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—— Abstract

Parallel solving via cube-and-conquer is a key method for solving hard instances with SAT. While

cube-and-conquer has proven successful for pure SAT problems, notably the Pythagorean triples
conjecture, its application to SAT solvers augmented with propagators presents unique challenges as
propagators learn constraints dynamically during the search.

We study this problem using SAT Modulo Symmetries (SMS) as our primary test case. In
our setting, the SMS symmetry-breaking propagator is an ordinary IPASIR-UP propagator; the
techniques below do not rely on properties specific to symmetry breaking, except in the benchmark
instantiations. Through extensive experimentation comprising over 20,000 CPU hours, we systemat-
ically evaluate different cube-and-conquer variants on three well-studied combinatorial problems.
Our methodology combines prerun phases to collect learned constraints, various cubing strategies,
and parameter tuning via algorithm configuration.

The comprehensive empirical evaluation provides new insights into effective cubing strategies for
propagator-based SAT solving. Our best method reduces total solving time by factors of 2-10x from
improved cubing, and reduces the time for the hardest cubes by factors of 2-50x.
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1 Introduction

Conflict-driven clause learning (CDCL) SAT solvers can solve instances with millions of
variables and clauses [13]. However, for hard combinatorial problems, parallelization becomes
essential. The cube-and-conquer technique is highly effective for such problems, famously
solving the Pythagorean triples conjecture [21].
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In cube-and-conquer, a look-ahead solver first partitions the search space into disjoint
subproblems via cubes (partial assignments), which are then solved independently by CDCL
solvers, enabling efficient parallelization.

Symmetries are a central challenge in constraint solving, and constraint programming
has developed a broad range of techniques for detecting, exploiting, and breaking them [14].
Combinatorial SAT encodings, especially of graphs, often have highly symmetric search spaces.
Many isomorphic graphs satisfy the same constraints, but only one canonical representative
per class needs to be checked. CDCL solvers alone cannot exploit such symmetries, and
static symmetry-breaking methods are limited [5].

SAT Modulo Symmetries (SMS) [28, 29] overcomes this by dynamically learning symmetry-
breaking constraints via a custom propagator during search. SMS has been successfully
applied to challenging problems in extremal combinatorics about graphs, hypergraphs,
matroids, and clause sets [11, 22, 24, 25, 26, 27, 44, 45].

While standard cube-and-conquer can be applied to any SAT system with propagators, it
often performs poorly. The key issue is that propagators dynamically introduce essential
constraints that are not present in the initial formula. For SMS, cubing based only on
the original formula partitions the space of all graphs, rather than canonical ones. This is
one instance of a more general issue for propagator-based systems: the cuber may not see
constraints that are generated only during search.

This paper presents a systematic study of cube-and-conquer tailored to propagator-
augmented SAT solving, using SMS as a concrete and practically relevant instantiation. Our
pipeline includes a prerun to extract learned and propagator-generated clauses, look-ahead-
based cubing tested with multiple heuristics, and a final solving phase. Since cubes from
the same instance often share structure, we use structured algorithm configuration [32] to
optimize the solver for the resulting subproblems. We also explore new look-ahead scoring
functions to guide cubing. Our experiments total over 20,000 CPU hours across several
benchmarks.

Our results evaluate several components of the pipeline rather than isolating a single
dominant factor. The main test-instance results, summarized in Table 5 and Figure 3, show
that the full pipeline substantially improves over the previous CDCL-based cubing baseline.
The gains come from combining prerun-informed cubing, March_ cu-based look-ahead cubing,
and configuration of the conquer solver.

The rest of the paper is organized as follows. Section 2 introduces background and
notation. Sections 3 and 4 describe SMS and cube-and-conquer. In Section 5, we detail our
adapted cubing pipeline. Section 6 introduces the benchmark problems. Section 7 presents
experimental results. We conclude in Section 8.

2 Preliminaries

For a positive integer n, we write [n] = {1,2,...,n}. Below we review basics from proposi-
tional logic and graph theory.

2.1 SAT

A literal is a propositional variable x or its negation T. A clause (resp., cube) is a disjunction
(conjunction) of literals; a CNF (DNF) formula is a conjunction (disjunction) of clauses
(cubes). We treat clauses and cubes as sets of literals and formulas as sets of clauses or
cubes. For a clause or cube C, we write C := {Z | x € C'}. Let var(z) := var(z) := x
denote the variable of a literal, var(C) := {var(z) | z € C'}, var(F) := Jgep var(C). A
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partial assignment T is a map from a set dom(7) of variables to {0,1}; it is total on V if
dom(7) = V. Tt extends to literals with variables in dom(7) via 7(Z) := 1 — 7(z). A total
assignment satisfies a clause if it maps at least one literal to 1, and satisfies a formula if
it satisfies all its clauses. A satisfying total assignment is also called a model; the set of
models of F is denoted mod(F). A formula F is satisfiable if mod(F) # 0, unsatisfiable
if mod(F) = 0, and a tautology if mod(F) = {0,1}"*F). F entails G, written F |= G, if
mod(F) C mod(G). Two formulas F, G are equisatisfiable if both are or neither is satisfiable;
they are logically equivalent if mod(F) = mod(G). An assignment 7 can be identified with
the set of literals it maps to 1, and conversely we use any consistent set of literals as a partial
assignment. Given an assignment 7 and a formula F, the simplified formula F[7] is obtained
by removing satisfied clauses and false literals. For singleton assignments we omit braces,
writing for instance F[x] instead of F[{x}]. A unit clause contains a single literal. If a unit
clause {¢} € F, then ¢ must be true in all models, and we may simplify F' to F[¢]. Repeating
this until no unit clause remains or a contradiction arises is called unit propagation.

