the m;, a morphism f € £(X,SY) of the Kleisli category of the monad S
can be seen as a formal power series ), fiet over L(X,Y), where f; = m; 0 f and ¢ is a
formal variable. Then the composition of two power series in the Kleisli category of S is given
by their Cauchy product, (ZjEN gjgj) o (Yien fie") = X ken (Ziﬂ.:k g; o fl) e¥. As such,
the Kleisli category of S is quite reminiscent of the monoid semiring construction of [22].

Compatibility between summability and categorical structure. We detail how the PCM
structure of a PCM category £ should interact with the symmetric monoidal (closed) structure
of £, and its products, whenever they exist.

» Definition 43. The PCM structure is compatible with the symmetric monoidal product if
® s strongly distributive: for all indexed families (f, : X1 — Y1)aca and (gy : Xo — Yo )pen,

(ZaGA fa) ® (ZbeB gb) = ZaGA,bGB(fa ® gp).

» Definition 44. The PCM structure is compatible with the monoidal closure if it is compatible
with the symmetric monoidal product and if for all indexed family (fo : X @Y — Z)aca,

ZaGA cur(fa) = cur (ZaGA fa) .

» Definition 45. The PCM structure is compatible with the finite products (respectively
countable products) if for all finite (respectively countable) index set I and for all collection

of indexed families (fi € L(X,Y;))aca where i ranges over I, Y . 4 <f2>2.€] (X f;>i€[

» Remark 46. These definitions are the most intuitive, but are quite redundant.
Monoidal product: the left and right distributivity of ® implies strong distributivity, by
strong distributivity of the composition in PCM categories. Furthermore, left distributivity
implies right distributivity by symmetry of the product, and vice versa.
Cartesian product: by right distributivity, p; oY, 4 <fé>i€[ 5D gealpio <f¢i>iel) =
> aca f4 s0 by uniqueness of the pairing, we always have Y, <f,§>i€l s (X fé)iel.
Monoidal closed structure: similarly, if the PCM structure is compatible with ®, we can
prove that Y, 4 cur(fa) 5 cur (3, cq fa)-

If the PCM category structure of £ is induced by a summability structure S, all the com-
patibility conditions above boil down to categorical structure on S (see proof in Appendix C).
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» Proposition 47. Assume that L is equipped with a summability structure S.
1. The PCM structure induced by S is compatible with the symmetric monoidal structure of
L if and only if for all objects X and Y, 0® Y = 0 and there exists

qﬁ()y =(m @Y ),y :SX®Y = S(X®Y) such that 50 ¢' = (c®Y)
Oy = (X @mi);en: X ®SY = S(X ®Y) such that 00 ¢* = (X ® 0) (2)

2. The PCM structure is compatible with the symmetric monoidal closed structure (whenever
there is one) if and only if it is compatible with the symmetric monoidal structure, and if
for all object X, (X —o m;)ien : (X — SY) = (X —Y) is summable.

3. The PCM structure is compatible with the finite (resp. countable) products (whenever they

exist) if and only if for all finite (resp. countable) index set I, (&, 7;)jen is summable.

iel

The natural transformations ¢! and ¢? endow S with the structure of a commutative
monad [18]. This induces by standard results [28, 30] a laxz monoidal monad structure
to:1—=Sland Lyy : SX ®SY — S(X ®Y) characterized by moL =%, .. _ mi @m,.
Similarly, S has a canonical oplax monoidal structure (Spy,Sps) : S(X & Y) — SX & SY
[38, Prop. 22] with inverse (m; & 7)),y : SX & SY = S(X & Y'). Thus, the compatibility
between sums and products turns S into a strong monoidal monad (wrt &).

Taylor expansion. Our Taylor expansion is the same as in [18].

» Definition 48 ([18, Def. 112]). An analytic Taylor expansion is a distributive law 0 : 1S = S|
between the functor S and the comonad !_ that is also compatible with the structure on S
(bimonad, monoidal structure with regard to ® and &, and projection 7).

6 The representable theory

We assume in this section that £ is a symmetric monoidal closed category, with zero
morphisms 0 that are also absorbing for the monoidal product : idxy ® 0 = 0 and 0 ® idy = 0.

» Definition 49. A summation object in L is an object D equipped with a family of jointly
epic morphisms (e; : 1 — D);en called the basis, and A : 1 — D called the diagonal.

