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—— Abstract

We introduce a family of diagrammatical equational theories unifying two research programs:

categorical quantum mechanics and graphical linear algebra. We prove their completeness with
respect to denotational semantics described in terms of relations between vector spaces equipped
with symplectic structure. This provides versatile graphical languages encompassing both affinely
constrained classical mechanical systems, as well as odd-prime-dimensional stabiliser and Gaussian
quantum circuits. Terms are described by labelled graphs with input and output interfaces, and the
languages are equipped with equational theories amenable to standard graph rewriting techniques.

In order to reason about large composite systems, we introduce a compact scalable notation
where the vertices are themselves labelled by graphs. This notation allows us to state new and
powerful rewrite rules which operate on diagrams at a large scale. We also show how this notation
neatly captures some important constructions, such as graph states of quantum computing and the
impedance and admittance matrices of electrical networks.
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1 Introduction

A common approach to giving semantics to a computational process is to specify it as a
relation between inputs and outputs describing the admissible behaviors of the system [60].
Diagrammatic languages provide a particularly effective syntax for reasoning about such
relational semantics, as they admit equational theories that can be manipulated using graph
rewriting and normalisation techniques.

In this work, we introduce a family of diagrammatic equational theories whose denotational
semantics is given by linear relations between symplectic vector spaces (i.e. Lagrangian
relations). These theories admit a sound and complete graphical calculus, allowing equational
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reasoning to be carried out entirely at the syntactic level. Our calculi unify and extend two
well-developed research programmes: the ZX-calculus from categorical quantum mechanics,
and the diagrammatic languages of Graphical Algebra.

The ZX-calculus is a family of diagrammatic languages for representing and reasoning
about quantum processes [29,54], where diagrams represent linear maps between finite-
dimensional systems. For example, the following diagrammatic derivation establishes the
equivalence between a sequence of three CNOT gates and a SWAP gap:

o) =TT =X =X = Xg=-x =T (1)

The ZX-calculus has been applied to an increasing variety of problems in the field of
quantum computation, such as circuit optimisation [31,42], cross-compilation [4, 58], error
correction [7,24,32,33], classical simulation [43,44] and many more [1]. In parallel, the
programme of Graphical Algebra develops diagrammatic presentations for concrete algebraic
structures, such as linear maps and relations [8,11,13,15,53]. These languages are also
equipped with equational theories amenable to rewriting, and have been used to interpret
diverse models, such as electrical circuits [9,13], Petri nets [12], and probabilistic programs [53].

o
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Several connections between these two research programs have been remarked upon
in the literature. Notably, the phase-free fragment of the ZX-calculus is equivalent to
Graphical Linear Algebra over the finite field Fy [16,41]. Moreover, it is known that the
stabiliser fragment of quantum theory in any odd-prime dimension p can be interpreted within
Graphical Affine Algebra over the finite field F, yielding a stabiliser ZX-calculus for odd
prime dimensions [30]. These results suggest the existence of a more general diagrammatic
theory underlying both approaches.

In this paper, we introduce Graphical Symplectic Algebra (GSA), a family of diagrammatic
equational theories parametrised by a field, whose semantics is given by Lagrangian relations.
GSA generalises odd-prime-dimensional stabiliser ZX-calculi [17,49], while extending their
scope to a broader class of linear-algebraic and relational models. Our main technical result
is a completeness theorem via a normal form: every semantic equality between Lagrangian
relations is derivable using the graphical rewrite rules of the calculus.

A key contribution of this article is the introduction of a scalable diagrammatic notation
for GSA, designed for reasoning about operations on large composite systems. In this
notation, certain structured families of diagrams can be internalised as labels of vertices,
yielding higher-level rewrite rules that operate uniformly over arbitrarily large systems.
This generalises the scalable ZX-calculus of Carette et al. [23], and enables a synthetic
completeness proof that avoids the combinatorial overhead common in existing diagrammatic
arguments [49].

Finally, we show how the expressive power of GSA encompasses a range of important
examples. Depending on the chosen interpretation, diagrams can represent stabiliser and
Gaussian quantum circuits, affinely constrained classical systems, quantum graph states [45],
and network-theoretic constructions such as impedance and admittance matrices [48].

Outline. In Sections 2 and 3 we review string diagrams and Graphical Affine Algebra. We
introduce Graphical Symplectic Algebra in Section 4, followed by its scalable notation in
Section 5, and normal form in Section 6. Proofs are left to appendices.
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2 Props and their string diagrams

We work within the framework of compact-closed props and their string diagrams, following
Joyal-Street [38,39] and Selinger [52].