2.2 Graphs

We consider simple, undirected, and unweighted graphs without parallel edges or self-loops. A
graph G consists of a set V(G) of vertices and a set E(G) C (‘2/) of edges; we denote the edge
between vertices u,v € V(G) by wv or equivalently vu. We write G,, to denote the class of all
graphs with V/(G) = [n]. The adjacency matriz of a graph G € G,,, denoted by Ag, is the nxn
matrix where the element at row v and column u, denoted by Ag(v,u), is 1 if vu € F and 0
otherwise. For a permutation 7 : [n] — [n], 7(G) denotes the graph obtained from G € G,, by

the permutation 7, where V(7(G)) = V(G) = [n] and E(n(G)) = {n(u)7(v) | wv € E(G) }.

Two graphs G1,G2 € G, are isomorphic if there is a permutation 7 : [n] — [n] such that
m(G1) = Ga; in this case G is an isomorphic copy of Gi.

3 SAT Modulo Symmetries (SMS)

Modern SAT solvers are primarily based on conflict-driven clause learning (CDCL) [13, 35],
a search procedure for CNF formulas. In each iteration, the solver performs unit propagation
until fixpoint, chooses a branching variable, and learns clauses from conflicts (when both z
and -z are implied). When a model is found, the solver returns it; if it learns the empty
clause, the formula is unsatisfiable.

The SAT Modulo Symmetries (SMS) framework augments a CDCL solver? with a custom
propagator that reasons about graph isomorphisms, allowing search modulo symmetry for
graphs with n vertices satisfying a CNF-encoded constraint.

The SMS propagator checks whether the current partial assignment defines a canonical

graph, i.e., the lexicographically minimal adjacency matrix (row-wise) in its isomorphism class.

This minimality check runs after unit propagation and may introduce a conflict, leading to
the learning of a symmetry-breaking clause that excludes non-canonical graphs.

The minimality check is one of several SMS external propagators, which substitute for
constraints that are hard to encode in CNF. For example, non-3-colorability cannot be
expressed with polynomial-size formulas unless NP = coNP. Similarly, deciding lexicographic
minimality among isomorphic graphs is also coNP-complete [6].

2 QOur implementation uses CaDiCaL [1], a state-of-the-art CDCL SAT solver, via the IPASIR-UP
interface [12].
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A key property relevant for this paper is common to SAT solvers with external propagators:
some clauses are learned dynamically during solving and are not present in the initial
formula. In SMS these include symmetry-breaking clauses and, depending on the benchmark,
clauses from additional domain-specific propagators. This makes existing SAT parallelization
approaches like cube-and-conquer difficult to apply effectively, as they assume the entire
formula is known up front. In Section 5, we show how to adapt cubing to handle these
dynamically added clauses; first, we review cube-and-conquer.

4 Cube-and-Conquer

Assume that a hard CNF formula F is to be solved by a SAT solver, and let x be a variable
of F. Consider the formulas F|z] and F[Z] where z is assigned true or false, respectively.
Clearly, F is satisfiable if and only if at least one of F[z] and F[z] is satisfiable. Therefore,
instead of solving F', one can solve F|z] and F[Z], the point being that these sub-problems
can be solved in parallel, and will hopefully be easier to solve than the original formula F.
This reasoning applies equally for enumeration problems: in order to enumerate the models
of F, one can separately enumerate the models of F[x] and F[z], and take the union of
the two.

This basic splitting idea can, of course, be applied recursively: by re-splitting the sub-
problem F[Z] we obtain the collection of sub-problems F[z], F[Z,y], and F[Z,7|. In general,
given an input formula F, and a DNF tautology I' = Cy V --- V C,. over (some of) the
variables of F', the set of models of F is obtained as mod(F) = [J;_, mod (F[C;]). The C;
are called cubes, and the method that solves F' by designing a suitable cube set I' to divide
into sub-problems and solving each sub-problem separately (typically in parallel) is called
cube-and-conquer [21, 20].

Note that I" does not have to be a tautology. For satisfiability checking in ordinary SAT
(no SMS or other special propagators), it is sufficient that F' AT is equisatisfiable to F'. In
our context, we add symmetry-breaking clauses on the fly, and we enumerate models instead
of just checking satisfiability. We thus must require preservation of all models, i.e., that
F =T, or, equivalently, that F' A —I" is unsatisfiable.

