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Abstract
Heating, Ventilation, and Air Conditioning (HVAC) systems typically aim to regulate a building’s
indoor environment. Many key design decisions which carry strong consequences on HVAC systems
are made during early-stage building design, when architectural and structural layouts are still
evolving. Early coordination between disciplines has the potential to minimise re-design of systems
as a consequence of changes in other systems. This paper presents an optimization-based framework
to support early design coordination among architectural, structural and mechanical designs, with a
focus on ductwork layout. The generated layouts are intended to serve as initial candidate designs
that engineers can further refine during later stages of the building design process. We develop
models for generating feasible duct layouts accounting for structural constraints and cost objectives.
The models are implemented in a high-level modelling language MiniZinc and solved in phases using
Constraint Programming (CP) and Mixed-Integer Programming (MIP) solvers. Experiments on
case studies show that feasible coordinated layouts can be generated, enabling iterative exploration
of multiple alternative configurations during early-stage design.

2012 ACM Subject Classification Mathematics of computing → Combinatorial optimization

Keywords and phrases Application, Modelling, Operation Research & Mathematical Optimization

Digital Object Identifier 10.4230/LIPIcs.CP.2026.10

Acknowledgements This research is supported by Building 4.0 CRC. The support of the Common-
wealth of Australia through the Cooperative Research Centre Program is acknowledged. The authors
would also like to acknowledge the industry partners A.G. Coombs Group, Podium Pty Ltd and
Lendlease Ltd.

1 The authors are listed in alphabetical order.

© Victor Calixto, Camilo Cruz Gambardella, Amin Karimi, Pierre Le Bodic, and Allen Z. Zhong;
licensed under Creative Commons License CC-BY 4.0

32nd International Conference on Principles and Practice of Constraint Programming (CP 2026).
Editor: Nicolas Beldiceanu; Article No. 10; pp. 10:1–10:18

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:Victor.Calixto@monash.edu
https://orcid.org/0000-0003-2793-1916
mailto:camilo.cruzgambardella@monash.edu
https://orcid.org/0000-0002-8245-6778
mailto:amin.karimi@monash.edu
https://orcid.org/0009-0002-9198-8044
mailto:pierre.lebodic@monash.edu
https://orcid.org/0000-0003-0842-9533
mailto:allen.zhong@monash.edu
https://orcid.org/0000-0001-8807-8600
https://doi.org/10.4230/LIPIcs.CP.2026.10
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


10:2 Modelling and Optimizing HVAC Systems for Early-Stage Building Design

1 Introduction

In a building design project, coordination between different disciplines such as architecture,
structural engineering, building services engineering and landscaping is crucial. During
the early stage of a project, decision-making is frequent as different design options are
explored. However, once various aspects of the design are fixed, coordinating changes and
revising earlier decisions becomes costly and time-consuming. As the building industry faces
increasing expectations for environmental performance and occupant comfort, while also
being pressured to reduce development timeframes, uninformed decisions made in early-stage
design can lead to compounding delays as the complexity of the design increases. The need
for automated tools that facilitate coordination among different disciplines has therefore
become increasingly important.

In this paper, we address this need by presenting an optimization-based framework
to support early-stage design coordination among architecture, structural engineering and
mechanical engineering, with a focus on Heating, Ventilation, and Air Conditioning (HVAC)
system design. HVAC systems account are important as approximately 38% of total building
energy consumption and represent more than 10% of overall building construction costs [3, 7].
Coordination challenges are particularly crucial for HVAC systems, which must satisfy
thermal comfort and indoor air quality requirements while operating within strict spatial
constraints imposed by architectural and structural design decisions. Our goal is to support
the exploration of alternative HVAC system designs while major spatial and system decisions
from other disciplines remain flexible. This enables feasibility and material cost implications
to be evaluated early, helping to avoid expensive revisions in later stages.

This paper makes the following contributions:
We formulate early-stage HVAC system design directly from floor plans as a struc-
tured optimization problem that integrates spatial feasibility, airflow requirements and
constructability constraints.
We introduce a two-phase framework that first partitions the floor into thermal control
zones and then designs coordinated duct layouts, including decisions on duct sizing and
location under flow-capacity and height-clearance constraints.
We propose an approximation method for duct routing that improves scalability by solving
network-level subproblems sequentially while maintaining cross-network feasibility.
We implement the models in MiniZinc [15] and solve them with Constraint Programming
(CP) and Mixed-Integer Programming (MIP) solvers. The experimental results on real-
world case studies demonstrate that the framework can generate feasible coordinated
layouts and support iterative exploration during early-stage design.

This work is conducted in collaboration with industry partners in HVAC system design
and structural engineering. It demonstrates the potential of model-based optimization
methods to enhance coordinated decision-making in building design. The proposed approach
can potentially be extended to other building design and infrastructure layout problems
involving complex spatial constraints.

