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Higher-order logic and infinitary logic are two extensions of first-order logic that allow greater
expressivity. Both features have not been investigated together yet. In this paper, we define a
higher-order infinitary logic, based on an extension of simple type theory. The resulting logic features
higher-order quantifiers, infinite conjunctions and infinite disjunctions. We establish results at both
the syntactic and the semantic level. We introduce a sound notion of model, and we show a strong
version of completeness that entails the cut-elimination theorem for natural deduction. Moreover,
we prove an extension of Barr’s theorem, allowing us to constructivize classical proofs of a particular
fragment of higher-order infinitary logic.
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1 Introduction

Infinitary logic is an extension of first-order logic that allows infinite long statements or
proofs. This is typically achieved by featuring infinite sequences of conjunctions, disjunctions
or quantifiers. Such expressive powers are useful when axiomatizing various mathematical
concepts, but also when formalizing problems from graph theory or epistemic logic [30, 26].
Infinitary logic was first coined by Zermelo [37] for studying the foundations of set theory. It
was formally established by Karp [19] and its properties were investigated in [3, 20]. Among
those results is the cut-elimination theorem for infinitary logics [23, 34, 10, 36, 26].

Geometric formulas are particular infinitary formulas, built using finite conjunctions,
infinite disjunctions and existential quantifiers. This is sufficient to formalize numerous
mathematical structures, like groups, rings and fields [30]. Geometric formulas satisfy an
interesting result of proof theory, known as Barr’s theorem. It states that any geometric
formula provable from a geometric theory using classical logic is also provable from the same
theory using intuitionistic logic. Originally expressed in topos-theoretic terms [2], it has been
proved in proof-theoretic terms [30, 26]. The original Barr’s theorem also claims to remove
the axiom of choice. Such an assertion has been investigated in [30].

Higher-order logic [4] proposes another route to extend first-order logic and boost its
expressive powers. Rather than enhancing conjunction and disjunction, higher-order logic
focuses on the universal and existential quantifiers. While first-order quantifiers range over
individuals, higher-order quantifiers also have the ability to abstract over functions, predicates
or formulas. It follows that higher-order logic is highly expressive [9].
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Both infinitary and higher-order features have not been investigated together yet. In this
paper, our aim is to define and study a higher-order infinitary logic.

Contributions. The contribution of this paper is threefold. First, we extend simple type
theory with a type, a constructor, and destructors for families of propositions indexed by an
arbitrary countable set. We show that, in this setting, the -reduction neither satisfies strong
normalization nor confluence, but every well-typed term has a head normal form. Second,
we define a higher-order infinitary logic, along with cut-free natural deduction inference
rules. We define a sound notion of model and we prove a strong version of completeness that
entails the cut-elimination theorem. Third, we show that Barr’s theorem can be extended to
higher-order geometric theories, allowing us to constructivize classical proofs of higher-order
geometric formulas.

Outline. We present our extension of simple type theory with families of propositions
in Section 2. We define higher-order infinitary logic and its natural deduction systems in
Section 3. We prove the cut-elimination theorem in Section 4 and Barr’s theorem in Section 5.

2  An Extension of Simple Type Theory

Higher-order logic is usually modeled using Church’s simple type theory [4], where we have a
type of propositions and a type of individuals (that are basic values). Here we want to model
higher-order infinitary logic, that is to have an infinite conjunction and an infinite disjunction.
In simple type theory, we cannot define functions taking infinitely many arguments. That is
why we extend simple type theory with a new type for families of propositions indexed by an
arbitrary countable set, along with a constructor and destructors.

» Definition 1. Types and terms are defined inductively:

Types T,0 = tlo|oz|T—=0
Terms t,u,A;, F == z|c|tul|re.t|{i— A}z |m; F

where ¢ is the type of individuals, o is the type of propositions, oz is the type of families of
propositions indexed by a countable set I, x is a variable, ¢ is a constant, {i — A;}z is the
family of propositions (A;)icz, and m; F is the projection on the j-th component of F.

» Remark 2. Tt is also possible to define our type theory with multiple base types t1, ...,y
and multiple types of families of propositions oz, ,...,o0z,,.

The typing rules are the usual ones, extended with:
if for every i € Z we have A; of type o then {i — A;}7 is of type oz,
if F' is of type oz then m; F'is of type o.
We write A, for the set of terms of type 7. We restrict terms so that they do not have infinitely
many free variables. We write t[z < u| for the term ¢ in which = has been substituted by w.
Computation is introduced in this type theory through the usual S-reduction rule and
n-contraction rule, extended with rules characterizing the projections.

» Definition 3. We consider the following rules:
the B-reduction rule (Ax. t) u < t[x + ul,
the projection rules wj {i — A}z — Aj,
the n-contraction rule Ax. t x — t, where x is not free in t,
the rule {i — m; F}z — F.
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The reduction relation — is the smallest relation that contains these rules and such that:
ift—t, thentu—t' u,ut—=ut and \z.t = \z. t'.
if A; <= By for every i € J, where J # 0 and J C I, and A; = B, otherwise, then
{i — Ai}I — {Z — Bi}I;
if F— F' thenn; F — m; F'.

The relation = is the reflexive, symmetric and transitive closure of <.

The fr-reduction g, and the Sm-conversion =g, are defined like — and =, but only
consider the S-reduction rule and the projection rules.
Properties. We have extended simple type theory with families of propositions. We have

to check whether the intuition and expected results are confirmed.

» Lemma 4 (Substitution). Let t be a term of type T with x a variable of type o, and u be a
term of type o. Then t[xz < u] is of type T.

Proof. By induction on ¢. <
» Lemma 5 (Subject Reduction). Ift is of type 7 and t < w, then u is of type T.

Proof. By induction on the derivation of t — w.

Suppose that (A\z. t') v < t'[z < v]. We have x of type o, t’ of type 7 and v of type o.

By Lemma 4, we derive that t'[z < v] is of type 7.

Suppose that 7; {i — A;}7 — A;. We necessarily have 7; {i — A;}7 of type o and thus
A; of type o.

Suppose that {i — 7; F}z < F. We necessarily have {i — m; F'}7 of type oz and thus
m; F of type o and F of type oz.

