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Abstract
Logistic optimization frequently involves complex routing decisions bound by tight numerical con-
straints such as vehicle capacities. This paper addresses a real-world industrial multi-batching
problem where products must be routed between distributed sites. The objective is to determine
optimal routes, travel frequencies, and packing configurations at minimum cost. The problem
corresponds to a minimum cost flow problem coupled a bin packing problem. We investigate direct
formalizations, decompositions, and scalable sequential approaches across three base technologies:
Mixed-Integer Linear Programming, Constraint Programming, and Constraint Answer Set Program-
ming. Our contributions are threefold: we propose a direct formalization of the problem, additional
distinct approaches that scale for an industrial use case, and finally an empirical evaluation. By
comparing these approaches we highlight the most effective configurations. Results suggests that
a three-step approach provides the best results: combining MILP for flow routing, a greedy bin
packing and CP for refinement.
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1 Introduction

In the conceptual-design stage of commercial aircraft and their manufacturing systems,
industrial architects must generate and compare multiple production architectures before
senior management makes landmark investment decisions. The manufacturing and assembly
processes for these high-tech products involve workloads and technologies distributed across
a variety of specialized global sites. Companies with such logistic challenges undergo a
transition toward model-based systems engineering, utilizing advanced modeling, simulation,
and multi-objective optimization [14, 11]. These digital decision-support tools ensure that
massive, long-term infrastructure investments are optimized to handle the simultaneous
processing of multiple production batches. In this paper we will address a particular
problem of multi-batching. Given a fixed industrial system where product and product-site
pairs are pre-determined, we are interested in optimizing the transportation routes and
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20:2 Tackling Multi-Batching Problem via Sequential Solving

product packings. This multi-batching problem aims to find configurations with the lowest
transportation costs. The challenge lies in determining not just the routes, but also the
frequencies of transport and the exact allocation of goods to specific transport resources
which have capacity constraints. This problem couples a multi-commodity flow problem
with a bin packing problem. A direct formalization of both problems at once leads to
scalability issues when it comes to solving an industrial instance. We suggest a scalable
sequential solving approach with heuristics, focusing on implementations in Mixed-Integer
Linear Programming (MILP) [7, 24] (Gurobi v11.1), Constraint Programming (CP) [20]
(OR-Tools library v9.15) and Constraint Answer Set Programming (CASP), an extension of
Answer Set Programming [19, 13] with linear constraints [3] (Clingcon 5.8.0).

The research question is whether we can tackle the industrial multi-batching problem
through different approaches and compare their performances. The contributions of this
paper are three-fold: First, we formalize the industrial multi-batching problem as one problem.
Second, we propose to decouple the problem including the application of some heuristics.
Finally, we present an empirical evaluation comparing these approaches with respect to a
large-scale industrial use case, and discuss the most effective configurations.

The remainder of this paper is structured as follows. Section 2 reviews related work in
the field of industrial logistics and multi-commodity flow problems. Section 3 introduces the
formal problem description of the multi-batching problem. Section 4 presents a naive-branch-
and-price formulation, while Section 5.2 proposes a relaxed flow-centric formulation and a
sequential solving approach. Section 6 evaluates the proposed approaches on the industrial
use case. Finally, Section 7 concludes the paper and discusses future directions.

To ensure reproducibility and facilitate future research, the proposed models, heuristics,
and solving approaches have been fully integrated and published within the open-source
discrete_optimization library [23].

2 Related work

During the last years, CP/SAT technology has shown to be promising for industrial use
cases. In [9, 10], the authors describe the liner shipping network design problem, which is
also about the transportation of commodities, where the containers are standardized and the
routes fixed, but other aspects such as transport orders and (schedule) times and transport
availabilities are not. The authors present a complete CP/SAT approach but finally come to
the conclusion that incomplete methods should be explored in order to facilitate scaling up.

A collection of instances and random generators of multi-commodity flow problems of
various types can be found in [5]. An approach in the area of multi-commodity supply chain
design has been presented with nonlinear integer programming in [22].