» Definition 1. A prop is a strict symmetric monoidal category whose objects are the natural
numbers.

We are only interested in the cases where either 1) the objects are natural numbers, which
count a number of inputs and outputs; or 2) the objects are lists of natural numbers with
concatenation, which identify finite “bundles” of wires.

A graphical language [5,22], or symmetric monoidal theory [14], consists of:
1. a set of generators, each with a specified number of inputs and outputs;
2. a set of equations between diagrams built from those generators.
From these, one obtains a compact prop in the usual way: each generator g : m — n
is depicted as a box with the corresponding number of input and output wires, T{J[T .
Morphisms are diagrams generated from two types of composition: plugging outputs into
inputs (sequential composition), and placing diagrams side-by-side (parallel composition),

and , respectively. (2)

The equations generate a congruence identifying diagrams, which are declared equal. We
make no special use of the construction itself, only of the resulting diagrammatic calculus.
All props in this paper are compact closed, with the symmetry drawn as >c , the cup as C ,
and the cap as D . In other words, we work modulo planar isotopy and the snake identities:

5 = =5 : . z_es_:ts z V=D E=e
- ﬁ@_%_jﬁ S-—-= Y

> =

for all diagrams f and g.

Flexsymmetry

Many graphical calculi (e.g. ZX- and ZH-calculus, Graphical Linear Algebra) admit presenta-
tions in which only the connectivity of diagrams matters: boxes do not distinguish the order
of their input or output wires. This property is presentation-dependent, so to ensure it holds
in our setting, we impose the following condition on (some) generators:

» Definition 2 (Carette [22]). A generator g : m — n is flexsymmetric if it is invariant
under any permutation of its wires, where permutations are built from the symmetry and
(when necessary) the compact structure. Diagrammatically, this amounts to

-

for any permutation o : n +m — n + m implemented using the symmetry.

Flexsymmetry guarantees that the order of a generator’s wires is irrelevant, so diagrams can
be treated directly as graphs rather than as ordered string diagrams. When we say that a
presentation is flexsymmetric, we mean that its specified generators satisfy this condition.
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Figure 1 Axioms for GAAp. Here, a,b € F are arbitrary and ¢ € F is invertible.

3  Graphical Affine Algebra

Graphical Affine Algebra (GAA) is a graph-based presentation of the prop of affine relations
over a field F [13,15]. In this section we recall its generators and semantics, give a concrete
example, and give a graphical algorithm for computing orthogonal complements. This
presentation is not exactly the one originally given by Bonchi et al.; Remark 6 explains the
translation between the two presentations.

» Definition 3. The prop AffRelp of affine relations over a field F has
morphisms m — n: affine subspaces R C F™ @ F";
composition: relational composition, R; S = {(x,2z) | Iy : (x,y) € R, (y,2z) € S};
monoidal structure: direct sum, R® S = {((x,u),(y,v)) | (x,y) € R, (u,v) € S};
symmetries: o, = {((x,y),(y,x)) | x e ™,y € F"};
cups/caps: 1, = {(0, (x,x)) | x € F"} and ¢, == {((x,x),0) | x € F"}.

Graphical Affine Algebra (GAAy) is a diagrammatic language for reasoning about affine
relations. Diagrams are generated by two families of coloured vertices, called spiders following
the ZX-calculus convention,

M and @m@, and multipliers —@— for all z € T, (4)

The variable x decorating a white spider is called its phase, and we define phaseless spiders
to be those with phase x = 0, as well as left-facing multipliers:

e = e ad @ =

Diagrams in GAAy are subject to the equations given in Figure 1. Furthermore, spiders are
flexsymmetric, so that the order of their inputs and outputs is immaterial and diagrams of
GAAf can be treated as directed labelled graphs up to wire permutations.

The standard interpretation of GAAy is given by a symmetric monoidal functor [—] :
GAAfp — AffRelp, determined on generators by:
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the grey spiders impose equality of all inputs and outputs:

m ={x€F"OF" |z =20=" = Tpmyn}; (5)

the white spiders impose that inputs and outputs sum to z, the phase of the spider:

mitn | ={@b) eF"aF" | T 0+ Dbk =) ; (6)
the multipliers denote the relation corresponding to the scalar multiplication a +— x - a:
[-®-] = {(a,za) | a € F}. (7)

The subcategory of GAAF consisting of phaseless spiders and multipliers is denoted GLAp
(Graphical Linear Algebra [15]), since all its diagrams interpret as F-linear subspaces.

