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Abstract
Domain-Independent Dynamic Programming (DIDP) is a general framework for solving combinatorial
optimization problems using Dynamic Programming (DP), where search is separated from the problem
specification. However, modelling directly in DIDP requires defining state variables, transitions,
and dominance relations, which can be complex and error-prone. We introduce GRID, a modelling
interface that enables high-level DP-oriented specifications. Users describe entities, relations, and
resource attributes over a graph-based structure, from which GRID automatically compiles a DIDP
model by deriving the components required by a DIDP solver. Common modelling elements are
supported with built-in semantics, while additional constraints can be specified through user-defined
variables and expressions. We use vehicle routing problems as a case study to present GRID and
evaluate it on three variants: CVRP, PDPTW, and ECVRP. Results show that compilation overhead
from GRID to DIDP is small and that generated models remain competitive with manually designed
DIDP models while outperforming state-of-the-art CP and mixed-integer programming approaches.
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1 Introduction

Dynamic Programming (DP) is a powerful paradigm for solving combinatorial optimization
problems that can be formulated as sequential decision processes. A solution is constructed
step by step: states summarize partial decisions, and transitions extend them while accu-
mulating cost. This perspective provides strong pruning capabilities through dominance
relations, often yielding highly effective exact algorithms. Domain-Independent Dynamic
Programming (DIDP) [19] generalizes this idea by separating the search procedure from the
problem specification. Rather than implementing a dedicated DP algorithm for each problem,
the user models the problem by specifying state variables, transitions, and dominance rules,
while a generic solver performs the exploration. This enables reusable solving technology
across problem domains. However, modelling problems directly in DIDP remains difficult
in practice. Users must manually design a state representation to summarize decisions and
ensure the correctness of transitions and dominance relations, which limits accessibility.
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In contrast, the CP community has developed high-level modelling features, such as
structured decision variables [3, 4, 11, 20] and global constraints [34], which support intuitive
problem descriptions and efficient exploitation of combinatorial substructures. Building
on these features, solver-independent high-level modelling languages and libraries have
emerged [8, 13, 22, 28] to ease the non-trivial modelling process. However, these tools target
constraint-based formulations and offer limited support for state-based modelling in DP.

We bridge two modelling perspectives: lower-level DIDP formulations, which make
state-space structure and dominance relations explicit but are labour-intensive to design,
and high-level declarative models, which are concise but not expressed directly in terms of
states and transitions. We introduce a GRaph-based modelling Interface for DIDP (GRID)
that allows high-level, DP-oriented specifications of combinatorial optimization problems.
Instead of manually defining DP components, users specify entities, relations, and resource
attributes in a structured representation. GRID then automatically derives the state variables,
transitions, feasibility conditions, objective accumulation rules, and dominance relations
required for DIDP, and generates the corresponding DIDP model. In this initial version
of GRID, we focus on Vehicle Routing Problems (VRPs) as a case study [1]. VRPs are
a widely studied and flexible domain that naturally admits both declarative constraint-
based formulations and DP-based incremental solution construction, and recent work has
highlighted the interest in using DIDP for solving VRPs [19]. Because a route is a sequence
that can be represented on a graph, GRID can potentially be extended to other closely
related sequencing problems, such as job scheduling [2]. By contrast, it is not well suited
to general graph optimization problems, such as vertex cover, facility location, or graph
coloring, which do not involve constructing a sequence. We implement GRID as a Python
library, inspired by recent solver-independent Python modelling libraries for CP [13, 22].

In what follows, after we review related work in Section 2, we introduce GRID in Section 3
using concrete VRPs as examples. We present native features useful for modelling common
variants, as well as custom features for flexible, generic modelling: users can introduce
variables, specify how decisions update them, and express constraints and the objective in
terms of these variables. In Section 4, we describe GRID’s underlying modelling formalism and
how a GRID model is compiled into a DIDP model. In Section 5, we conduct an experimental
study showing that GRID incurs small compilation overhead and that the resulting models
perform comparably to manually designed DIDP models, while outperforming state-of-the-art
CP and Mixed-Integer Programming (MIP) approaches. Finally, we conclude in Section 6.

2 Related Work

Modelling languages such as Essence [8] and MiniZinc [28] allow to specify high-level solver-
independent CP models, thanks to rich decision variable types and global constraints
to capture combinatorial substructures. Solver-independent modelling libraries have also
emerged, including CPMPy [13] and PyCSP3 [22] in Python. These frameworks provide
flexible modelling with access to multiple solvers and are widely used across combinatorial
optimisation domains. Some CP solvers provide specialized modelling features tailored to
particular problem classes. For example, IBM ILOG CP Optimizer [20] and Google OR-Tools
CP-SAT [29] support interval variables and associated global constraints for scheduling.
MaxiCP [31] provides sequence variables for VRPs [4, 3], allowing solvers to reason efficiently
about tours or ordered tasks while handling precedence, cumulative resources, and other
structural constraints. Despite these specialised features, these solvers remain generic and
flexible: users can define additional variables, constraints, and objective functions as needed.
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Unlike the CP approaches above, high-level modelling features for DP that capture
problem-specific structure have not been developed. Gromicho et al. [12] view DP as a
flexible algorithmic framework for solving VRPs, which is closely related to our setting. Our
approach differs in three respects: we separate modelling and solving via DIDP, introduce a
modelling formalism, and provide a practical high-level modelling interface. There have also
been attempts to generate DP-oriented CP models or DP solving code from constraint-based
specifications [24, 25]. In contrast, we develop a DP-oriented modelling interface by design.

For specific problems, solvers with high-level modelling interfaces have also been proposed.
For VRPs, dedicated solvers have been developed [17], such as VRPSolver [30, 7], VRPy [27],
Google OR-Tools’ Vehicle Routing Solver (VRSolver) [5], PyVRP [36], and RoutingBlocks [16],
all of which provides a Python interface. For jobshop scheduling variants, PyJobShop [21]
offers high-level modelling in Python and solves models by compiling them into CP. The
majority of these solvers target specific variants modelled as combinations of predefined
features. Exceptionally, RoutingBlocks is more flexible at the cost of being less declarative:
a problem is defined by procedures that extend a route and manage resources, implemented
as a Python class and its methods. While GRID provides predefined native features to ease
modelling of common variants, as shown in Section 3.2, it also offers custom features to
model complex variants in a declarative way. Users can introduce variables, specify how
decisions update them, and express constraints and the objective in terms of these variables.
These capabilities allow us to model problems beyond the scope of existing VRP-specific
solvers, as shown in Section 3.3.

3 GRID: A Graph-based Modelling Interface for DIDP

GRID is a modeling interface for high-level, DP-oriented specifications of combinatorial
optimization problems on a directed graph G = (N , E). In this initial version, we focus on
VRPs as a natural and representative use case for this graph-based abstraction. As described
in Section 4, a GRID model can be compiled automatically into a DIDP model with state
variables, transitions, feasibility conditions, cost accumulation rules, and dominance relations.

3.1 VRP Modelling Elements
A VRP consists of a set of locations and vehicles operating on a graph: nodes represent
locations and edges represent vehicle travel between them, yielding feasible routes that start
and end at designated nodes while visiting mandatory or optional nodes. The interface for
VRP is built around four main elements, implemented as Python classes: RoutingModel, Node,
Edge, and VehicleType. RoutingModel acts as a container, defining the graph structure and
managing all entities. Node objects correspond to graph nodes N and supports attributes
such as demand and service time. Edge objects represent directed edges E connecting pairs
of nodes, with attributes such as distance and travel time. VehicleType objects define a
fleet of identical vehicles with shared characteristics, including capacity and fixed usage
cost. Nodes, edges, and vehicle types are created through the add_node, add_edge, and
add_vehicle_type methods of RoutingModel and can be stored in variables for future
reference. The global objective is defined via the set_objective method of RoutingModel.