A fundamental optimization problem emerges: how to find a good splitter I" in order to
optimize solving (conquer) performance? The standard answer to this question is look-ahead
solving. A look-ahead solver constructs a branching tree whose nodes are variables. At every
node, the solver tries assigning each currently unassigned variable in both possible ways and
performs the associated formula reduction (repeated removal of falsified literals and satisfied
clauses followed by unit propagation). It then collects information about the reduced formula
in each branch into a numerical value and combines both values into a variable score using a
scoring function. The goal of the scoring function is to produce a single number on which all
variables can be compared, which reflects both the total amount of reduction resulting from
the two assignments as well as how balanced the reduction is between the two branches. The
variable that scores highest on this aggregate score is picked as the next branching variable,
and two subproblems are created on which the solver can be called recursively until a cutoff
threshold is reached (typically specified as the number of variables to be assigned in total).

This basic method could be directly applied to a propagator-augmented SAT solver, but
it has an important drawback. Not all information about the problem is encoded upfront
in the formula F. Part of the encoding is “learned” dynamically by propagators; in SMS,
this includes symmetry-breaking clauses as well as clauses added by other propagators. In
Section 7, we confirm experimentally that this naive method of cubing, which disregards the
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unknown parts of the encoding, indeed performs suboptimally. In Section 5, we propose an
adaptation of cube-and-conquer that takes into account custom propagators and remedies
this issue.

5 Cubing with SMS

The main contribution of this paper is the design and experimental evaluation of various
cube-and-conquer pipelines for SAT solving with propagators, instantiated here with SMS
and depicted in this diagram.

’ Encode }—” Prerun }—” Cube }—*’ Solve ‘

We start with an encoder that produces a propositional CNF F'. In traditional cube-and-
conquer, one would cube F' directly, but in our scenario, this performs poorly (see Table 2).
Instead, we propose a prerun phase, in which F is enriched by clauses from propagators to

Far

obtain a formula F*.

During the prerun, we run CaDiCal with the relevant attached propagators for a bounded
amount of time. The point of this prerun phase is to improve the performance of the cubing
phase by collecting three sets: a set X of symmetry-breaking clauses, which are one kind of
propagator-generated clause in SMS, a set II of clauses from other propagators, and a set
A of important learned clauses from CDCL. The most important learned clauses for A are
unit clauses, but we also store and reuse all learned clauses up to a fixed size. We may find
models during prerun; we simply store them and block them in F*. The enriched formula
F* is obtained as FAX AT A A.

After the prerun, we save the enriched CNF F* and pass it on to the cuber. The cuber
produces a set I' of cubes to be solved by the final-phase solver.

The final solver is the same one as the one used for the prerun, up to the configuration of
parameters.

Within this general framework, we evaluate a number of possible choices for each of the
components and for the ways the components interact.

5.1 Prerun

In our experiments, the prerun uses CaDiCal. with the SMS minimality-check propagator,
and with a suitable domain-specific propagator when required by the benchmark problem
(see Section 6 for details on the benchmark problems and propagators). In principle, when
the prerun phase is followed by a cubing phase that uses CaDiCal, the solver could simply
switch from prerun to cubing mode and continue to run, preserving all learned clauses and
any other acquired state. Instead, we opted for a uniform approach over all cubers. After
the defined prerun time is exceeded, the solver dumps X, I, and A into a file and stops.

5.2 Cuber

For the cubing component, we evaluate several methods:

33:5
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5.2.1 CDCL with a cutoff

In this method, whenever the number of assigned edge variables reaches a predefined threshold,
we collect all assigned edge literals, output them as a cube, and add the negation as an
irredundant learned clause. Thus, the generation of cubes blindly follows whatever path
the CDCL solver takes. This method has been used successfully in previous applications of
SMS [24]. In principle, we could run the propagator-augmented solver only once: after the
amount of time given for prerun has elapsed, the solver simply switches to cubing mode and
continues to run. In this case the resulting cubes depend strongly on the solver state at the
end of prerun, meaning that different runs can result in very different cubes.

5.2.2 CaDiCalL with look-ahead

Here, we simulate a look-ahead solver within CaDiCaL (inside SMS). We use CaDiCalL’s API
methods propagate and get_entrailed_literals to track propagated literals. It is also
crucial to turn on ILB (incremental lazy backtracking), which preserves the trail between
calls, allowing reuse of previous computation.

At each decision point, we try to assign each candidate variable in both ways, counting the
number of propagations a and b triggered in the two branches. If either assignment results in
a conflict, we assign the variable to the opposite truth value and start the look-ahead again.
Otherwise, we backtrack one decision level and test another variable. If all variables have
been tested, we pick the variable for which the total number of propagations is as high and as
balanced as possible. For this we use a scoring function o, which balances these two aspects,
and is a parameter of the method. The default scoring function is o(a, b) = min(a, b)+e(a+b),
where ¢ = 107 is a small positive number. The set of candidate variables can be either all
unassigned variables or all unassigned edge variables. The rationale for the latter choice is
that it is cheaper to look ahead on a smaller set of variables. Similar to counting the number
of assigned edge variables, we stop further branching when the number of assigned variables
plus the number of eliminated variables due to preprocessing exceeds a certain threshold.

5.2.3 March_cu

March__cu is a genuine look-ahead solver with a long history of evolution [17, 18, 19]. It
works similarly to the previous method, except it takes into account more characteristics of
the formula than just the number of propagations in each branch. Another difference is that
the cubes it produces contain only branching literals. Therefore, the cubes do not contain
information about all assigned variables including variables assigned by unit clauses. The
scoring function used by March_cu is o(a,b) = a + b+ ab, where a and b are the numbers of
propagations triggered in the two branches.