» Example 4. The input-output charge and current of a resistor r are governed by the
equation Quut — Qin =71+ Iin =7 - Iyy:. This is a linear constraint amongst the boundary
variables, which we can capture in GAAf as

JVT\,/\F'—> I] H :{<|:é2 }7|:éout:|) ’Qin_Qout+r'Iin207[in: out} (8)
O—0O n out

This illustrates how equations of the form Ax + By = c translate to GAAp diagrams.

» Theorem 5 (Bonchi et al. [13]). The interpretation [—] of GAAf into affine relations is
universal, sound and complete.

This makes it possible to do linear algebra using pictures. For example, we can compute
the orthogonal complement R of a linear relation R C F @F" in GLAF by a simple graphical
algorithm. Although the generators of GLAr are flexsymmetric and therefore undirected,
the definition of the orthogonal complement for a linear relation depends on the choice of
input and output wires. We therefore pick an arbitrary orientation from inputs to outputs
of the GLAf diagram representing R and which agrees with the orientation of multipliers
(as arrows). This can require introducing new vertices to the diagram using the rewrite rule
(I1.3) (given in Figure 1). Then, we apply the following map to generators (here oriented
from left to right):

(o) - ), (o) - e, (@)t o)

This produces the relation R+ because the orthogonal complement distributes over direct
sums and relational composition in this fragment, and each generator-level map corresponds
to taking the orthogonal complement of its interpretation.

» Remark 6. Our presentations of GLAr and GAAy differ slightly from their original present-
ations by Bonchi et al. [13,15]. The original presentation of affine relations is recovered from
ours via the translation:

These equational theories can be shown equivalent by a long series of menial calculations.
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4  Graphical Symplectic Algebra

Many physical systems — quantum, mechanical, electrical — are governed by pairs of conjugate
quantities (position-momentum [2,56], voltage—current [6], Z—X [35], etc), leading to state
spaces naturally equipped with a symplectic form. The admissible transformations of such
systems, i.e. those that preserve the symplectic form and are restricted to linear or affine
processes, correspond to Lagrangian relations [57]. This motivates our choice of denotational
semantics. We briefly recall the relevant definitions before introducing our calculus.

4.1 Symplectic linear algebra

Symplectic linear algebra is concerned with the study of vector spaces equipped with a
symplectic form. By a standard result due to Darboux, in finite dimensions, all such spaces
are isomorphic to ones of the following form:

» Definition 7. A symplectic vector space over a field F is a vector space F™ & F" equipped
with the symplectic form w,((x,y), x',y')) =x-y -y -x'.

Just as GAAF takes its semantics in terms of affine subspaces of F-vector spaces, GASAyr will
be interpreted in terms of the affine subspaces of symplectic F-vector spaces that respect the
symplectic form in the following way [36,57].

If V CF* @ F" is a linear subspace, its symplectic complement is the subspace V¥ =
{zr e F*" @ F" | Vy € V,wyp(z,y) = 0}. V is Lagrangian if it is equal to its own symplectic

complement, V' = V“». Graphically,
= |V+ G (10)

n m .
yen[— = |yt %, so V is Lagrangian iff | V [

We can straightforwardly extend this definition to linear relations: a Lagrangian relation is a
linear relation R : F™™ @ F™ — F™ @ F" such that

(11)

It is easy to verify that Lagrangian relations are closed under both sequential and parallel
composition using the equational theory of GLAr and Equation (9).

We can further extend this definition to affine relations as follows: an affine Lagrangian
relation is an affine relation whose linear component! is Lagrangian.

» Definition 8. The prop of affine Lagrangian relations over a field F has
morphisms m — n: affine Lagrangian relations F* & F"* — F™ @ F™;
composition: relational composition,

R; S = {((x,2),(r,s)) | 3q,p: ((x,2),(a,p)) € R, ((a,p), (r,s)) € S};

L The linear component of a non-empty affine subspace S C [, is the linear subspace
{X_Y|X7yes}g]FZ~
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Figure 2 Axioms for GASAr. Here, a,b,c,d € F are arbitrary, and z € F is invertible. Spiders
and Hadamard boxes are flexsymmetric.

monoidal structure: Z/27Z-graded direct sum,

RaS = {(((x,X),(2,2)), ((a,9"), (p,P))) | ((x,2),(q,p)) € R, ((x',2'),(d’,p")) € S};

symmetries: oy, , = {(((x,x’), (z,z’))7 ((x’,x), (z’,z))) | x,z e ™, x',7' € ]F”};
cups/caps:

= {(0, ((a,—a), (p,p))) |a,p € F"}, and e, = {(((a,~a),(P,p)),0) |a,p € F"}.