Different approaches considering similar problems have been suggested by the authors
in [12, 17]. For instance, [12] introduces the transportation problem with packing constraints
which also takes multiple commodities into account as well as different products. Suppliers
and their transport resources (vehicles) need to be chosen, together with the required (and
feasible) packing to distribute the products to the demand nodes/ locations. Additionally to
the transportation costs, the purchase cost of the products is considered for optimization.
They suggest a decomposition heuristic which provides an initial feasible solution to their
variable neighborhood search approach. In [17] the authors consider a scheduled service
network design with packing consideration which additionally considers time. They suggest
a unified approach where the schedules, the type and number of capacity units and the flows
are decided at once.
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Figure 1 Illustration of a logistics network composed of locations l1, . . . , l6 connected by directed
routes r1, . . . , r19. Each route is associated with a specific transport resource that dictates its
capacity. The network has two transport resources and therefore two types of routes visualized as
solid and dashed arrows.

The authors in [18] focus on the dynamic aspects of a network, where decisions need
to be made about the timing of when to move trucks and sort packages. They extend the
fixed-charge multi-commodity flow problem with a temporal component to find a feasible
multi-commodity flow over time. They choose this problem class as it allows dynamicity and
reflects better the reality of practical decision making processes.

A global logistics problem for the allocation of production was formalized in Answer Set
Programming [8], and extended with various heuristics to produce a wide range of models [2],
which have then been assessed by an industrial system designer.

3 Problem description

This section introduces the multi-batching problem and the associated mathematical model.
The problem is a variation of the classical multi-commodity flow (MCF) problem [1].

3.1 Illustration of the multi-batching optimization problem
We consider a logistic network consisting of locations that produce (offer) or consume
(need) a set of products. We abstract the inner operations of these sites, treating them
as black boxes with inbound and outbound product flows. Locations are connected via
directed transportation routes, where the existence of a route indicates that products can
be transported between these sites using specific transport resources (e.g., trucks, ships, or
planes). An example of such a network is illustrated in Figure 1.

By determining product flows along these routes, the global demand and supply across
locations can be equalized. These flows must be covered by valid packings on the active
routes. A packing describes a feasible loading configuration for a specific transport resource,
strictly bound by its capacity. Each packing is also associated with a dispatch count, denoting
the number of times it is deployed on a given route. Figure 2 illustrates a valid routing
and packing solution for a system with two products. It also illustrates an example of
multi-batching different products into the same packing, like on route r4.

CP 2026
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Figure 2 An extension of Figure 1 introducing products p1 and p2, showing a valid solution
configuration. Locations producing or consuming products are highlighted in gray, with net product
production/consumption denoted by adjacent positive/negative integers. On active routes, utilized
packings are shown in square brackets, preceded by their dispatch count.

Framed as an optimization problem, our goal is to minimize the total transportation
costs associated with dispatching these resources while satisfying the global flow and capacity
constraints.

The problem differs with respect to the MCF problem in three aspects: (1) Only integer
values are considered, (2) multiple sources and sinks for a given product can exist, thus we do
not know the exact demand and offer pair between different locations and (3) it is additionally
coupled with the bin packing problem for each transport route. The mathematical formulation
of the problem is presented in the following section.

3.2 Mathematical formulation
Problem notations are first introduced, followed by the definition of the mathematical
problem.

3.2.1 Notations
The industrial network is represented by a directed multigraph G = (L, R), where the set
of nodes L corresponds to locations, and the set of arcs R corresponds to directed routes
connecting two locations. To simplify the tracking of aggregated product flows, we define
a set of origin-destination pairs A ⊆ L × L. Each pair a = (lorig, ldest) ∈ A represents
a unique directed connection between two locations and is defined if at least one route
exists between these two locations. For any pair a ∈ A, there may be multiple transport
types available. We let Ra ⊆ R denote the subset of directed routes (i.e., specific transport
resources) operating on the connection a. For each location l ∈ L, we define Ain

l and Aout
l as

the sets of origin-destination pairs arriving at and leaving from location l, respectively.
Let P denote the set of products in the system. For each location l, we are given the net

supply-demand for product p ∈ P , denoted as dl,p ∈ Z. A positive value of dl,p implies a net
supply or production of product p at location l, while a negative value implies a net demand
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or consumption. In the following, we assume that for a given product p, the total quantity
produced over the network is equal to the overall quantity consumed. More precisely, for
each product p ∈ P ,

∑
l∈L dl,p = 0.