Preliminary results showed that March_ cu performs best. Therefore, we additionally
configure the scoring function o within March_cu (see Section 7). To do this we prompt
a large language model to offer suggestions for scoring functions, which we then evaluate.
This way we take advantage of the creative potential of LLMs and avoid having to specify a
parameterized search space of scoring functions. There is no risk coming from poor LLM
output: we can manually check whether each suggestion makes at least superficial sense.
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5.2.4 Assignment cutoff

All cubers need a threshold at which splitting stops and a cube is emitted (otherwise the
cubing solver would continue until it solves the formula). This threshold is expressed in
terms of assigned variables: as soon as a predetermined number of variables are assigned, the
branch terminates and a cube is emitted. We refer to this threshold as the assignment cutoff.

We want to be able to control the final number of cubes, but this is difficult to predict
because the branching tree of the cuber is not necessarily a balanced binary tree and because
we also count assignments by propagation. We aim for around 5000 cubes: slightly more
than the number of CPUs for load balancing, but not so many that overhead dominates. We
handle this by making an informed guess for the assignment cutoff that gives us the desired
number of cubes.

We follow a process similar to galloping search. We start with the blind estimate
& = %, producing 7; cubes. The base case {, = 0 yields 79 = 1 (empty) cube.
Assuming exponential dependence of the number of cubes on the number of assigned variables
v = cbf, for constants ¢ > 0, b > 1, we update the estimate as:

CIn(y* /)

Cir1 =&+ (& — &) m(vi/70)

where v* = 5000 is the target. The rationale for this formula is that if the dependence is
indeed v = ¢b¢, then 7,41 = cb%+! = 4*, i.e., the formula solves for the correct assignment
cutoff in one step. If the true dependence is approximately v = cb®, then &1 should be a
good estimate.

In each iteration we generate and count the number ~; of cubes obtained under the
cutoff &. If an estimate &1 exceeds a running upper bound £*, we replace &1 = V&E.
The upper bound £* starts as the total number of variables and is reduced to £* :=§&;, — 1
when v; > 27" cubes are produced. The process stops with & when 0.957* < ; < 2v%.

We perform this search whenever we generate a set of cubes anywhere in our pipeline.
The number of iterations is typically very small, as the estimate & quickly converges on a
value that produces an acceptable number of cubes. For each iteration, we start with the
same enriched formula F™* rather than repeating the prerun each time.

5.2.5 Correctness of cubes

We independently verify the correctness of the generated cubes against the original formula F'.
Specifically, we ensure that no models are omitted. This validation step is crucial because
the solvers we use are designed for satisfiability checking, and some modern SAT solver
techniques are not necessarily model-preserving. We highlight that by verifying against the
original formula F' instead of the extended formula F*, we ensure correctness of the whole
process independently of any potential errors in the prerun phase.

Formally, let F' be a propositional formula and I' a set of cubes. Recall from Section 4 that
the cubing is valid if F' A —I" is unsatisfiable. We verify this unsatisfiability using CaDiCalL.
When the task is to enumerate all models, it is possible that models were encountered during
the prerun. We can treat these models as cubes, i.e., for the verification, we additionally
block all models found so far.

This step is computationally cheap, and in all cases it confirmed the validity of the cubes.
In fact, even if the cubes were not valid, meaning there were models left under F' A =I', we
would be able to enumerate and recover these lost models in the course of this validation
check, so the step serves as both validation and error correction.

33:7
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5.3 Conquering solver

For the final solver we take CaDiCal. again, but this time, we configure its parameters with
the state-of-the-art automatic algorithm configuration tool SMAC [32], which has delivered
performance boosts in both online [40] and offline [43] tuning for SAT-based combinatorial
optimization problems. The final solver is thus the same one as used for prerun, up to
possibly changed search strategies. For details of the automatic configuration process, see
Section 7.

5.4 Related work

Wilson et al. [41] recently investigated cubing methods for distributed solving of Satisfiability
Modulo Theories (SMT); they mostly focus on how to select good propositional atoms and
other SMT-specific aspects. Wu et al. [42] proposed to use cubing as a way of facilitating
the tuning of a solver; again, while they work with similar concepts, their objective is quite
different. Our setup is unique in that we run the propagator for a bounded prerun in order
to obtain clauses that better inform the cuber; this applies independently of whether the
propagator performs symmetry breaking or domain-specific reasoning.

6 Benchmark Problems and Encoding

In this section, we introduce the graph search problems and present encodings on which
we evaluate our methods. For most problems, we only sketch the encoding and refer to
the original source, as our main focus is on comparing the solving approaches. See the
supplementary material for generator scripts and details of the formulas.

Our benchmark set consists of three different problems. In the first two cases, the
problems cannot be efficiently encoded into propositional logic, and external propagators
(already implemented and available in the SMS library) are required. For these two problems,
we describe what the propagator does. The last problem (Subsection 6.3) is encoded fully in
propositional logic.