4.2 The language and its interpretation

Let’s see how to draw diagrams for affine Lagrangian relations. Diagrams in Graphical Affine
Symplectic Algebra (GASAR) are generated from the spiders

m and @mjy@, where x,y € F. (12)

x is called the affine phase, and y the symplectic phase. These diagrams are interpreted in
GAAf as

(13)

For soundness, it is not too difficult to verify, using Equations (9) and (11), that these
are indeed affine Lagrangian relations. Conversely, any affine Lagrangian relation can be
represented by a diagram in GASAg:

» Proposition 9 (Comfort and Kissinger [30]). The interpretation of GASAg into affine
relations is universal for affine Lagrangian relations.

» Remark 10. A wire in GASAF represents a symplectic vector space given by F @ F (see
Definition 7), whereas a wire in GAAp represents a vector space F. Wires are therefore
doubled in the interpretation. This means that the interpretation [—] of Equation (13) is
not strictly monoidal but only strong. The monoidal coherence maps reorder wires so that
the top and bottom gradings are correctly grouped. We overlook this mundane technicality
in favour of clearer presentation.

17
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For convenience, we define some syntactic sugar for the language. Analogously to GAAp,
we define phaseless spiders as

We will also make very frequent use of Hadamard bozes:

O,z 0,-& O, =

=_0O0-—0—0-, —TO—= and —8— = {1}. (15)

When they connect two vertices, Hadamard boxes can be viewed as undirected edges in a
diagram, and we will call such an edge a Hadamard edge, moreover, the label = of the box
will be called its weight. There is a straightforward embedding of GAAf into GASAF given by

BB S S s - e = (16)

We therefore adapt the multiplier notation to GASAp, setting = {z5-.

The equational theory of GASAFr can be succinctly formulated using this syntactic sugar.
It is given in Figure 2, and Section 6 proves completeness of this equational theory. Soundness
is easier:

» Proposition 11. The equational theory of Figure 2 is sound for the interpretation of
GASAy into affine Lagrangian relations.

» Definition 12. The non-affine variant of GASAr, which we call Graphical Symplectic
Algebra (GSAy) is generated by two spiders, interpreted in GASAy as

H@%@ﬂ :w and ﬂ@%@ﬂ :m where x € F.

GSAy inherits its equational theory from GASAg.

4.3 Some useful derivations

Whilst we have not been able to prove the equational theory of Figure 2 minimal, we have
kept the number of equations as small as possible. There are therefore several intuitive and
elementary identities, which we state here whilst leaving the proofs to the full version [19].

» Lemma 13. For any invertible z € T, » Lemma 17. For any invertible z € T,

= —O0— OEO— = =

» Lemma 14. For any invertible z € T, > Lemma 18. For any invertible = € F,

|

» Lemma 15. For any invertible z € F,

=
» Lemma 19.

» Lemma 16. For any invertible z € T,

Ozl = = (2O
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» Lemma 20. For anya € F, » Lemma 24. For any a,b € F,
-a,0 O— -a, -b a, -b
a,0 : B -a,0 O— a,b N N a,b

> Lemma 21. For any a,b €T, » Lemma 25. For any invertible z € T,

4o\a,b/Q7 -a, b

. — N N 0,z 0, -z
40)&()7 A = =
0,-z 0,-z 0,z 0,z
: s ; 3{ E ; 0,-z71 E ; 0,z71
O,z_1 O,z_1 o, =71 o, =71

The first two equations are also wvalid for
» Lemma 22. 2 =0

— g~ = —00—

» Lemma 26. For any a € F and invertible

zeF,
» Lemma 23. For any a,c,d € F,
a,0 c,d a,0 200 — (CEnEeE
o0—O = 0 Oo— oO——
a,0 c,d _ a, 0 a,b _ abl, p71
o0—0o— — O0— o— - o——

4.4 Examples

Electric circuits. Fix F = R(s) to be the field of real rational functions. Building off of Baez
et al [5,6] we interpret junctions, voltage sources v € R, current sources + € RY, resistors
r € RY, inductors £ € RT and capacitors ¢ € R* within GASAg,) as:

o] -mm [O]-%e [o]-ue

(17)
T 0,-r l 0, -£s

¢ “1/es
AM-|| = 00—, |—m—| = —0o—, 4% - 2%

Note that graphical symplectic algebra gives a syntax for more general affinely constrained
classical mechanical systems. We stress that the symplectic representation of electrical circuits
is merely one example of many we could have chosen among hydraulic networks, thermal
mechanical networks, etc. [6, p. 3].