We refer to the predefined set of modelling constructs whose semantics are built into
the interface as native features. These features enable users to express many common
VRP variants by setting object attributes (e.g., a node’s demand or a vehicle’s capacity)
or by selecting a built-in objective via set_objective, without manually encoding their
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effects on states, transitions, or costs. For example, to model the classical Capacitated
VRP (CVRP), the interface supports node demands, vehicle capacities, travel costs, and
the objective of minimising total travel distance. The native features and their semantics
are inspired by common VRP variants in the literature [1]. If a VRP variant cannot be
fully specified using the native features, custom features can be introduced via user-defined
variables and expressions over them. These expressions define how the variables are updated,
aggregated, or constrained when interacting with graph elements such as nodes and edges.
For instance, as we will show in Section 3.3, an Electric Capacitated VRP (ECVRP) with
battery constraints and charging stations requires user-defined rules to track battery levels
and charging behaviour, which cannot be captured by native features.

User-defined variables are declared in VehicleType. Each variable has a single definition,
and the interface assumes the same behaviour for every vehicle of that type. This design choice
reflects the role of vehicles as the dynamic elements that construct solutions during search:
VehicleType provides a natural scope for quantities that evolve along routes while remaining
shared across identical vehicles. This level of abstraction is sufficient for our targeted routing
models, while leaving open the possibility of supporting variables at a more general scope in
future versions. The VehicleType class provides the add_integer_var and add_float_var
methods to declare integer and floating-point variables, and the add_nodes_set_var method
to declare set variables whose elements are graph nodes represented by their integer IDs.
When defining integer or floating-point variables, users may specify preferences over their
values; in this case, it must be guaranteed that, among two partial routes ending at the same
node, the route with the preferred value leads to a better solution.

Expressions are attached to nodes or edges, and specify how user-defined variables are
updated, constrained, or aggregated. For example, an expression can update a variable when a
node or edge is included in a route, restrict the selection of certain nodes or edges, and compute
accumulated costs. This is implemented via the Expression class and its subclasses for
variables and constants, which overload Python operators for intuitive definition. Constraints
can be applied globally or locally to nodes and edges via the add_constraint method,
and nodes or edges can update variables when included in a route via the add_transition
method. The global objective is defined via the set_objective method by either aggregating
a built-in metric or user-defined variables, that can be minimized (by default) or maximized.

3.2 Modelling PDPTW using Native Features
We now present an example GRID model for the Pickup and Delivery Problem with Time
Windows (PDPTW), which can be specified using only natively supported features.

Problem Definition [6]. Given a directed graph G = (N , E), N = {0}∪I is the set of nodes,
where 0 is the depot housing a fleet of m vehicles with a capacity q, and I = {1, . . . , 2n} is
the set of customers. We partition I into pickup locations I+ ⊂ I and delivery locations
I− ⊂ I with I = I+ ∪ I− and |I+| = |I−| = n. Each pickup location i ∈ I+ is coupled with
a unique delivery location j ∈ I− (and vice versa), representing the origin and destination of
a specific task. Each node i ∈ N has an associated service time si (with s0 = 0), time window
[ai, bi] and demand µi (with µ0 = 0). For a pickup location i ∈ I+, µi > 0, and for a delivery
location i ∈ I−, µi < 0. If a vehicle reaches a node i ∈ N before its earliest arrival time ai, it
has to wait at the location. Each edge (i, j) ∈ E has a non-negative travel time cij , equivalent
to the travel distance. The objective is to find a set of routes for the vehicles starting and
ending at the depot, visiting all the customers within their time windows, finishing all tasks
without exceeding the vehicle capacity, while minimizing the total travel distance.
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Code Listing 1 GRID model for PDPTW.
1 # m: number of vehicles , q: vehicle capacity
2 # tasks: list of pickup and delivery tasks
3 # p[t], d[t]: pickup and delivery node indices of task t
4 # a[i], b[i], s[i]: time window and service time of node i
5 # mu[i]: demand of node i
6 # edges: set of edges (i,j) with time ( distance ) c[i][j]
7

8 model = RoutingModel ()
9 model. add_vehicle_type (id=0, count=m, capacity =q)

10 model. add_node (id=0, tw_start =a[0], tw_end =b[0], depot=True)
11

12 for t in tasks:
13 model. add_node (
14 id=p[t],
15 pickup ={f"{t}": mu[p[t]]},
16 tw_start =a[p[t]], tw_end =b[p[t]], service_t =s[p[t]],
17 )
18 model. add_node (
19 id=d[t],
20 delivery ={f"{t}": mu[d[t]]},
21 tw_start =a[d[t]], tw_end =b[d[t]], service_t =s[d[t]],
22 )
23 for (i, j) in edges:
24 model. add_edges (
25 node_from =model. get_node (i), node_to =model. get_node (j),
26 distance =c[i][j],
27 )
28

29 model. set_objective ( metric =" distance ")

GRID Model. In Listing 1, lines 1–6 show the input parameters; line 8 creates the
RoutingModel container. Line 9 adds a vehicle type representing the homogeneous fleet with
its ID, count, and capacity. Line 10 initializes the depot node with its ID, time window, and
depot flag. Lines 12–22 then add the nodes associated with each task: for every task, two
nodes are created, one with a pickup and one with a delivery attribute. These attributes
link each node to the corresponding task identifier and demand. The pickup and delivery
arguments are dictionaries mapping task IDs to pickup or delivery amounts. Before a delivery
node is visited, the same vehicle must have already visited every pickup node whose pickup
dictionary shares a task ID with the delivery node’s delivery dictionary. This semantics
allows tasks with multiple pickup or delivery points, and nodes that act as both a pickup
for one task and a delivery for another. Time windows and service times are also specified
during node creation. Lines 23–27 add edges for all the node pairs in the edges set and
assign distances. Finally, line 29 defines the global objective by setting the objective metric
to the distance of a travelled edge, which is by default aggregated by summing all the
distances and minimized, yielding an objective that minimizes the total distance travelled by
all vehicles. GRID also supports other built-in objective metrics and aggregation functions,
as well as objective maximization, by initializing the related method parameters accordingly,
e.g., metric="num_vehicles" for the number of used vehicles, aggregation="max", and
maximization="True".

CP 2026
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Code Listing 2 GRID model for ECVRP (I).
1 # m: number of vehicles , q: vehicle capacity
2 # b: maximum and initial battery level
3 # customers , stations : set of customer and station node indices
4 # mu[i]: demand of customer i
5

6 v = model. add_vehicle_type (id=0, count=m)
7 load = v. add_integer_var ( initial_value =q)
8 battery = v. add_float_var ( initial_value =b, preference ="high")
9 depot = model. add_node (id=0, depot=True)

10 depot. add_constraint (load < q)
11

12 for i in customers :
13 customer = model. add_node (id=i)
14 customer . add_constraint (load - mu[i] >= 0)
15 customer . add_transition (var=load , expression =load - mu[i])
16 for s in stations :
17 station = model. add_node (id=s, optional =True , max_visits =None)
18 station . add_transition (var=battery , expression =b)

3.3 Modelling ECVRP using Custom Features
This second example illustrates how to model the Electric Capacitated Vehicle Routing
Problem (ECVRP), a variant that cannot be specified using only natively supported features.