2 Related Work

The HVAC system optimization problem has been studied in the building sector, with most
research focusing on heuristic or meta-heuristic approaches. Jorens et al. formulated the
air distribution network design problem as a non-linear combinatorial optimization problem
that simultaneously optimizes ductwork routing as well as duct and fan sizing [10]. They
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later developed a multi-start local search algorithm consisting of a constructive phase that
generates candidate distribution networks and a local search phase that optimizes material
costs by adjusting duct diameters [11]. This work was further extended to minimize life-cycle
cost, including both operational and investment costs, considering that HVAC systems in
non-residential buildings operate for a large portion of the year at off-peak flow levels [12]. In
addition, retrofitting scenarios have also been investigated [13]. In this context, a simulation-
based ductwork design strategy was proposed that employs meta-heuristic optimization
techniques to generate optimized ductwork layouts while minimizing life-cycle cost and
enabling the reuse of existing system components.

Rule-based methods have also been developed for the generation of HVAC duct routing
layouts. Chen et al. proposed a rule-based traversal algorithm to automatically generate
duct networks, coupled with a fast resistance calculation model to evaluate pressure balance
performance [2]. Later, Liang et al. introduced a rule-based divide-and-conquer pipe routing
design algorithm for HVAC systems [14]. Compared with earlier approaches that traverse
and evaluate all possible layouts [2], their method improves computational efficiency while
satisfying design specifications. Similarly, Tang et al. incorporated filtering techniques into a
rule-based optimization framework to avoid generating uncommon or infeasible duct layouts
and further improve the efficiency of duct routing generation [18].

Despite extensive research on ductwork routing, sizing and component optimization,
several limitations remain. To the best of our knowledge, most existing studies primarily
focus on airflow performance, pressure balance and energy efficiency, while coordination
with architectural and structural design constraints are often limited. In particular, detailed
structural constraints, such as maximum ceiling build-up and the locations of columns and
building cores, are rarely incorporated explicitly into the optimization framework.

Moreover, many of the reviewed studies rely on heuristic or meta-heuristic optimization
approaches. Although these methods can be computationally efficient for solving complex
problems, they often lack standardized and explicit formulations of constraints, which
limits their extensibility and reproducibility. In contrast, optimization models based on CP
and MIP are generally grounded in mathematical optimization principles. Enhancing or
modifying such models typically only requires adding or adjusting elements such as variables
or constraints, or revising the mathematical formulation. This structured representation
makes model development and enhancement significantly easier. Therefore, this paper
proposes optimization models with formal mathematical representations of constraints and
decision variables, enabling greater extensibility within the proposed framework.

3 Two-Phase HVAC Design Framework

This section describes the HVAC system design problem. We are given a 2D floor plan that
includes both architectural and structural design information, as illustrated in Figure 1. The
floor plan contains the following components:

Floor plan boundary: defined by an ordered sequence of points in the x–y plane. This
boundary delineates the outer perimeter of the floor layout and corresponds to the outer
black rectangle in Figure 1.
Core boundary: also represented by an ordered sequence of points in the x–y plane.
The core is a central building zone that typically contains elevators, staircases and service
shafts used to distribute utilities such as air, electricity, and plumbing between floors. In
this work, the core is the location from which HVAC duct networks enter the floor. In
Figure 1, this corresponds to the inner rectangular region located at the centre.

CP 2026
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Figure 1 Structural design and airflow demand region specifications for an open-plan floor.

Columns: represented as rectangles within the 2D floor plan. Columns are vertical
structural elements that transfer loads from the floor and beams above down to the
building foundation. In Figure 1, these appear as small grey rectangles. Their positions
are important for HVAC design because they may constrain the routing of ducts.
Beams: represented as line segments with associated length and depth values. Beams
are horizontal structural elements that span between supports (columns or the core) and
transfer floor loads to these supports. They primarily impact ceiling space and restrict
the maximum height of ducts that can pass beneath them. In Figure 1, beams are blue
dashed line segments with annotations indicating their lengths (L) and heights (H).

For HVAC layout design, the building floor plan is partitioned into airflow demand
regions, such that every square meter of a region has the same airflow requirement (expressed
in liters per second per square meter). These regions are typically defined based on the
building facade exposure, since areas adjacent to external facades are subject to different
thermal loads due to solar radiation and heat transfer through the building envelope. In
Figure 1, different air demand regions are highlighted with different hatch patterns. For
energy efficiency reasons, different regions are generally served by distinct duct networks.
Each duct network originates from the core, which supplies air from a plant room located on
another floor or the roof of the building.
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In practice, a duct network terminates at many air outlets distributed across the ceiling,
but we do not explicitly represent the entire network. Indeed, these air outlets are served
by small flexible ducts that are easy to route. They connect to larger ducts via Variable
Air Volume (VAV) terminal units that regulate the airflow based on thermal demand. Since
flexible ducts can be up to about 10 meters long, a VAV terminal unit typically serves a
localized area within an airflow demand region, subject to predefined area limits. We refer to
such areas as thermal control zones, each of which is served by a single VAV terminal unit.