In this formulation, net supply-demand and subsequent flow quantities represent integer
amounts of products rather than continuous fractional rates. Every product p in our system
occupies a one-dimensional volume denoted by vp. Transporting these products along a given
route r requires utilizing a transport resource with a one-dimensional capacity Qr. For each
route r, we define a packing set Br. A single packing b ∈ Br is represented by a vector over
the product set, where αb,p denotes the quantity of product p contained within packing b.
The set of all possible feasible packings on a route r ∈ R, is defined such that the sum of the
product volumes does not exceed the resource’s capacity:

Br =

α ∈ N|P |
0

∣∣∣∣∣∣
∑
p∈P

αp · vp ≤ Qr

 (1)

The volume of any packing b can therefore be computed as Vb =
∑

p∈P αb,p · vp. To
evaluate the economics of the system, we define cr as the final cost to dispatch a single
vehicle on route r. The optimization problem seeks to minimize the total logistic cost, which
consists of the accumulated routing costs across the entire network.

3.2.2 Optimization problem

To drive the logistic network, we introduce the decision variables λr,b ∈ N0, which represent
the number of times a packing b is dispatched on route r. We further define Fa,p ∈ N0 as the
decision variable representing the aggregated flow of product p across the origin-destination
pair a ∈ A. Considering aggregated flows over location pairs, rather than individual routes,
significantly reduces the number of flow variables. Indeed, by allowing the total capacity
of dispatched packing to exceed the required flow, the model can utilize a high-capacity
pattern to satisfy a lower flow requirement. This allows to reduce the number of packings
and therefore reduce the state space. The objective therefore consists in determining the
total amount of packings required on each route, at a minimum cost. The optimization
problem is formulated as follows:

min
λ

∑
a∈A

∑
r∈Ra

∑
b∈Br

cr · λr,b (2)

s.t. ∑
a∈Aout

l

Fa,p −
∑

a∈Ain
l

Fa,p = dl,p ∀l ∈ L, p ∈ P, (2a)

∑
r∈Ra

∑
b∈Br

αb,p · λr,b ≥ Fa,p ∀a ∈ A, p ∈ P, (2b)

λr,b ∈ N0 ∀a ∈ A, r ∈ Ra, b ∈ Br, (2c)
Fa,p ∈ N0 ∀a ∈ A, p ∈ P. (2d)

Constraints (2a) and (2b) ensure flow conservation across the network and constraints (2c)
and (2d) are integrity constraints. Solutions approaches are presented in the next sections.

CP 2026
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4 Naive branch-and-price formulation

Since the number of possible packings |Br| grows exponentially with the number of products,
solving the complete Integer Linear Program (ILP) directly becomes computationally in-
tractable. To tackle this issue, we propose a branch-and-price method [4], which couples a
column generation solving approach with a branch-and-bound framework. The principle of
column generation consists of solving the problem over a reduced state space and iteratively
introducing relevant solutions (columns) to this restricted problem. Generating these relevant
columns corresponds to solving a so-called pricing problem. The Restricted Master Problem
(RMP) and the Pricing Problem (PP) are introduced in the following subsections.