Suppose that A; < B; for every i € J (where J # 0 and J C I) and A; = B; otherwise.

We have {i — A;}7 of type oz, hence every A; is of type o. Thus every B; is of type o (by
induction hypothesis when ¢ € J and by definition otherwise). It follows that {i — B;}z
is of type o7z.

The other cases are proved similarly. |

In this extension of simple type theory, the Sm-reduction relation is neither terminating
nor confluent. For every n € N* let A, be P z = ... = P x, where P x occurs n
times. Consider the term (Az. {n — A,}n+) ((Az. t) u). On the one hand, it reduces
to (Az. {n — A,}n+) t[z < u] and then {n — A,z + t[z < u]]}n~. On the other
hand, it reduces to {n — A,[x < (Az. t) u]}n-. Each term A,z + (A\z. t) u] reduces to
Az < t[z + u]] in n steps. But the family {n — A,[z + (Az. t) u]}n= does not reduce
to {n — A,z + t[z < u]]}n~, as there will always be a proposition A,z < (Az. ) u]
that has not yet reached A,[zr < t[z < w]]. This is a counter-example of both strong
normalization and confluence for the S-reduction. We can also build a counter-example of
strong normalization and confluence for the Sr-reduction, using m,, {n — B, }y instead of
((Az. t) u) and B,, instead of t[z <— u]. We shall see, however, that well-typed terms have
Bm-head-normal forms.

» Definition 6 (S7m-Head Normal Forms). Sr-head normal forms are inductively defined by:
an application t uy ... u, where t is a variable or a constant and possibly n =0,
a projection m; (t u1 ... u,) where t is a variable or a constant and possibly n =0,
an abstraction A\x.t where t is a fw-head normal form,
a family of propositions {i — A;}z.
A term has a Br-head normal form when it is a Smw-head normal form or when it Br-reduces
to a Brm-head normal form.
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» Remark 7. In the case for families of propositions {i — A;}z, we do not require every A;
to be a Sm-head normal form. Otherwise, we could create a counter-example in which each
A,, reaches a fm-head normal form in n steps, so it would be impossible for the family of
propositions {n — A, }y to reach a Sr-head normal form in a finite number of steps.

We show that every well-typed term has a Sm-head normal form. To do so, we adapt the
well-known reducibility technique [33, 14].

» Definition 8. Let 7 be a type. The set of terms R, is defined by induction:
When 7 € {t,0}, a term t belongs to R, if and only if it is of type T and has a Br-head
normal form.
When 7 = oz, a term t belongs to R,, if and only if it is of type oz, it has a fm-head
normal form, and for every i € T, we have (m; t) € R,.
When T = 1 — T2, a term t belongs to R. if and only if it is of type 71 — T2, it has a
Br-head normal form, and for every term u € R,,, we have (t u) € R.,.

By definition, if t € R, then t is of type 7 and has a Sm-head normal form.
» Lemma 9. Let t,u be terms of type T such that t =g, u. Ifu € R, thent € R,.

Proof. By induction on type 7. As u € R;, we know that u has a S7-head normal form, and
thus ¢ also has a fm-head normal form.
If 7 € {¢,0}, we have t € R, by definition.
If 7 = oz, then for every ¢ € Z we have (m; u) € R,, and thus (7; t) € R,. Hence t € R,,,.
If 7 =7 — 7, for every v € R, we have (u v) € R;,. Since t v =g, u v, we get
(t v) € R,, by induction hypothesis. We conclude t € R, . <

» Lemma 10. Let t uy ... u, be a term of type T, with t a variable or a constant and
possibly n =0. Then (tuy ... u,) € R;.

Proof. By induction on type 7. The term ¢ uy ... u, is directly a Sm-head normal form of

type 7.
If 7 € {¢,0}, then (tuy ... u,) € R, by definition.
If 7 = oz, then for every i € Z we have m; (t uy ... u,) € R, (as it is directly a Sr-head

normal form of type o), and thus (t uy ... u,) € Ro,.
If 7 =7 — 7, then for every v € R, we have (t u; ... u, v) € R, (by induction
hypothesis), and thus (¢ u1 ... tuy) € Rrj—rp- <

» Theorem 11. Lett be a term of type 7 and 0 be a substitution mapping each variable of
type 7' to an element of R;. We have t € R..

Proof. We proceed by induction on ¢.
If ¢ is a variable, then we directly have t0 € R..
If ¢ is a constant, then t6 = ¢t and we have t € R, using Lemma 10.
If ¢ is an application (u v), then u has type ¢ — 7 and v has type o. By induction
hypotheses, uf € R,_,; and vf € R,. By definition of R,_,,, we have t0 = (uf v0) € R,.
If ¢ is an abstraction Az. ¢/, then 7 = 71 — 7> and t’ has type 2. We want to show
that t0 € R,, that is (Az. t'0) € R,,,,. By induction hypothesis, t'0 € R,,. It follows
that ¢'6 has a Sm-head normal form and therefore that (Az. t'6) has a Sr-head normal
form. Let u € R.,. We have (Az. t'0) u — g, t'[0,z < u]. We have t'[0,x < u] € R, by
induction hypothesis. Using Lemma 9, we get ((Az. t'0) u) € R.,.
If t is a projection 7; F, then 7 = o and F' has type oz. By induction hypothesis,
F6 € R,,. It follows that (r; F0) € R,, that is (7; F)0 € R,.
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Suppose that t is a family of propositions {i — A;}7z. By definition, {i — A;0}7 is a
Bm-head normal form. By induction hypothesis, we have A;0 € R, for every j € Z, and
thus m; {i — A0}z € R,. Therefore t0 € R, . <

» Corollary 12. Every well-typed term has a Smw-head normal form.

Proof. Let ¢t be a term of type 7. We take the substitution # that maps each variable x
of type 7’ to itself. We have x € R, by Lemma 10. We apply Theorem 11 and we get
td =t € R,. By definition of R,, t has a Sm-head normal form. |

» Remark 13. Weak head normal forms can be defined like head normal forms, except that
the condition on t in the abstraction case is dropped. From Corollary 12, we directly get
that every well-typed term has a weak head normal form.