In [18], D is always assumed to be equal to the product &, 1. However, it turns out

ieN
that this assumption does not give the expected notion of sum ineKéthe spaces. We refer the
reader to Section 7 for a generic description of this summation object in web models.

The internal hom 1 — X can be identified with X, and thenev; x =px : X ®1 =+ X
and for all f: X ® 1 — Y, cur(f) = fop . We define natural transformations m; = (e; —o
X):(D—-oX)—= Xando=(A—oX):(D— X)— X. More explicitely,

M= DX —" (D X)g1 PN

evp, x

D—oX)eD —=*, X,

oo x (3)
D—oX)eD —=*, X,

o= D-oX " 4 (D-oXx)g1Z=N

» Definition 50. The category L is a representable PCM category if it has a summation
object D such that (D — __ (m;)ien, 0,0) is a summability structure.

We now provide an alternative characterization of representable PCM categories, which
can be obtained by “uncurrying” the definition of summability structures. By standard
naturality equations on the currying, we get that forall f : X®D — Y and g : X@D®" — Y,

miocur(f) = fo(X®e)op ! gocur(f)=fo(X®A)op?
My 0 com, ocur(g) = go(X ®e;, ® - @e;)o (") (4)
corogocu(g) =go (X @A 0A)o ()]
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» Lemma 51. For all object D and every family of morphisms (e; : 1 — D);en, define m; as
in Equation (3). Then, the following assertions are equivalent:

1. the morphisms e; are jointly epic;

2. for all object X, the morphisms X ® e; : X @1 — X ® D are jointly epic;

3. the morphisms m; are jointly monic.

Proof. (1) = (2). Let f,g: X ®D — Y be such that fo (X ®e;) = go (X ®e;) for all i € N.

By naturality of 7, we get foyo(e;®X) = goyo(e;®X) and hence cur(fovy)oe; = cur(goy)oe;
so that cur(f o) = cur(g o) and hence f = g. So the X ® e; are jointly epic. Conversely,
(2) = (1), taking X = 1. Finally, (2) < (3) by Equation (4) and bijectivity of cur. <

Thus, the only condition that does not hold de facto when there is a summation object
is (S-sum). This condition can be uncurried by Equation (4) as follows.

» Proposition 52. The category L is a representable PCM category if and only if it has a

summation object D such that for all objects X, Y, L(X,Y) has a PCM structure in which:

1. A family (fiy,. i, )in.....inen Of morphisms X — Y is summable if and only if there exists
h: X ®@D®" —Y such thatho (X ®e;, ® - ®e;)o (p%) ™t =hiy ..

2. Then, 3%, i en P, i, =ho (X ®A@ - ®A)o(pf)7"

3. The sum over the empty family is equal to the zero morphism 0

It immediately follows from (Unary) and from the characterization above that there exists
for all i € N a projection pr; : D — 1 such that pr; oe; = 6] and pr, o A =id;. As such, D is
quite similar to a biproduct, except that the pairing and the copairing do not always exist.

» Theorem 53. In every representable PCM category, the sum is compatible with the
monoidal product, the closure, and the cartesian product (whenever it exists).

To prove Theorem 53, we check that the summability structure D — __ satisfies the conditions
of Proposition 47 (see Appendix D).

We now adapt to our PCM setting one of the main results of [18]: there is a bijection
between Taylor expansions 0 : IS = S! and analytic coalgebra structures on .

The object D can be equipped with a comonoid structure, given by pry : D — 1 and

6:D — D ®D characterized by o e, = (Ziﬂ.:n(ei ® ej)) p1*. The morphism f exists

because (e; ® €;); jen is summable by Proposition 52, so (Ziﬂ:n e ® ej> is summable
neN

by (YVPA). The object I can also be equipped with a monoid structure, given by A:1—-D

and | : D ®D — D characterized by | o (e; ® e;) = d] oe;. The morphism | exists because the

family (e;);en is summable by Proposition 52, so (d/e;); jen is summable by Proposition 8.

» Theorem 54 ([18, Thm. 212]). The tuple (D, A1, pry,6) is a bicommutative bimonoid.

The proof of [18] also works for our PCMs. The bimonoid structure on D is related to
the bimonad structure of S through the mate isomorphism [24] (see Figure 2). The bimonad
S can be seen as a kind of writer/reader bimonad associated to the bimonoid D.