In addition to the individual encoding (and propagators if necessary) for each problem,
we also use incomplete static symmetry breaking constraints [5]. These constraints are
compatible with SMS in the sense that they are satisfied by the lexicographically minimal
graph, but they are incomplete because they are satisfied by non-minimal graphs as well.

6.1 Coloring Triangle-Free Graphs (TF)

A proper k-coloring of a graph G is a mapping ¢: V(G) — {1,...,k} such that if uv € E(G),
then c(u) # ¢(v). The chromatic number of a graph G is the smallest integer k for which
a proper k-coloring exists. If a graph contains a complete subgraph on k vertices, then its
chromatic number must clearly be at least k. The opposite is not true: Mycielski constructed
triangle-free graphs (without triangle subgraphs) with unbounded chromatic number [37].
Erdé8s asked about the values f(k) [8], which denote the smallest number of vertices in a
triangle-free non-(k — 1)-colorable graph. Mycielski’s construction provides upper bounds on
f(k), tight up to k = 4; for k = 5, minimal graphs are also known [15]. The cases k > 6 are
open.
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Task: Compute a triangle-free graph with n vertices and chromatic number at least k.
Encoding: We enumerate all triples of vertices to ensure triangle-freeness. Without loss
of generality, we further restrict the search to mazimal triangle-free graphs (triangle-free
and adding any edge creates a triangle).

Propagator: When a model is found, the propagator checks whether it is k-colorable. If
so, a coloring clause is learned, requiring future candidate graphs not to be colorable by
this coloring [24].

6.2 Kochen-Specker Graphs (KS)

Kochen-Specker (KS) vector systems are special sets of vectors in at least 3-dimensional space
that form the basis of the Bell-Kochen-Specker Theorem [2]. Kochen and Specker originally
came up with a 3D KS vector system of size 117 [30]. The smallest known system (in 3D)
has 31 vectors [38], while the best lower bound is 24 [24, 31], obtained with a computer
search for KS candidate graphs: mnon-010-colorable graphs with additional restrictions. A
graph is 010-colorable if its vertices can be colored red and blue such that no two adjacent
vertices are both red and no triangle is all blue.

Task: Enumerate all KS candidates with n vertices.
Encoding: For the full list of constraints and the encoding, see [24].

Propagator: The propagator checks whether it is 010-colorable, and if so learns a coloring
clause, which ensures that at least one edge or triangle must be present to invalidate this
particular coloring.

6.3 Diameter-2-Critical Graphs (MS)

The diameter of a graph G is the largest distance between any pair of vertices, where distance
is the length of a shortest path. A graph is diameter-d-critical if its diameter is d, and
removing any edge increases it.

The study of these graphs was initiated by Erdés and Rényi [9] and remains an active
area of research, especially for d = 2 [4, 16, 33]. The Murty—Simon Conjecture [3] posits that
any diameter-2-critical graph with n vertices has at most [n?/4] edges, with equality only for
the complete bipartite graph Kr,, /27, (n/2| (see also Mantel’s Theorem [34] for triangle-free
graphs). The enumeration of all diameter-2-critical graphs up to 10 vertices was done by [39]
using Nauty [36]; later, 11 vertices were reached with a targeted search [7]; and finally,
13 vertices were reached using SMS [29].

We use the SAT encoding Dy (n, m) from [29], which is satisfiable iff a diameter-2-critical
graph with n vertices and m edges exists. It is known that the Murty—Simon bound holds
for all n < 24 [10]. We set m = |n?/4] to generate extremal graphs.

Task: Enumerate diameter-2-critical graphs with n vertices and m = |n?/4| edges.
Encoding: We use variables ¢; j ; to encode common neighbors: ¢; j <> (e; 1 A€jx). This
allows efficient SAT encoding of diameter-2-criticality; see [29] for details.
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select cuber tune best cuber with grid search

CDCL-LA-V

CDCL

/
l solve ‘ —> [best cuber E:

l SMS }—> l benchmark

march

CDCL-LA-E

tune conquer solver on best cuber with o*

Extreme best LLM
cubes

tune o for best cuber
2 paramsSensitivit CaDiCaL
SMAC +— enst IV% Vi aria ’best o* H cube & solve H default o
Analysis params
{r - Tit1 )time on o;

values

Figure 1 An overview of the whole configuration process. We start with unconfigured SMS. A
“solve” node solves all cubes passed to it from an incoming arc. “cube & solve” generates fresh cubes
for each suggestion of o;. A fixed set of cubes produced with the best cuber +¢* is used for tuning
the conquer solver.

7 Results

In this section we present the technical details and results of our experiments. The goal is
to minimize the total runtime of the entire pipeline, from encoding to obtaining solutions.
However, given the complexity of the setup and the numerous parameters involved, we
decided to simplify certain aspects and tune the individual stages separately.

For each benchmark problem, we create both a training and a test instance. The training
instance is an easier variant of the problem with fewer vertices, solvable in approximately one
CPU day. The test instance is a harder variant, with one additional vertex. While this might
not sound like a big step, the search space generally grows exponentially in the number of
edges, so roughly like exp(£2(n?)). For our selected combinatorial problems, increasing the
number of vertices from n to n + 1 typically makes the problem orders of magnitude harder.
For Kochen-Specker and triangle-free graphs, we train on 21 and test on 22 vertices; for the
Murty—Simon conjecture, we train on 16 and test on 17 vertices. Details on how to produce
the encodings and cubes can be found in the supplementary material.