3 Higher-Order Infinitary Logic

Syntax. There are particular constants, called logical constants, for defining the connectives
and quantifiers: contradiction L of type o, implication = of type o — 0 — o, quantifiers
V; and 3; of type (1 — 0) — o, infinite conjunction A; and infinite disjunction \/; of
type oz — o. For convenience, terms of the form V, (Azx. A) and 3, (A\x. A) are simply
abbreviated as Vz.A and Jz.A. The negation is defined by —=A := A = L and the logical

biconditional < is defined by A < B := (A = B) A (B = A). Formulas are terms of type o.

» Example 14. Suppose that we want to model the interactions between researchers,
represented by terms of type ¢«. We have several binary relations of type ¢« — ¢+ — o, for
example coauthors, colleagues or friends. We want to know whether two researchers x and y
are related, no matter the number of intermediate researchers between them or the nature of
the relations involved. Intuitively, we check if x and y are related in n steps, and we do this
until we have found such a n € N*. In our logic, we easily model this problem with

\/N* {n—3z...32, 3Ry ...3R,. 2 =20 ANy =2, ARy 20 21 A ... ARy 21 2z I

which features an infinite disjunction and higher-order quantifiers.
When taking y = Erdos, this problem generalizes Erdés number to any kind of relations
between researchers. We exactly obtain Erdds number when the relations R; are coauthors.

Natural deduction. A context I is a finite sequence of formulas. We write I' - A when A is
derivable from I". We write fv(tq,...,t,) for the set of free variables that occur in the terms
t1,...,tn. We define a cut-free natural deduction system following [6, 7, 13]. We introduce
two restrictions of the turnstile I-, to respectively account for cut-free derivations ("), and
neutral cut-free derivations (F+). The cut-free natural deduction inference rules are given
in Figure 1, where * is used to denote either ¥, or FT. The COERCE rule turns neutral
cut-free proofs into cut-free proofs. The natural deduction inference rules (with cuts) is
obtained by ignoring the adornment of the turnstile — the COERCE rule becomes vacuously
admissible with the plain turnstile relation.

The Conv rule allows us to consider formulas modulo the congruence =, since we are
in higher-order logic. Note that the CONV rule implicitly requires that B is of type o. The
natural deduction rules for the infinite conjunction and disjunction generalize the usual
natural deduction rules for the finite conjunction and disjunction. There are versions of
the rules ANDINF-E and ORINF-I for every j € Z. Note that, due to the ORINF-E and
ANDINF-I inference rules, derivation trees possibly have an infinite width, but each branch
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'*A A=B A
— AX CoNv ———— COERCE
[LAAR A '+ B |
A" B r*A=B T+ A
—— ImpP-1 IMmP-E
r-"A=n B
I'H 7, F for every i € T 4
T Y ANDINF-I e /\I F ANDINF-E
'+ /\I F T m; F
"z, F 1 . T ,
: j ORINF-I T+ \/I F r,m }: F' C for every i € T ORINe.E
'k \/I F T cC
PPz x¢fv,P) rHvP
ALL-1 —— ALL-E
r-tvp IS
TH Pt =3P 1,PzH'A  z¢fvl,PA)
— EX-1 Ex-E
r-tap et A
I
—— BoT-E ————  PEM
retA 't Av-A

Figure 1 Cut-free natural deduction rules of higher-order infinitary logic.

has a finite height. The formula A A B (respectively AV B) is defined by Az {i — Ai}{013
(respectively \/; {i = Ai}{0,1}), where A9 = A and A; = B. The inference rules for the
finite conjunction (AND-I, AND-EL, AND-ER) and disjunction (OR-IL, Or-IR, OR-E) are
particular cases of those for the infinite conjunction and disjunction.

We consider either classical logic CL or intuitionistic logic IL — in which we do not have
the PEM rule. We write k| when we consider the inference rules of L € {CL, IL}.

The weakening, contraction and exchange inference rules are admissible for ¥, FT and .

» Lemma 15 (Axiom Replacement). The following rule is admissible:

r-tA4 A AHB
AT+ B

AX-R
Proof. By induction on the proof of A, A +H* B. <

» Example 16 (Natural numbers). Let us define 0 of type ¢ and the successor function s of
type ¢ — . We also set an infix equality symbol = of type « — ¢ — o, that satisfies the
reflexivity axiom Vz. 2 = « and the Leibniz rule Vz.Vy.VP. (t =y A P x) = P y. We encode
the induction principle NatInd

VP. (POAVYz. (Pxz= P (sx)))=Vx. Px)

using a higher-order quantification on any predicate P. We also encode an infinitary formula
[tNat stating that natural numbers are iterated successors of zero

V. \/N {n—x=s"0}y

where s 0 means that the successor s has been applied n times to 0. In higher-order infinitary
logic, these two principles are equivalent.
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To prove that Natlnd implies ItNat, we use the induction principle Natlnd with the
predicate Az. \/y {n — = = s" 0}n. We prove the base case with ORINF-I and n = 0.
We prove the inductive step with ORINF-E, as once we assume that x = s™ 0 for some
n € N, it is easy to show that s z = s"™! 0, and thus \/ {n — sz =s" O}y.

To prove that ItNat implies Natlnd, we use ORINF-E with the infinite disjunction ItNat.
For every n € N, we have to prove P x assuming (P 0AVz. (P x= P (sx)) and x =s" 0.
Using the Leibniz principle, it remains to show P (s 0). To do so, we apply n times the
induction step from P 0.

We can therefore conveniently use either of the two principles.

Cuts. Unlike in sequent calculus, cuts in natural deduction may be defined with various
degrees of looseness. The restricted notion of cut is that of an introduction rule immediately
followed by its corresponding elimination rule. The rules of Figure 1 precludes these cuts. For
instance, the following proof, that contains a cut, cannot be expressed because the conclusion
of AND-T1is A, B+ A A B while the premise of AND-EL is A, B -+ A A B.

A B A X ABFB?XI
ABFANE Lm‘
A BrA AND-E

The rules of Figure 1 additionally precludes the so-called commutative cuts, that separate the
introduction and elimination rules on a single connective with a series of OR-E, ORINF-E
and EX-E rules. This is because we have restricted the conclusion sequent of those three
rules, plus the BoT-E rule, to be cut-free (1), rather than letting it being neutral (), as
it would be the case for lighter cut-elimination processes. For instance, the following proof
with ' = A, B,C Vv D, has a commutative cut.