» Definition 55 ([18, Def. 218]). An analytic coalgebra is a \-coalgebra structure & : D — D
such that the bimonoid structure of D and ey : 1 — D are !-coalgebra morphisms.

» Theorem 56 ([18, Cor. 222]). There is a bijection between analytic Taylor expansions
0:1S=S! forS=D — _ and analytic coalgebras.

The proof of [18] also carries directly to our setting (it does not use any assumption on
summability, only a purely categorical construction involving the mate isomorphism).
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Bimonoid D Bimonad & D Bimonad D —
Projection pr; € £(D, 1) po(X®pr;) € L(X®D,X) Injection ¢;
Basis e; € £(1,D) (X®e)op '€ L(X,X®D) Projection ;
Monoid unit A Monad unit (X ® A) o p~* Comonad unit o
Monoid multiplication | Monad sum (X ® 1) o « Comonad sum |
Comonoid unit pg <= Comonad unit po (X ® po) 22¢ Monad unit o
Comonoid multiplication 6 Comonad sum « o (X ® 0) Monad sum 6
Commutativity ~y Distributive law X ® ~ Distributive law ¢
Analytic coalgebra Distributive law Distributive law
0 € L(D,D) (L )eD=1_oD) 0:1S=S!

Figure 2 Bimonoid and bimonad relations.

7 Taylor expansion in web models

We prove in this section that our web models are representable PCM categories, and feature
a Taylor expansion. For all set A and all PCR R, define Ay € R* by (Aa)e = 1. We
then define I*(A) C R4 and [®(4) C R4 by I1(A) = {A,}" and I°°(A) = {A4}"". In
particular, (zq)qca € I'(A) if and only if (2,)qc is summable and Y ., 24, € B. Then, we
set D = (N,[*(N)).

» Example 57.
In probabilistic coherence spaces [11], I1(A) is the set of all sub probability distributions
on A, and [*°(A) is the set [0, 1]4.
In finiteness spaces [13], I*(A) is the set of all A-indexed families with finite support, and
[>°(A) is the set of all A-indexed families.
In Kothe spaces [12], I1(A) is the set of all absolutely convergent families, and [*°(A) is
the set of all bounded families.
More often than not, [*(A) = A (&r,cal) 0 D = &;cn 1, as assumed in [18]. However,
this is not true in Kothe spaces in which A (&7,c4 1) is the set of all A-indexed families.

The object I is a summation object, with diagonal A = Ay and basis e; € RIP! defined
by (ea)ar = 62 (they belong to AD by downward closure, since e, < A). We now prove that
the summability in Webg described in Section 4 is representable.

» Lemma 58. For all k € N, A (D®F) = [>°(NF).

1L,
Proof. A (D®F) = ({A}M@--.@{A}“) 2 (At®-@{ADT = {(Aptt =
[°°(N¥) where (°1) is obtained by iterating Corollary 24. <

» Theorem 59. The sum in Webg, and Weby is representable.

Proof. It suffices to do the proof for Webr (Webg, is a special instance of Webz in
which [.| is the identity function). We prove that D satisfies the conditions of Proposi-
tion 52. Let (f(i1,...,%))i,....ixen be a family of R(X —o Y). Define h € R|X®@DEF Y|
by hair..ivb = f(i1, . ik)ap S0 that f(i1,...,ix) =h- (X Qe @ ®e;) - (pF)~! and
Y iriiven i) 5h(XQA®- - @A) (p7) 71 5h-(X @Ak )- (p¥) 1. Tt suffices to prove
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that (f(i1,---,%%))i,...inen is summable in R(X —o Y) if and only if h € R(X @ D®* — V')
to conclude. We proceed by the following chain of equivalences.

(fi1,...,ik)i1,...,ik€N is summable in R(X —0 Y>

< (abs(f);, i )ir,...ixen is summable in A(X —Y)

L Vo e AX, Wy € AV, < > abs(f), . |T® y'> is defined and in B

11,y..,0 EN
£ Vo e AX, Wy € AV (abs (h) | 2 ® Agx @ y/) is defined and in B
£ abs(h) € AX @D®* V) « heR(X @D —Y)
where (°1) is the predual characterization of summability given in Proposition 33, (°2) holds

by the covering principle of Lemma 21 ({Ay} is a covering), and (°3) holds by the predual
characterization of Theorem 23, using that A (D®*) = {AN;C}J‘J‘ by Lemma 58. <

Finally, the analytic coalgebra structure on D is given by 0 € RIP—®! with 52‘7[
st Fin 5o that (0 - x)

P1yeyin] =

= T, +...+i, . Independently of any specificities of the model,

[7;17--477;n]

we always have that abs (5) -abs (A) = abs (A') € A(ID) so by Theorem 23, § € R(D — D).