In this paper, we assume that airflow demand regions are high-level design decisions made
by mechanical engineers, while the subdivision of different demand regions into thermal
control zones remains to be determined. The zone partition can significantly affect the cost
and complexity of the duct network. Therefore, the optimization framework makes the
following decisions:
1. subdivide each airflow demand region into smaller thermal control zones;
2. design the duct layouts, including determining entry locations from the core for each duct

network, locating VAV terminal units within the thermal control zones and determining
the duct connections from each entry point to the corresponding VAV terminal units.

Because duct systems and structural elements such as beams share ceiling space with
limited height clearance, spatial constraints must be satisfied. If a segment of duct overlaps
with a beam, the combined height must not exceed a predefined limit. In this paper, this limit
is assumed to be 1 m. Additionally, ducts of different sizes have varying airflow capacities
due to velocity limits and allowable pressure losses. The overall objective is to minimize the
total installation cost of the duct system while satisfying all of the above constraints.

The decisions in the original problem are inherently continuous. However, in practice,
small displacements of ducts or VAV terminal units typically have negligible impact on the
overall design cost. To simplify the optimization problem, we discretize the entire floor plan
into a set of points, as illustrated in Figure 2, so that decisions are made based on such
discretized locations. These nodes include virtual points (such as Points 1–195 in Figure 2)
from a grid and entry points (such as Points 196–217 in Figure 2) located along the core
boundary. An original grid is generated iteratively by extending from a reference point
with a fixed step size δ horizontally or vertically. The virtual points are all the points
in the grid that are within the floor plan boundary but outside the core, while the entry
points are the intersection points of the core boundary with the grid. The horizontally and
vertically neighbouring points are connected by two reversed directed arcs, which represent
the potential locations for placing ducts. The chosen step size δ determines the granularity
of the discretization. A smaller δ results in a denser grid and an increase in candidate entry
points, providing finer spatial resolution at the cost of higher computational complexity.

In the following, we describe our two-phase optimization framework. The first phase
partitions each airflow demand region into thermal control zones, and the second phase
determines the key points and constructs the ductwork connections.

4 Thermal Control Zone Partitioning

In this phase, each airflow demand region in the plan forms a separate decision problem
which is to subdivide the region into thermal control zones. In engineering practice, the
upper limit of a thermal control zone primarily depends on whether the zone is within a
perimeter region or the internal region. Zones in perimeter regions are typically limited to
80–100 m2, while internal zones are generally below 100–120 m2.

CP 2026
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Figure 2 Discretization for an open-plan floor with δ = 3 m.

To model these requirements, we assume that each virtual point represents a uniform
square area. Let V = {1, . . . , n} denote the set of virtual points within a given airflow demand
region, where each point j ∈ V has coordinates (Xj , Yj). Then, the number of virtual points
per zone should be between

⌊
Alb

Atotal
|V|

⌋
and

⌈
Aub

Atotal
|V|

⌉
, where Alb and Aub are the area

lower and upper bounds, and Atotal is the total area of an airflow demand region.
The goal is to partition the points such that the bounding rectangles of points within

each thermal control zone do not overlap. The design objectives include:
Zone Load Balancing: minimize the variance in zone sizes, specifically reducing the
difference in the number of points between the largest and smallest zones. This promotes
uniform partitions with similarly sized zones.
Aspect Ratio Optimization: ensure bounding rectangles are as close to square as
possible to support efficient airflow distribution via flexible ducts.
Infrastructure Minimization: reduce the total number of zones to limit the number
of required VAV terminal units.
Empty Area Minimization: minimize the difference between the area of the bounding
rectangles and the number of virtual points, preventing zones from becoming non-
contiguous due to irregular boundaries.
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Furthermore, if the airflow requirements of large regions exceed the capacity of a single duct
network, the region may be served by multiple networks through a hierarchical partitioning
approach. This splitting also reduces the complexity of the subsequent duct routing by
lowering the likelihood of crossings between different duct networks on the floor plan. In
this approach, an airflow demand region is first divided into r subregions Sm (one per duct
network), which are then further partitioned into individual zones. Each subregion is also
modelled as a rectangle, and all zones assigned to a specific network must be contained
within the bounding terminal unit of that subregion. Additional objectives include:

Subregion Load Balancing: minimize the discrepancy of the numbers of virtual points
in different subregions to balance the load across the serving duct networks.
Subregion Compactness: minimize unused area within subregions to encourage
compact spatial layouts and avoid spatially disjoint subregions.