A r.oFa AX RCHB?XI :
r-cvp % I.CrAAB ND- LDFANE | o
R_
TFAAB
“TrA4 AND-EL

It cannot be expressed with the cut-free rules, because the conclusion of OR-E is ' AA B
while the premise of AND-EL is I' -+ A A B.

» Remark 17. The cut-elimination result for natural deduction can be readily transferred
to sequent calculus, using a translation from cut-free natural deduction to cut-free sequent
calculus [8].

4  Soundness, Strong Completeness and Cut Elimination

In this section, we introduce a sound notion of model based on Heyting algebras, and we prove
a strong version of completeness that entails the cut-elimination theorem for higher-order
infinitary logic in natural deduction. This proof relies on building a specific model, in which
veracity essentially amounts to provability. As we must account for impredicativity and
intensionality, we wrap this idea with refinement of the V-complexes technique [29, 35, 1].
We work in the same spirit as [5, 16, 17].
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4.1 Models for Higher-Order Infinitary Logic

We recall that a Heyting algebra is an ordered lattice (H, <, A, V), where < is a partial
order on H, A is a binary greatest lower bound operator, called meet, and V is a binary
largest upper bound operator, called join. In addition, H is equipped with a relative
pseudo-complement operator —, that verifies, for any a, b, c € H, the implication property:
aAb<cif and only if a < b— c. A complete Heyting algebra is a Heyting algebra whose
base lattice is complete, that is to say, that enjoys arbitrary meets (/\) and joins (\/). The
global maximum (empty meet) and minimum (empty joint) will be denoted T4 and L4,
respectively. The support H of the Heyting algebra will also denote the algebra itself. In
any Heyting algebra, A and V distribute over each other. Moreover, A distributes over \/,
whenever the latter exists.

To establish models of higher-order infinitary logic, we have to take into account its
non-extensional nature. To illustrate this feature, let P be a predicate of type o — 0. Without
any further information on P, it is impossible to show P(L) F P(L A L), although L and
L A L are logically equivalent. Therefore, the term L must receive a different interpretation
than | A L, although semantically we have 13 = 14 Ay L3 in any Heyting algebra. This
imposes a separation of the domain of interpretation of formulas M, from the Heyting algebra
‘H. The latter contains truth values, while the former carries more information. Both are
linked through a truth-value extraction function w : M, — H. To do so, we resort to Heyting
applicative structures and adapt the notion of model introduced in [5, 16, 17].

» Definition 18 (Heyting Applicative Structure). A Heyting applicative structure is a quintuple
(M, App, Const,w, H) composed of:

a set M. for each type T, called domain,

a function App, , : Mr o, X Mz — M, for each pair of types (7,0), and a function

App,, : Mo, X T — M,

an interpretation function Const, for each type T, taking constants of type T into M,

a complete Heyting algebra H,

a function w : M, = H,

such that the following conditions are satisfied, for every m € M,_,, and every m’ € M, :

w(Const(L)) = 1y
w(App(App(Const(=),d1),d2)) = w(d1) =4 w(d2)
w(App(Const(3;),m)) = Vaem, w(App(m, d))
w(App(Const(¥;), m)) = Naem, w(App(m, d))
w(App(Const(Az),m")) = Niez w(App(m/,i))
w(App(Const(\/ 1), m")) = Viez w(App(m/,i))

When interpreting formulas in a model, and as soon as we have complete Heyting algebras,
there is no much difference between quantifiers and the infinitary connectives. In both cases,
we use arbitrary meets and joins: indexed by d € M. for the quantifiers and indexed by i € Z
for the infinitary connectives.

An assignment is a function ¢ with finite support, such that for any variable = of type 7

of the support, ¢(z) is an element of M,. The assignment ¢[d/x] is identical to ¢, save on z,
where ¢[d/z](x) = d.
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» Definition 19 (Model). Given a Heyting applicative structure, a model is a function [_]_
that maps a term of type T and an assignment to M, such that:

[c], = Const(c)
[z], = (@)
[tu], = App([t]e, [u],)
[7; Fle = App([Fy.J)
Az to], is the unique member of M, _, such that
App([A27. to]p, d) = [t]pasa) for every d € M,
[{i— A}z, is the unique member of M, such that

App([{i — A;} 1], 7) = [Aj]ly for every j €T

[tly, = [uly ift=u

By model, we will often refer to the combination of the Heyting applicative structure,
the model interpretation function above, and the assignment. With this notion, we can state
the soundness theorem. When I' = Ay,..., A,, we write AT for the formula A; A ... A A,.

» Theorem 20 (Soundness). IfI' = A then for any model w(JAT],) < w([A],).

Proof. By induction on the derivation. We show the most interesting cases:
ANDINF-I: By induction, we have w([AT'],) < w([m F],) for every i € Z. As we
are in a complete Heyting algebra, we have w([AT],) < A,czw([m Fly), that is
w([AT],) < w([Az Fl)-
ORINF-E: By induction, w([AT]y) < V,ezw([m FJ,) and w([AT],) A w([m FJ,) <
w([C],) for any i € Z. We derive w([m; FJ,) < w([AT],) = w([C],) for any i € Z, and

thercfore \/,ey w(lr: Flp) < w(IAT],) = w(ICly). We get w([AT,) < w(IAT],) -
w([C],,), and thus w(IAT],) < w([C,). «

» Remark 21. Note that this theorem is seemingly stated and proved for intuitionistic logic
and Heyting algebras, but it also applies to classical logic, provided that we restrict the
Heyting algebras H of the models to be Boolean algebras. More generally, all the results
and construction of this section apply to both the intuitionistic and classical cases. For
instance, all the algebras that we construct can easily be shown to be Boolean provided that
provability itself is classical.

Instead of showing completeness for the natural deduction with cuts thanks to the
Lindenbaum algebra, we will construct another Heyting algebra, that allows to show a
stronger form of the completeness theorem for the cut-free natural deduction. We define the
cut-free-provability algebra in Section 4.2, and the cut-free-provability model in Section 4.3.