Problem Definition [26]. Given a directed graph G = (N , E), N = {0} ∪ I ∪ F is the set
of nodes, where 0 is the depot housing a fleet of vehicles with a capacity q, I ⊂ N is the
set of customers, and F ⊂ N is the set of charging stations. Each customer i ∈ I has a
delivery demand µi > 0. Each charging station f ∈ F can be visited by a vehicle to fully
recharge its battery to the maximum battery level b. Multiple visits to the same station are
allowed. Each edge (i, j) ∈ E has a non-negative travel distance dij . When an edge (i, j)
is travelled, the battery charge decreases by hdij , where h is the energy consumption rate
proportional to the load l carried by the vehicle, defined as h = r + l

q with a given constant r.
Vehicles leave the depot fully charged and loaded. The objective is to find a set of routes for
the vehicles starting and ending at the depot, visiting all customers exactly once, without
exceeding vehicle capacity and without having a negative battery value along a travelled
edge, while minimizing the total distance travelled. Even though the number of vehicles m

does not appear in the problem definition, its upper bound is |I|.

GRID Model. Listing 2 initializes the fleet and the nodes, together with the user-defined
variables. The fleet is created via add_vehicle_type (line 6), and two user-defined variables
are declared and attached to the vehicle type, representing route-specific quantities: an
integer for vehicle load (load in line 7) and a float for battery level (battery in line 8) with
a preference for higher values. The depot node constrains the load to be less than its initial
load at return (line 10), to ensure that any vehicle returning to the depot has served at least
one customer, thereby preventing routes that visit only charging stations. Unused vehicles
that never leave the depot are still permitted, since the constraint applies only at return.
Customer nodes enforce that load never reaches a negative value (line 14) and update load
by subtracting the customer’s demand via the add_transition method (line 15), where the
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Code Listing 3 GRID model for ECVRP (II).
19 # edges: set of edges (i,j) with distance d[i][j]
20 # r: fixed battery consumption
21 # min_from [i]: minimum distance from node i to any next node
22

23 for (i, j) in edges:
24 edge = model. add_edge (
25 node_from =model. get_node (i), node_to =model. get_node (j),
26 distance =d[i][j],
27 )
28 next_battery = battery - d[i][j] * (r + load / q)
29 if j not in customers :
30 edge. add_constraint ( next_battery >= 0)
31 else:
32 edge. add_transition (var=battery , expression = next_battery )
33 edge. add_constraint (
34 next_battery >= min_from [j] * (r + (load - mu[j]) / q)
35 )
36

37 model. set_objective ( metric =" distance ")
38

39 unv_stations = v. add_nodes_set_var ( initial_value = stations )
40

41 for i in customers :
42 customer = model. get_node (i)
43 customer . add_transition (var= unv_stations , expression = stations )
44 for s in stations :
45 station = model. get_node (s)
46 station . add_constraint ( unv_stations . contains (s))
47 station . add_transition (
48 var= unv_stations , expression = unv_stations . remove (s)
49 )

expression attribute specifies the new value assigned to the variable load when reaching
the node. By default, add_node creates a mandatory node that must be visited exactly
once. Stations are optional nodes and may be visited multiple times, achieved by setting the
optional and max_visits attributes accordingly (line 17). When a station is visited, the
battery level reaches full without any effect on its load through the add_transition method
(line 18), where battery is updated to b.

Listing 3 defines the edges and the objective. Each edge is added with its distance (lines 24–
27). Depending on the destination node, edges enforce battery constraints differently. When
travelling to a station or the depot, the remaining battery level must be non-negative, ensuring
that vehicles do not run out of battery along the edge (lines 29–30). When travelling to a
customer, battery is updated via add_transition (line 32). Unlike the load update, the
battery update is edge-specific because energy consumption depends on the edge distance.
In this case, the battery constraint requires sufficient charge for subsequent customers,
accounting for the reduced load after the customer visit (lines 33–35).

Visits to charging stations can be refined. Since the number of visits to each station is
bounded by 2|I| [26], we can set max_visits to this value in line 17. To further prune the
search space, we avoid cycles consisting only of charging stations, as consecutive station visits
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Code Listing 4 An example user-defined objective in GRID.
1 model. set_objective (
2 variables =[ var_on_type1 , var_on_type2 ], aggregation ="max"
3 )

do not change load or battery levels. This is enforced with a set variable initially containing
all stations: a station can be visited only if it is in the set and is removed upon visit. The
set is reset when a customer is visited or a new route starts, allowing stations to be revisited
in later routes. The variable, updates, and constraint are shown in lines 39–49.

The ECVRP model minimizes the total travel distance (line 37), but GRID also supports
user-defined objective metrics via a user-defined variable or a list of such variables. When a
list is given, each variable must be associated with a distinct VehicleType variable, ensuring
a one-to-one mapping between optimization variables and vehicle types in the fleet. Listing 4
shows an example with multiple variables in the objective; here, the aggregation attribute
takes the maximum of their final values at the end of each route to produce the objective.
The battery constraint in the ECVRP is not supported in some VRP-specific solvers such as
VRPy [27] and PyVRP [36]. While VRPSolver [30, 7] and Google OR-Tools’ VRSolver [5]
allow to define resource changes along a route (called dimensions in OR-Tools), they assume
that traversing an edge changes a resource by a constant and that each node constrains a
resource between constant lower and upper bounds. However, battery consumption depends
on the current load. The global constraints for sequence variables in MaxiCP impose similar
restrictions. Thus, we were unable to model the ECVRP with them. In contrast, GRID’s
DP-oriented modelling allows variables to be updated and constrained based on the current
values of other variables. Overall, GRID provides a powerful yet lightweight, high-level
modelling approach that closely follows natural-language problem descriptions, in contrast
to more cumbersome, lower-level DIDP formulations, as shown in the next section.

4 Compilation of GRID to DIDP

Compilation converts a GRID model into an executable DIDP model written in DyPDL [19].
Before describing this process, we introduce the notation used in DyPDL.

4.1 Compilation Target: DyPDL
In DyPDL, a model is defined by states, transitions, a target state, and base cases. A state S

is a complete assignment to state variables x1, . . . , xn, where the domain of xi depends on
its type: numeric (Q), element (Z+

0 ), or set (2Z+
0 ). We denote the value of xi in S by S[xi].

The target state SI is a particular state defined explicitly. A transition updates the state
variables; for a state S, let T (S) denote the set of applicable transitions. Applying τ ∈ T (S)
to S yields the successor state S[[τ ]]. A base case specifies conditions on state variables, and
no transition is applicable once a base case is satisfied.

Given a state S, an S-solution is a sequence of transitions ⟨τ1, . . . , τm⟩ inducing a sequence
of states ⟨S0, . . . , Sm⟩ with S0 = S, Si+1 = Si[[τi+1]], and τi+1 ∈ T (Si) for i = 0, . . . , m − 1,
and Sm satisfies a base case. A solution for a DIDP model is an SI -solution starting from the
target state SI . The objective value of an S-solution is wτ1(S0) ◦ wτ2(S1) ◦ · · · ◦ wτm

(Sm−1) ◦
wbase(Sm), where wτ is the weight function for a transition τ , wbase is the weight function
for a base case, and ◦ : Q×Q → Q is a binary operator (e.g., +) satisfying certain conditions
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including associativity (see [19] for details). Throughout, we assume minimization of the
objective value; maximization can be handled analogously. A DIDP model is described by
the following recursive equation defining V (S), the optimal objective value of an S-solution:

compute V (SI) (1a)

V (S) =
{

wbase(S) if S satisfies a base case
minτ∈T (S) wτ (S) ◦ V (S[[τ ]]) otherwise.

(1b)

In DyPDL, state dominance can be defined by annotating numeric or element variables
as resource variables. If a variable xi is a resource variable, a preference (higher or lower) is
specified. Resource variables must be defined so that, for any two states S and S′, we have
V (S) ≤ V (S′) whenever S[xi] ≥ S′[xi] for each resource variable xi where higher is preferred,
S[xi] ≤ S′[xi] for each xi where lower is preferred, and S[xi] = S′[xi] for each non-resource
variable xi. In addition, a dual bound function h can be defined such that V (S) ≥ h(S).