The CP formulation of the thermal control zone partitioning problem is in (3)-(18).

minimize (balz, ratioz, usedz, emptyz, bals, unuseds) (1)

s.t. balz ≥ max
i∈Z

nz
i − min

i∈Z
nz

i (2)

ratioz ≥
∑
i∈Z

|wz
i − hz

i | (3)

usedz ≥
∑
i∈Z

1{nz
i

>0} (4)

emptyz ≥
∑
i∈Z

(wz
i · hz

i − nz
i ) (5)

bals ≥ max
i∈S

∑
j∈Z

nz
j · 1{qz

j
=i} − min

i∈S

∑
j∈Z

nz
j · 1{qz

j
=i} (6)

unuseds ≥
∑
i∈S

(ws
i · hs

i ) −
∑
j∈Z

(wz
j · hz

j ) (7)

diffn(xz, yz, wz, hz) (8)
xz

i + wz
i ≤ W, yz

i + hz
i ≤ H ∀i ∈ Z (9)

qz
i = j =⇒ zonei ⊆ subregionj ∀i ∈ Z, j ∈ S (10)

pz
j = i ⇐⇒ (Xj , Yj) ∈ zonei ∀j ∈ V, i ∈ Z (11)

nz
i =

∑
j∈V

1{pz
j

=i} ∀i ∈ Z (12)

(xz
i , yz

i ) <lex (xz
i+1, yz

i+1) ∀i < |Z| (13)
(nz

i = 0) =⇒ (nz
i+1 = 0) ∀i < |Z| (14)

xz
i ∈ X yz

i ∈ Y, wz
i ∈ [0, W ], hz

i ∈ [0, H] ∀i ∈ Z (15)
xr

i ∈ X yr
i ∈ Y, wr

i ∈ [0, W ], hr
i ∈ [0, H] ∀i ∈ Z (16)

pz
j ∈ Z ∀j ∈ V (17)

qz
i ∈ S ∀i ∈ Z (18)

The sets of admissible discretized coordinates are X = {Xj | j ∈ V} and Y = {Yj | j ∈ V}.
The maximum width and height of the discretized domain are then given by W = max(X )
and H = max(Y), respectively. The input parameters also include the set of allowable zones
Z and the set of subregions S required to serve the airflow demand region.

CP 2026
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Figure 3 Thermal control zone partition for with δ = 3 m (left) and δ = 2 m (right).

The decision variables of the partitioning model are summarized as follows:
Subregions (i = 1, . . . , r): Each duct-network subregion is represented by the bottom-
left corner coordinates (xs

i , ys
i ) and dimensions (ws

i , hs
i ), defining the bounding rectangle

subregioni = [xs
i , xs

i + ws
i ] × [ys

i , ys
i + hs

i ].
Zones (i = 1, . . . , m): Each thermal control zone is defined by bottom-left coordinates
(xz

i , yz
i ) and dimensions (wz

i , hz
i ), yielding the zone rectangle zonei = [xz

i , xz
i + wz

i ] ×
[yz

i , yz
i + hz

i ]. Zones with either wz
i = 0 or hz

i = 0 are considered empty, and therefore
contain no assigned points.
Subregion assignment: qz

i ∈ {1, . . . , r} is the associated subregion assigned to zone
i, where zonei ⊆ subregionj means the conjunction xz

i ≥ xr
i ∧ yz

i ≥ yr
i ∧ xz

i + wz
i ≤

xr
i + wr

i ∧ yz
i + hz

i ≤ yr
i + hr

i .
Point assignments: pz

j ∈ Z is the zone to which virtual point j ∈ V is assigned, where
(Xj , Yj) ∈ zonei means xz

i ≤ Xj ≤ xz
i + wz

i and yz
i ≤ Yj ≤ yz

i + hz
i .

In addition to constraints related to objectives, the model enforces several constraints:
Non-overlapping: zones should be disjoint (Equation (8)).
Boundary: each thermal control zones must be within the bounding box of the floor
boundary and must be within its assigned subregion (Equation (9) and (10)).
Point assignment: a point must be within the bounds of its assigned zone (Equation (9)).
Symmetry Breaking: zones are ordered lexicographically by their coordinates, and
empty zones (where wz

i = 0 or hz
i = 0) are pushed to the end (Equation (13) and (14)).

Equation (1) shows that the formulation constitutes a multi-objective optimization problem.
To integrate it into the MiniZinc solving pipeline, we convert the objectives into a single
weighted objective. The weights are chosen to produce practical solutions for the subsequent
duct routing phase, prioritizing a minimal number of VAV terminal units, balanced zone
loads, and minimal empty area. Based on preliminary experiments, the weight for usedz is
set to 100, the weights for balz and emptyz are set to 10, and all remaining objectives are
assigned a weight of 1.

Figure 3 illustrates example solutions for thermal control zone partitioning at various
discretization levels, solved individually for each airflow demand region. Each virtual point
on the map represents a square area with an edge length of δ. The rectangles in the model
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Table 1 Example attributes of rectangular ducts in the kit-of-parts library.

Width (mm) Height (mm) Unit Cost ($/m) Flow Limit (L/s)
900 450 540.08 2430.0
900 350 435.10 1800.0
1800 450 984.67 4860.0
2000 500 1130.29 6000.0
1400 450 749.71 3750.0
700 350 377.64 1470.0

act as bounding boxes for potentially non-rectangular control zones. The actual thermal
control zones, outlined by dashed boundaries, are approximated by the union of the square
areas within each zone. As discretization becomes finer, this approximation aligns more
closely with the true shapes of the thermal control regions.