4.2 The Cut-Free-Provability Heyting Algebra

We build a cut-free Heyting algebra following [16, 17]. It is based on Schiitte’s semi-
valuations [31, 32], that have been first used to show cut admissibility for higher-order
classical logic [35, 29, 1]. Semi-valuations have been subsequently extended to higher-order
intuitionistic logic [24, 5] and are nowadays a versatile tool, that can be fine-tuned a number
of ways and fits many logics [16, 17, 24, 27]. In this paper, semi-valuations are embodied
by the upper and lower values [_] and |__|, that respectively represent the maximal and
minimal constraints that our target model interpretation should respect. This is the essence
of the model construction of Definition 28, that relies itself on Lemma 27.

» Definition 22 (Upper Value). The upper value of T' = A, denoted [T A], is the set of
contexts {A | T, A +T A is derivable}. We write [A] for [F A].
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» Definition 23 (Cut-Free-Provability Algebra). Let H be the least set containing the [T+ A
for any T, A, that is closed by arbitrary intersection. Let < be C and A be N. Let arbitrary
meets and joins of any set of elements S C H be:

NS =S, the intersection of the elements of S,

VS=N{ceH|VseS, s <c}, the pseudo-union.
Foranya,be H, weleta—b=\{ceH |ac<b}.

Note that for any S C H, the set {c € H | Vs € S,s < ¢} is not empty, as it contains
at least the set of all contexts. So arbitrary meets and joins always exist. Moreover, the
definition of arbitrary joins can be slightly simplified and proved to be equal to \/ S =
({IT'-A]|VseS,s <[I'k Al}. This is because any ¢ € H is of the form (1, ., [T'x F Ag].
In the sequel, we will use either of those characterizations.

» Lemma 24. H is a complete Heyting algebra.

Proof. By construction, H is an ordered lattice that enjoys arbitrary joins and meets. We
must check the implication property: a Ab < ¢ if and only if @ < b— ¢. The direct implication
follows from basic lattice calculation. Let us show the reverse implication. Let I' € a A b and
suppose that a < b— c. By definition of H, we have ¢ = (), [Zr F Cr]. We want to show
that Xy, FT Oy for each k € K. Wehave '€ a<b—c=\/{decH |bAd<c}.

As an intermediate step, let us prove that d < [¥;,T'F Cy] for any d such that bAd < c.
Let A € d. Upper values are provability-based, and therefore elements of H admit context
weakening. From I" € b and A € d, we thus get I'; A € b A d. This entails ', A € ¢, i.e.
A€ [, T'FCk]. Thus d < [Eg, T F Cy| for any d such that bAd < c.

Since I' € \/{d € H | bAd < c}, we derive T' € [Sy, T F Cx] and therefore Xy, ', T T C.
By contraction, we get X, I T Cy. <

» Definition 25 (Lower Value). Let s € H be a set of contexts. Its lower value is the least
element of H that contains s, i.e., |s] =({ce€H | s Cc}. We write |A] for |[{{A}}].

Lower values can be shown to be equal to [s] = ({[T'F A] € H| s C [T+ A]}. The
rationale behind | A| is the following: T' € | A] if and only if A,T T B as soon as A, A+ B.
Lower values have strong links with the characterization of neutral proofs.

» Lemma 26. IfT A, then T € |A].

Proof. Direct consequence of Lemma 15. |

The following property characterizes the lower and upper values for the connectives and
quantifiers. It will be of crucial importance, as identified by [27, 5]. Note that the inequalities
for implication mix lower and upper values. More generally, for any formula A, we have the
inequality |A]| < [A].

» Lemma 27 (Main Lemma). The lower and upper values respect the following constraints:

L] = 1x
|[A=B] < [A]—|B] |Al = [B] < [A= DB]
Vr Pl < Ngen, [P 1] Neea. [Pt] < [V: P]
|_37 PJ < VteA, |_P tJ VteA, (P ﬂ < HT P-|
Nz F] < /\ieI |mi F] /\ieI [mi F'l < [N F]
IV F| < \/ieI |mi F] \/ieI [mi F'] < [V F]
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Proof. Each case involves the corresponding cut-free natural deduction rule. We only show
the cases for infinite disjunction and conjunction, as they are the added value of our paper,
compared to the previous works [16]. Moreover, those four cases also faithfully represent the
cases for the quantifiers.
Infinite conjunction (lower): Let I' € |A; F| and j € Z. Suppose A, m; F +T B. Com-
bining the proof

— AX
FH F
u ANDINF-E

/\IFl_J’ﬂ'jF A,T{'jF"TB
AN FH B
and the defining property of I' € |A; F|, we get A,T F' B. Therefore I € |1; F| for
every j € Z. Tt follows that |[A\; F| < A\;c7 |mi F].
Infinite conjunction (upper): Let I' € A, [m; F'|. Using the proof

AX-R

I'H' 7 F for every i € T

ANDINF-I
TH A, F !

we get I' € [\ F].
Infinite disjunction (lower): Let I' € [\/; F'|. Let (),cx [Ar F B be an upper bound
of all the |m; F'|. Combining the following proof
) 0 ;
Ax Ag,m; FH By, for every i € 7 Weakening
Ag, VI FH\ F Ag,\/; F,m; F " By, for every i € T
ORINF-E
A,V F T By,
and I' € |\/7 F], we get Ay, T+ By, It follows that I' € (e [Ax F Bi], and therefore
IVzF| <NMiex [Ar F Bi]. As \/,c7 |7 F| is an upper bound of all the [m; F'|, we get
Vz FJ < Ve Lmi FJ.

Infinite disjunction (upper): Let j € Z and I' € [m; F']. Using the proof

R RPN

T\, F
we get I' € [\/; F|. Therefore [m; F] < [\V;F] for every j € Z. It follows that
Vier [mi F1 < [V FI. <

4.3 The Cut-Free-Provability Model

To build the cut-free-provability model, we first define the domains M,. As our logic
is intensional, it is important to have M, # H. This calls for the so-called V-complex
construction, defined by Takahashi and Prawitz to show cut admissibility of classical higher-
order logic [29, 35, 1]. The core of this construction is an entanglement of a syntactic and a
semantic value.