4.1 Restricted master problem
The Column Generation (CG) method consists of solving the optimization problem in several
iterative steps. We define B̄r ⊂ Br, a restricted subset of packings. At each iteration of the
CG procedure, the integrity constraints, (2c) and (2d), on the decision variables are relaxed,
and the problem is solved over this reduced state space. This new, relaxed formulation is
called the Restricted Master Problem (RMP) and is defined as follows:

min
λ

∑
a∈A

∑
r∈Ra

∑
b∈B̄r

cr · λr,b (3)

s.t.: ∑
a∈Aout

l

Fa,p −
∑

a∈Ain
l

Fa,p = dl,p ∀l ∈ L, p ∈ P, (πl,p) (3a)

∑
r∈Ra

∑
b∈B̄r

αb,p · λr,b ≥ Fa,p ∀a ∈ A, p ∈ P, (µa,p) (3b)

λr,b ≥ 0 ∀a ∈ A, r ∈ Ra, b ∈ B̄r, (3c)
Fa,p ≥ 0 ∀a ∈ A, p ∈ P, (3d)

Using this restricted set B̄r is likely to exclude the optimal solutions. New packings must
therefore be added iteratively to this RMP to ensure that no best solution can further be
found. Generating relevant packings, or columns, consist in solving the pricing problem.

4.2 Pricing problem
The pricing problem consists of generating new, cost-effective packings to add to the RMP.
For the pricer, we seek to identify if there is any packing pattern b ∈ Br that has a negative
reduced cost. We solve one subproblem for each origin-destination pair a ∈ A and each
associated route r ∈ Ra.

In linear programming, the reduced cost c̄r,b of a column represents the potential change
in the objective function value if one unit of that column is introduced into the solution. For
our minimization problem, a new packing pattern can only improve the overall cost if its
reduced cost is strictly negative. Based on our dual variables, the reduced cost of a new
packing b on route r is calculated as:

c̄r,b = cr −
∑
p∈P

αb,p · µa,p (4)
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To find a pattern b ∈ Br with the most negative reduced cost for a specific route r ∈ Ra,
we must minimize c̄r,b. Since the routing cost cr is a constant for any given route, minimizing
the reduced cost is mathematically equivalent to maximizing the sum of the dual values of
the packed items. The decision variables for the subproblem are the product quantities αb,p,
and the pricing problem is defined as:

max
α

∑
p∈P

αb,p · µa,p (5)

s.t.:∑
p∈P

αb,p · vp ≤ Qr (5a)

αb,p ∈ N0 p ∈ P. (5b)

This formulation represents an Unbounded Knapsack Problem [6]. To accelerate column
generation, we can initially use the greedy approximation algorithm proposed by George
Dantzig [6] to solve this unbounded knapsack problem before falling back on an exact solver.

To guarantee feasibility at the first iteration of the RMP, we initialize B̄r with maximal
single-product packings. Let ep be the unit vector which is equal to one at position p

and zero elsewhere. The restricted packing set after initialization is defined as B̄r =
{⌊Qr/vp⌋ ep | p ∈ P, vp ≤ Qr}. We characterize this entire approach as a Naive Branch-and-
Price formulation because branching is performed exclusively on the existing variables of the
RMP, without introducing additional constraints into the pricing subproblem.

While this method handles the mathematical coupling of routing and packing, our evalu-
ation (Section 6) demonstrates that it struggles to scale to the massive operational dimensions
of our industrial use case within acceptable time limits. The tight coupling of continuous flow
conservation and discrete packing combinations leads to extreme computational overhead.
To address this industrial scalability challenge, we pivot to a decomposed, sequential solving
paradigm in the following section.

5 Flow-centric formulation and sequential solving

Given the scalability limitations of the monolithic branch-and-price approach, we propose
an alternative methodology: solving a relaxed, flow-centric version of the multi-batching
problem and subsequently repairing the solution to satisfy the discrete packing constraints.
This sequential solving approach deliberately decouples the global network routing decisions
from the localized bin-packing challenges.

To formalize this decoupling, we first introduce the concept of a trip, defined as the
physical journey of a single transport resource (e.g., a specific truck or airplane) on a given
route. Based on this concept, we present two distinct formulations in the following subsections.
First, an “exact-flow” formulation (Section 5.1) that explicitly tracks the exact contents of
each individual trip. Second, a heavily relaxed “aggregated-flow” formulation (Section 5.2)
that ignores the individual trip dimension to successfully scale to industrial instances. Finally,
we detail the sequential repair phase necessary to convert these aggregated continuous flows
back into feasible, cost-effective packings.

