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—— Abstract

The stabiliser fragment of quantum theory is a foundational building block for quantum error

correction, and hence for the fault-tolerant compilation of quantum programs. In this article,
we develop a sound, universal, and complete denotational semantics for stabiliser operations,
including measurement, classically controlled Pauli operators, and affine classical computation,
thereby supporting an explicit treatment of quantum error-correcting codes. We interpret stabiliser
operations as affine relations over finite fields, yielding a semantics that reflects the algebraic
structure underlying stabiliser quantum error correction. Because stabiliser quantum mechanics
has a well-behaved algebraic structure, our relational semantics is conceptually transparent and
computationally tractable when compared to standard denotational models for general quantum
programs. We demonstrate the resulting semantics by describing a small, low-level assembly language
for stabiliser programs with fully abstract denotational semantics.
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1 Introduction

With increasing experimental demonstrations of error-correction in real quantum systems [3,
11, 39, 2], the problem of compiling quantum algorithms into fault-tolerant hardware-level
instructions is now a central problem in the design of scalable quantum processors [14, 7, 33].
This raises key challenges, including certifying the fault-tolerance of a given implementation,
and optimising compiled code while preserving fault-tolerance. For fault-tolerant compilation
to scale, we need a better understanding of the compositional structure of fault-tolerance,
including the semantics of quantum error-correcting programs.

Stabiliser codes are the most prevalent and well-studied quantum error-correcting codes,
hence the programs that manipulate them are central for these challenges [24]. Unlike
general-purpose quantum programs, stabiliser quantum programs can be simulated efficiently
? Robert 1. Booth ar}d Cole Comfort.;
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Figure 1 Structure of the article. The horizontal arrows represent categorical equivalences
which we systematically prove section by section. The vertical arrows represent the categorical
constructions of [42, 43] which are used to construct each successive category from the previous one.

on a probabilistic classical computer [1]. While the mathematical theory underlying the
stabiliser formalism is well established, so far, it has not been used to provide a denotational
semantics for stabiliser programs.

Quantum error correction (QEC) makes essential use of measurements to detect when
an error has occurred, and applies corrections conditioned on their outcomes. A language
for QEC must therefore be able to express both measurements and classically-controlled
corrections, and its denotational semantics must be able to model them. While denotational
semantics for general-purpose quantum programming languages are well-studied [47], they
are inherently intractable due to the exponential scaling of classical simulation. Simply
restricting these semantics to the stabiliser fragment does not yield a tractable or algeb-
raically transparent model of program behaviour. The mathematical structure underlying
stabiliser programs, particularly including measurements and classical control, remains poorly
understood. Furthermore, these general-purpose programming languages and semantics have
not been designed with quantum error correction in mind.

Quantum error correction and fault-tolerant compilation have only become a subject of
interest to the PL community in recent years, with a focus on verification [35, 45, 46, 22, 16, 28]
and program optimisation [37, 36, 40]. The structure of the stabiliser theory is intimately
linked with symplectic linear algebra, which provides a convenient and tractable setting
for representing and reasoning about stabiliser operations. Paykin and Winnick leverage
this connection to obtain a type system and A-calculus for stabiliser programs [34], with
a key caveat: their language is unable to express state initialisation, measurement, or
classical control. Incorporating these essential primitives in a compositional way requires a
denotational semantics for stabiliser programs that has not yet been developed.

1.1 Contributions

The main technical result of this paper is that stabiliser quantum programs with measurement
and classical control admit a fully abstract denotational semantics in terms of affine relations
over finite fields (Theorem 41). Moreover, this semantics is fully definable in the following
sense: we identify a subcategory of affine relations that is exactly the image of the denotational
semantics, so that a relation is definable if and only if it lies in this subcategory (Theorem 38).

To establish Theorems 38 and 41, we prove the following results:
Completely positive stabiliser maps between quantum systems are equivalent to affine
coisotropic relations (Proposition 28).
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Completely positive trace-preserving stabiliser maps between quantum systems are
equivalent to the total affine coisotropic relations (Proposition 29 and Theorem 30).
Completely positive trace-preserving stabiliser maps between quantum-classical systems
are represented by adjoining a classical modality !(—) to total affine coisotropic relations
(Definition 36 and Propositions 37 and 39).
Taken together, these results characterise the symplectic structure of stabiliser computation
with measurement and classical control, providing a basis for future work on abstractions,
verification, and semantics-preserving optimisation for fault-tolerant stabiliser programs.

1.2 Proof strategy and organisation

Quantum processes can be stratified into three increasingly expressive settings [12]:

1. Pure quantum mechanics: complex linear maps between finite-dimensional vector spaces;
2. Mized quantum mechanics: completely positive maps between matrix algebras;

3. Quantum mechanics with classical systems: completely positive maps between finite-

dimensional C*-algebras.

The transition from pure to mixed quantum mechanics adds discarding via the trace; the
transition to the classical-quantum setting adds classical systems explicitly as types, rather
than implicitly as quantum subsystems.

In this article, we do not consider all quantum processes, but restrict throughout to
stabiliser processes. For pure stabiliser processes, a symplectic representation is already
available; we recall it in Section 4. This provides the purely quantum core of our denotational
semantics, and we extend it to incorporate discarding and explicit classical systems and
operations such as measurements and classical control.

Following Selinger, given a f-compact closed category of “pure” processes, there are
categorical constructions that extend it with discarding [42] and classical systems [43]. We
apply these constructions in parallel to stabiliser quantum processes and to their symplectic
representation, showing that their equivalence lifts along both extensions; see Figure 1.
To keep the denotational semantics algebraically simple, we show that at each stage the
symplectic semantics admits an equivalent and cleaner algebraic form. The main work
consists of isolating the correct categorical notions. This abstract approach reduces the
technical core of the article to a small number of clean, conceptual verifications. However,
this requires considerable exposition.

2 Background: dagger compact-closed categories

In this section, we review the basic theory of symmetric monoidal categories and t-compact
closed categories. These will serve as the mathematical structures with which we model
theories of processes, allowing us to state our denotational semantics formally.

We work throughout in the strict setting for notational convenience; by coherence, this
entails no loss of generality, and equalities should be read as canonical coherence isomorphisms.

» Definition 1. A symmetric monoidal category (SMC) is a category C equipped with a
functor ® : C x C — C, called the monoidal product, and an object I € C, called the monoidal
unit, so that for all objects X, Y, Z, (XY )®Z=XQ(Y ®Z)andI @ X =X=X®1.
Moreover, we require that there is a natural isomorphism:

swapyy : X QY =Y ® X such that swapy, = swap{,’lX.
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» Definition 2. A {-compact-closed category (1-CCC) is a SMC equipped with an identity-
on-objects functor 1 : C — C°P such that swap}’y = swapy y. Moreover, we require that
every object X has a dual X*, such that (X @ Y)* =Y* ® X* and (X*)* = X. Finally we
ask that for all objects X there are maps Ux : I - X ® X* and Nx : X*® X — I, satisfying

(Ix®Nx)o(Ux®1lx) =1x, (Nx®@1x«)o(lx-®Ux)=1x~, and ﬂgzswapAyA*OUA.
A map f is an isometry if f1 o f =1, coisometry if f o f1 =1, and unitary if ff = f~1.

Functors between such categories are implicitly understood to preserve relevant structure.
The isometries in the following {-CCC capture pure state quantum mechanics.