After partitioning by solving the optimization problem, the proposed layout can be
reviewed by the mechanical engineering team to further assess with consideration of the
functionality of the regions and the energy efficiency. Once the partitioning is finalised, the
required airflow for each VAV terminal unit is computed based on the air-volume requirement
of the corresponding airflow demand region and the zone area, which is approximated by the
number of virtual points contained within the zone. These airflow values are then used as
inputs for the subsequent duct routing phase.

5 Monolithic Model for Duct Routing

After the zone partitioning phase, the partition layout and assignment of thermal control
zones to each duct network are typically reviewed and validated by mechanical engineers.
These assignments are then treated as input parameters for the duct routing phase.

The objective for duct routing is to determine how each duct network delivers conditioned
air to its assigned temperature zones. In typical practice, a duct network originates from a
single entry point at the building core and serves the thermal control zones assigned to it.
Within each zone, a designated virtual point is selected as the location for placement of the
corresponding VAV terminal unit.

In this work, we assume that the HVAC ductwork is constructed using a kit-of-parts
library of rectangular duct components. These components can be assembled to form duct
connections between entry points and virtual points on the discretized grid. The maximum
airflow capacity of each duct type can be precomputed using a ductulator, an industry-
standard slide rule that relates airflow rate to pressure loss and air velocity while accounting
for geometric inefficiencies in duct design. By treating friction loss (typically limited to
1.0 Pa/m) and air velocity (typically limited to 6.0 m/s) as fixed system parameters, the
maximum allowable airflow for each duct type can be derived. Table 1 provides example duct
types from the kit-of-parts library, together with their estimated unit costs and flow limits.

A feasible duct-routing plan must also satisfy spatial constraints. If an arc overlaps with a
beam, the combined height of the beam and any installed duct must not exceed the available
ceiling clearance. Likewise, if ducts from two networks intersect at a virtual point, the total
vertical height required by both ducts must remain within a predefined limit.

We model this problem as a variant of the fixed-charge multicommodity network flow
problem [6, 8, 17] and treat the airflow served by different duct networks as different
commodity within the grid network. Formally, the discretized grid is represented as a

CP 2026
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directed network G = (N , A), where N = V ∪ E denotes the set of nodes, consisting of
virtual points V and candidate entry points E located along the core. The set A contains all
directed arcs connecting adjacent nodes. For each node n ∈ N , we define the incident arc
sets An = Ain

n ∪ Aout
n , where Ain

n and Aout
n are the incoming and outgoing arcs, respectively.

Each duct network corresponds to a commodity c ∈ C. Airflow is routed from a selected
entry point (where the duct emerges from the building core) in Ec to the VAV terminal
serving each zone. Let T = ∪c∈CTc be the set of all thermal zones. For each zone t ∈ Tc,
the set of virtual point is denoted as Vt ⊆ V and the zone requires an airflow demand of
Dt. A VAV terminal unit must be placed at exactly one virtual point within the zone. For
simplicity, let Mn be the commodity required by the thermal control zone of a virtual point
n ∈ V, i.e. Mn = c if n ∈ Nt for some t ∈ Tc.

The duct-routing decisions are made by selecting duct types from a predefined library D.
Each duct type d ∈ D is characterized by an installation cost Cd, a maximum airflow capacity
Ld and a height Hd. Not all duct types are feasible on every arc due to spatial clearance
constraints. For example, if an arc overlaps with a 450 mm structural beam and the available
ceiling clearance is 800 mm, then only ducts with height at most 350 mm are admissible.
Accordingly, each arc a ∈ A is associated with a beam height Ha.

The monolithic model for duct routing is given in Equations (19)-(33), where:
fa ≥ 0 is the airflow through arc a ∈ A.
zc ∈ Ec is the node chosen as the entry point for commodity c ∈ C.
xt ∈ Nt is the node chosen as the VAV terminal location for zone t ∈ Tc.
ba indicates which commodity c ∈ C is served by arc a ∈ A, and ya indicates the type of
duct installed on arc a ∈ A. Both variables are 0 if the arc is not used.

minimize
∑
a∈A

Cd · 1ya=d (19)

s.t.
∑

a∈Ain
n

fa −
∑

a∈Aout
n

fa =
∑
t∈T

1xt=n · Dt ∀n ∈ V (20)

∑
a∈Aout

n

fa = 1zc=n ·
∑
t∈Tc

Dt ∀n ∈ E (21)

(ya = d) =⇒ (fa ≤ Ld) ∀a ∈ A, d ∈ D (22)
(ba = 0) ∨ (fa = 0) =⇒ (fa = 0) ∀a ∈ A (23)∑
c∈C

max
a∈An,d∈D

(1ba=c∧ya=d) · Hd ≤ H ∀n ∈ N (24)

(Ha + Hd > H) =⇒ (ya ̸= d) ∀a ∈ A (25)∑
a∈Ain

n

1ya ̸=0 ≤ 1 ∀n ∈ N (26)

∑
a∈Aout

n

1ya ̸=0 ≤ 2 ∀n ∈ N (27)

(ya = 0) ∨ (yā = 0) ∀(a, ā) ∈ R (28)
(xt = n) =⇒ (ba = 0) ∨ (ba = Mn) ∀t ∈ T , n ∈ Nt, a ∈ An (29)
alldifferent([zc|c ∈ C]) (30)
fa ≥ 0, ba ∈ C ∪ {0}, ya ∈ D ∪ {0} ∀a ∈ A (31)
zc ∈ Ec ∀c ∈ C (32)
xt ∈ Nt ∀t ∈ T (33)
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Figure 4 Duct routing solutions for a rectangle floor with δ = 2 m.