CP 2026
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5.1 Exact-flow formulation

The exact-flow formulation models each individual trip on every transport route explicitly,
allowing us to capture exact packing configurations. Let Kr be a sufficiently large upper
bound on the number of trips allowed on transport route r ∈ R. We define the following
decision variables:
1. ur,k ∈ {0, 1}: a binary decision variable equal to 1 if the k-th trip on route r is used, and

0 otherwise.
2. αr,k,p ∈ N: an integer decision variable representing the exact quantity of product p ∈ P

loaded into the k-th trip on route r.
3. fr,p ∈ N: an integer decision variable measuring the total flow of product p traversing

route r.
The objective function is as follows:

min
n,f

∑
r∈R

cr

 ∑
k∈[1,Kr]

ur,k

 (6)

The constraints governing the vehicle capacities and trips are defined as follows:∑
r∈Rin

l

fr,p −
∑

r∈Rout
l

fr,p = dl,p l ∈ L, p ∈ P, (6a)

fr,p =
Kr∑
k=1

αr,k,p r ∈ R, p ∈ P, (6b)∑
p∈P

αr,k,p · vp ≤ ur,k · Qr r ∈ R, k ∈ {1, . . . , Kr}, (6c)

ur,k ≤ ur,k−1 r ∈ R, k ∈ {2, . . . , Kr}, (6d)
ur,k ∈ {0, 1} r ∈ R, k ∈ Kr, (6e)

αr,k,p ∈ N r ∈ R, k ∈ Kr, p ∈ P, (6f)
fr,p ∈ N r ∈ R, p ∈ P. (6g)

Constraints (6a) enforce flow conservation at each location. Constraints (6b) link the
individual trip contents to the network flow by aggregating the items across all available
trips on a given route. Constraints (6c) ensure that the total volume of all products loaded
into a single trip does not exceed the transport route’s capacity Qr, and that products can
only be loaded if the trip is active. Finally, constraint (6d) breaks symmetries by forcing
trips to be used in a strict sequential order.

5.2 Two-step approach with aggregated-flow formulation

While the exact-flow formulation provides an exact representation of the bin packing sub-
problem, it introduces a massive amount of integer variables by creating the trips dimension,
which can be computationally prohibitive. To tackle this scalability issue, we propose an
aggregated flow formulation. Instead of tracking individual trips, we only model the total
volume of products passing through each transport route. We reuse the flow variable fr,p ∈ N
and introduce a new decision variable nr ∈ N, representing the total number of trips on
route r.
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The mathematical formulation reads as follows:

min
n,f

∑
r∈R

crnr (7)

subject to:∑
r∈Rin

l

fr,p −
∑

r∈Rout
l

fr,p = dl,p l ∈ L, p ∈ P, (7a)

∑
p∈P

fr,p · vp ≤ nr · Qr r ∈ R, (7b)

nr ∈ N r ∈ R, (7c)
fr,p ∈ N r ∈ R, p ∈ P, (7d)

where cr denotes the fixed cost per trip on route r.
Constraints (7b) represent global capacity constraints which link the product flows

directly to the required number of trips, acting as a relaxation of the exact packing problem.
Constraints (7a) remain identical to the exact-flow formulation, ensuring flow conservation
across the network.

Removing the exact bin packing configurations drastically reduces the state space, mak-
ing it highly suitable for large-scale industrial instances. However, the final value of nr

underestimates the real number of necessary trips, making this approach a lower-bound
approximation. For the evaluation in Section 6, we will consider implementing this formula-
tion using three solving paradigms and their respective state-of-the-art solvers: CP (using
OR-TOOLS) [20], Mixed-Integer Linear Programming (using Gurobi) [24], and Constraint
Answer Set Programming (using Clingcon, an extension of ASP with linear constraints)
[3, 19, 13].