» Example 3. The t-CCC FHilb has finite-dimensional Hilbert spaces as objects and linear
maps as morphisms. The monoidal structure is given by the tensor product, the dagger is
given by the Hermitian adjoint. The dual is given by the dual vector space, where the cup
and cap are given by evaluation and the adjoint of evaluation.

Note that FHilb is equivalent to the category of complex matrices.
More generally, in order to also account for classical systems and operations, our opera-
tional semantics will have configurations which are states in the following SMC:

» Example 4. The SMC QChan of quantum channels has finite-dimensional C*-algebras
as objects and completely positive trace-preserving maps as morphisms.

The technical theory of C*-algebras is not needed here; it suffices to know that QChan
represents exactly the quantum operations between quantum and classical systems. In
Sections 5 and 6, we build up to an equivalent definition of QChan starting from pure state
quantum mechanics formulated in FHilb.

On the other hand, our denotational semantics is built from the following -CCC:

» Example 5. Given a field K, the -CCC AR of affine relations over K has finite-
dimensional K vector spaces as objects. Morphisms V — W are given by (possibly empty)
affine subspaces S C V' x W, which are composed using relational composition

(z,2) € SoR < Jy: (z,y) € RN (y,2) €S.

The monoidal structure is given by the direct sum, and the dagger is given by the converse
(y,r) € Rt <= (2,9) € R. Every object is self-dual (V* = V), and the cup and cap are
given by the diagonal subspaces

Oy = {({e},[3]) iwe V] and nvi={([z],{s}) eV},

In Sections 4, 5 and 6, we refine AR to exactly capture our denotational semantics.

3 A minimal assembly language for stabiliser QEC

In this article, we study SPL (Stabiliser Programming Language), an imperative variant of
QPL [41] for odd-prime-dimensional stabiliser operations and qubit CSS stabiliser operations.
This language captures the primitive operations needed to perform quantum error correction,
including measurements and classical control. Compared to QPL, our quantum operations
are now restricted to stabiliser operations and our classical operations are restricted to affine
transformations. We have implemented SPL and its denotational semantics in Python [18].
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KiInD TERM OPERATION
Structural: skip Do nothing.
c;d Sequential composition of subterms.
Quantum: qinitp, x  Initialise x as the qupit |0) (if P = Z) or H|0) (if P =
X).

xx=U Apply the Clifford operator U to the qupit on x.
Classical: init x Initialise x as the pit 0.

y+=Axx Apply A to the pit x and add the result to the pit on y.

disc x Discard the pit on x.
Quantum- measp x Measure the qupit on x in the P-basis.
classical: ctrlp x y  Apply the Pauli operator P to the qupit on y, classically

controlled by the pit on x.

Figure 2 Operations of SPL.

{in:qpit} F qinit, x ; qinit, out ; x *= H ; (x,out) *= C¥; % prepare Bell pair

(in,x) *= CX ; in #= H ; measz in ;| measy x | % Bell measurement
ctrl; in out ; ctrly x out ; % phase correction

o©

disc in ; disc x > {out : qpit} discard ancillae

Figure 3 Quantum teleportation in SPL.
Notation. Throughout, let p be a prime number, where Z,, := Z/pZ is the field of integers

modulo p. Call an element of Z, a pit and an element of Zy a bit. Fix the p-dimensional
complex Hilbert space H,, := Span{|n) | n € Z,}, representing a normalised element of #, by

lp) € Hp, which we shall call a qupit pure quantum state, or a qubit quantum state for p = 2.

We write the tensor product of pure states as |p,¥) = |¢) ® |1}, the Hermitian adjoint as
(o] = |<p>T, the inner product as (p|v), and the outer product as |@)].

3.1 Syntax

The terms of SPL are generated from the following grammar with respect to some fixed,
linearly ordered index set of registers Reg:

¢,d = c;d|init x | y+=A*x | disc x | qinitp x | x*=U | measp x | ctrlp x y | skip.

The elements x,y € Reg are registers and x € Reg”,y € Reg™ are lists of registers for all
n,m € N. A:Zp — 7' is any Zp-affine transformation. P € {Z, X'} ranges over the Pauli
operators (Definition 13). In odd prime dimensions U € {Z, X,CX H, S} ranges over a
generating set for the Clifford operators (Definition 15); whereas for p =2, U € {Z, X, CX}
ranges over a generating set for the CSS Clifford operators (Definition 16). We give the
interpretations of terms as quantum operations in Figure 2.

SPL is equipped with a linear type system which enforces single-use of quantum data,
presented in the leftover typing style, where typing returns a residual context [30, 48]. SPL
has classical and quantum types Ty := pit | qpit. Typed environments are partial
functions I' : Reg — Ty which bind registers to be either qupits or pits, and which we will
represent by {x: 7, y:0, z:p, ---} for x,y,z,--- € Reg and 7,0, 1, - - - € Ty. We impose

that the domain dom(I") of T, i.e. the set of bound registers {x,y, z,---}, is finite, and that
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T'te>r A AFdp> X
I'ke;d> X x:qpit,I' - measp x > x:pit, T

x:pit",y:pit", I'Fy+=A%x > x:pit",y:pit™, T I'kinit x > x:pit, T

I'kskipo I x:pit,'Fdiscx > T x:qpit", 'Fx*+=U > x:qpit",T

I' - qinitp x > x: qpit, T x:pit,y:qpit,I'Fectrlp xy > x:pit,y:qpit,T

Figure 4 Formation rules for SPL. New variables are always assumed to be fresh.
n € N>° 7€ Ty, and x : 7" is shorthand for {1 : 7,--- ,xn : 7} such that x = (x1,--- ,xn) € Reg".

every register has at most one type. Judgements are triples I' - ¢ > A consisting of a term ¢
and typed environments I', A. A judgement I' - ¢ > A is well-formed if it is derivable from
the formation rules given in Figure 4. See Figure 3 for a simple example of an SPL program.

3.2 Operational semantics

We give SPL a conventional operational semantics that follows the literature on quantum
programming languages (see [47]). In any quantum programming language, measurements
are inherently probabilistic, hence properly describing their operational behaviour requires
care. Measurements in SPL are destructive measurements in the computational basis: they
consume a qupit to produce a pit. Furthermore, they are governed by the Born rule: given a
(normalised) quantum state [¢), a measurement of the quantum register x yields the outcome
k € Z, with probability Prob[k | [¢)] = || (k| |¢) ||?, and the (renormalised) state of the
system after the measurement is (k| [¢) /|| (k|x [¥) ||

» Definition 6. Given an environment I', a state is a pair (o,|¢)) consisting of a classical
store o : T71(pit) — Z, and a normalised vector 1)) € Qr-1(qpit) Hp- We identify states
(0,]¥)) and (o,|y")) when there is a complex phase 6 € [0,27) such that 1) = exp(if) |¢').

» Definition 7. A configuration is a pair [I‘ Ft> A | o, |¢>}, or [t ‘ o, |1/)>] for short,
consisting of a well-formed judgement T '+t > A and a state (o, 1)) of T.

The operational semantics of SPL is given by the big-step reduction [t | o, W” U p
defined in Figure 5, where p is a probability distribution on states for the output environment.
In order to clarify presentation, we write such a probability distribution as B;(p;, o4, [1:))
where p; € [0,1] is the probability of the corresponding state, but emphasise that this is
purely for notational convenience and that p should be thought of as a function from states
to the interval [0, 1] (i.e. a genuine distribution).