The problem is to minimize the total cost with the following three categories of constraints:
Network flow constraints ensure that conditioned airflow is routed from a selected
entry point to the virtual points chosen for VAV placement. Flow conservation is enforced
at both entry candidates and virtual nodes. If a virtual point is selected for placing VAV
terminal unit for zone t, it consumes Dt units of airflow; otherwise, inflow equals outflow
(Equation (20)). If an an entry node n is selected for commodity c, it supplies

∑
t∈Tc

Dt

units (Equation (21)). Flow on any arc is bounded by the capacity of the installed duct
(Equation (22)). Each arc may serve at most one commodity and can carry flow only if it
is activated for that commodity and a duct is installed (Equation (23)).
Height clearance constraints ensure spatial feasibility. When ducts from multiple
networks intersect at a node, their combined vertical height must not exceed the allow-
able limit (Equation (24)). Additionally, the total height of an installed duct and any
overlapping structural beam must remain within the ceiling clearance H (Equation (25)).
Layout preference constraints improve constructability. Each node may have at most
one incoming arc (Equation (26)) and two outgoing arcs (Equation (27)) to prevent loops
and cross-connections. Reversed arc pairs a = (i, j) and ā = (j, i) cannot be selected
simultaneously to avoid parallel ducts (Equation (28)). Nodes chosen for placing VAV
terminal units cannot be used by other networks (Equation (29)). Finally, different duct
networks must select distinct entry points from the building core (Equation (30)).

CP 2026
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Figure 4 gives an example duct routing solution for a rectangular floor plan. VAV terminal
locations are represented by crossed squares and annotated with their corresponding zonal
airflow demands. Additionally, duct network entry points indicate the total air volume
required for all served zones. As shown, risers 3 and 5 (as well as risers 2 and 6) have
overlapping ducts, and they must therefore satisfy the height clearance constraints. Note
that individual ducts may have distinct physical dimensions (width and height in mm) and
airflow, these variables are omitted from the figure to preserve visual clarity.

6 Approximate Duct Routing with Decomposed Subproblems

Although the monolithic model in (19)–(33) provides an exact formulation for duct routing, it
becomes computationally expensive as the spatial discretization is more refined. To improve
scalability and practical applicability, we propose an approximation method in which routing
is solved separately for each duct network. Each network is modelled as an independent
single-commodity routing problem, resulting in smaller optimization models and reduced
computational effort. The single-network routing model is presented in Equations (34)-(45).

minimize
∑
a∈A

Cd · 1ya=d (34)

s.t.
∑

a∈Ain
n

fa −
∑

a∈Aout
n

fa =
∑
t∈T

1xt=n · Dt ∀n ∈ V (35)

∑
a∈Aout

n

fa = 1zc=n ·
∑
t∈Tc

Dt ∀n ∈ E (36)

(ya = d) =⇒ (fa ≤ Ld) ∀a ∈ A, d ∈ D (37)
(fa = 0) =⇒ (ya = 0) ∀a ∈ A (38)
(Ha + Hd > H) =⇒ (ya ̸= d) ∀a ∈ A (39)∑
a∈Ain

n

1ya ̸=0 ≤ 1 ∀n ∈ N (40)

∑
a∈Aout

n

1ya ̸=0 ≤ 2 ∀n ∈ N (41)

(ya = 0) ∨ (yā = 0) ∀(a, ā) ∈ R (42)
fa ≥ 0, ya ∈ D ∪ {0} ∀a ∈ A (43)
xt ∈ Nt ∀t ∈ Tc (44)
zc ∈ Ec (45)

For each network c ∈ C, given its assigned thermal zones Tc and candidate core entry
points Ec, the model determines an entry location (zc), VAV terminal positions (xt for t ∈ Tc)
and duct installations that deliver airflow (ya and fa for a ∈ A) from the building core to
all served zones. The decision variables and flow conservation constraints remain consistent
with the monolithic formulation, while coupling constraints between different duct networks
are relaxed or removed. When the solutions from the single-network routing models are
combined, several conflicts may arise:

ducts from different networks may exceed the allowable vertical clearance (Equation (24));
a duct segment or its reverse arc may be used by different networks (Equation (28));
a node for placing a VAV terminal unit may be used by another network (Equation (29));
multiple networks may select the same core entry point (Equation (30)).
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To maintain construction feasibility, the subproblems for different duct networks are
solved sequentially according to a priority order. After a higher-priority network is solved,
the resulting decisions are translated into additional feasibility constraints imposed on lower-
priority subproblems to prevent conflicts. If a subproblem becomes infeasible, a different
priority order is applied and the networks are re-optimized.