Repair phase: solving the packing subproblem
The aggregated flow formulation acts as a relaxation, often underestimating the true number
of required trips nr. To retrieve exact packing configurations without overloading the master
problem, we adopt a sequential two-step approach. Once total flows fr,p are fixed, we need
to pack these discrete items into vehicles of capacity Qr. Three strategies are considered for
the packing subproblem:
Greedy Packing A fast, approximate heuristic that iteratively assigns products to the current

trip until capacity Qr is reached, then opens a new vehicle.
Global CP Formulates the exact packing for all active routes simultaneously in a single CP

model. It directly minimizes total costs on the entire network using the OR-TOOLS
solver.

Route-by-Route (RbR) BPP This strategy decomposes the global problem into independent
1D Bin Packing Problems (BPP) for each active route. The BPP solving is then delegated
to dedicated solvers (e.g., CP, ASP, or Greedy heuristics) on a route-by-route basis.

5.3 Additional heuristics and three-step approach
To further reduce the combinatorial explosion of the problem and scale to industrial instances,
we implemented several graph-reduction techniques and a cascaded meta-solving strategy,
the three-step approach.

CP 2026
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5.3.1 Shortest-path graph-pruning data reduction
In the aggregated flow formulation, creating flow decision variables fr,p for every product
across every transport route can still lead to a large number of variables. Therefore, we
implemented a pre-computation data reduction technique to filter valid transport routes
for each product. For each product p ∈ P , we construct a product-specific directed graph
containing only the transport routes compatible with its physical characteristics. We then
compute the all-pair shortest (cheapest) paths between the product’s supply origin and
demand destinations. A transport route is only instantiated if it belongs to a path whose
total cost is within a specific tolerance threshold (e.g., 1.2 times the shortest path cost). This
drastically prunes the network independently of the downstream solving models.

5.3.2 Three-step approach
While the two-step approach is a fast way to find a feasible configuration, it is inherently
incomplete. To find a globally optimized multi-batching solution, we extend this into a
three-step approach that uses the initial results to warm-start an exact-flow solver.

Aggregated Flow The relaxed flow model to route the products is solved.
Greedy Packing A fast, initial packing configuration for the routed flows is generated.
Exact-Flow Refinement The output of the two-step approach is used as a warm start for

the exact-flow formulation in Section 5.1 (either solved with CP or a MILP solver).

5.3.3 The ∆-heuristic
Finally, to ensure the exact-flow formulation remains computationally tractable in this third
step, we introduce the ∆-heuristic. In the standard unit flow model (6), the maximum
number of trips Kr per route must be bounded by a safely large number, generating massive
amounts of unused binary and integer variables. With the ∆-heuristic, we dynamically bound
Kr based on the initial solution provided by step 2. Specifically, the maximum number of
trips allowed on route r is restricted to the exact number of trips used in the initial solution
plus a small margin ∆ (e.g., ∆ = 2). This restricts the variable creation exclusively to the
neighborhood of the current best solution, enabling the exact solvers to optimize the final
packing configurations more efficiently. Note that global optimality is no longer guaranteed
with this approach.

6 Evaluation

The different methods are applied to an industrial use case. The instance is briefly presented
in Section 6.1. Then, Section 6.2 provides an overview of the evaluated solver configurations.
Sections 6.3 and 6.4 provide the results including the overall performance and the impact of
the solvers and heuristics.

6.1 The industrial use case
The industrial use case is within the aircraft industry, where aircraft parts are produced
and assembled at different locations. Each part must be packed and transported from one
location to another one, until final assembly. The industrial instance contains 50 locations,
1532 origin/destination pairs, 5610 routes, 16 transport resources and 35 products [15].
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6.2 Evaluated solver configurations
To rigorously evaluate the performance of our proposed models and heuristics, we ran
experiment with a wide set of configuration. Table 1 summarizes the exact combinations of
flow optimization (Step 1) and packing strategies (Step 2) and refinement (Step 3).

Table 1 Overview of evaluated model and solving configurations. SP-Flow denotes the aggregated
flow model utilizing the shortest path graph pruning data reduction technique, the superscripts ∆
and max denote whether the exact-flow refinement uses the bounding ∆-heuristic (∆ = 2) or the
default maximum trips limit.