We tune the parameters solely on the training instances and only at the end assess their
impact on the test instances. The training itself is split into three phases:

1. We evaluate all cuber versions with default parameters using the default SMS solver for
the conquering phase.

2. Based on these results, we select the most promising cuber and tune its parameters,
including the scoring function, using large language models (LLMs).

3. Lastly, we tune the parameters of the conquer solver using the cubes produced by the
best cuber configuration.

We then evaluate the speedup achieved by the tuned version against the previous standard
cubing approach used in the SMS context (CDCL with a cutoff). The whole process is
illustrated in Figure 1.
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7.1 Technical parameters

We use CaDiCaL v2.1.3 with minor adaptations that allow us to traverse learned clauses and
check which variables remain after simplification (are “active”). We use a forked version of
March_cu®. We run the experiments on a cluster with 16x Intel Xeon E5-2640 v4, 2.40GHz
10-core processors and 160GB of RAM, except for algorithm configuration of SMS using
SMAC (see Section 7.4), which we ran on a cluster equipped with 3x AMD EPYC 7402,
2.80GHz 24-core processors and 1024GB of RAM, running Ubuntu 18.04.

7.2 Evaluation of Cubers

We evaluated all four cubing configurations mentioned in Section 5.2 (see Table 1).

Table 1 Summary of our cubing configurations. LA stands for look-ahead. We tested CaDiCalL

in SMS with look-ahead on either all variables (CDCL-LA-Y) or only the edge variables (CDCL-LA-E).

The values “any” mean that any o can be used by these cubers in principle.

cuber CDCL CDCL-LA-Y CDCL-LA-E march
LA scope NA full edge full
o NA any any any

We ran all training instances without a prerun and with a prerun time of 10 minutes
using all four cubers, aiming for 5000 cubes (with the method described in Section 5.2.4). In
this phase we use the default scoring function for each solver (if applicable).

Table 2 shows the solving times under various configurations and illustrates the impact
of prerun. The clearest benefit of prerun appears in combination with march, suggesting a
useful synergy between the clauses collected during prerun and the subsequent look-ahead
cubing. For march, prerun reduces the time for the hardest cube on all three instances. The
total solving time also improves for KS and MS, substantially so for MS, while it remains
roughly comparable for TF. For the CDCL-based cubers the picture is more mixed. Since
cubes are typically solved in parallel, the solving time for the hardest cube is an important
additional indicator of quality (e.g., it lower bounds total wall-clock solving time).

The results indicate that march with prerun is the most suitable cubing setup for our
problem set. march achieves a 6x speedup on the Murty—Simon training instance and a

1.5x speedup on the triangle-free training instance, compared to the default cuber, CDCL.

Although march is not the top performer on Kochen-Specker, it remains competitive with
the other cubers. Therefore, we proceed with tuning march in the following phases.

The advantage of march appears more pronounced for harder instances: those with higher
overall solving times. A potential explanation is that a simple and cheap look-ahead metric
counting only the number of propagated literals still performs fine for easier instances, but
more complex look-ahead pays off for harder instances.

7.3 Tuning March_cu

March_ cu is tuned by exhaustive grid search over 3* = 81 combinations of four key parameters;
the best-performing configuration is selected as March_ cu*.

3 We ran into memory problems when attempting to run the version of March_cu from https://
github.com/marijnheule/CnC. We use the fork from https://github.com/BrianLi009/MathCheck/
tree/main/gen_cubes/march_cu.
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Table 2 Total solve time (sum) and time to solve the hardest cube (max) in CPU hours for cubes
produced for training instances by various cubers (rows), with and without prerun, and solved by
default SMS. tcube gives the time for prerun (if applicable) and cubing, #cube the number of cubes.
LA-E and LA-V abbreviate CDCL-LA-E and CDCL-LA-V.

KS MS TF
prerun cuber sum (max) teube Fcube sum (max) teube Fcube  Sum (mMax) teube Foube
no  CDCL 428 (5.9)  0.00 1518  124.6 (3.4)  0.00 7385  42.5 (2.1)  0.00 8284
600s CDCL 15.0 (0.2)  0.17 7191  213.8 (2.6)  0.17 5952  45.6 (0.5)  0.17 6526
no LA-E 16.7 (0.2) 0.03 5430 64.2 (2.2) 0.13 7008 27.5 (0.3) 0.05 9847
600s LA-E 13.4 (0.0) 0.18 5469 109.5 (0.9) 0.20 4886 36.2 (0.2) 0.27 5133
no LA-V  16.0 (0.3) 0.37 7036 69.6 (0.8) 3.40 5888 31.3 (0.2) 8.36 6009
600s LA-V 14.5 (0.0) 0.33 5867 65.4 (1.1) 7.09 5191 43.8 (0.3) 4.02 5240
no march 29.0 (0.7) 0.06 9290 107.5 (4.6) 1.09 5085 30.3 (1.0) 1.05 5318
600s march 15.4 (0.0) 043 8773  33.9 (0.7) 1.22 5058  31.6 (0.2)  1.13 4870

We proceed with tuning March_ cu, considering the following four parameters and testing
three values for each (the default is given in boldface):
1. the weight of binary clauses: bin € {15,25,35};
2. the rate of exponential decay: dec € {0.40,0.50,0.60};
3. the minimum heuristic value: min € {0, 8,16}; and
4. the maximum heuristic value: max € {550, 1000,1000000}.