4.2 GRID Modelling Formalism
We define a generic VRP targeted by our interface. We are given a directed graph G = (N , E)
and a set of fleets Θ, where each fleet θ ∈ Θ is a set of identical vehicles of the same
type. Each vehicle v ∈ θ starts at αθ ∈ N and ends at ωθ ∈ N and is assigned a route
πv = (πv

0 , . . . , πv
mv ) with πv

0 = αθ and πv
mv = ωθ. We say that a route πv or a vehicle v

visits node πv
i for i ∈ {0, . . . , mv}. Nodes are classified as mandatory (visited by exactly one

vehicle) or optional (may be visited multiple times by multiple vehicles or skipped). For
example, in ECVRP, we have only one fleet (Θ = {θ}) starting and ending at the same
location (αθ = ωθ = 0). The customers (I) are mandatory, and the stations (F) are optional.

More route constraints can be expressed via variables associated with each fleet. Let
xθ = (xθ

1, . . . , xθ
nθ ) be the vector of variables for a fleet θ ∈ Θ. As in DIDP, we consider

numeric, element, and set variables with their respective domains, and denote the set of
possible assignments by Dθ. The user specifies the initial assignment x̂θ ∈ Dθ, an update
function eθ

ij : Dθ → Dθ for each edge (i, j) ∈ E , and constraints Cθ
ij ⊆ Dθ for each (i, j) ∈ E

that define the allowed assignments. A route πv = ⟨πv
0 , . . . , πv

mv ⟩ for vehicle v ∈ θ must satisfy
πv

i [xθ] ∈ Cθ
πk

i
,πk

i+1
for i = 0, . . . , mv − 1, where πv

i+1[xθ] = eθ
πv

i
,πv

i+1
(πv

i [xθ]) and πv
0 [xθ] = x̂θ.

In ECVRP, we have a numeric variable l for the load, a numeric variable y for the battery,
and a set variable R for the set of unvisited stations since the last visit to a customer, with
the initial values l = q, y = b, and R = F . For edge (i, j) with j ∈ I, the update function eθ

ij

maps l to l − µj , y to y − dij

(
r + l

q

)
, and R to F . For j ∈ F , it maps l to l, y to b, and R to

R \ {j}. The constraints Cθ
ij are l − µj ≥ 0 and y − dij

(
r + l

q

)
≥ min_fromj ×

(
r + l−µj

q

)
for j ∈ I, y − dij

(
r + l

q

)
≥ 0 and j ∈ R for j ∈ F , and y − di0

(
r + l

q

)
≥ 0 and l < q for

j = 0, where min_fromj is the minimum travel time from j to any next node.
To define the objective, one variable oθ is selected for each fleet θ. The objective is to

minimize or maximize an aggregate of the final values πk
mk [oθ], using either

∑
θ∈Θ,v∈θ πv

mv [oθ],
maxθ∈Θ,v∈θ πv

mv [oθ], or minθ∈Θ,v∈θ πv
mv [oθ]. In ECVRP, we define a numeric variable o

representing the travel cost, update it to o + dij with edge (i, j) and minimize the sum.
As in DIDP, we consider dominance based on resource variables. We compare two partial

routes of the same vehicle that do not necessarily end at the vehicle’s end location. Consider
πv = ⟨πv

0 , . . . , πv
j ⟩ and π′v = ⟨π′v

0 , . . . , π′v
j′ ⟩ that visit the same set of mandatory nodes and

end at the same node, i.e., πv
j = π′v

j′ . We say that πv dominates π′v if, for any feasible
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completion (a complete route) of π′v with a sequence of nodes, the completion of πv with the
same sequence is feasible and yields a better objective value (smaller for minimization and
larger for maximization). Let πv

j [xθ
i ] (resp., π′v

j′ [xθ
i ]) denote the value of xθ

i in πv
j [xθ] (resp.,

π′v
j′ [xθ]) with v ∈ θ. Resource variables must be defined so that πv dominates π′v whenever

πv
j [xθ

i ] ≥ π′v
j′ [xθ

i ] for each resource variable xv
i where higher is preferred, πv

j [xθ
i ] ≤ π′v

j′ [xθ
i ] for

each xv
i where lower is preferred, and πv

j [xθ
i ] = π′v

j′ [xθ
i ] for each non-resource variable xθ

i . In
ECVRP, the battery variable y is a resource variable where higher is preferred.

4.3 Mapping GRID to DyPDL
Our DP formulation follows the single-route representation [12], constructing vehicle routes
sequentially. At each transition, we either visit a node with the current vehicle or switch to a
new vehicle. We use three state variables: a set variable U for unvisited mandatory locations,
an element variable i for the current location, and an element variable v for the index of
the current vehicle. Vehicles of the same type are given consecutive indices, so v and v + 1
belong to the same fleet unless v is the last vehicle of the fleet. In addition, we have a vector
of state variables xθ for each fleet θ ∈ Θ, corresponding to the GRID variables. In the target
state, U contains all mandatory nodes, i = α0 (the starting depot of the first fleet), v = 0
(the first vehicle), and xθ = x̂θ (the initial values). We have the following transitions:

Visit j, applicable only if (i, j) ∈ E and xθ ∈ Cθ
ij for v ∈ θ and updating i to j and xθ to

eθ
ij(xθ). If j is mandatory, it is applicable only if j ∈ U , and U is updated to U \ {j}.

The objective weight is zero.
Change vehicle, applicable only if (i, ωθ) ∈ E , U ≠ ∅, and xθ ∈ Cθ

iωθ for v ∈ θ and
updating i to αθ′ for v + 1 ∈ θ′, v to v + 1, and xθ to x̂θ. The objective weight is the
value of oθ in eθ

iωθ (xθ).
Finish, applicable only if (i, ωθ) ∈ E , U = ∅, and xθ ∈ Cv

iωθ for v ∈ θ and updating i to
ωθ and xθ to eθ

iωθ (xθ). The objective weight is the updated value of oθ.
The base case is defined over the core state variables: U = ∅ and i = ωθ for v ∈ θ, with zero
weight. Depending on the objective aggregation, the binary operator ◦ to combine transition
weights is +, min, or max. The state variable v is a resource variable with lower values
preferred. If a user-defined variable in xθ (for some fleet θ) is declared as a resource variable,
it is compiled into DyPDL as a resource variable with the corresponding preference.

Although the objective value is typically treated as a state variable and updated only when
changing vehicle type or finishing, we provide a specialised implementation for minimising
the total travel distance, which is natively supported. We assign transition weights dij for
visits to j and diωθ (for v ∈ θ) for transitions that change the vehicle or finish, and omit the
state variable oθ. We also introduce the following dual bound function:

V (U, i, v, (xθ)θ∈Θ) ≥ max

 ∑
j∈(U∪{ωθ′ })\{i}

min
k∈N :(k,j)∈E

dkj ,
∑

j∈(U∪{i})\{ωθ′ }

min
k∈N :(j,k)∈E

djk

 (2)

where v ∈ θ′. The first term sums the minimum travel distance mink∈N :(k,j)∈E dkj to each
node j for all unvisited nodes and the end depot. The second term considers the minimum
travel distance from each node. Similarly, for specific native features, GRID may introduce
enhancements such as a dual bound function, resource variables, and state constraints.

As the above structure reflects a single fleet and a single depot, we further provide
enhancements for more complex settings. For multiple fleets, we add a skip transition that
moves directly to the next fleet, avoiding activation costs for intermediate unused vehicles.
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For multi-depot instances, we introduce a virtual depot that serves as a unified starting point
from which specific initial and final transitions originate, effectively selecting the correct and
real physical depots for each vehicle’s route.