Quantum circuits. Let p be an odd prime number. Comfort and Kissinger showed that
GASAf, corresponds to the stabiliser theory in dimension p, up to non-zero scalars [30].
Within GASAr,, we can interpret the following stabiliser quantum circuits:

7:9
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R e =
(@] [ (=]

which are (left-to-right and top-to-bottom) the |0) state preparation, the CNOT gate, the
measurement in the computational basis with postselected outcome 0 [55], the Pauli Z,

(18)

Hadamard and the phase gate. These invertible quantum gates, interpreted as complex
unitary matrices generate the Clifford group in dimension p [25,34]. In fact, this gives a full
symmetric monoidal functor from the stabiliser ZX-calculus in odd-prime dimension p [17,49]
into GASAr,, which amounts to quotienting by all non-zero scalars.

GASAp, does not capture the stabiliser fragment in dimension 2 [30], instead it reproduces
Backens and Duman’s ZX-calculus for Spekkens’ toy theory [3]. Nevertheless, GSAp, can
be used to reason about unsigned stabiliser flows [46] (Pauli webs [10]), which are closely
related to quantum error correcting codes.

Gaussian unitaries. There is a well-established connection between the physics of quantum
particles in free space and real symplectic geometry. In the context of quantum computation,
the relevant operations are known as Gaussian unitaries [56], and we can capture these
operations in GASARg:

the continuous displacement, Fourier, and phase gates are represented by:

H—D(m) —ﬂ = 0% HH - 8 H—S(m) —ﬂ = O (19)

the weighted controlled-NOT and controlled-Z gates are given by:

3% %

By Theorem 47, this yields a sound and complete diagrammatic calculus for all Gaussian

unitaries in continuous-variable quantum mechanics. This map gives a full symmetric
monoidal functor from the prop of Gaussian unitary circuits into GASAg, which once again
quotients by non-zero scalars — since the only scalars are of the form e’®, this functor quotients
by global phases.

Many GASAg diagrams do not admit a physical or Hilbert-space interpretation, and only
unitary operations (not Gaussian states or measurements) are captured in this fragment.
In follow-up work [18], GASAR is extended categorically to include Gaussian states and
measurements, giving a full diagrammatic Gaussian ZX-calculus that is sound, complete,
and fully captures the infinite-dimensional Gaussian fragment.

5 The scalable notation

In GASAF, each wire represents a symplectic vector space F & F, and the symplectic vector
space F™ @ F™ is represented by the juxtaposition of n wires. This can quickly lead to
intractable or unintuitive diagrams when the number of wires and generators gets very large.
The scalable notation we introduce here provides a more compact representation for reasoning
about large diagrams, and is a substantial generalisation of the notation first introduced
in [23].
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We define a new, N-coloured prop built on top of GASAR, where wires —2_ are labelled by
natural numbers and represent a bundle of n elementary wires. A bundle of 1 wire represents
an elementary wire, —L_ = —— and a bundle labelled 0 is a bundle of no wires, —9_ = .
We manipulate bundles of wires using two new families of diagrams for gathering and dividing

wires,

mn —<’: and :l>—m+n, such that: (21)

+ m + m m

m+n m+n __ m+n m+n —

<= and e = (22
n n

n

Formally, this new prop is the result of applying the strictification procedure of Wilson
et al [59] to GASAyp. Although GASAy is already strict, its strictification is non-trivial but
guaranteed to be equivalent. Therefore, any proof made in the scalable notation is equivalent
to one made in GASAgF.

The dividers and gatherers allow us to inductively define families of components with
variable number of wires. In GSAg, for example:

» Definition 27. Scalable Hadamard boxes, drawn 20 for k € N, are defined by induction.
The base case k = 0 is trivial, “3%~ = . The inductive step is

bl kel < E > ) (23)
k k

» Definition 28. Scalable spiders, drawn

m: Y n and m: ¥ :n for keN, (24)
% Z % z

are defined inductively as follows. The base case k = 0 is trivial (as in Definition 27). The
inductive step is

k+1 k+1
m: noo= (25)
k+1 k+1

Scalable spiders represent a collection of k identical spiders, each with the same number of
input and output wires.