» Definition 28 (V-complexes). We define the domain M, by induction on T, as sets of pairs
of the form ([t],v), where t is a term of type T and [t] is its =-equivalence class, and the
following conditions hold on v:

for type v, v is a fixed constant, traditionally named ¢,

for type o, v € H and [t] <v < [t],

for type T — o, v is a function of type M, — M, such that, for any ([u],v,) € M., there

exists some V' such that v({[u],v,)) = ([t u],v’) € My,

for type oz, v is a function of type T — M, such that, for any i € I, there exists some v;

such that v(i) = ([m; t],v;) € M,,.
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We need to ensure that the domains M, are well-formed. We first check that the definition
does not depend on the chosen representatives of the =-equivalence classes:

if [t] = [¢/] then [t] = |¢'] and [t] = [¢'] (because of the CONV rule),

if ' € [t] and v € [u] then [#' v'] = [t u],

if t' € [¢t] then [m; t'] = [m; t] for every i € T.
We also check the non-emptiness of these domains, thanks to the following lemma.

» Lemma 29 (Canonical Representatives). For any term t of type T, there exists p(t) such
that ([t], p(t)) € M.

Proof. The definition of p(_) is done by induction over the type 7. The verification that
it meets the requirements is performed altogether and is immediate, given that all the
manipulated structures are invariant under =. We let p(t,) = ¢, p(to) = [to]*, p(tr—o) be
the function ([u,], v) — ([t u], p(t w)), and p(t,,) be the function i — ([m; t], p(m; t)). <

We now define the interpretation of constants. We write ||__||; (respectively ||__||2) for the
projection of a member of M, on its first (respectively second) component. Following the
definition of the domains, ||_||; returns an equivalence class. Since all our constructions are
invariant under =, it is sound, for any d € M., to define the term ||d||, as a representative of
the equivalence class ||d||;.

» Definition 30 (Interpretation of Constants). We let:

Const(L) = ([L],Lx)

Const(=) = ([=], M[4], a) ([=AL A([B], ) ([= A Bl,a = b))
Const(V-) = ([V+], M[P1, p)([V Pl, Adem. IP(d)]|2))

Const(3r) = ([3:], AP, p)-(B P, Vaem, Ip(d)l2))
Const(Az) = (Al MIFL, £)-([Az Fs Nicz [1F(D)12))
Const(V 1) = (V) MIF], /) (V2 Fl Viez [1F(@D)]]2))

Const(c) = ([c], p(c)) for non-logical constants

where X denotes the function formation primitive of type M, — M, .
» Lemma 31. The interpretation of constants are members of their respective domains.

Proof. For non-logical constants, the claim holds by Lemma 29. For logical constants,
proving the claim boils down to checking that the end truth value respects the conditions of
being a member of M,, that imposes the truth value to be bounded by the lower and upper
values. For this, we use Lemma 27.

Contradiction: We directly have | L] = Ly.

Implication: By definition, |A] < a < [A] and |B] < b < [B]. Remember that — is

contravariant in its left argument (if ¢ < ¢/, then ¢/ — d < ¢ — d). Therefore we have:

|[A=B|<[A]—= |B|<a—b<|A] = [B] <[A— B]

Universal quantifier: By definition of ([P], p), we have p(d) € M, for any d € M., that is
to say | P ||d|+] < |lp(d)|l2 < [P ||d||].- By Lemma 29, all t € A, are represented in M,
by at least ([t], p(t)), and lower and upper values are stable by =. Thus:

LVT PJ < /\teAT |_P tj = /\deMT |_P Hd”TJ < /\deMT Hp(d)H?
< /\deMT [P ”dHA = /\f,eAT [P ﬂ < WT PW

1 The choice of [_] is arbitrary and represents, in certain circumstances, a valuable degree of freedom.
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Infinite disjunction: By definition of ([F], f), we have |m; F| < | f(i)|2 < [m; F] for any
i € Z. Therefore:

V2 F] < Viez [mi FI < Vier 1f(0)ll2 < Viez [m: F1 < [V F]

The cases for the existential quantifier and the infinite disjunction are similar. <

We build the Heyting applicative structure by defining w as the second projection ||__||2,
and App so that App(m,d) = ||m]|2(d) and App(m/, i) = ||m’||2(4).

» Lemma 32. Letw be ([_],v) — v, and App be ({_],v), d) — v(d) and ({[_],v), i) — v(7).
Then (M, App, Const,w, H) is a Heyting applicative structure.

Proof. The conditions for being a Heyting applicative structure are immediate using the
definitions of Const, App and w. We only highlight a few cases.

w(App(App(Const(=),d1),d2)) = w(([= |1l ld2[+], lld1][2 — [ld2[]2))
= w(dy) = w(da)

w(App(Const(3;),m)) = w(([3- [mlr], V gem, [llmll2(d)]|2))
= vdeMT w(App(m,d))

w(App(Const(Az), m")) = w({[Az m/ll-]; Aicz llm/lI2(9)]2))
= Aicrw(App(m',i))

For any assignment ¢, we let |||, be any substitution that maps the variables = of
the support of ¢ to ||p(z)|.. Note that |||, is not uniquely determined because each
=-equivalence class has many representatives.

<

» Lemma 33. There exists a unique function [_] that satisfies all the conditions of
Definition 19, except the last one. It satisfies ||[t],]l1 = [tllellr] for any term t with variables
in the support of p.

Proof. We build [_] by induction as the unique function that satisfies the conditions of
Definition 19, except the last one, and we check ||[t],|/1 = [t||¢]|] for each case. The cases for
constants and variables are immediate. The case for applications follows from the induction
hypotheses. The case for abstractions is similar to the case for families of propositions.
Projections: By induction hypothesis, ||[F],|1 = [F||¢llr]. By definition of M,,, it
follows that [F[, = ([F|ell.],i— ([m: Fllel],vi)), with (7 F|¢|.],vi) € M,. We
set [m; Flly == App([Fle, ) = ([7j F|ell+],vj). Therefore we have [n; F], € M, and
75 Flolls = s Fllel] = (3 Bl -
Families: By definition of M, [{i — Ai}z], should be of the form ([t],i — ([m; t], 1)),
with ([m; ¢],v;) € M,. By induction hypothesis, every [A4,], is uniquely defined and
satisties |[4;] |1 = [4;gllr]. For every j € T, we want App([{i > Ai}zly.9) = [45],
that is ([m; t],v;) = [A;],. This uniquely determines v;, ensures ([, t],v;) € M, and
imposes [ ] = [[A;]ll = [4;l¢ll,]. Therefore [f] = [{i — i th] = [{i = Asllpllr b2,
and we have I[{i — Ai}zllh = [{i > Aillgll}z] = [{i - Asdzll) «

» Remark 34. In higher-order logic, the uniqueness of the function [ ] requires to consider
the n-rule. In our extension of simple type theory, we additionally have to consider the rule
{i—m; F}z — F.