Compiled DIDP Model for PDPTW. Let U be the set of unvisited customers, i the current
location, and v the index of the current vehicle; these are the core state variables introduced
earlier. Let l be the current load, t the current time, and R the set of delivery nodes that must
be visited by the current vehicle; these additional variables are introduced by translating the
selected native features. Let V (U, i, v, l, t, R) denote the minimum cost to visit all customers
in U starting from i with load l, time t, and delivery set R, using m − v vehicles. To support
more general pickup-and-delivery variants (e.g., nodes that are both pickup and delivery
nodes with multiple commodities), we introduce two additional data structures for each node
j ∈ N \ {0}: prej , the nodes that must be visited before j by the same vehicle, and sucj ,
the nodes that must be visited after j before returning to the depot.

compute V (N \ {0}, 0, 0, 0, 0, ∅) (3a)

V (U, i, v, l, t, R) = min



min
j∈I+′ (U,i,l,t)

cij + V (U \ {j}, j, v, l + µj , t′
ij , (R \ {j}) ∪ sucj)

min
j∈I−′ (U,i,l,t)

cij + V (U \ {j}, j, v, l + µj , t′
ij , R \ {j})

ci0 + V (U, 0, v + 1, 0, 0, ∅) if change(U, i, v, t, R)
ci0 + V (U, 0, v, 0, t + si + ci0, ∅) if finished(U, i, v, t)
0 if U = ∅ ∧ i = 0

(3b)
V (U, i, v, l, t, R) ≤ V (U, i, v′, l′, t′, R) if v ≤ v′ ∧ l ≤ l′ ∧ t ≤ t′ (3c)
V (U, i, v, l, t, R) = ∞ if t + c∗

i0 > b0 (3d)
V (U, i, v, l, t, R) = ∞ if ∃j ∈ R : t + c∗

ij > bj (3e)

V (U, i, v, l, t, R) ≥ max

 ∑
j∈(U∪{0})\{i}

min
k∈N :(k,j)∈E

ckj ,
∑

j∈(U∪{i})\{0}

min
k∈N :(j,k)∈E

cjk

 (3f)

where we use the time update when moving from i to j t′
ij = max{t + si + cij , aj}, the set

of pickup nodes that can be visited next I+′(U, i, l, t), the set of delivery nodes that can
be visited next I−′(U, i, l, t), the condition to change a vehicle change(U, i, v, t, R), and the
condition to return to the depot finished(U, i, v, R), defined as follows:

I+′
(U, i, l, t) = {j ∈ U ∩ I+ | (i, j) ∈ E ∧ l + µj ≤ q ∧ t + si + cij ≤ bj}

I−′
(U, i, l, t) = {j ∈ U ∩ I− | (i, j) ∈ E ∧ l − µj ≥ 0 ∧ (U ∩ prej) = ∅ ∧ t + si + cij ≤ bj}

change(U, i, v, t, R) = t + si + ci0 ≤ b0 ∧ (i, 0) ∈ E ∧ U ̸= ∅ ∧ v < m − 1 ∧ R = ∅
finished(U, i, v, t) = t + si + ci0 ≤ b0 ∧ (i, 0) ∈ E ∧ U = ∅

The first two lines of Equation (3b) describe the Visit j core transition: they share the same
preconditions and effects on the core state variables U , i, and v, and differ only in how
pickup and delivery nodes are handled based on l and R; time management is identical. The
next three lines describe the Change Vehicle transition, the Finish transition, and the base
case. Inequality (3c) defines the resource variables, automatically introduced for the load
and time features specified via the native features. Similarly, Equation (3d) is introduced for
the time attribute and (3e) for the pickup-and-delivery attribute. These state constraints
use the shortest travel time c∗

ij between nodes i and j: at any time, it must remain possible
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to return to the depot and to visit any mandatory delivery node in R without exceeding
their latest arrival time. By default, GRID computes c∗

ij with the Floyd–Warshall algorithm,
though users may provide the matrix directly. Inequality (3f) instantiates Inequality (2).

Compiled DIDP Model for ECVRP. Let U be the set of unvisited customers, i the current
location, and v the index of the current vehicle; as for PDPTW, these are the core state
variables. Let l be the current load, y the current battery level, and R the set of unvisited
stations since the last visit to the depot or a customer, which are defined by custom features.
Let V (U, i, v, l, y, R) denote the minimum cost to visit all customers in U starting from i

with load l, battery y, and station set R using m − v vehicles.

compute V (I, 0, 0, q, b, F) (4a)

V (U, i, v, l, y, R) = min



min
j∈I′(U,i,l,y)

dij + V
(

U \ {j}, j, v, l − µj , y − dij

(
r + l

q

)
, F

)
min

j∈F ′(i,y,R)
dij + V (U, j, v, l, b, R \ {j})

di0 + V (U, 0, v + 1, q, b, F) if change(U, i, v, l, y)
di0 + V (U, 0, v, q, b, F) if finish(U, i, v, l, y)
0 if U = ∅ ∧ i = 0

(4b)
V (U, i, v, l, y, R) ≤ V (U, i, v′, l, y′, R) if v ≤ v′ ∧ y ≥ y′ (4c)

V (U, i, v, l, y, R) ≥ max

 ∑
j∈(U∪{0})\{i}

min
z∈N :(z,j)∈E

dzj ,
∑

j∈(U∪{i})\{0}

min
z∈N :(j,z)∈E

djz

 (4d)

where we use the set of customers that can be visited next I ′(U, i, l, y), the set of stations
that can be visited next F ′(i, y, R), the condition to change the vehicle change(U, i, v, l, y),
and the condition to return to the depot finished(U, i, l, y), defined as follows:

I ′(U, i, l, y) =
{

j ∈ I ∩ U | l − µj ≥ 0 ∧ y − dij

(
r + l

q

)
≥ min_fromj ×

(
r + l−µj

q

)
∧(i, j) ∈ E

}

F ′(i, y, R) =
{

j ∈ F ∩ R | y − dij

(
r + l

q

)
≥ 0 ∧ (i, j) ∈ E

}
change(U, i, v, l, y) = y − di0

(
r + l

q

)
≥ 0 ∧ l < q ∧ (i, 0) ∈ E ∧ U ̸= ∅ ∧ v < m − 1

finished(U, i, l, y) = y − di0

(
r + l

q

)
≥ 0 ∧ l < q ∧ (i, 0) ∈ E ∧ U = ∅.

Note that min_fromj is the minimum travel time from j to any next node given in a model.
The first two lines of Equation (4b) describe the Visit j core transition: visiting a station
does not change U as it can be visited multiple times. Updates to i and v remain the same.
The first equation handles customer visits, decreasing both l and y and resetting R to its
initial value. For station visits, j is removed from R to avoid station-only cycles and y is reset
to its initial value, while the load is unchanged. The next three lines describe the Change
Vehicle transition, the Finish transition, and the base case. While v is required as a resource
variable for pruning, enforcing v ≤ m is redundant because it is the number of customers
and each vehicle is already forced to have a non-empty path; the current implementation
enforces it anyway. Inequality (4c) defines the resource variables. Since higher load enables
more customer visits but also increases battery discharge, there is no clear preference, so it
is not declared as a resource variable. Inequality (4d) instantiates Inequality (2).
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4.4 Expression Aggregation
In DIDPPy, the existing Python interface for DIDP, each transition updates state variables
via expressions built from a predefined set of operations. In the ECVRP model, the battery
update depends on the traversed edge (k, j) ∈ E . One could model this by defining a
transition corresponding to visit location j from location i, applicable only if i = k where i

is the current location. However, this yields a quadratic number of transitions in the number
of nodes. This can be mitigated using the constant-table feature in DIDPPy: users register
a multi-dimensional array of constants and index it with state variables in expressions. In
the ECVRP example, one could use a single transition to visit node j and update y as
y − dij

(
r + l

q

)
, where i is the state variable, j is a constant, and d is a two-dimensional

constant table. However, this is not straightforward in GRID, since users specify the update
on b per edge rather than defining a constant table.