Other parameters, such as single and double look-ahead iterations, are omitted, as
increasing these values significantly extends cubing time. We try all 81 combinations of
the above parameters: Table 3 provides for each training instance the best configuration
and the running time of the default configuration as a reference. We observe that the best
configuration is problem-dependent.

Having optimized march_cu’s parameters, we proceed to the scoring function.

Table 3 Best configurations for each training instance, with results (sum and max) for the best
configuration and the running time of the default configuration (sum and max) as a reference.

KS MS TF

cuber sum (max) sum (max)  sum (max)

( ( (
default 15.39 (0.034) 35.24 (0.54) 29.53 (0.169)
best 13.51 (0.032) 34.34 (0.74)  27.19 (0.168)

Configuration of the scoring function o

Starting from the default o, an LLM proposes alternative scoring functions; these are
evaluated by cubing and the measured runtimes are then used as feedback for another round
of suggestions.

We used OpenAl GPT-ol as a brainstorming aid for this step, but it turned out to
have only limited impact on the final performance. The prompt described the benchmark
problems, cube-and-conquer, the role of the scoring function, and the default function
o(a,b) = a+b+ ab, where a and b are the numbers of propagated literals obtained by setting
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the branching literal to true and false, respectively. After each round, we generated cubes
with the suggested scoring functions, measured the total solving time with default SMS, and
reported the best times back to the LLM before asking for new candidates. Overall, we tried
20 suggested scoring functions and selected, for each benchmark problem, the one with the
shortest total solving time. The resulting improvements are modest compared with the main
gains from prerun-based cubing and solver configuration. Table 4 provides the best scoring
function and the speedup over the default scoring function for each benchmark problem.

Table 4 Scoring functions o(a,b) and speedup over the default scoring function for all training
instances. a and b are the respective numbers of propagations of the left and right branches in a
node of the search tree.

Problem o(a,b) Speedup
KS min(a,b) + €-(a+b) 3%
MS a+b+ axb + 0.5-|a—b 2.9%
TF a+b+ axb+ 0.5-|a—Dbl 7.9%

7.4 Tuning the Conquer Solver: SMS Configuration

A sensitivity analysis first identifies the 12 most impactful CaDiCaL. and SMS parameters
by toggling each to its extreme value; these are then optimized with SMAC to produce the
tuned solver SMS*.

After selecting the most promising cubing setup, namely March_cu with prerun and
the tuned scoring function, the final training step is to optimize the search strategies of the
conquering solver. Thus, the following conquer-solver tuning is conditional on this fixed cuber
choice; we do not tune a separate conquer solver for every cuber considered above. We first
list all parameters of CaDiCaL and pick those that are relevant to solver performance. We run
a sensitivity analysis for each parameter. This means that we take the default configuration
and, for each parameter, toggle it to a different value. In the case of numerical parameters,
we change the value to the high end of the admissible range. We evaluate each resulting
configuration on the set of cubes produced by this selected March_ cu-based cubing setup on
each of the three training instances. With this, we identify a set of 10 parameters that seem
promising for further automated tuning with SMAC: the parameters whose change yields the
highest speedups. Along with the other two parameters for SMS itself (“frequency” and
“cutoff”), the 12 parameters in total are listed in the supplementary material.

Figure 2 lists CaDiCal’s parameters ranked by impact on performance among sets of
problems (cubes) with different default solving times. Each colored line indicates the ranking
of one parameter on different sets of instances with given default solving time ranges. The
three highest-ranked parameters rarely leave the top group. For example, the parameter “BRD”
is not only the most influential parameter when solving the cubes with a default running
time between 1 and 16 minutes but also the second most decisive parameter among the cubes
with longer default solving times.

The parameters in Figure 2 can be divided into three groups. SS0, STF, and SMI control
“stabilization phases:” these are phases in CDCL search when restarts are turned off. BMA
and BMI give limits on clause sizes that enter blocked clause elimination [23], an important
pre- and inprocessing technique. BRD and FPH control decision heuristics: BRD influences
which variable scores are increased during clause learning, and FPH influences the phases
of branching variables (whether they are set to true or false). From these observations it
appears that restart-free “stable” phases are good for our benchmark problems.
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Figure 2 Parameter ranking for CaDiCaL when solving KS cubes, grouped by solving time under
CDCL&Def. The parameters are ranked by impact, with the most impactful parameters at the
bottom; lines leaving the plotting area indicate low impact. Parameter acronyms: stabilizeonly
(SSO), bumpreasondepth (BRD), forcephase (FPH), stabilizefactor (STF), stabilizemaxint (SMI),
blockminclslim (BMA), blockmaxclslim (BMI).