» Lemma 35 (Substitution). We have [t[z < u]], = [t]pe/[u],)-
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Proof. By induction on ¢. The cases for constants and variables are immediate. The case
for applications follows from the induction hypotheses. The case for abstractions is similar
to the case for families of propositions.
Projections: We have [(7; F)[z < u]], = [m; Flz + u]], = App([F[z + u],,j). By
induction hypothesis, we have [F[z < u]], = [F]y[z/[u],)- Therefore [(7; F)[z < u]], =
APP(IF oo/ 11,15 9) = [ Flote/1ul,)-
Families: By definition, [{i — A;}z[z + ul], and [{i = Ai}z]y(fu], /2] are respectively
the unique members of M,,, such that, for any j € Z, we have:

App([{i = Ai[z + ul}z]lp, §) = [Ajlz < u]],
App([{i = Ai}zloiul, /a1 3) = [As]eltul, /2

By induction hypothesis, [A;[z < u]], = [A;]¢[[u], /2], Which achieves the case. <
» Lemma 36 (Model). [_] s a model.

Proof. It only remains to show that [t], = [u], when ¢ = u. We show it by induction on
the derivation of ¢t = w.
We have [(Az. t) u, = App([Az. t]y, [u]y) = [tlp[z/u],)- Using Lemma 35, we derive
[(Az. 1) u]y = [tlr < ull,.
[Az. t ], is the unique member of its domain such that, for every d € M,, we have
App([Az. t z],,d) = [t #]pa/a) = APP([t]gfasal; [#]pia/z1) = App([t]e.d). Therefore
Azt z], = [t],-
We directly have [7; {i = A;}z], = App([{i — Ai}z]p,7) = [Aj],-
We know that [{i — m; F'}z], is the unique member of M, such that, for any j € Z, we
have App([{i — ; F}zl,.j) = [x; Fl, = App(IF],. ). Thus [{i 7 Fhzl, = [F],.
The other cases follow from the induction hypotheses. |

The strong completeness result and the cut-elimination theorem are now easy to derive.
» Theorem 37 (Strong Completeness). If w([AT],) < w([A],) for any model, then T FT A.

Proof. We use the interpretation in the Heyting applicative structure above with the
assignment ¢ = [z « ([z],p(z))]. We know that [AT], € M,. Its first member is
IIAT]sl1 = [AT] by Lemma 33 and by construction of ¢. Its second member is w([AT']y).
Therefore [AT| < w([AT]y). Similarly, we have w([A],) < [A]. By hypothesis, we thus
derive |AT| < [A]. Since I" € | AT, we have I" € [A]. By definition of [A], we conclude
that T' T A. <

» Corollary 38 (Cut Elimination). IfT'F A then T T A.

Proof. Immediate combination of Theorems 20 and 37. <

5 Barr’s Theorem for Higher-Order Geometric Theories

Geometric formulas are built using finite conjunctions, infinite disjunctions and existential
quantifiers. Geometric implications are formulas of the form V#.(A = B), where A and B
are geometric formulas and  is a finite sequence of variables (possibly empty). A theory
T is geometric when all its axioms are geometric implications. Barr’s theorem states that,
in infinitary logic, any geometric implication that is classically provable in a geometric
theory is also intuitionistically provable in the same theory. Note that the theorem refers to
infinitary logic and not just geometric logic, because the principle of excluded middle cannot
be expressed by a geometric formula or a geometric implication.
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In this section, we extend Barr’s theorem [2] to higher-order geometric theories. We
follow the approach based on Friedman’s translation [11], which has previously been used
to prove Barr’s theorem with finite disjunctions [28, 39, 38]. Throughout this section, we

consider a higher-order infinitary logic with infinite disjunctions, but with finite conjunctions.

5.1 Friedman’s Translation for Higher-Order Infinitary Logic

Double-negation translations [21, 15, 12, 22] embed classical logic into intuitionistic logic by
applying the operator ——A := (A= 1) = L at various places in formulas — depending on

the chosen translation. Friedman’s trick [11] parameterizes these translations by a formula R.

Instead of applying ——A := (A= 1)=- 1, the parameterized translations apply the operator
TA := (A= R)= R and translate classical logic into intuitionistic logic. The parameterized

version of Kuroda’s double-negation translation can be extended to higher-order logic [38].

We adapt it so that it takes into account infinite disjunctions.

» Definition 39 (Friedman's translation for higher-order infinitary logic). Let A be a formula
in higher-order infinitary logic. Its Friedman’s translation is AT := T Arp, where t — tp is
inductively defined by:

xrrT = X
Ap.Ve. T(px) ife=V
cr = Ap.Ag.p=Tq ifc==
c otherwise
Az )7 = Ax.tr
(t U)T = tT ur
({i= Aitr)r = {i— (Ai)r}z
(ﬂ'j F)T =Ty FT

As we are in higher-order logic, our translation must commute with substitution and
preserve convertibility. Note that all the results of this section also work if we only consider
the S-reduction rule and the projection rules.

Proposition 40. Let t and u be terms and A and B be higher-order infintary formulas.
(tz + w])r = tr[z + wr].

(Alz « w))T = ATz + wr).

. Ift=wu then tp = ur.

. If A= B then AT = BT,

PN =Y

Proof. The first item is proved by induction on the term ¢. The second item is a corollary of
the first item. The third item is proved by induction on ¢ = u. The fourth item is a corollary
of the third item. |

5.2 Translation from Classical Logic to Intuitionistic Logic

Let us remark that the operator TA := (A = R) = R corresponds to a monad operator in
the sense of [38], meaning that it satisfies the (unit) and (bind) properties.