We develop a method that parses edge-specific update functions and constraints, identifies
common structure across edges, and compiles them into a single expression indexed by a
constant table. The interface parses the user constraints Cθ

ij and update functions eθ
ij into

Abstract Syntax Trees (ASTs). Two expressions share the same pattern if they apply the
same operations and differ only in constant values. We group expressions by edge (i, j); if
multiple edges share the same set of patterns across their variables, we aggregate them into a
single DIDP transition using a table of constants. A more fundamental solution is to extend
DIDPPy to support tables of expressions rather than constants, so that edge updates and
constraints can be expressed via a two-dimensional table indexed by the state variable i and
a constant j. We leave this extension as future work and use DIDPPy as is in this paper.

5 Experimental Validation

In our experimental validation, we pursue three goals:
1. Evaluate the translation overhead introduced by GRID.
2. Assess how translation affects the resulting DIDP models and their solutions, compared

to manually designed models.
3. Compare the solving performance of our approach with other model-based solvers applied

successfully to VRPs in previous work: (i) Google OR-Tools CP-SAT [29], the winner of
MiniZinc Challenge over years,1 (ii) MaxiCP [31], a Java-based CP solver with sequence
variables for routing, (iii) Gurobi [14], a commercial MIP solver. We also include model-
based solvers specific to some VRPs: (iv) PyVRP [36], (v) OR-Tools VRSolver [5].

The aim of the third goal is not a comprehensive comparison with the state-of-the-art VRP
solvers, but to show that GRID achieves reasonable performance with flexible modelling;
improving solving performance is left for future work. We use three VRPs: PDPTW and
ECVRP, for which DIDP approaches have not been investigated before, and CVRP, a
simplification of ECVRP without battery constraints, for which prior work formulated a
DIDP model [19]. We use the following metrics:

Model building time: the wall-clock time to construct and initialize a model using the
modelling API of the solvers before solving.
Primal gap: the relative gap between the best-known objective value γ∗ and the best
objective value γ achieved by a solver, defined as |γ − γ∗|/ max{γ, γ∗}. We take the
best-known objective value γ∗ from the literature, as explained later.

1 https://www.minizinc.org/challenge/
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As software, we use DIDPPy 0.10.0, CP-SAT 9.15.6755, Gurobi Python Interface (gurobipy)
13.0.1, and PyVRP 0.13.3, all implemented with Python 3.11.2, and Java 21.0.10 for MaxiCP.
For search, we use LNBS for GRID and DIDP models, which was reported to be effective
in VRPs [18]. For CP-SAT, we enable Large Neighbourhood Search (LNS) [32] by setting
use_lns=True because LNS is typically good in solving VRPs. For the OR-Tools VRSolver,
we let the solver determine the strategy to find the first feasible solution and use guided local
search [35] for improvement, as recommended in the documentation.2 For MaxiCP, while
the original paper designed problem-specific LNS on top of the sequence-variable model, we
do not use it because we focus on fully model-based approaches, and the LNS code does
not seem to have been published. For Gurobi, no well-known parameter tuning exists for
VRP, so we use default parameters. Each run uses a single thread, an 8 GB memory limit
for model building and solving, and a 5-minute time limit for solving, on a node with 8 cores
provided by an AMD Athlon/Opetron CPU. The code used in our experiments is provided
as supplementary material.

5.1 Models and Problem Instances
For PDPTW, we manually design a DIDP model simpler than the one generated by GRID
by omitting prej and sucj , which allow to model a general pickup-and-delivery version,
as discussed in Section 4.3 (presented in Appendix A). The MIP model is a two-index
vehicle-routing model proposed by [9]. In its original form, the objective jointly minimizes
the number of used vehicles and the total travel distance. We modified it with a constraint
that bounds the number of vehicles by the maximum specified in each instance. For CP,
we adapted two Dial-a-Ride Problem formulations from [3]: the successor model based on
the circuit global constraint [15] and the model using sequence variables. In the former, we
introduced a symmetry-breaking constraint over the fleet of identical vehicles, which slightly
improved performance. For the latter model, we adapt the code provided in the MaxiCP
repository, which specifies search parameters.3 We are not able to use PyVRP for PDPTW
due to its modelling limitations: it does not support customer-to-customer pickup-delivery
pairs. The instances are from [23] with 100 to more than 1000 nodes, and the best-known
objective values are taken from a website.4 We use the best objective value obtained by our
solvers when it is better; the solutions on the website minimize the number of vehicles first,
and then the total travel distance, whereas we directly minimize the total travel distance.

Our manually designed DIDP model for ECVRP matches the one generated by GRID,
except that the manual formulation omits the redundant maximum vehicle precondition. The
MIP model is taken from [26]. We formulate a CP model based on the MIP model, where
battery-related parameters are scaled by the vehicle load capacity to avoid floating-point
values. Both MIP and CP formulations require duplicating charging stations to allow multiple
visits, which significantly increases the number of nodes in the model. As discussed earlier,
ECVRP cannot be modelled in PyVRP and VRSolver, nor with sequence-variable global
constraints in MaxiCP. In addition to the GRID and DIDP models using a set variable to
avoid cycles of stations (Avoid Cycles), we also test models enforcing the total number of
visits to a station to not exceed the upper bound 2|I| (Count Visits), removing the need for
the additional set variable, but enforcing a weaker condition (as presented in Section 3.3).
The instances with their best-known objective values are from [26] and preprocessed as
described in Appendix B. Instance size ranges from a few tens to over a thousand nodes.

2 https://developers.google.com/optimization/routing/routing_options
3 https://github.com/aia-uclouvain/maxicp/blob/main/src/main/java/org/maxicp/cp/examples/

modeling/DARPSeqVar.java
4 http://combopt.org/tables/LiLim/

https://developers.google.com/optimization/routing/routing_options
https://github.com/aia-uclouvain/maxicp/blob/main/src/main/java/org/maxicp/cp/examples/modeling/DARPSeqVar.java
https://github.com/aia-uclouvain/maxicp/blob/main/src/main/java/org/maxicp/cp/examples/modeling/DARPSeqVar.java
http://combopt.org/tables/LiLim/
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(a) PDPTW.
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(b) ECVRP.
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(c) CVRP.

Table 1 ECVRP model building times (s).

Size Avoid Cycles Count Visits MIP CP-SAT
DIDP GRID DIDP GRID

[1, 200] 0.01 0.57 0.01 0.67 149.16 77.72
[201, 400] 0.07 5.69 0.07 8.03 882.87 352.65
[401, 600] 0.28 34.12 0.25 28.93 – –
[601, 800] 0.62 45.86 0.49 45.55 – –
[801, 1000] 0.90 68.98 0.91 70.30 – –
[1001, ∞) 1.00 95.27 1.01 95.32 – –

Figure 1 Experimental results on PDPTW, ECVRP and CVRP.

The GRID model for CVRP is a simplification of the ECVRP model, omitting battery
constraints and implementing demands and capacity using native features. The DIDP model
taken from [19] defines a transition to visit each customer after changing a vehicle, unlike
the GRID model, which uses a single transition to change a vehicle. This finer-grained
structure for GRID offers more flexibility, e.g. for multi-depot formulations (presented in
Appendix A). The MIP model is from [10]. The CP model is a simplified version of the
successor model of the PDPTW. We do not use MaxiCP because it does not directly support
vehicle load tracking on sequence variables and assumes the triangle inequality of the travel
distance, which is violated by some instances. Following [19], we take A, B, E, F, M, P, X,
and DIMACS instances with the best-known objective value from CVRPLIB [33]. Instance
size ranges from tens to over a thousand nodes.