In our implementation, the initial priority order is determined based on the total airflow
load of each duct network. networks with smaller airflow loads typically correspond to smaller
service areas and tend to yield simpler routing structures. This makes them easier to place
first in the sequence. At a higher level, we employ a depth-first search to explore alternative
priority orders. This process continues until a feasible coordinated layout is obtained, all
priority orders have been explored, or the time limit is reached.

The decomposed formulation also enables efficient bound estimation. Each network
subproblem is derived from the monolithic formulation by relaxing or removing coupling
constraints, and the objective of the monolithic model equals the sum of the objectives of all
network subproblems. Therefore, when no additional feasibility constraints are imposed, the
sum of the dual bounds obtained from solving all subproblems provides a valid dual bound
for the original problem. In our implementation, a portion of the computational budget is
allocated to bound estimation before the coordinated search process begins.

7 Experimental Evaluation

This section evaluates the computational performance of the proposed optimization models.
All models are implemented in MiniZinc 2.9.2 [15], with the solution workflow orchestrated
via Python scripts. Experiments are executed in parallel on a computing server with Intel
Xeon 8260 processors and managed by the Slurm workload scheduler, where each task is
allocated one CPU core and 8 GB of memory.

The MiniZinc framework allows the same instance to be solved using different back-
end solvers. In our experiments, we consider four solvers: Huub2 [4, 5], OR-Tools CP-
SAT v9.12 [16], SCIP v9.1.1 [1], and HiGHS v1.11.0 [9]. All solvers are executed with
default parameter settings using MiniZinc’s free search option. Unless otherwise specified,
all reported results follow this common experimental configuration.

Our experimental set is derived from six representative floor-plan geometries: two
rectangular floors with central and side cores, one trapezoid shape, and three non-convex
layouts. To evaluate performance under varying thermal requirements, we generate airflow
demand regions by assuming different facade exposure conditions. Layout areas range from
807.75 to 2100.00 m2. To simulate diverse thermal requirements, airflow demand regions are
generated based on varying facade exposures.

To evaluate our optimization framework, each layout is discretized using grid step sizes
of 1 m, 2 m, and 3 m. The resulting graph dimensions are:

3 m grid: 91–226 points, 245–738 directed edges.
2 m grid: 193–475 points, 660–1637 directed edges.
1 m grid: 707–1850 points, 2605–6712 directed edges.

Finer grids yield more detailed maps and consequently more complex optimization problems.

2 Huub build with git commit 03ec610182b3c8e5e376d2e5cf474c774fe21b63.
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Table 2 Performance of solvers and models for zone partitioning.

Solver Symmetry Optimal Satisfied Unknown Wins
Breaking Count Avg(s) Count Count Count

CP-SAT Symmetry 49 11.69 25 1 20
No Symmetry 39 44.68 16 20 1

Huub Symmetry 59 76.27 16 0 40
No Symmetry 48 42.08 27 0 14

HiGHS Symmetry 29 123.04 19 27 0
No Symmetry 6 536.90 43 26 0

SCIP Symmetry 31 187.17 18 26 0
No Symmetry 5 41.22 42 28 0

7.1 Results for Zone Partitioning
We first evaluate the zone partitioning models. For all instances, the number of subregions is
fixed to two for internal zones and one for perimeter zones, resulting in 75 unique instances
across different airflow demand regions. We set the time limit to be 20 minutes for each
instance and compare model variants with and without symmetry breaking.

Table 2 summarizes the number of instances solved to different status for each solver and
model variant. The optimal status means the solver finds the optimal solution and proves its
optimality, while the satisfied status means the configuration finds a feasible solution but the
optimality is not proven. Otherwise, the configuration cannot find any feasible solution and
the status is unknown. For instances where optimality is proven, the average solving time is
also reported. The overall performance of each method is evaluated by counting the number
of wins. A method is considered to win an instance if it satisfies one of the following:

it obtains a better objective value than the competing methods;
it finds the best solution and proves optimality while the others do not;
it proves optimality in the shortest time.

Overall, symmetry-breaking constraints improve performance for most solvers. With sym-
metry breaking, the number of optimal instances increases across all solvers, while the
number of unknown cases decreases for CP-SAT and HiGHS. Comparing solvers, CP-SAT
and Huub consistently achieve a higher number of won instances. This is largely due to the
combinatorial nature of the zone partitioning problem, which involves complex logical and
hierarchical constraints that benefit from strong constraint propagation (e.g., diffn) and
clause learning. In contrast, SCIP and HiGHS are used as pure MIP solvers and therefore
require global constraints to be decomposed into linear inequality constraints. Instance-level
data shows that CP-SAT performs better on instances for internal regions, while Huub finds
good solutions more quickly for structurally simpler perimeter regions.

7.2 Results for Duct Routing
In this section, we evaluate the performance of our duct routing models across various solvers
and solution strategies, utilizing zone partitions generated by Huub with symmetry breaking.
In total, we test 45 instances distributed across the 1 m, 2 m, and 3 m discretization levels.
To characterize instance complexity, Table 3 summarizes the monolithic MIP model sizes
following MiniZinc flattening.