Thus, this analytic coalgebra generalizes to our generic web models the analytic coalgebra
of the weighted relational model [18]. This analytic coalgebra induces a Taylor expansion
9 :1S = S! that in turns induces a functor T on £;. For all s € R(!IX —o Y), Ts € RI'SX—SY]
is defined as in the examples of [18] by

[al,“';ak“
il,a1)7. cey (ik,ak)]!

(TS)[(il,a1)7--<7(ik,ak)]7(jvb) = 5qu+-~»+ik [( Sla,...,ax],b: (5)
We know by construction that Ts belongs to R(ISX — SY), for all our web models. It is
proved in [18] that this functor corresponds formally to the intuition given in Equation (1),
using the differential linear logical structure of the weighted relational model [2].

8 Conclusion and future work

In Part I, we have built a generic construction of web models, based on strong and absolute
PCMs. It unifies various models of the literature. In Part II, we have described a theory
of Taylor expansion in categories enriched over PCMs. Web models given by our generic
construction feature such Taylor expansion as proved in Section 7. Thus, Taylor expansion is
compatible with the computational properties described by partial sums, such as determinism,
finite or countable non-determinism, randomness, and absolute convergence.

Future work. We conjecture that the exponential of our web models is always Lafont (see
Remark 25). Our theory of coherent Taylor expansion captures a wide class of web models,
but there are no known web-free examples. We conjecture that the analytic version [26] of
the category of convenient vector spaces [4] is not a representable PCM category but features
a coherent Taylor expansion. Finally, although we described our web models with a strong
emphasis on the algebraic point of view of partial sums, it should be possible to adopt a
topological viewpoint on absolute PCMs, as it is done in Kothe spaces [12] and finiteness
spaces [13].
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A  Proofs on web based models

Proof of Lemma 20. Observe that

(s-xly)=> ( > Sa,baﬁa)yb;l > (Sa,bxaﬁyb)Z D Saptayp = (s | zDY)

belY| a€lX| be|Y | a€|X| a€|X|,be|Y|

where (°1) is by distributivity of multiplication over sums, and (°2) is by (PA). Furthermore,
if s -« is defined, then (°1) turns into an equivalence = (but not in general, consider y, = 0).
The second item is proved in the same way. |

Proof of Lemma 21. Let by € |Y|. We prove that (s - ), is defined. By covering, there
exists y € F such that yp, is invertible. By assumption, (8a,5%a¥s)ac|x|pe|y| IS Sum-
mable, so by Lemma 3 (54,50 Za¥b, )ac|x| is summable. But then y;ol(zaelxl sa,boxaybn) =

> aelx| sa,bozz:aybuyb_ol =D ue|x| SaboTa 50 (SaboTa)ae|x| Is summable. <
Proof of Proposition 22. We first prove (1) <= (2). By Remark 18,

sEAX —Y) <= Ve e AX,Vy' € AY, (s | 2 ®y') is defined and in B.
st EAYT - X1) < Vo e AX,Vy € AY,(s" | y @ x) is defined and in B.

We can easily check that (s | # @ y/) 5 (s* ’ y' ® x), which concludes the proof of equivalence.
Next, we prove (1) = (3). Let s € A(X — Y) and 2 € AX. First, observe that s -z is
well-defined by covering principle (Lemma 21), since AY " is a covering. Then, for all
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v eYt (s-x|y)s(s| x®y) by Lemma 20. Since s Lz ® 3y’ by assumption, we get that
s-xzLy'. It concludes the proof of (3). The proof of the reverse implication (3) = (1) relies
on Lemma 20 in a similar same way. Finally, (2) <= (4) holds using (1) <= (3) on s*. <

Proof of Theorem 19. Let s € A(X —Y) and t € A(Y — Z). First, let us prove that ¢ - s
is well-defined. By covering, for all ag € | X| there exists € AX such that z,, is invertible.
Then, (t- (s-z)) is defined by iterating Proposition 22 twice. But