5.2 Experimental Results

Table 1 shows the model building time for ECVRP. In larger instances, MIP and CP-SAT run
out of memory before solving with a large number of variables and constraints, introduced by
duplicated charging stations. GRID requires below two minutes even for the larger instances.
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This overhead is mostly due to parsing and aggregating the update functions defined for
edges, as described in Section 4.4. For CVRP and PDPTW, the overhead is much smaller,
with an average of around 6 seconds with more than 1000 nodes, as reported in Appendix C.

In Figure 1, we evaluate the distribution of instances over the primal gap: a point (x, y)
in each plot indicates that in 100 × y percent of instances, the primal gap is at most x. While
this metric evaluates solution quality, the strength of the bounds proven by the solvers is
analysed separately using the optimality gap in the Appendix. Figure 1a shows the results
for PDPTW: the VRSolver clearly outperforms all other approaches. GRID and the native
DIDP model follow with very similar performance, their curves remaining close over the
entire ratio of instances. The sequence-variable model achieves competitive results only on a
limited portion of instances, running out of memory for higher size instances. The CP-SAT
and MIP models exhibit significantly weaker performance.

In Figure 1b (ECVRP), the DIDP approaches are better than MIP and CP-SAT, with the
best models being the ones enforcing the cycle avoidance, rather than just limiting the total
number of visits to each station to the upper bound. This result suggests that user-defined
expressions can be used to improve performance by injecting domain knowledge.

In Figure 1c (CVRP), the best performance is clearly achieved by PyVRP. VRSolver
shows a strong initial performance, but its relative performance decreases as the ratio of
considered instances increases, ultimately performing slightly below GRID and DIDP. Among
the latter, the GRID model performs slightly better than the original DIDP formulation
from previous work. The MIP and CP-SAT approaches are comparable to the others on a
small fraction of instances, but overall remain below the leading methods.

Across the three problem classes, no single approach consistently dominates all scenarios.
The VRP-specific solvers excel on classical variants, but they do not always support richer
or non-standard variants. Conversely, general-purpose MIP and CP offer broad modelling
flexibility but struggle with scalability. GRID matches the performance of the manually
designed DIDP models – the minor formulation differences between them have little impact
on solving performance – outperforming MIP and CP, while offering a higher-level, flexible,
and declarative modelling interface. As we focus on a new modelling interface in this paper,
addressing the performance gap relative to VRP-specific solvers is left for future work.

6 Conclusions

This paper introduced GRID, a graph-based modelling interface designed to bridge the gap
between high-level declarative specifications and the execution requirements of DIDP. The
interface provides Python abstractions to describe entities, resources, and constraints, which
are automatically compiled into DyPDL models. Vehicle routing problems are used as a
representative case study to evaluate the approach. The experimental results show that
the interface preserves performance comparable to native DIDP models and to traditional
modelling approaches, while substantially reducing modelling effort. The possibility to extend
models through user-defined attributes and expressions further indicates that the framework
is not restricted to built-in modelling primitives while being declarative.

In future work, we will focus on extending GRID for other problem classes, improving
the compilation layer, designing generic solving algorithms (e.g., LNS) that exploit high-level
modelling features, and investigating the compilation of GRID models to non-DP back-ends
(e.g., CP, MIP, VRP solvers).
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A.1 PDPTW

Manually-designed Model. Let U be the set of unvisited customers, i the current location,
v the index of the current vehicle, l the current load, t the current time, and R the set of
delivery nodes we must visit with the current vehicle. Let V (U, i, v, l, t, R) be the minimum
cost to visit all customers in U from i with load l, time t and delivery nodes R using m − v

vehicles. For each pickup node j ∈ I+, we indicate with dj ∈ I− the correspondent delivery
node.

compute V (N \ {0}, 0, 0, 0, 0, ∅) (5a)

V (U, i, v, l, t, R) = min



min
j∈I+′ (U,i,l,t)

cij + V (U \ {j}, j, v, l + µj , t′
ij , (R ∪ {dj})

min
j∈I−′ (U,i,t,R)

cij + V (U \ {j}, j, v, l + µj , t′
ij , R \ {j})

ci0 + V (U, 0, v + 1, 0, 0, ∅) if change(U, i, v, t, R)
ci0 + V (U, 0, v, 0, t + si + ci0, ∅) if finished(U, i, v, t)
0 if U = ∅ ∧ i = 0

(5b)

V (U, i, v, l, t, R) ≤ V (U, i, v′, l′, t′, R) if v ≤ v′ ∧ l ≤ l′ ∧ t ≤ t′ (5c)
V (U, i, v, l, t, R) = ∞ if t + c∗

ij > b0 (5d)
V (U, i, v, l, t, R) = ∞ if ∃j ∈ R : t + c∗

ij > bj (5e)

V (U, i, v, l, t, R) ≥ max

 ∑
j∈(U∪{0})\{i}

min
k∈N :(k,j)∈E

ckj ,
∑

j∈(U∪{i})\{0}

min
k∈N :(j,k)∈E

cjk

 (5f)

where we use the time update when moving from i to j t′
ij = max{t + si + cij , aj}, the set

of pickup nodes that can be visited next I+′(U, i, l, t), the set of delivery nodes that can
be visited next I−′(U, i, t, R), the condition to change a vehicle change(U, i, v, t, R), and the
condition to return to the depot finished(U, i, v, R), defined as follows:

I+′
(U, i, l, t) = {j ∈ U ∩ I+ | (i, j) ∈ E ∧ l + µj ≤ q ∧ t + si + cij ≤ bj}

I−′
(U, i, t, R) = {j ∈ U ∩ I− | (i, j) ∈ E ∧ j ∈ R ∧ t + si + cij ≤ bj}

change(U, i, v, t, R) = t + si + ci0 < b0 ∧ (i, 0) ∈ E ∧ U ̸= ∅ ∧ v < m − 1 ∧ R = ∅
finished(U, i, v, t) = t + si + ci0 < b0 ∧ (i, 0) ∈ E ∧ U = ∅

Comparison. This model differs from the GRID generated version (presented in Section 4.3)
in its management of pickup and delivery visits and the updates to the state variable R. By
leveraging domain-specific knowledge of paired nodes, it eliminates the need for the prej and
sucj sets.

The first two lines of Equation (5b) describe these core transitions:
Pickup: When visiting j ∈ I+, the specific delivery node dj is directly added to R,
rather than fetching a set of successors from a general data structure.
Delivery: A node j ∈ I− is reachable only if j ∈ R. This simplifies the precedence
check: instead of verifying that all predecessors in prej have been removed from U , it
simply ensures the corresponding pickup has already occurred for the current vehicle.

Except for these differences in handling the pickup-delivery logic, the two models are
otherwise identical.

CP 2026
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A.2 CVRP
Problem Definition. The CVRP is defined as a simplification of the ECVRP. A complete
directed graph G = (N , E) is given where N = {0}∪I is the set of nodes and E = {(i, j)|i, j ∈
N , i ̸= j} is the set of edges between the nodes. Node 0 is the depot housing a fleet of m

vehicles with individual capacity q, and I ⊂ N represents the set of customers. Each edge
has an associated non-negative value dij representing the distance between nodes i and j.
Each customer i ∈ I has a positive delivery demand µi. The objective is to find a set of
routes for the vehicles that visit all the customers without exceeding the vehicle capacity,
while minimizing the total travel cost.