We compare the monolithic and decomposition approaches using SCIP and HiGHS. Huub
and CP-SAT are not considered at this phase because their current versions do not support
the continuous variables required in the duct routing model. To ensure a fair comparison



V. Calixto, C. C. Gambardella, A. Karimi, P. Le Bodic, and A. Z. Zhong 10:15

Table 3 Model sizes under different discretization levels.

Discretization Integer Variables Continuous Variables Constraints
1 m 49,613 – 140,065 70,123 – 222,307 567,441 – 2,184,984
2 m 12,453 – 34,140 17,905 – 54,871 143,992 – 535,493
3 m 4,623 – 14,792 6,801 – 21,822 53,697 – 200,677

Table 4 Performance comparison of duct routing models.

Discretization Solver Method Solved Avg. Bound

δ = 1 m
HiGHS Decomposition 3 14312.384

Monolithic 0 518.179

SCIP Decomposition 3 11370.805
Monolithic 1 4757.016

δ = 2 m
HiGHS Decomposition 15 32926.890

Monolithic 3 7270.730

SCIP Decomposition 12 27621.444
Monolithic 0 8338.741

δ = 3 m
HiGHS Decomposition 13 47863.042

Monolithic 6 15177.640

SCIP Decomposition 11 40748.003
Monolithic 2 9867.329

between the monolithic and decomposition approaches, we align the overall time budgets. For
the decomposition method, each duct network is allocated 5 minutes for bound estimation
and 10 minutes for solving. The time budget is initially distributed evenly among duct
networks. If an earlier network is solved before its allocated time budget, the remaining time
is redistributed evenly among the unsolved networks. For the monolithic approach, the total
time limit is set to the same overall budget used by the decomposition approach, i.e., the
number of networks multiplied by 15 minutes.

Table 4 summarizes the number of solved instances (i.e., instances for which at least one
feasible solution is found) and the average cost bound for each configuration. Overall, the
decomposition approach consistently outperforms the monolithic formulation in terms of
the number of solved instances for all discretization levels. The average bounds obtained
from the decomposition approach are also generally stronger than those from the monolithic
formulation. These results indicate that decomposing the routing problem by duct networks
significantly improves solvability across all discretization levels.

Note that the decomposition method for both HiGHS and SCIP solves more instances
with δ = 2 m than with δ = 3 m discretization. This occurs because some instances become
infeasible when the discretization is too coarse. This observation also motivates the use of
the decomposition method to enable routing with finer discretization.

Figure 5 presents the performance profile with respect to the optimality gap threshold.
The optimality gap for a solved instance is computed as gap = |cost|

|cost|−|bound| , where the cost
is the objective value of the best feasible solution found, and the bound is the best lower
bound obtained. The gap for unsolved instances is set to 100%. The virtual best solver is
constructed by selecting the best result among all four methods for each instance. As shown in
the figure, the two decomposition-based methods dominate the profile, with the HiGHS-based
decomposition closely tracking the virtual best solver and the SCIP decomposition method
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Figure 5 Performance profile for duct routing methods.

comes to the second. In contrast, the monolithic approaches are represented show limited
progress for small optimality gaps and only solve a few instances at relatively large thresholds,
indicating difficulty in finding feasible solutions within the given time limit.

Overall, these results demonstrate that the proposed decomposition strategy substantially
improves the computational performance and scalability of the duct routing problem compared
with solving the monolithic model directly, thereby enabling the exploration of different
configurations during the early stages of design.

8 Concluding Remarks

This paper presents an optimization framework for early-stage HVAC system design, focusing
on zone partitioning and duct routing under spatial and engineering constraints. We model the
design problems in MiniZinc and evaluate computational performance using multiple solvers
and solution strategies. The experimental results demonstrate that the proposed formulations
effectively generate feasible design plans, while decomposition strategies significantly improve
scalability for designs with finer discretization.

A key contribution of this work is the modelling of spatial constraints through the
discretization of the building layout. This representation enables complex geometric and
engineering requirements to be incorporated into formal optimization models. The proposed
spatial modelling approach is not limited to HVAC systems and can be generalized to other
system design problems involving decisions in continuous space.

Several directions remain for future research. First, while the current framework suc-
cessfully generates feasible candidate designs, a systematic evaluation of solution quality
against existing industrial practices is required to verify the buildability and competitiveness
of the layouts. To achieve this, we plan to integrate the optimization framework with an
interactive interface that will allow industry practitioners to review generated layouts and
provide structured feedback. This human-in-the-loop approach will not only facilitate a
comprehensive validation study but also enable designers to guide the search process using
domain knowledge and preferences. Second, ongoing collaboration with our industry partners
will help incorporate additional practical installation constraints, such as the costs of bending
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and transition fittings, to further improve the realism of the design plans. Finally, integ-
rating structural engineering decisions into the optimization pipeline would enable better
coordination between mechanical and structural systems during early-stage building design.
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