(PA)
(t . (8 ' .’13))(, = E tb,c( E Sa,bxa> = § § tb,csa,bxa “ g Sa,btb,cxa-
belY| ac|X| belY | a€|X| a€|X|,be|Y|

It follows from (WPA) that (saybts,2Za)be|y| 1S summable, so by invertibility of zg,,
(Sag,btb,c)bem is summable. That is, ¢ - s is well-defined. We now prove that it belongs to
A(X — Z) using Proposition 22. Let z € AX. Then,

((t-s)-2)c = Z ( Z Sa,btb,c)ffa Z ( Z saybtbycma)

°1

Axd
a€|X| beY| a€|X| be|Y|
°2
(t : (S ' x))c = Z tb,c( Z sa,bxa> - Z ( Z Sa,btb,cxa)-
belY| a€|X| belY| a€lX|

Be aware: (°1) only holds because we already know that ¢ - s is defined, and (°2) only holds
because we already know that s-z is defined. Then, by (PA), (t-s)-z5t-(s-x). We conclude
that ¢ - s is well-defined and belongs to A(X —o Z) by iterating Proposition 22 twice. |

Proof of Theorem 23. First, observe that (1) = (2) is trivial.
(2) = (3). Let s € (P® Q)J‘. Then for all x € P, s« is well-defined by covering

principle (Lemma 21). Furthermore, for all y’ € Q, (s | z®y') 5 (s-z | 'y’) by Lemma 20.

But slz ® ¢y so we deduce that s-z1y. Thus, s -z € Q+ = AY.
(3) = (2). Assume that s satisfies (3). Then we prove that s € (P® AY+)" C
(P® Q)L. Let z € Pand 3/ € (AY)l. Then by assumption s - z is defined so by Lemma 20

(s|z®y) s (s-x|y) and we have that sLz ®y’. Thus, s € (P®AYJ‘)J_.

)J_

(2) <= (4). The equivalence holds by a similar argument, since (s | z ® y’>:><sJ- | Yy ® x>

(3) A (4) = (1). Assume that s satisfies (3) and (4). First, we know from the proof of
(3) = (2) that s € (P® AYL)". Second, by the implication (2) = (4) applied on P and
AY1, we know that for all v/ € AY+, st -4/ is defined and belongs to AX~. So by the
characterization of Proposition 22, we conclude that s € A(X — Y'). <

B  Summability structures, products and coproducts

As stated in Proposition 41, for all i € N and all object X there exists a morphism
i € L(X,SX) such that 7; 0 t; = 0] and o o; = id. We prove that there is a factorization
DLy X s sx TR T X
Observe that (m;),.y is a mono, by joint monicity of the m; (S-proj) and uniqueness of the
pairing. We now prove that [¢;];en : @) X — SX is an epi. For a similar reason, it suffices

to prove that the ¢; are jointly epic. This is done in Proposition 60 and Corollary 61 below.

» Proposition 60. The family (1; o m;)ien of L(SX,SX) is summable, with sum idsx .
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Proof. Observe that 7 0 0m; = (5{ m;. It follows from the summability of (m;);eny and
Proposition 8 that (7 o ¢; 0 7;); jen is summable. But then, 7j o m; o (mj 0¢; 0 7Ti>>(j.i)€N2 =

mj 0 1; o m; so by joint monicity of the m;, m;(m; o ¢; o m;)) Jenz = L O T and (4; 0 ;)ien 18

(4,1
summable by (S-sum). Then 7 o (ZieN L 0 7Ti) S en(meotiom) = ZieN((Sf ) = Tk
by (Unary), so by joint monicity of the 7y, >

A

ieN L; OT; = idsx.

» Corollary 61. The ; are jointly epic: Vf,g:SX =Y, (MieN, foy, =goy)= f=g.

Proof. f = fo (ZieN Lioﬂi) S enfoLiom =) i cngotiomi=go (ZieN Lioﬂi) =g <

C Proof of Proposition 47

Proof of (1). The forward implication is trivial, because Equation (2) is a particular instance
of Definition 43. The proof of the reverse direction is very similar to the proof of Proposition 40.
Let g : X5 — Y5 be a morphism, and (f;)4c 4 be a summable family of morphisms in X; — Xo.
Let ¢ : A — N be an injection. Let (f/)ien = ¥*(fa)aca. This family is summable by
Proposition 9. Let h = ¢y, y, © ((f1Nien ®9) : X1 @Yy = S(Y1 ®@ Y3).