GRID-generated Model. Let U be the set of unvisited customers, i the current location,
and v the index of the current vehicle. These are the core state variables of the model. Let
l be the current load. This is the additional variable defined by the translation of native
features. Let V (U, i, v, l) be the minimum cost to visit all customers in U from i with load l

using m − v vehicles. Since no preprocessing has been applied and the graph remains fully
connected, the condition (i, j) ∈ E is implicitly satisfied for each i, j ∈ N , i ̸= j, and thus
does not require explicit verification.

compute V (N \ {0}, 0, 0, 0) (6a)

V (U, i, v, l) = min



min
j∈U :l+µj≤q

dij + V (U \ {j}, j, v, l + µj)

di0 + V (U, 0, v + 1, 0) if U ̸= ∅ ∧ i ̸= 0 ∧ v < m − 1
di0 + V (∅, 0, v, l) if U = ∅ ∧ i ̸= 0
0 if U = ∅ ∧ i = 0

(6b)
V (U, i, v, l) ≤ V (U, i, v′, l′) if v ≤ v′ ∧ l ≤ l′ (6c)

V (U, i, v, l) = ∞ if (m − v) × q − l <
∑
j∈U

µj (6d)

V (U, i, v, l) ≥ max

 ∑
j∈(U∪{0})\{i}

min
k∈N \{j}

ckj ,
∑

j∈(U∪{i})\{0}

min
k∈N \{j}

cjk

 (6e)

The first line in Equation (6b) defines the Visit j transition, where a customer is reachable
by the current vehicle only if the resulting cumulative load does not exceed the maximum
capacity q. Upon execution, the state variables representing unvisited customers U and the
current location i are updated, while the current load l is incremented by µj . The subsequent
cases delineate the Change Vehicle and Finish transitions, alongside the base case.

Inequality (6c) specifies the resource variables. Equation (6d) establishes a state constraint
based on capacity feasibility: at any given state, the total residual capacity of both the current
and remaining vehicles must be sufficient to satisfy the aggregate demand of all unvisited
customers, introduced by the native feature to define the demand. Finally, Inequality (6e)
introduces the usual dual bound over the total distance travelled.

Comparison. This GRID-generated model differs from the DIDP model from previous
work [19] in its management of vehicle changes and the subsequent transitions structure:

GRID model: The Change Vehicle transition returns to the depot as an independent
step, after which a separate Visit j transition is applied. This decomposition keeps each
transition minimal.
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DIDP model: A single transition simultaneously returns to the depot and visit the next
customer j, directly encoding the assumption that a new vehicle departs from the depot
to serve j.

The finer-grained structure in GRID offers greater modelling flexibility. For instance, it
naturally accommodates multi-depot formulations, where the depot to which a vehicle returns
and the one from which the new vehicle departs do not need to coincide. We conjecture that
this finer granularity also contributes to the slight performance improvement observed in
Section 5.2: decoupling the return to the depot from the next customer visit enables a more
accurate assessment of state quality through resource variables and dual bounds, since the
weight of a vehicle change is no longer entangled with the cost of a subsequent trip.

B ECVRP Preprocessing

In this section, we detail the preprocessing procedures applied to the instances of the ECVRP
before solving. The aim is to prune unfeasible edges based on the load and the battery
constraints.

Deleting edges by capacity

A couple of customers cannot be visited by the same vehicle if their combined demand is
higher than the vehicle’s capacity q.

∀i, j ∈ I, i ̸= j : µi + µj > q =⇒ (i, j) /∈ E .

Deleting edges by battery

Considering a specific edge (i, j), it can be pruned if the battery becomes negative along the
edge or if the remaining battery at j is insufficient to continue, even in the best possible
scenario. Since the battery discharge along an edge increases with higher loads, we can define
the minimum discharge by considering the minimum loads at each step.

For i ̸= 0, the minimum loads before and after reaching the node are:

min_load_beforei = µi + µj , min_load_afteri = µj min_load_afterj = 0

For i = 0, the vehicle departs with full load: min_load_afteri = q and min_load_afterj =
q − µj .

We define min_toz = mink∈N : (k,z)∈E dkz and min_fromz = mink∈N : (z,k)∈E dzk. The edge
(i, j) is removed if any of the following conditions holds:

Battery exhausted before reaching i (only for i ̸= 0):

max_battery_afteri = b − min_toi ×
(

r + min_load_beforei
q

)
< 0

If max_battery_afteri ≥ 0 and i ∈ F , the battery resets: max_battery_afteri = b. For
i = 0, we set directly max_battery_afteri = b.
Battery exhausted along edge (i, j):

max_battery_afterj = max_battery_afteri − dij ×
(

r + min_load_afteri
q

)
< 0

If max_battery_afterj ≥ 0 and j ∈ F , the battery resets: max_battery_afterj = b.
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Table 2 PDPTW model building times (s).

Size DIDP GRID MIP CP-SAT SeqVar VRSolver

[1, 200] 0.01 0.04 0.47 0.19 0.90 0.02
[201, 400] 0.03 0.15 1.61 0.76 6.21 0.05
[401, 600] 0.12 0.80 6.28 3.30 98.08 0.22
[601, 800] 0.28 2.11 13.40 7.84 493.01 0.51
[801, 1000] 0.54 3.67 22.54 14.57 1579.80 0.96
[1001, ∞) 0.82 5.62 32.87 23.50 – 1.53

Insufficient battery to leave j (only for j ̸= 0):

battery_lbj = min_fromj ×
(

r + min_load_afterj
q

)
max_battery_afterj < battery_lbj =⇒ (i, j) /∈ E

C Additional Experimental Results

In this section, we provide supplementary results that further support the performance
analysis discussed in the main text. Specifically, Table 2 and Table 3 show the model-building
times for both PDPTW and CVRP, comparing the computational efficiency of the different
optimization paradigms across various instance sizes. In both problems, DIDP and GRID are
among the fastest approaches, with MIP and CP-SAT showing significantly higher build times
as instance size grows. The longer build times for the sequence variables model on PDPTW
are likely due to the instantiation of global constraints prior to search. The VRP-specific
solvers (VRSolver, PyVRP) are the fastest overall, with near-zero build times.

In addition to the solution quality analysis reported in the main text, we analyse the
strength of the bounds proven by the solvers through the optimality gap, defined as the
relative gap to the best objective value γ and the best lower bound γ achieved by a solver,
|γ −γ|/γ. Note that the optimality gap is only reported for solvers that expose a lower bound
at the end of the solving process. Meta-heuristic solvers such as VRSolver and PyVRP do
not provide this by nature, while for MaxiCP we were unable to retrieve this information
from the available API. For PDPTW, as shown in Figure 2a, we observe that the MIP
model solved with Gurobi achieves lower gaps on the instances where feasible solutions are
found. However, it fails to find feasible solutions in harder instances, leading to DIDP and
GRID having better optimality gaps for a higher ratio of instances. The CP model solved
by CP-SAT achieves optimality gaps close to those of MIP, remaining well below DIDP
and GRID across the majority of instances. For ECVRP (Figure 2b) DIDP and GRID
outperform the MIP and CP-SAT model, most likely due to the increased size of the latter
caused by the duplication of the stations. Finally, Figure 2c shows the optimality gaps for
CVRP, where, as for PDPTW, the MIP model seems to be penalized by the lower number of
solved instances.
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Table 3 CVRP model building times (s).

Size DIDP GRID MIP CP-SAT VRSolver PyVRP

[1, 200] 0.01 0.04 0.38 0.13 < 0.00 0.01
[201, 400] 0.05 0.44 4.08 1.64 < 0.00 0.17
[401, 600] 0.13 1.49 12.15 5.50 < 0.00 0.63
[601, 800] 0.23 2.74 23.43 10.50 < 0.00 1.57
[801, 1000] 0.36 4.62 42.41 19.33 < 0.00 3.20
[1001, ∞) 0.45 5.83 55.66 20.88 < 0.00 4.50
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Figure 2 Distribution of instances over the optimality gap at the time limit. A point (x, y)
indicates that in 100 × y percent of instances the optimality gap is at most x.
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