This operational semantics is intensional, in the sense that it distinguishes computational
behaviours that are physically indistinguishable. This is because different distributions over
the quantum states 8;(p;, 0;, [¢:)) and 8;(p}, o}, ¢;>) can represent the same physical state.
Nevertheless, by postcomposing with terms which only output classical data, we can rely on

the standard definition of observational equivalence for probabilistic transition systems:

» Definition 8. Let © be a classical environment containing no quantum registers, i.e.
O~ (qpit) = @. Well-formed SPL terms ¥+ c > A and ¥+ d > A are observationally
equivalent if for any well-formed terms Tk a > ¥ and AFb > O, [a ) | o, |w>] I
implies [a d b | o, |1/1>] I, and vice versa.
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[c|o 0y ] U Bilpisoi [vs)  [d]|oi|s)] U B, (pij: 0155
[C ;d | g, W” U Hﬂj(Zipipéj,Uéj, ’¢’Z]>)
[init x [ o, [0) | U (1L,o[x=0],[¥))  [y+=A*x |0, [¢¥)] I (1, 0ly+=A%x], )
[discx [0, [9) ] U (Lo \x,[¥)  [x+=U|o,[¥)] I (1,0,Ux[4))

qinity x | o,[¥) | U (Lo, [9) @10)y)  [ainity x | o,¥) ] 4 (1,0,[0)) @ H |0)y)

ctrlp xy | o, [0) ] 4 (Lo, P§¥ [p))  [skip [ o, [¥)] b (1,0, 1))

measy x | 0,[) | { Brez, (Problk | [)], ox = k], (k| [¢) / || (kI [9) 1)

measy x | 0, ) | | Brez, (Problk | H [4)],0x = k], (k| H [v) / || (k|5 H [4) )

Vi)

[
[
[
[

Figure 5 Operational semantics of SPL. The symbols Ux and Py represent the application of
the unitaries U and P at the qupits indexed by the registers x and y respectively. P& represents
the repeated application of the unitary P parametrised by the classical store value o(x) € Zp,. The
only reduction rule that introduces probabilistic branching is the rule for meas.

We emphasise that in this definition y is a probability distribution B;(p;, 04, )) on the output
classical values, i.e. a classical probability distribution, since there is no output quantum
state after sequencing with ©. This corresponds to the standard physical identification of
quantum systems: two quantum states are identified if and only if they produce the same
statistics for all possible measurements.

As we shall see, this extensional operational semantics (up to observational equivalence)
does capture the correct behaviour of quantum systems under measurement. This is because
the set of measurements in the stabiliser fragment is sufficiently strong to distinguish arbitrary
quantum states, not just stabiliser ones.! This is made formal by Lemma 40.

» Remark 9. Density operators provide the standard device in quantum physics for reasoning
about probability distributions over quantum states. This amounts to quotienting our
semantics by the equivalence relation induced by observational equivalence. We have chosen
to give our operational semantics in a language in a way that should be more familiar to
readers with a background in probabilistic programming, whilst avoiding the definition of
density operators and operations on them.

3.3 Denotational semantics

We give a denotational semantics for SPL in terms of affine relations over Z,. On types, define
[pit] == Z, and [gpit] := Z2, so that the denotation of a typed environment is given by the
direct sum [I'] := @y cqom(r)[I'(x)]- A well-formed judgement I' ¢ > A is thus interpreted
as a morphism [I'] — [A] in AR. For an ordered list u C dom(T"), denote the complement by
u® C dom(I"). Using the canonical isomorphism [I'] = [I'lu] @ [I'|u-], denote the projections
by mu : [I'] = [['|u] and mye : [I'] = [['|uc]. Given contexts I', A, ordered lists u € dom(T"),
v C dom(A) such that I'lye = Alye, and an affine relation R : [I'|u] — [Alv], define:

Ry = {(1,6) € [T] % [A] | (ru(7), m(8)) € R and 7 (1) = 7-(8)} : [T] > [AL
When dom(I') = dom(A) and u = v, write Ry := Ruu. The denotations of terms are

given in Figure 6.

1 In the language of quantum information theory, stabiliser measurements are informationally complete.
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TERM DENOTATION

Structural operations:

[skip] =1
[e;d] = [d] o []
Quantum operations:
[qinit, u] = {(” [g]) € {o} x ZZQ)}Q—)E
[qinit 5 u] = {('a [QOKD € {o} x Zg}z—@
we=x] = {(2)[=2]) | (2] e},
[ux=Z] ={(z11a0) | Fl ez u
w2 o= = {(2). DL D) | 2] (2 ez} |
[ux=H] 12{([2]7[3]> ‘ [i]EZ‘Q’}u i
u odd prime p only
we=s] = {([z}.[:%]) [ [F e},
Classical operations:
[disc u] = {(Cv') € Zp x {.}}EHG
[init o — {(.,o) € {o} x ZP}%U

o= axu] = {([¥]. [ved]) ], o

Quantum-classical operations: —

[measy u] = {([2], )eZQ Ly}

el = (0] 5],

[etrly uv] = {((07 ), (e [72])) | e € 2y, [Z] € ZQ}
( € Z,,

D)
[ctrlz u v] = {(C, ), azc )‘ EZi}

Figure 6 Denotation of SPL terms into AR.

u

» Example 10. We unpack the denotation for a single register u : qpit with p = 3. A
pair [%] € Z3 is a Pauli label for the operator X*Z* : C* — C3. A stabiliser state |S) is
represented not by a single Pauli label, but by a linear subspace S C Z2 of Pauli labels
together with a phase label [},] € Z3, so that for each Pauli label [Z] € S, the Pauli
operator exp (i (vz — wx)) X Z* stabilises the |S): exp(iZf (vz — wx))X*Z*[S) = |S).
Equivalently, the stabiliser state |S) can be represented by the affine subspace S + [fj,]
obtained by translating the linear subspace S of Pauli labels by [Z{)] For example:

|0) is stabilised by I, Z, and Z2.

This gives the Pauli-label subspace {[§], [?], 9]}, with phase label [J].

This yields the affine subspace {[8], [?],[9]} + [3] = {[3].[¢].[%]}-

H |0) is stabilised by I, X, and X?2.

This gives the Pauli-label subspace {[§], [§],[2]}, with phase label [J].
This yields the affine subspace {[8], [§],[2]} + [3] = {[3].[&]. [3]}-
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|1) is stabilised by I, exp( )Z and exp(¢ 2”)22'

This again gives Pauli-label subspace {[ }, [(1)], [8} }, now with phase label [‘0 ] = [g]
This yields the affine subspace {[8], [?],[9]} + [3] = {[3].[3].[3]}

H |1) is stabilised by I, exp(—i3F) X, and exp(iZ) X2,

Thus the Pauli-label subspace is again {[],[§], [2]}, but now with phase label [{].
This yields the affine subspace {[§], [§],[2]} + [9] = {[%].[1]. [%]}-

» Example 11. The denotations of Clifford operators encode the induced action on Pauli

labels by conjugation. For instance, the denotation of ux= X shifts the first coordinate by 1,

encoding P+ X PX' on labels. Consider the action of u*=X on the states |0) and |+):
Applying X to |0) yields |1), which is stabilised by I, exp( )Z and exp( )Z2
Correspondingly, the denotation maps [ ] [ ] [1] 1], and [ ] > [%]
Therefore, the affine subspace becomes {[§],[1]. [3]} ={[8]. [?].[3]} + [§]-

Applying X to H |0) yields H |0), which is stabilised by I, X, and X?2.
Correspondingly, the denotation maps [§] — [§], [§] = [3], and [2] — [3]-
Therefore, the affine subspace {[J],[§],[2]} = {[8].[§]. [2]} + [4] is unchanged.