» Example 29. In the case m = 3, n = 2, k = 3, the scalable Hadamard box and green
scalable spider are given by

3 3 3 3
SDS — 3 g E ; 3 and 3 ;j — ﬁ (26)
3 3 3 3

5.1 Matrix arrows
Notation. We denote the set of n by m matrices with elements in F by M« (F). The
subset of symmetric n by n matrices is denoted by Sym,, (IF).

As our first example of a more involved scalable syntactic sugar, we define matriz arrows,
which generalise multipliers to multiple inputs and outputs. Matrix arrows parametrise

7:11
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an F-edge-weighted bipartite graph between m green spiders and n red spiders, where the
edge weights correspond to individual multipliers. The resulting diagram can be informally

represented as
- e 00,
e e
= C—13—-0-0

(=N
w N

@A e ]

where A € M« (F). Matrix arrows are formally defined by induction on the number of
input wires m and output wires n, first constructing column matrices by juxtaposing scalar

multipliers, then constructing arbitrary matrices by juxtaposing column matrices:

» Definition 30. Matrix arrows, drawn for A € My, xm(F), are defined by induction
on the type (m,n) € N x N. The base case m = n = 0 is trivial: < = . For any
n €N, a €F, and column vector v.e M, x1(F), let

% 3 >T - . (28)

For any m,n € N, column vector v € M, x1(F), and matrix A € My, » (), let

m

Ly . (29)

n m

The block decomposition of a matrix can be stated diagrammatically as

o
% B D] >— = (30)
The product and sum of matrices are given by composition and convolution
= and '%' O- = —IAB)>—. (31)

Furthermore, the transpose of a matrix A € M,,x.,, (F) and the inverse of an invertible matrix
Z € My xm(F) can be obtained as:

m - NN — Mo m - n and m - m — m - iy (32)

The diagrams on the left-hand side of Equation (32) represent bipartite graphs similar
to Equation (27); except between green spiders on both sides wired together with, now
undirected, Hadamard edge-weights:

=~<§A£P ee |

This construction will become important for the definition of scalable spiders with phases in
Definition 31.

(=N

5.2 Phases on scalable spiders

We can now use matrix arrows to define a well-behaved notion of phase on scalable spiders.
We want to do this in such a way as to obtain rewrite rules that generalise the rules of
the elementary language. In the work of Carette et al. [23], phases on scalable spiders are
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transversal, in the sense that each elementary spider within a scalable spider carries its own
phase. In the case of Example 29, this corresponds to adding phases in the following way:

where x,y € F3. (34)

The FUSION rule generalises to these scalable spiders, since each elementary spider will fuse
in parallel and the phases sum elementwise. However, there is a more general notion of phase
for scalable spiders that subsumes this one while still allowing for a natural generalisation of
the spider fusion rule. The key insight is that Hadamard edges between spiders of the same
colour can be thought of as a generalised symplectic phase, satisfying a spider fusion law:

O——0O O O
Bl = 26 = =ty . (35)
O—0O O O

We can combine this insight with the example of Equation (34) in the following inductive
definition, where we encode these “Hadamard” phases in the adjacency matrix of a graph
between the elementary spiders, as in Equation (33):

» Definition 31. Phased scalable spiders, drawn for x € F* and X € Sym, (F):

k k k k
—, X 2

m: Q ‘n and m: n, (36)
% " % R

are defined inductively as follows. The base case k = 0 is trivial:

Lt 0 g

m: Q n = and m: ]Q[ n o= . (37)

0 0 0 0

» Example 32. We can extend Example 29 with these more general Hadamard-edge phases:
letting x € F3 and X € Sym,(F),

©3,X3,3

The transversal symplectic phases of Equation (34) are recovered as the diagonal elements
of the adjacency matrix X, while the Hadamard-edge phases correspond to off-diagonal
elements. Since X is symmetric, X; 2 = X3 1, etc, and there is no ambiguity on the weight
of edges. The affine phases are identical to Equation (34).
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Phased scalable spiders obey generalised FUSION rules:

» Proposition 33. For any k €N, z,y € F* and X,Y € Sym,(F),

There is an elegant interaction between matrix arrows and scalable spiders, generalising
both lemmas 4.7 and 4.8 of [23] and the COLOUR rule of Figure 2

» Proposition 34. For any x € F*, X € Sym, (F) and injective Z € My (F),

ZxZTXZ s
xX and Qxx: = g (41)

» Proposition 35. For any k € N, z € F¥ and X € Sym,(F),

R R i LR =

The following fundamental rule allows one to simplify diagrams by reducing the number
of spiders:

» Proposition 36 (Schur complementation). For any Y € Sym, (F), invertible X € Sym,, (F),
Ee MnXm(]F); x € F™ and y € }Fn}

[x] [x E] m+n ™ v+ EX1x, Yy - Ex1ET

*LET v n - o—

The symmetric matrix which is the symplectic phase of the spider on the right side of
Proposition 36 is known as the Schur complement [51] of the left.