We run SMAC for each benchmark problem, tuning the parameters of SMS specifically
for that problem and for the fixed set of cubes produced by the selected cuber. Training is
restricted to cubes that the default solver solves within 5 minutes but not under 1 minute.
The rationale behind this is to avoid training on trivial cubes, while also preventing excessive
costs from training on extremely hard cubes.

Below, we refer to this optimized configuration as Tun, and to the default configuration
as Def. The default remains the same for all benchmark problems, whereas “tuned” is specific
to each problem and to the selected March_ cu-based cubing setup. The first part of Table 5
summarizes the running times on the training instances.

7.5 Test performance

Lastly, we compare the performance of different pipelines on the test instances to assess the
impact of tuning on smaller instances. This information is also summarized in Table 5, which
shows the results for all cubers, both Def and Tun. The bottom part of Table 5 contains the
main end-to-end comparison on test instances. It shows that the full pipeline, combining
March_ cu-based cubing and the tuned conquer solver, gives substantial speedups over the
previous CDCL-based cubing baseline on all three benchmark problems.

Interestingly, while using March_ cu as the cuber for the Kochen-Specker training instance
resulted in no speedup, we observed a speedup factor of nearly 2 on the test instance. This
outcome leaves us optimistic that, for even harder instances, we may benefit from this
approach even more.

The results suggest that both the choice of cuber and the tuning of the conquer solver
are crucial for optimizing pipeline efficiency. However, tuning March__cu resulted in only a
modest improvement in running times.

In Figure 3 we show more detailed information about the distribution of running times
over individual cubes. For each benchmark problem we show four plots: the rows differ in
the cuber, and the columns differ in the conquering solver. We compare the default and
best cuber, and also the default and best configuration of CaDiCaL. The plots show the
total running time for cubes, grouped by individual running time. The total area of each
plot corresponds to total solving time. As we move right within the group of four plots
corresponding to one benchmark problem, the area shrinks and shifts to the left. Thus, the
total solving time is reduced and concentrated more on easier cubes, making parallelization
more effective.
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Table 5 Total solving time (sum) and time for the hardest cube (max) in CPU hours for cubes
produced for training and test instances by different cubers and conquer solvers (rows). march*
refers to the tuned March_ cu version. tcube gives the time for prerun and cubing, #cube the number
of cubes.

KS MS TF
C&C sum (max) teube Fcube sum (max) teube Fcube sum (max) teube Fcube
Training
CDCL&Def 15.0 (0.2) 0.17 7191 213.8 (2.6) 0.17 5952 45.6 (0.5) 0.17 6526
march&Def  15.4 (0.0) 0.43 8773 33.9 (0.7)  1.22 5058 31.6 (0.2) 1.13 4870
march*&Def 14.1 (0.0) 0.51 8893 35.2 (0.7)  0.96 5095 29.6 (0.2) 3.86 5941
march*&Tun 11.8 (0.0) 0.51 8893 29.9 (0.4) 0.96 5095 19.9 (0.1) 3.86 5941
Test
CDCL&Def  621.2 (58.0) 0.17 5521 5812.7 (643.6) 0.17 3861 783.0 (10.1) 0.17 8986
march&Def  371.4 (2.8) 1.93 6878 1095.7 (29.9) 3.14 6663 597.0 (10.8) 0.64 4880
march*&Def  353.6 (2.1) 1.41 7879  999.6 (25.3) 1.19 5469  625.9 (6.3) 1.20 4906
march*#&Tun  233.9 (1.0) 1.41 7879 548.9 (11.2) 1.19 5469 359.1 (5.4) 1.20 4906

Overall, the bottom part of Table 5 and Figure 3 provide the clearest summary of the
final outcome. The full pipeline improves the total solving time on all test instances and
also shifts the cube-runtime distribution toward easier cubes. Thus, while the individual
ablation results above show a mixed picture across cubers and tuning choices, the combined
configuration gives the strongest test-instance performance.

8 Conclusion

Our experimental evaluation considered several components of cube-and-conquer pipelines for
propagator-augmented SAT solving: prerun-informed cubing, the choice of cuber, March_ cu
parameter choices, scoring functions, and configuration of the conquer solver. The clearest
final takeaway is the end-to-end speedup on test instances shown in Table 5 and Figure 3: the
full pipeline consistently improves over the previous CDCL-based cubing baseline. Among
the individual components, March_cu with prerun was the most effective cubing setup in
our experiments, while scoring-function tuning gave only modest additional gains.

While March__cu generates
well-balanced subproblems, our analysis suggests potential for specialized splitting strategies

Several promising directions emerge from these findings.

that account for propagator behavior. Finally, our success with automatic configuration raises
interesting questions about parameter space structure, as the preliminary analysis indicates
cube clusters that might benefit from targeted approaches. Our methodology demonstrates
how carefully handling dynamically learned propagator clauses can substantially improve
parallel SAT-solving performance beyond the particular case of symmetry propagation.
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Figure 3 Total time to solve all cubes grouped by cube hardness. The height of a bar between

zo and z7 is the total amount of time needed to solve the cubes that took between 27° and 2*!
minutes. The total area of each chart is proportional to the total solving time reported in Table 5;
all three charts for one problem use the same unit of area and are thus pairwise comparable.
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