» Example 12. The denotation of measurement records the possible outcomes by projecting
the affine subspace of Pauli labels onto the first coordinate for a Pauli-Z measurement, and
onto the second coordinate for a Pauli-X measurement. For example:
Measuring [0) in the Z-basis reads off the first coordinates: {[§],[9],[$]} — {0}.
Therefore, the measurement yields 0 deterministically.
Measuring |0) in the X-basis reads off the second coordinates: {[§], ], [9]} — {0,1,2}
Therefore, the measurement yields 0, 1, or 2 with equal probability.

Despite the algebraically simple nature of the denotational semantics, proving full ab-
straction is non-trivial. To prove this, we construct a subcategory ARqc C AR which captures
exactly the denotations of SPL, culminating in Section 6 with the results:

» Theorem 38 (Full definability). For all typed environments T' and A and morphisms
f:[T] = [A] in ARqe, there exists a well-formed judgement T'F ¢ > A such that [c] = f

» Theorem 41 (Full abstraction). Well-formed judgements ¢ and d are observationally
equivalent if and only if their denotations are equal [c] = [d].

Section 4, Section 5, and Section 6 are devoted to constructing ARy in such a way that
Theorem 38 and Theorem 41 follow effortlessly. This pursuit requires a detailed exposition
of various aspects of quantum mechanics and category theory. The following sections can be
seen to serve as a certificate of correctness for these theorems.

4  The pure stabiliser theory

In this section, we expose the theory underlying the purely quantum operations in SPL,
called the pure stabiliser theory, consisting of the Pauli operators, Clifford operators and the
initialisation of quantum registers. This theory is based, fundamentally, on an equivalence
between two 7-CCCs of pure stabiliser quantum processes:

1. a concrete t-CCC, Stab, given by restricting the objects and morphisms in FHilb,

2. and an abstract }-CCC, ALR, described in terms of affine subspaces over finite fields.
The first will form the basis of our operational semantics, whereas the second will form the
basis of our denotational semantics.

8:9
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This representation does not fully carry through for qubits, therefore for qubits we restrict
ourselves to the CSS stabiliser theory [44, 13]. Although this may initially seem like a
significant restriction, some of the most important stabiliser codes, such as the surface code
and toric codes are CSS codes [10, 20, 29] (see Appendix A for a symplectic dictionary of the
fundamental QEC constructions). To avoid repeatedly making case distinctions between even
and odd dimensions, we omit the CSS qualifier where all results for qubits are understood to
be restricted in this way.

4.1 The stabiliser formalism
We first recall the Hilbert space exposition of the pure stabiliser theory.

» Definition 13. Let x(z) := exp(i2nz/p). The odd prime qupit Pauli group P, C U(H,)
is generated by the operators Z |x) = x(z) |x) and X |z) = |z + 1). Similarly, for p =2, the
real qubit Pauli group is generated by X and Z.

Henceforth, by qubit Pauli group we mean the real qubit Pauli group. The stabiliser formalism
of quantum error correction begins with the following observation:

» Lemma 14. Tuke a mazimal Abelian subgroup S C ”PI‘,X’" such that X(a)l%: € S if and
only if a=0 mod p. Up to global phase exp(2mif), S uniquely determines a pure quantum
state |S) € HZ" such that s|S) = |S) for all s € S, called a stabiliser state associated to
the stabiliser group S.

The stabiliser-state-preserving unitaries can also be captured group-theoretically:

» Definition 15. The Clifford group is the unitary normaliser of PI‘,X’" :
ap ={U eUHS"™) | VP € Py .UPUT € Py} CUHE™).

The odd-prime-dimensional Clifford group is generated by the Pauli X operator, the controlled-
X gate CX, the phase shift gate S, the Fourier transform (or Hadamard) H, and swap, while
stabiliser states are generated by applying Cliffords to \0)®":

p—1

CX(|z, ) = |x,y+a), Sy =x 2 'a(x—1))[z), and Hlz):= \jﬁ > x(zy) ly) -
y=0

We define restricted notions of these structures for qubits:

» Definition 16. An n-qubit stabiliser state is CSS if its stabiliser group is generated by
Paulis of the form :I:®?:1 Z]l»” and :I:®?:1 X]l?j. A qubit Clifford operator is CSS if it
preserves stabiliser states.

The CSS Clifford group is generated by the Pauli operators, CX, and swap, and the CSS
stabiliser states are generated by applying CSS Cliffords to |0)*"™ ® (H |0))®™. Henceforth,
take qubit stabiliser states and Clifford operators to denote their CSS counterparts.

All of these operations together form a -CCC:

» Definition 17. The -CCC, Stab, of (pure) qupit stabiliser maps is the f-compact-closed
subcategory of FHilb generated by the qupit stabiliser states and Clifford operators as well as
the scalars 1/./p and \/p under tensor product, composition and the Hermitian adjoint.

We add the scalars 1/,/p and /p to obtain a compact closed category. The evolution of
pure stabiliser quantum processes is given by the isometries in Stab.
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4.2 The symplectic representation

The stabiliser formalism can be reformulated using finite-dimensional symplectic linear algebra
over Z,. We recall the essential definitions and statements here. Throughout this section we
fix the standard symplectic vector space (Zf,”, W), where wn((x, z), (x/, z’)) =x'z —z'x.

For p = 2 we require all subspaces to be split,2 and all linear maps to be block diagonal.

Paulis are vectors

We equip Z, & Z2" with the group law (a,v) * (b,w) := (a 4+ b+~(v,w),v + W), where 7 is

chosen so that there is a group isomorphism v : (Z, & ZZ”, *,(0,0)) = (Py, -, I) given by:
v(a,(x,2z)) = {X(a +27'2"x) ®kasz if p is odd; else (—1)° ®X“ZZ’c if p=2.
k=1 k=1

Stabilisers are affine Lagrangian subspaces

Given a linear subspace S of a symplectic vector space (V,w), its symplectic complement
is the space S¥ = {v eV | Vs € S, w(v,s) = 0}. A linear subspace S C (V,w) is: isotropic
if S C S¥, coisotropic if S C S, Lagrangian if S = S“. An affine subspace is isotropic,
coisotropic, Lagrangian, or split if its linear component? is.

» Proposition 18 ([25, Lem. 8]). Nonempty affine Lagrangian subspaces L +a C (Z2",wy,)
are in bijection with stabiliser subgroups of P}’ via L +a —— {v(wn(a,b),b) | b€ L}.
Cliffords are affine symplectic maps

Clifford operators act on Paulis by conjugation, hence induce affine maps ¢(v) = Sv + t
on Z2" with w,(Sv,Sw) = w,(v,w); for qubits we restrict to the block diagonal case
S(Zy ©0)=2Zy®0and S(0®Zy) =00 Z;.

» Proposition 19 ([25, Lem. 4]). The Clifford group modulo global phase is isomorphic to
the group of affine symplectic automorphisms of (Zg”,wn).