Category Step 1 Step 2 Step 3
Flow Routing Packing Refinement

Direct Exact-Flow CPmax N/A N/A
Exact-Flow MILPmax N/A N/A
Naive-Branch-and-Price N/A N/A

2-Step Agg. Flow (CP, MILP or CASP)
or SP-Flow (CP or MILP)

Greedy, Global-CP
or RbR-BPP

N/A

3-Step Agg. Flow (CP or MILP) RbR-Greedy CP∆, CPmax,
MILP∆ or MILPmax

SP-Flow (CP or MILP) – –

We use the MILP solver Gurobi v11.1 as a core solver for the Flow-based MILP formulation.
We use the OR-Tools library v9.15 as the solver engine for the CP-based formulation. For
the CASP formulation we use clingo 5.8.0. For the Naive-Branch-and-Price formulation, the
algorithm was implemented using the SCIP optimization suite v10.0.1. All experiments were
run on an ARM-based machine (2.42 GHz, 32GB RAM). Each configuration is run four
times to gain statistical significance regarding solver settings, utilizing a strict time limit of
500 seconds per run.

6.3 Results and overall performance
For each run, the actual cost is computed with Definition 2. Table 2 details the mean cost
function and standard deviation found via repeating the solver runs.

We first observe that direct methods fail to scale to the industrial instance. The integrated
CP-SAT model fails to find any feasible solutions within the allowed time limit (0 successful
runs), while the exact-flow MILP and Branch-and-price achieves relatively poor performance.

Two-step approach significantly improves the quality of the solutions. However, the choice
of the core flow solver is critical. While CASP struggles significantly with the large numerical
domains, returning the worst overall results, MILP consistently achieves the best results
regardless of the packing sub-solver used. CP is slightly below MILP performance and have
a bit more variability in its results. This was expected due to the high similarity of the
aggregated formulation with classical min-cost-flow problems [1]. For these structures, MILP
solves are more efficient for global flow conservation than pure CP solvers [16].

Finally, the refinement of the 3-step approach reaches the best results. Interestingly,
while CP struggles as a global flow solver, it slightly dominates over MILP when acting as
the localized third-brick refinement solver.

6.4 Impact of solvers and heuristics
This section evaluates the impact of solvers and the heuristics defined in Section 5.3 on the
solutions.
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Table 2 Performance grouped by parameters. The best mean fitness is highlighted in bold.

Successful Mean Std
Steps Flow Pruning Packing Refinement Runs Fitness Fitness

1 Branch-and-Price False N/A - 4 4,073,689 0
CPmax False N/A – 0
MILPmax False N/A – 4 2,200,596 0

2 CASP False Global-CP – 4 2,664,817 0
RbR-ASP – 4 2,664,817 0
RbR-CP – 4 2,664,817 0
RbR-Greedy – 4 2,671,101 0

CP False Global-CP – 4 2,114,727 9,807
RbR-ASP – 4 2,150,317 24,602
RbR-CP – 4 2,123,326 1,073
RbR-Greedy – 4 2,133,962 9,415

True Global-CP – 4 2,112,834 66
RbR-ASP – 4 2,120,213 4,718
RbR-CP – 4 2,108,942 4,755
RbR-Greedy – 4 2,134,970 2,021

MILP False Global-CP – 4 2,103,689 0
RbR-ASP – 4 2,103,689 0
RbR-CP – 4 2,103,689 0
RbR-Greedy – 4 2,138,310 166

True Global-CP – 4 2,123,164 0
RbR-ASP – 4 2,123,164 0
RbR-CP – 4 2,123,164 0
RbR-Greedy – 4 2,123,164 0

3 CP False RbR-Greedy CP 4 2,132,801 11,636
CP∆ 4 2,125,795 10,884
MILP 4 2,115,552 15,320
MILP∆ 4 2,133,188 8,679

True RbR-Greedy CP 4 2,110,093 1,317
CP∆ 4 2,104,283 585
MILP 4 2,113,521 1,239
MILP∆ 4 2,108,145 7,305