We stress that the remaining GSAp axioms of Figure 2 all admit scalable generalisations
(see the full version of the paper [19] for details).

5.3 Examples

The scalable notation together with Schur complementation unify several notions in quantum
and classical mechanics in a concise manner:

Electric networks. A passive (reciprocal) electric network with m ports can be understood by
measuring its impedance matrix Z € Sym,, (R(s)) or its admittance matrix Y € Sym,, (R(s))
[48]. The scalable notation for GASAg(,) makes it possible to easily represent such an
°U=- We can restrict
to the physical components by imposing that Z is positive-definite and Y is non-negative in
the sense described by Baez and Fong [6].

The impedance matrix of the parallel composition of circuits with impedance matrics

R,S

electrical network in impedance form, %%, and in admittance form,
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inSym,, (R(s)) is given by the following computation, where the scalable axioms of GASAg
which are used can be found in the full version of the paper [19]:

0,-s71
o, R 0, R 0, R ©s
G0 = - O§ (43
0,8 0,5
0,-rR"1-571 0,(R! 4 571)1
i
- 08 - 03 = oo (44)

Therefore given the impedance matrices of both circuits, without needing to know their

internal structure, we are able to calculate how they will behave when composed in parallel.

For the case of resistors, this makes the same kinds of simplifications of resistors of Bonchi
et al. [13] possible for large electrical networks, which would be very difficult to do using
Graphical Affine Algebra.

Schur complementation is a broad generalisation of the star-mesh identities [50], which
were used in [28] to obtain a normalising algorithm for resistor networks. The star-mesh
identities are a family of rewrite rules for circuits of resistors (or more generally, impedance
matrices) which can be used to reduce the number of junctions in a circuit. They take the
form:

o (45)

where 74 is the value of the resistance connecting junction A to the central junction x on
the left-hand side and, on the right-hand side, rap = (rarp)/>_x rx is the value of the
resistance between two junctions A and B. The sum runs over all junctions K except the
central junction.

We can straightforwardly connect this to Schur complementation by considering the
impedance matrix of the star network of the left-hand side of Equation (45), i.e. between n
external junctions and a central junction . It is given by

raif j=Aand k=%
rA
if j = dk=A
Zik = ra ity =ran ie. Z:[ } where y = |"B|. (46)

- Y grrifj=k=%
0 otherwise

Zew y'
Y Onxn

The diagonal element Z, , = ), ri is invertible, so we can take the Schur complement:
Zoary Z' = Opsn — Z 4y 'y, (47)

Then, we can immediately identify the elements Z;L 5 = Tap with the resistances of the
mesh network in Equation (45). Now, using the impedance-form notation above, we can
write the star-mesh identity as

ozo<~ = "ol (48)

which is readily seen to be a basic application of (colour-swapped, with Proposition 35) Schur
complementation (Proposition 36).
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Quantum tensor networks. Given the adjacency matrix G of an IF)-edge-weighted graph
on m € N vertices, the associated quantum graph state [37,61] can be represented in GASAp,
™ (up to a normalisation scalar). Graph states are widely used in
quantum computing, particularly in quantum error correction [47, §I11.10]. Using this scalable

as the diagram o.¢

notation, we see that syntactically, they are essentially the same as admittance matrices in
electrical circuits

By carefully choosing the values of the variables in Proposition 36, we see that local
complementation and pivoting of graphs [21,40] are both instances of Schur complementation.
The highly-combinatorial ZX-calculus versions of local complementation and pivoting were the
two most important rules for the completeness proof of the odd-prime-dimensional stabiliser
ZX-calculi [17,49].

» Definition 37 (Local complementation simplification). Take any a € F, z € F¥, E ¢
Mixx(F), Z € Sym,(F), and invertible z € F. Local complementation is the rewrite rule:

where ;== 2z + Ejaz™, §; = Zii— 2 E?

7

and 9ij = Zi,j — Z_lEiEj.