For example

[X[(z,2) = (x+1,2), [Z](z,2) = (z,2+1), [C*]((z,2),(2',2)) = ((x,2— &), (z + 2", 2));
and for odd p: [Sl(x,2) = (x+ 2,2), [H](z,z)=(z,—x).

Affine Lagrangian relations

Affine Lagrangian subspaces are closed under relational composition [26, Eq. 9.6]. This yields
a T-compact category ALR whose morphisms (Zf)", wn) — (Zf,m, wp,) are affine Lagrangian
subspaces of (Z2" & Z2™, (—wn) @ W)

» Theorem 20 ([19, 31]). There is an equivalence ALR ~ Stab modulo nonzero scalars.
2 A linear subspace S C (Z2",wy) is split if S = (SN (ZF ®0)) + (SN (0O ZY)).

3 The linear component of a non-empty affine subspace S C Zy is the linear subspace
{X—y|X,yES} QZ;L
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5 Mixed states and stabiliser codes

Pure state quantum mechanics is not expressive enough to encode quantum information
redundantly, a feature which is essential for quantum error correction. Even worse, in pure
state quantum mechanics, it is not even possible to discard information, which we have taken
as a primitive operation in SPL. In this subsection, we address these problems using the
machinery of mized state quantum mechanics and stabiliser codes.

Recall that a stabiliser group S uniquely determines a one-dimensional subspace
Span{|S)} € HZ™, hence a rank-one projector [S)(S| : HE™ — HI™, called a pure quantum
state. Note that, using the internal hom, this can be regarded as an element of H ® H*.
As opposed to a stabiliser subgroup, a stabiliser code is a non-mazimal subgroup of the
Pauli group, and determines a higher-dimensional subspace of 'Hf}’”, called the codespace
(Appendix A gives the symplectic characterisation of detectable and correctable errors for
such codes):

He = Span{|p) € HE" : VP € G, Plp) = |p)} C HZ"™.
The projector onto the codespace Hg C /H?" is given by the operator

1

o = —
“q

S OPHP - HE

PeG

Given an orthonormal basis B = {|p;)}; for Hq, the normalised state pg = g /Tr(Ilg)

can be written as a uniform mixture m > leiXe;| of pure states |¢;Xp;| in H @ H*.

In quantum mechanics, such probabilistic mixtures of pure states are called mized states;

therefore, we can work with stabiliser codes using mixed state quantum mechanics.
Mixed state quantum mechanics is not only concerned with states, but also the processes;

i.e. the linear maps H ® H* — S ® §*, which can be implemented physically. Given a

f-compact closed category C, we recall the construction of the f-symmetric monoidal category

CPTP(C) which captures mixed state quantum mechanics when restricted to C := FHilb:

» Definition 21 ([42, Def. 4.18]). Let C be a f-compact closed category. The f-compact closed
category CP(C) of abstract completely positive maps has the same objects as C. The
morphisms X — Y are given by maps of the following form in C

[S,g] =1y ®1y-) o (9@ (¢"))o(Ix QUs @ 1x-): X @ X* - Y @Y™
for some g: X ®8 =Y inC, where g* = (1ly+ @ Uy )ogo (Ux ® 1x«) is the transpose of g.
The following functor yields an abstract notion of pure states:

» Lemma 22 ([42, Rem. 4.19]). There is a functor CP[—] : C — CP(C) sending f — f&(f*).

We need to restrict to a subcategory whose morphisms are “normalised” to capture mixed-
state quantum mechanics:

» Definition 23 ([42, Def. 4.6]). Define the symmetric monoidal subcategory CPTP(C) C
CP(C) of abstract completely positive trace-preserving maps to have morphisms satis-
fying Trx = Try of , where Try = Ny~ o swapy y. denotes the trace.

We interpret the abstract trace as an operation which discards information. For C := FHilb,
the abstract trace becomes the linear-algebraic trace, meaning that CPTP(FHilb) reproduces
the standard setting for mixed state quantum mechanics between quantum systems:

» Proposition 24 ([42, Ex. 4.21]). CPTP(FHilb) is equivalent to the category CPTP of
completely positive trace-preserving maps between quantum systems.
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Stabiliser quantum operations as affine coisotropic relations

We now apply this construction in the novel setting of the stabiliser theory. We treat Stab
and ALR in parallel: in the Hilbert-space model, “mixedness” is captured by completely
positive maps; in the symplectic model, it will be captured by relaxing Lagrangian relations
to coisotropic ones (where R¥ C R).

» Definition 25. The categories LR, CR,ACR are variants of ALR whose morphisms are
respectively linear Lagrangian, linear coisotropic, and affine coisotropic subspaces.

We will repeatedly pass from a relation R : V — W to its set-theoretic image in W. To
express this internally as composition, we single out the “total state” imy : I — V :

» Definition 26. Denote the coisotropic relation which picks out the entire space as follows
im(V,wv) = {({.}7V) ‘ Vv € V} : (Z;gaWO) — (‘/a oJV)-

We use the notation imy,,, ) because postcomposition with an affine Lagrangian, or
affine coisotropic relation R : (V,wy) — (W,ww) is identified with the set-theoretic image:

Roimy,,) = {({e},w) | Iv:(v,w) € R} = Zg x im(R) = im(R).
Indeed, this observation leads to a symplectic form of Stinespring dilation:

» Lemma 27. Every non-empty affine coisotropic subspace of (Zg",wn) of dimension 2n — k

Z?)("*k)

is the image of an affine Lagrangian isometry ( yWnok) — (227", wy).

Proof. We prove the claim for linear Lagrangian coisometries and coisotropic linear subspaces,
after which the affine generalisation follows immediately.

Take a linear coisotropic subspace S C (Zg”, wy,) of dimension 2n — k. Then its symplectic
complement S¥» C (Zf)", wp,) is an isotropic subspace of dimension k. Consider a basis of
S«n which by [38, Exercise 7.2.2-(a)] extends to a symplectic basis of (22", wn). By [38,
Corollary 7.1.5], this yields a symplectomorphism ¢ : (Z2",w;, ) —(Z2",w,,) such that ¢(5*) =
{(x,02,—k) | x € ZF}. In case S is split, then ¢ can be chosen to be block diagonal. Remark
that D = {(x,0k) | x € ZF} C (Z2F,w;) is a Lagrangian subspace, inducing a Lagrangian
coisometry E = D x Z9 : (Z2F,wp) — (Z),wp). Therefore the following composite of
Lagrangian coisometries is itself a Lagrangian coisometry:

C=(Ex1 Zi(nw)’wn_k)) o Gr(yp) : (Z}Q)n7wn) —» (Zg(n—k)7wn_k).

(

Taking the kernel of this Lagrangian coisometry, we have:

ZS X ker C' = CT({O2(n7k)}) = (Gr(p)T o (BT x 1(212)("*’0’wn_k)))({02(n7k)})
= Gr(p) o {({}.(d,02,—1)) | d € D} = Cr(p) 0 {({o}, (x,000-4)) | x € Z}}
={({o} ¢ (D x {02n—i}))} = {({o},5) | s € §} = Z) x .