FLA=TA (unit)
H.(A=TB)= (TA=TB) (bind)

It follows that the following properties hold [38].
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» Proposition 41. Let A and B be formulas and P be a predicate.

i TTA<TA 5. L T(A = TB) <~ (TA = TB)
Fiw (A= B) = (TA=TB)
Fi T(A N B) = (TA A TB)

Lol o\l o

We are now able to prove that the Kuroda-style Friedman’s translation for higher-order
logic with infinite disjunctions goes from classical logic to intuitionistic logic.

» Theorem 42. Let TA = (A= R)= R with parameter R. Let ', A be higher-order infinitary
formulas. Let T be a higher-order geometric theory. IfT Fc. A in T then I'p by AT in T.

Proof. We proceed by induction on the derivation. Most of the cases are direct consequences
of Proposition 41 and are detailed in [38, see Lemma 16]. We only show the important cases.
ORINF-I: By induction hypothesis, we have I'r k. T'(m; F)r. Using AX, we have
I'r,(mj F)r b (7 F)p. Using ORINF-I, we get I'p, (m; F)r bie V7 F. Using Imp-I
and Proposition 41(2), we derive I'p by T'(m; F)r = T(\/; F). We conclude using the
induction hypothesis.
ORINF-E: By induction hypotheses, we have I'p by T'(\/7 F) and T'p, (m; F)r b TCr
for every i € Z. By AX, we have I'r,\/7 F ki /7 F. By weakening of the induction
hypotheses, we have I'r,\/7 F, (m; F')r b TCr for every ¢ € Z. Therefore, we derive
I'r, V7 F b TCr using ORINF-E. We get I'r by T(\/ 7 F') = TCr using IMP-I and
(bind). We conclude using IMP-E with the first induction hypothesis.
PEM: We prove I'p by T(AV —A)r using

AXx

ORr-IL

IMmpP-E with B= R
IMmp-T x2
Or-IR

ImpP-E with B= R
Imp-1

PT,B:>R7AT,J_:>R|—||_ AT
FT,BéR,AT,J_éRF“_B
I'r,B=R,Ar, L =RFH_R
I'r,B=Rb_Ar=((L=R)=R)
FT, B=RH_B
FT, B=RH_LR
I'rk (AV(A=(L=R)=R))=R)=R
where B is an abbreviation for the formula Ay V (A7 = ((L = R) = R)). <

» Remark 43. The AND-I case crucially depends on by (TAATB)= T(AA B). The proof
of this property does not extend to the infinite case. This is why, in this section, we consider
finite conjunctions and not infinite conjunctions.

5.3 Constructivisation for Geometric Theories

Geometric formulas do not contain implications or universal quantifiers, while the translation
t — tp only inserts T after universal quantifiers and implications. It follows that for any
geometric formula A, we directly have A = A. The same result does not hold for geometric
implications VZ.(A = B). But geometric implications imply their translation.

» Lemma 44. Let A and B be higher-order geometric formulas, and Z be a finite sequence
of variables (possibly empty). We have b (VZ.(A= B)) = (VZ.(A= B))r.
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Proof. Since (A = B)r = A= TB, we directly have b (A= B)= (A= B)r using
(unit) on B. If ¥ is empty, this achieves the case. Suppose that ¥ = z1,...,2,. We
derive k. (A= B) = T(A = B)r using (unit) on (A = B)p. Using ALL-I, we derive
FiL Vz,. (A= B) = T(A= B)r). Then we use the distributivity of V over = to derive
Fiw (Va,.(A= B)) = (Vz,.T(A= B)r), that is . (Vz,,.(A = B)) = (Vz,.(A= B))r. We
iterate this procedure to get ). (VZ.(A = B)) = (VZ.(A= B))r. <

» Theorem 45. Let T be a higher-order geometric theory, A and B be higher-order geometric
formulas, and & be a finite sequence of variables (possibly empty). If Fc VZ.(A= B) in T
then Vf(A = B) in T.

Proof. Suppose that ¢ VZ.(A = B) in T. Then there exists some geometric implications
© of T such that © k¢ VZ.(A = B). Using ALL-E, we instantiate the bound variables & by
fresh variables also named Z (without loss of generality) and obtain © k¢ A = B. Using
WEAK and IMP-E, we get ©, A k¢, B. Applying Theorem 42, we derive ¢, Ar . BT,
that is ©7, A L (B = R) = R. By Lemma 44, we derive ©, A b (B = R) = R. Choosing
R := B, we get ©, A k. B. Using IMP-I and ALL-I, we derive © ty VZ.(A = B). We
conclude that by VZ.(A= B) in T. <

6 Conclusion and Future Work

We have extended simple type theory with a type, a constructor and destructors for families
of propositions indexed by an arbitrary countable set. In this setting, the S-reduction neither
satisfies strong normalization nor confluence. However, every well-typed term has a head
normal form. We used this type theory to define a higher-order infinitary logic. It features
higher-order quantifiers as well as conjunctions and disjunctions indexed by an arbitrary
countable set. We have defined a cut-free natural deduction system that precludes traditional
cuts and commutative cuts.

We investigated the semantics of this higher-order infinitary logic. We have defined
a sound notion of model based on Heyting algebras, and we have shown a strong notion
of completeness based on V-complexes. These constructions allow us to derive the cut-
elimination theorem.

Besides the elimination of cuts from proofs, we also studied the elimination of the principle
of excluded middle. We have extended Barr’s theorem to higher-order geometric theories. In
other words, we are able to turn any classical proof of a higher-order geometric formula from
a geometric theory into an intuitionistic proof of the same formula from the same theory.

Barr’s theorem originates from topos theory, which can be used to give a semantics to many
logics. In particular, first-order geometric logic can be interpreted in a geometric category [25],
and higher-order logic can be interpreted in an elementary topos [18]. Grothendieck toposes
are both complete and co-complete geometric categories and elementary toposes. We could
thus investigate a semantics of higher-order infinitary logic in terms of Grothendieck toposes.
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