» Proposition 38. Local complementation of graph states is an instance of Schur comple-
mentation:

x z EV (Prop 36) z-z ‘xE',Z-z1ETE
z|’'|E zZ n = O—
n

Similarly, pivoting of quantum graph states, in the sense used in the ZX-calculus [17,49],
is also subsumed by Schur complementation:

» Definition 39 (Pivoting simplification). Take any a,b € F, z € F¥, E € Myy,(F), Z €
Symy, (F) and invertible e € F. Pivoting is the rewrite rule:
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where Yi ‘= % + 6_1 (G,EQJ' + bEl’i% (51 = Ziﬂ; — 26_1E1’iE277;,
and Gij = —6_1(E1’iE2$]‘ + ELJ’EQ’Z').

» Proposition 40. Pivoting of graph states is an instance of Schur complementation:

o 1t o 1t
N (R PR DR
s [[ee] = -
z E z L O

6 A unique normal form

To prove the completeness of GASAr we show how arbitrary diagrams can be simplified to a
unique reduced AP-form using the following intermediate steps:

Proposition 42 Proposition 36 ROW-REDUCE
—_—

GASAp graph-like —————  AP-form ———— reduced AP-form

Thanks to the scalable notation, our concise normal form generalises the highly combinatorial
normal form of Poodr et al. by the same name for the odd-prime-dimensional stabiliser
ZX-calculus [49]. Semantically, this form also resembles Gottesman and Cleve’s standard
form for qubit stabiliser tableaux [26], or Cockett et al’s parity check form for Lagrangian
subspaces [27, Theorem 2.8].

To normalise diagrams, we temporarily ignore the difference between inputs and outputs
of a diagram, using the compact structure to bend inputs into outputs.

» Definition 41. A GASAg-diagram is graph-like when it takes the form

x, X i -
m - n 17711 (49)
for some m,n € N, x € F"*" and X € Sym,, ,,(F). The graph-like diagram has m internal
vertices (not connected to outputs) and n boundary vertices (connected to outputs). X

encodes the adjacency matriz of the underlying weighted graph with m + n vertices (compare
with Example 32 and Equation (49)).

There is a simple algorithm to reduce GSAg-diagrams to graph-like form, adapted from [17,
31,49]:
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» Proposition 42. Every GASAg-diagram can be rewritten to graph-like form.

Notice how Equation (49) resembles the left-hand side of Proposition 36. A careful
manipulation of the diagram extracts a maximal invertible submatrix of X which we can
eliminate using Schur complementation:

» Definition 43. A graph-like diagram is in Affine with Phases form (AP-form) when it
takes the form

5 [& 3] o< (50)

formneN xeF" yeF" E € M,um(F), andY € Sym,,(F). Here there are m internal
vertices with phases (zk,0), connected to n boundary vertices via the matriz E.

» Proposition 44. Every graph-like diagram can be put into AP-form.
The AP-form can be row-reduced, which leads to the following refinement:

» Definition 45. A diagram is in reduced AP-form either if it takes the form 1.0 O O—
(so that it has empty semantics) or if it takes the form

x 0 1im F m+4n m
5] b ] oG 2
for somem <neN,xelF", secF"™ Fc My_mxm(F) and S € Sym,,_,,,(F), and

permutation matriz ¢ € My xn (F).

» Proposition 46. Every GASAg-diagram can be put into reduced AP-form.
Finally, the reduced AP-form is unique, so that:

» Theorem 47. GASAy is complete for affine Lagrangian relations.

» Corollary 48. GSAy is complete for Lagrangian relations.

7 Conclusion

We have given a sound, universal and complete graphical language for affine Lagrangian
relations, and shown how this gives a syntax for classes of both quantum and classical
circuits. Using the scalable notation, we have given a high-level tool for reasoning about
large mechanical networks, and unified the graphical treatments of local complementation
and pivoting for quantum graph states with the star-mesh identities for electrical circuits
using Schur complementation. These ideas have already led to significant progress, yielding
the first complete calculus for infinite-dimensional quantum mechanics [18].

It is future work to refine the syntax of GASAp to represent more restrictive physical
semantics, where extra structure must be preserved; possibly more firmly connecting our work
with other graphical treatments of electrical circuits [9,28]. Conversely, it is also interesting
to generalise our work to nonlinear (nonaffine) settings of physical interest. The category of
affine Lagrangian relations has also been used as the foundation for a denotational semantics
for stabiliser quantum programs [20]: it is a natural future direction to explore a graphical
presentation of those semantics via GASAg.
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