Finally, by taking the double symplectic complement of Zg x S, we have the desired result

0 _ 0 —Wo XWn \—wWo XWpn __ 0 —wo XWwnp
Zy x S = ((Z, x §)7woxwn)=woxen — (7 x ker C') 0>

= Zg X im(CT) =Cfo im(zi(n—k) |

Wn—k)
Using Lemma 27, we find that the “mixed symplectic” processes are affine coisotropic:

» Proposition 28. There is an isomorphism CP(ALR) = ACR.
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Proof. Define a functor ' : CP(ALR) — ACR by [f, (S,ws)] = f o (1 @ im(g,,)). We prove
the claim for the linear case, after which the affine case follows immediately.

Restricting F' to the linear subcategories yields a f-compact functor F': CP(LR) — CR,
which is identity-on-objects. Since both CP(LR) and CR are {-compact closed, it suffices to
show that the induced map on states is a bijection. Surjectivity follows from Lemma 27.
For injectivity, take Lagrangian relations L : (S,ws) — (V,wy) and M : (T, wr) — (V,wy)
such that im(L) # im(M).Then v € im(L) iff (v,v) € Lo (L*), i.e. iff there exists s € S
with (s,v) € L and (s,v) € (L*)'. However, by assumption there is some v € V such that
v € im(L) and v ¢ im(M), so that [L, (S,ws)] # [M, (T,wr)] in CP(LR). This proves that
F : CP(LR) — CR is injective on states, hence a f-compact isomorphism.

Finally, every affine Lagrangian or coisotropic relation is obtained from its linear part by
composing with translations on source and target. Since translations are invertible in ALR,
and hence mapped by CP to invertible morphisms, the linear isomorphism extends along
them, yielding an equivalence CP(ALR) ~ ACR. <

Moreover, trace preservation also has a relational analogue:

» Proposition 29. CPTP(ALR) is equivalent to the category TACR of total affine coisotropic
relations, meaning that for all x € X, there exists some y € Y such that (x,y) € R.

Proof. Consider the equivalence F' : CP(ALR) ~ ACR of Proposition 28. Write imx : I — X
for the total relation {({e},#) | # € X} and imf, : X — I for its dagger (discard). For a
relation R : X — Y in ACR, we have iml, oR = {(x,0) |y e Y : (z,y) € R} C X x I, s0
imi, oR = im& holds if and only if for every x € X there exists y € Y with (z,y) € R.
Under F, the abstract trace Trx in CP(ALR) is sent to the discard relation im} in ACR.
Therefore, transporting the trace-preservation condition Try of = Trx along F identifies
CPTP(ALR) with the subcategory TACR C ACR of total affine coisotropic relations. <

Both representations coincide ezactly, without having to quotient by scalars:
» Theorem 30. There is an equivalence CPTP(Stab) ~ TACR.

Proof. Take the equivalence ALR = Stab modulo scalars of Theorem 20 and apply the CP
construction. Transporting this equivalence along Proposition 28 then applying Proposition 29
yields a symmetric monoidal functor CPTP(Stab) — CPTP(ALR) = TACR.

It remains to prove faithfulness. Since ALR ~ Stab holds modulo scalars, if two morphisms
fyg: X =Y in CPTP(Stab) have the same image in CPTP(ALR) then g = X - f for some
nonzero scalar \. Using trace preservation and centrality of scalars,

Try og = Tryo(A-f) = A (Tryof) = A Trx.
But also Try og = Trx, hence A = 1 and therefore f = g. Thus the functor is faithful. <«

Note that CPTP(Stab) is generated by the Clifford operators, stabiliser states and the
quantum trace on H,, where [Try, ]| = {([2],0) | [%] € Z2} : (Z2,w1) — {o}.

6 Classical types and full abstraction

SPL distinguishes between quantum and classical registers, taking as primitive operations
measurements and classically controlled Pauli operators that interface between quantum
and classical systems. However, in the preceding section, we did not describe how classical
systems can be formulated, neither with mixed-state quantum mechanics [32, Section 8.2],
nor total affine coisotropic relations. In this section, we address this problem by adding a
notion of classical system to both the Hilbert-space and symplectic pictures.
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Fix an orthonormal basis B = {|A\1),...,|\:)}. A state is classical with respect to

B iff it is diagonal in B, i.e. p = Y . p; |A:)(\i| for some probability distribution (p;);.

Measuring the quantum system H according to the basis B is said to decohere the system,
producing a classical state with respect to B. In our operational semantics, this is exactly the
probabilistic branching rule governed by the Born rule: measurement branches on an outcome
j with probability |<)\j|ap)|2, updating the residual state by normalisation. In mixed state
quantum mechanics, the same branching behaviour is encoded by the completely positive
trace-preserving map £ : HQ H* — H @ H*:

n

Ea(eXel) =D I Xl XA =D 110 P 1A XA -

Jj=1 Jj=1

The diagonal states |A\;)}\;| € H ® H* represent distinct measurement outcomes, and the
coefficients |</\j|<p>|2 are the probabilities used by the branching rule in the operational
semantics. However, this view does not yet distinguish between classical and quantum
systems: not all mixed states p € H ® H* are probabilistic mixtures of diagonal states, nor
will all completely positive trace-preserving maps preserve this property of classicality.

We seek to distinguish between quantum and classical systems in our denotational
semantics so that classicality is reflected at the level of types. The solution to this problem is
to consider classical systems as subsystems of quantum systems. More precisely, we regard
them as the subspace Span{|A\;}A;| : V|\;) € B} C H ® H*. This is precisely the linear
subspace fixed by the decoherence map £p; therefore, we can think of a classical subsystem
as being specified not only by this subspace but by the decoherence map itself.

There is an abstract theory for quantum-classical systems that can be formulated in any
t-compact closed category. We will apply this notion both to stabiliser quantum processes

(the operational semantics) and to their symplectic presentation (the denotational semantics).

To this end, following Selinger [43, Def. 3.6], we first introduce the following notion:

» Definition 31. An abstract subsystem of a quantum system X in CP(C) is a map
[ X — X which is both self-adjoint, f1 = f, and idempotent, fo f = f.

In the setting of finite-dimensional, mixed quantum theory, this produces what we expect:

» Example 32 ([27, Thm. 2.5], [17, Prop. 3.5]). The abstract subsystems in CP(FHilb) are
in bijection with tensor products of decoherence maps and identity maps.

The decoherence map in a basis corresponds to a fully classical subsystem of H ® H*. On

the other hand, the identity on H corresponds to the completely quantum system H & H*.

Tensor products of both of these classes of maps represent systems in which some subsystems
are classical and others are quantum.

Just as before, we construct a category of processes between quantum and classical
systems, captured by the following construction for C := FHilb:

» Definition 33 ([43, Def. 3.13]). Given a f-compact closed category C, the category of
abstract quantum-classical operations CPTPy(C) has objects given by pairs (A, a) where
A is an object of C and a : A — A is an abstract subsystem in CP(C). The morphisms
f:(Aja) — (B,b) are given by morphisms f : A — B in CPTP(C) which are invariant
under decoherence onto the input and output subsystems so that bo foa = f.

Applied to FHilb, this produces the quantum processes between quantum-classical systems:

» Theorem 34 ([27, Thm. 2.5], [17, Prop. 3.5]). CPTPq(FHilb) is equivalent to the category
QChan of quantum channels between quantum-classical systems (i.e. between C*-algebras).
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Here, the decoherence map g corresponds to four different quantum channels:

Ep: (H,1y) — (H,13): which decoheres the quantum system in the basis B;

Ep: (H,E) = (H,Ep): which does nothing to the classical system;

Ep: (H,1y) = (H,Ep): which measures in the basis B;

Ep: (H,E) = (H,1y): which prepares a pure state in the basis B.
Note that measurement followed by state preparation decoheres the quantum system, whereas
state preparation followed by measurement acts trivially on the classical system.