MILP False RbR-Greedy CP 4 2,102,241 3,086
CP∆ 4 2,102,043 3,340
MILP 4 2,109,342 0
MILP∆ 4 2,103,541 0

True RbR-Greedy CP 4 2,102,174 364
CP∆ 4 2,112,065 586
MILP 4 2,109,511 0
MILP∆ 4 2,112,077 0

6.4.1 Solver in first step

As highlighted in Table 2, the use of MILP solver in the first step is beneficial to get better
final objective values. The evolution of the objective value during the first optimization step
is shown in Figure 3. After 200 seconds, the CP solver fails to reach the solution quality
that the MILP solver achieves in just 10 seconds.
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Figure 3 MILP (Gurobi) and CP (CP-SAT) mean objective value evolution through times when
solving the aggregated flow formulation.

Table 3 Flow routing convergence summary to analyse the pruning heuristic impact. Best mean
objective and lower bound are highlighted in bold.

Flow Solver Pruning Runs Final Obj Final Bound Final Gap 1st Solution (s)

CP False 5 2,171,649 805,697 1,365,952 31.4
True 5 2,103,738 1,849,792 253,946 1.5

MILP False 5 2,124,968 1,616,940 508,028 0.01
True 5 2,102,555 1,633,554 469,001 0.0003

6.4.2 Use of heuristics

Shortest-path graph-pruning

Figure 4 and Table 3 reveal a contrasting impact depending on the underlying solver
technology. For the CP solver, graph pruning is highly beneficial. By manually restricting
the network to near-optimal paths, we reduce the domain size, allowing the CP solver to
converge much faster towards better solutions, as seen in Figure 5. Conversely, for the MILP
solver, graph pruning slightly degrades the objective value.

∆-Heuristic

To further analyze the impact of the ∆-heuristic, we launched additional runs. Table 4
shows that only minor improvements are obtained by using the ∆-heuristic. In summary, the
benefit regarding the final objective value is minimal when using this heuristic; the bound
convergence is faster but the solver is not capable of proving optimality even with a reduced
search space.
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heuristic strictly within 2-step approaches.
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Figure 5 Evolution of the objective function for the CP solver over time, with and without the
shortest-path pruning heuristic. The solid lines denote the mean objective value, while the shaded
bands represent the standard deviation across repeated solver runs, illustrating the variance in
convergence behavior.
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Table 4 Refinement step convergence summary. Evaluates the impact of restricting the neighbor-
hood with the ∆-heuristic.

Refinement Solver ∆-heuristic Runs Obj Std Obj Bound Final Gap

CP False 5 2,125,646 183 0 2,125,646
True 5 2,125,582 93 413,264 1,712,318

MILP False 5 2,125,773 272 44,090 2,081,875
True 5 2,125,578 182 1,113,584 1,011,995

7 Conclusions

This work addressed a scalability challenge of a multi-batching problem to an industrial use
case. Two direct formulation of the problem are proposed. To address scalability issue, a
sequential solving approach splitting the original problem into an exact-flow conservation
problem and a packing problem is developed. The latter is further extended with a final
refinement step, so-called three-step approach. Our empirical evaluation on the industrial use
case shows that the direct solving approaches fail to find either feasible or good solution. On
the contrary, the sequential solving approach seems very effective. Using MILP solvers as the
core flow solver achieves best results. The best solution is obtained with three-step approach
with the configuration MILP+Greedy+CP. Additionally, two heuristics, the shortest-path
graph pruning and the ∆-heuristic, are developed to improve the solver efficiency. Results
highlight computational improvement using graph pruning combined with CP, whereas
∆-heuristic was not useful on the industrial use case.

The current results open new paths for future investigations. Regarding the branch-and-
price formulation, future work could consist in implementing specialized branching rules
to scale better the approach. Furthermore, the application use case could be extended to
be more realistic. In particular, other aspects such as storage costs, the cost of tied-up
capital, lead times, or scheduling constraints should be included in the model. This is likely
to influence the packing configurations and routes that will be chosen.
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