Then we can easily check (by definition of ¢') that m;oh = f/®g and ooh = (3, ) ®g,
so by (S-sum) (f!)en is summable with sum (3, 4 fa) ® g. We conclude that (fq)aea is
summable with the same sum, by reindexing (Proposition 9), and using that 0 ® g = 0. So
® is left distributive. We conclude that ® is strongly distributive by Remark 46. |

Proof of (2). For the forward direction, recall that X —o m; : (X - SY) —» (X —Y) is
defined as cur(evo ((X —Y) ®m;)). But evo ((X — Y) ® ;) is summable, by summability
of the m;, right distributivity (of ®) and right distributivity (of composition). So the X —o m;
are summable. Conversely, it suffices by Remark 46 to prove that for all summable family
(fa)aca of LIX @Y, Z), (cur(fa))aca is summable. Let ¢ : A — N be an injection. Let
(fD)ien = ¥*(fa)aca. This family is summable by Proposition 9. Let

h= (Y —o @iy o cur ((£i)ien) : X = SV — 2).

Then we can check that m; o h = cur(f/), so (cur(f!))ien is summable. But (cur(f!))ien =
P*(cur(fa))aca (because cur(0) = 0) so we conclude that (cur(fy))aca is summable. <

Proof of (3). For the forward direction, observe that &;.; m; = (7 o p;),., is a pairing of
summable morphisms. The proof of the reverse direction is similar to the proof of (2). <=

D Results on representable summability

Let £ be a representable PCM category. We prove in this section that £ satisfies Theorem 53.

Compatibility with the monoidal product. We use the characterization of Proposition 47.
We already know by assumption that 0 is absorbing for the monoidal product. Let us prove
that (m; ® X2);en is a summable family of L((D — X;) ® X5, X1 ® X3), with sum o ® X;.

Let f= (D —oX)©Xo0D XD o x)oDo X, 222, X, © X, . Then,

. _ °1 . _ °9
fo(idp_—-ox, ®X2®ei)opDioX1®X2 = (ev®Xs)o(idp_ox, ®e¢®X2)O(/JDi0X1 ®X3) = mRX,

where (°1) is obtained by standard computations on symmetric monoidal categories, and (°2)
is an immediate consequence of Equation (3). So by Proposition 52, (7; ® X2),cn is summable
with sum fo((D — X;)®@ Xo ®@ A)o p]I;LX1®X2 = 0 ® X2 by a similar computation. The
summability of (X ®;);en follows by symmetry of the monoidal product, see Remark 46. <
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Compatibility with the symmetric monoidal closed structure. By Proposition 47 is suf-
fices to prove that (X —o m;);en is summable in L(X — (D —Y), X — Y"). Define

h= (X oD -Y)@DRX (X =D —-Y)2XaDYD -Y)aD %Y

It suffices to prove that cur(h) : (X — (D - Y))®D — (X — Y) is a witness for
(X —o m;);en in the sense of Proposition 52 to conclude.

. _ °1 . _
cur(h)o(idx —op ) @e:) 0Px o p oy = cur(ho(idx —op—ov) @& ®X)o(px 5 _y) ®X))
2 cur(myoevxpoy) = X —o m;

where (°1) is by naturality of cur and (°2) is the diagram chase below.

h

i/\)
(X oD -Y)OD@XE (X oD -Y)2XaDYD -y)aD % v
id®e7~,®XT id®id®e7~T id®eiT Equation (3)

(X oD -Y)R10X B (X oD —-Y)oX012 DoY)l

U’
p71®XT Tffl pilT

(X—o(D—oY))@XT)(X—o(]D—oY))@XT]D)—oY <

Compatibility with the products. Let I be a set such that I-indexed products exist. By
Proposition 47, it suffices to prove that (&ze 1 Tj)icj is summable, which amounts by Propos-
ition 52 to the construction of a witness (&;c;(D — X;)) ® D — &7;c; X;. The morphism
[ ={(evo(p; ® D)), works by (°1) functoriality and naturality and (°2) Equation (3).

fo (&Xz ®ej)op = (evo (pi®e) op_1>i€[
icl

1 _ 2
2 evo (D~ X)@e)opop),, Z(mop), = &m
el
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