Classical systems in the stabiliser theory

We now apply this construction to stabiliser theory, using it to add classical systems to our
categories of interest Stab and ALR, beginning with Stab:

» Lemma 35. The stabiliser quantum channels are generated by the stabiliser operations
between quantum systems together with the maps that measure and prepare in the Pauli Z-basis
{In) : n € Zp} and the Pauli X -basis {H |n) : n € Z,}. Moreover, adding state preparation
and measurement is equivalent to adding state preparation and classically controlled Paulis.

Proof. We prove both claims for Pauli Z-measurements and classically controlled X-gates
in the Pauli Z basis, from which the result follows.

We prove the first claim. First observe that CPTPy(Stab) is generated by CPTP(Stab)
together with the state preparation and measurement morphisms for all subsystems in
CP(Stab). Moreover, because stabiliser codes are uniform mixtures of pure stabiliser states,
and all pure stabiliser states are unitarily isomorphic via Clifford operators to |0), all
subsystems in CP(Stab) are unitarily isomorphic, via conjugation with Clifford operators,
to those of the form (’H?(n"_m), EI"® 1%;”). Therefore, CPTP(Stab) is generated by the
stabiliser quantum operations between quantum systems together with the Pauli-Z state
preparation and measurement operations.

For the second claim, note that applying a classically controlled Pauli-X operator in
the Pauli-Z basis to the state |0) and then discarding the classical pit is the same as state
preparation in the Pauli Z-basis. Conversely, a classically controlled Pauli-X gate in the
Z-basis can be implemented by preparing the first qupit in the Pauli-Z basis, applying a
quantum controlled X gate controlled by this prepared qupit, and then measuring the same
qupit in the Pauli Z-basis. <

On the other hand, applying this construction to the symplectic picture is equivalent to
adjoining a classical modality® !(—) to ACR, yielding the following category:

» Definition 36. Consider the induced embedding !(—) : AR P, CP(ALR) 2 ACR. The
SMC ARy of quantum-classical affine relations has as morphisms the total affine
relations R : (IZy) — (\Z;'), the total affine coisotropic relations S : (Zy,wn) — (Zy',Wm),
and the four additional total affine relations

nz = {([2],2)}: (Z3,w1) = (Zy),  ph = {(a[2])} < (1Zy) = (Z3, ),

px = (219} : @) > (2. we = {(=.[2])}: () — (@),

corresponding to the measurement and state preparation maps in the Pauli-Z and X bases.

4 (=) is not a modality in the sense of being induced by adjoint functors [6]; rather, it witnesses the
posetal adjunction pp ,LLTP given by 1(Z§,w1) - ,LLTP opup and pp o ,u;rg =iz,
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» Proposition 37. There is an isomorphism ARqc = CPTPq(ALR).

Proof. Define the Z-decohering relations,

Bz = {([E)[2)) € B X B | 02,5 €2y} (Bhwn) = By,

Along the equivalence ACR = CP(ALR) of Proposition 28, using symplectic Gaussian elimin-
ation ([38, Corollary 7.1.5]), it follows that subsystems in ACR are symplectomorphic to a
direct sum E?” @ ].(Z%m.,w‘ln) for some n,m € N.

For the split case in characteristic 2, define the X-decohering relation

Ex = {([ﬁ], [’g]) € ZIQ) X Z?) | z,2',z € Zp} : (Zi,wl) — (Zé,wl).

Then via a restricted form of symplectic Gaussian elimination, every subsystem is symplecto-
morphic via block diagonal operators to E?” <) E;‘?m @ I(ng wy) for some n,m, k € N.

By construction, CPTP.(ALR) is generated by CPTP(ALR) together with the state
preparation and measurement morphisms for all subsystems in CP(ALR). Therefore, the
above normal form implies that CPTP4(ALR) is generated by CPTP(ALR) together with
state preparation and measurement for F7 and Ex.

Along the equivalence TACR = CPTP(ALR) of Proposition 29, these morphisms are given
by pp and u}rg for P € {X,Z}, as they satisfy ,uL opup = Ep and pup o M}L = 1. Because
CPqc(ALR) is defined to be the f-idempotent completion of CP(ALR) (see [43, Def. 3.3, &
Def. 3.6]), it follows that CPTPy(ALR) is generated by total affine coisotropic relations,
total affine relations in the image of !(—), as well as pup and u}rg for P € {X, Z}. <

Interpreting the types of SPL in ARq as [init] :=!(Z,) and [qinit] = (Z2,w;), from
Lemma 35 and Proposition 37 it follows immediately that:

» Theorem 38 (Full definability). For all typed environments T' and A and morphisms
f [T = [A] in ARqc, there exists a well-formed judgement I' ¢ > A such that [c] = f.

Now we relate the denotational semantics to the operational semantics, first observing:

» Proposition 39. There is an equivalence CPTPq(Stab) ~ ARy identifying stabiliser
quantum channels between quantum-classical systems with quantum-classical relations.

Proof. By Theorem 30, CPTP(Stab) ~ TACR modulo scalars and by Proposition 29, TACR =
CPTP(ALR); therefore by transitivity, CPTP(Stab) ~ CPTP(ALR) modulo scalars. Because
quotienting by scalars commutes with CPTPyc, it follows that CPTP(Stab) >~ CPTP,(ALR)
modulo scalars. Moreover, by Proposition 37 CPTP.(ALR) ~ ARq. By transitivity, it
follows that CPTPq.(Stab) ~ ARy modulo scalars. By the same argument as in Theorem 30,
it follows that this induces an honest equivalence CPTP(Stab) ~ AR, without quotienting
by scalars. <

» Lemma 40. There is a mapping (—) of SPL terms into CPTPy(Stab) such that ¢ ~qns d
if and only if {c) = (d).

Proof. Given a well-formed judgement I' F ¢ > A, for each state (o,|1)) for T, there is a
unique probability distribution p on the states for A such that [c ’ o, |w>] I p.

Now, both the state (o, [1)) and the probability distribution y yield density operators:
we encode classical data as a diagonal density operator and then form the tensor product
with [¢)}]. p then corresponds to a statistical ensemble of pure states, which canonically
corresponds to a density operator [32, Section 2.4].> This yields a mapping from (pure) input
density operators to output density operators.

5 Recall that the mapping from statistical ensemble y is surjective onto density operators but not injective.
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It is straightforward to verify that each of the generating terms corresponds in this
way to a map in CPTPy(Stab), and that the sequence rule corresponds to composition in
CPTP,(Stab). This gives the mapping (—).

Finally, observational equivalence yields exactly the condition that all measurements in
CPTP,(Stab) have identical outcome probabilities, which uniquely characterises the output
density operator. Hence, if ¢ &qns d, the corresponding (c), (d) map every input density
operator to the same output density operator, i.e. they are equal. |

From Proposition 39 and Lemma 40 it follows that:

» Theorem 41 (Full abstraction). Well-formed judgements ¢ and d are observationally
equivalent if and only if their denotations are equal [c] = [d].

Proof. By Lemma 40, we have ¢ ~qps d if and only if (¢) = (d) in CPTP(Stab). Transport-
ing along the equivalence CPTPq(Stab) ~ ARy of Proposition 39, we have (c¢) = (d) if and
only if [¢] = [d]. Combining these equivalences gives the result. <

7 Conclusion

We have given a sound, universal, and complete denotational semantics for stabiliser quantum
programs in terms of affine relations over finite fields, including measurement, classically
controlled Pauli operators, and affine classical computation. For odd prime dimensions this
covers all stabiliser operations; for qubits, it is restricted to CSS stabiliser operations. The
resulting relational semantics reflects the algebraic structure underlying stabiliser quantum
error correction, and is conceptually transparent and computationally tractable compared to
general denotational models for quantum programs. We demonstrated the semantics with a
fully abstract denotational semantics for the assembly language SPL.

We conjecture that full abstraction extends to a language with arbitrary (non-affine)
classical control, with respect to the equivalence induced by possible measurement outcomes.

It is natural future work to explore a graphical presentation of these semantics via the
ZX-calculus, for which a complete calculus for affine Lagrangian relations already exists [9].
The ZX-calculus has already been applied to the construction of fault-tolerant quantum
circuits [8] and to the design and verification of QEC codes [15, 21].
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A Stabiliser Quantum Error Correction via Affine Coisotropic Relations

Stabiliser quantum mechanics is the cornerstone of finite-dimensional quantum error correc-
tion [23, 5]. In this appendix we give a dictionary for how the fundamental constructions in
stabiliser QEC can be represented in the symplectic language. Then we give a compositional
account for the coarse-graining of stabiliser quantum error correction codes.

The symplectic formulation of stabiliser quantum error correction

To understand the connection between the symplectic geometry and quantum error correction,
we revisit the notion of a stabiliser code. The stabiliser code associated to a non-empty affine
coisotropic subspace C = L +a C (Zi",wn), is the Abelian subgroup

Ge = {v(wn(a,b),b) | be L} CPY, 1)

dim(L)

moreover the projector onto the codespace Hg, = 7—[?( - C ’H?" is given by:

o
° L]

g Z v(wn(a,b),b) : HE™ — HI™. (2)

beLwn
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By convention the empty affine coisotropic subspace is identified with the Abelian subgroup
Gy = (exp(i%)lﬂgﬁ C P}, so that Ilg, = 0. This is chosen so that for any (possibly
empty) affine coisotropic subspace S C (Z2",wy,), we have that Rel(Ilg,.) = S.

An encoder for Gg consists of a Stinespring dilation Fgy : /H?(dim(min) =Hgs — HY"
of pas =g,/ Tr(Ilg,), meaning that Eg. 0 pmax = pas- Fas encodes dim(L) — n logical
qupits into n physical qupits. In the symplectic picture, we represent the encoder by the
affine Lagrangian isometry Rel(Eg,) : (Zg(dim(L)fn),wdim(L),n) — (Zyy,wn), where:

im(Rel(Egs)) = Rel(Egs © pmax) = Rel(pgs) = Rel(Ilg,) = S. (3)

After encoding, errors may occur. Because the Pauli group P} is a nice unitary error
basis for ’Hf?", we can interpret potential errors as linear combinations of Pauli operators [32,
§ 10.3.1.]. In particular, this means that the error correction properties of the stabiliser code
Gs can be captured either by reference to the isotropic subspace L“" or the projector Ilgy:

An error v(a,e) € Py is Symplectic condition ‘ Projector condition
Trivial if: ee€ L Me,v(0,e)llg, =Ig,.
Detectable if: e¢ L I, v(0,e)llg, =0.
Undetectable and nontrivial if: ec L\ L% g, v(0,e)lg, #0,

HGSI/(O, e)HGs 75 HGS~

Errors that are undetectable and nontrivial are exactly the logical errors that change the
encoded data. Moreover, a set £ C ZZ” of errors is correctable if and only if

Ve#fe&:f—e¢ L\ L, (4)
which is to be contrasted with the more involved projector condition:
Ve #f €& :lg,v(0,f—e)llg, =0 or g v (0,f —e)llg, =Ig,. (5)

The code distance d(Gg) € N is the minimal number of tensor factors on which a nontrivial
undetectable Pauli acts, and is considered a good measure of the quality of a code. This is
most easily understood in the symplectic picture:

d(S) := min { HZ €{0,...,n—1}: (egi,e.) # (0,0)H : Ve =(ez,e.) e L\ L} (6)

Note that having a high code distance is a very important property of a stabiliser code: given
an affine coisotropic subspace S = L +a C (Z2",w,) with k = dim(L) — n and d := d(Gs),
the code G is called an [n, k, d]], stabiliser code.

Coarse-graining via mixing

The inclusion order on nonempty affine Lagrangian subspaces and their corresponding pro-
jectors is trivial. However, for affine coisotropic subspaces it tells us when the corresponding
projectors are more or less pure than each other: because Rel(Ilg,) = S, there is an inclusion
of affine coisotropic subspaces R C S if and only if there is an inclusion of the images of their
corresponding projectors im(Ilg,) C im(Ilg, ). That is to say we have such an inclusion if
and only if Ilg,, < g, in the Léwner order [4, Section 6].

This order allows us to quantify and coarse-grain the error correction properties of
stabiliser codes. Given affine coisotropic subspaces R, S C (Zf,",wn), if R C S then the
constraints imposed by the stabiliser code G can be relaxed to the constraints imposed
by the stabiliser code Gg, by forgetting some of the stabilisers. In particular, it follows
straightforwardly that:
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a trivial error for Gg is also trivial for Gg;

a detectable error for Gg is also detectable for Gg;

a set of correctable errors for Gg is also correctable for Gg;

d(Gs) < d(GR).

Of course, this comes with a trade-off: as the dimension of the coisotropic R decreases, so
does the dimension of the logical space R\ R“".

This order on affine coisotropic subspaces gives a partial order enrichment on ACR and
TACR, i.e. a compositional account for this quantitative property of mixed stabiliser quantum
processes, where encoders, stabiliser codes and Pauli errors can be composed together. That
is to say, we can ask when processes are coarse-grainings of each other:

» Theorem 42. With respect to the Lowner order on the corresponding projectors,
CP(Stab) is enriched in preordered sets;
CP(Stab) modulo scalars is enriched in partially ordered sets;
CPTP(Stab) is enriched in partially ordered sets.

Proof. Since ACR is compact closed, any morphism R : (V,wy) — (W,wyw) canonically
induces a state |R] : [ — (V@W, (—wy ) Dww ), called its name. For example in CP(Stab) the
name is proportional to the Choi matrix. Therefore, there is an inclusion of affine coisotropic
relations R C S if and only if there is an inclusion of the images of their corresponding
projectors im(Ilg ) Cim(lg g )-

Just as dividing the projector onto the code space by the trace norm I,/ Tr(Ilg,) is a
mixed stabiliser state; dividing a mixed stabiliser state by its operator norm is a projector
onto the code space of a stabiliser code. Because the operator normalised Choi-matrices of
morphisms between any two Hilbert spaces in CPTP(Stab) are distinct from each other, the
equivalence Rel : CPTP(Stab) ~ TACR induces a partial order on the trace preserving mixed
stabiliser quantum processes.

On the other hand, when working in CP(Stab), two proportional yet distinct morphisms
of the same type induce the same projector, so the order fails to be anti-symmetric. |
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