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Abstract
Inspired by concepts of constraint-based local search, we present a novel scheme for automatically
relaxing a given high-level model into an optimisation model that is better suited for large neigh-
bourhood search (LNS). By exploiting the variable sharing and semantics of the constraints in a
model, our scheme (1) identifies constraints that can easily be satisfied simultaneously and can thus
constrain the neighbourhood, and (2) relaxes the remaining constraints. As a side effect, our scheme
enables the LNS solving of a constraint satisfaction problem, by transforming it into an optimisation
problem, and the faster solving of a difficult-to-satisfy constrained optimisation problem, by finding
the initial incumbent faster. This scheme can be used with any CP-based LNS solver. We tested a
portfolio of CP-based LNS variants running in parallel, with a multi-armed bandit to select which
LNS variant to run. Our results show that this approach is very competitive.
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1 Introduction

Given a problem model in a high-level modelling language, such as MiniZinc [24], we want
to specialise it automatically into a model suitable for solving with large neighbourhood
search (LNS) [32, 26] or for an LNS asset of an information-sharing portfolio of solvers. Note
that local search, such as by LNS, has modelling concepts, such as neighbourhood, that
are not available in such technology-independent modelling languages, so that a good such
specialisation is far from trivial.
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35:2 Automatic Relaxation and MAB Learning for LNS

LNS hybridises local search (that is a resource-bounded iteration of attempts to improve
an incumbent solution) by using systematic search, such as by a constraint programming
(CP) solver, at every iteration for probing the neighbourhood. LNS has been shown to
exhibit better scalability than systematic search for a wide variety of problems, such as
vehicle routing [32, 3], bin packing [36], and scheduling [13, 33].

However, LNS is only defined for a constrained optimisation problem (COP) and thus
requires prior model specialisation for a constraint satisfaction problem (CSP). For example, a
relaxation allows some of the CSP constraints to be violated, with the objective of minimising
their total violation, ideally down to zero. Also, finding the first incumbent is sometimes
difficult for a COP, even though it suffices to satisfy its constraints and ignore its objective
function, so that the start of the LNS iterations is delayed. One can avoid that by, for
example, performing some prior relaxation. Relaxation is an art, and excellent problem-
specific relaxations have been manually identified [25, 27, 33, 15], but our aim is automatic
relaxation.

In this paper, we adapt and extend ideas from constraint-based local search (CBLS) [35],
where automatic model relaxation and the fast finding of the first incumbent are well-
studied [6].

Our contributions are as follows, when given a problem model in a high-level modelling
language:

designing a scheme that exploits the variable sharing and semantics of the constraints in
order to identify constraints that should not be relaxed (Section 3.1);
describing how our scheme can be used to automatically relax for LNS a given model
(Section 3.2); and
showing that extending a state-of-the-art LNS solver with our scheme and a multi-armed
bandit (Section 4) improves performance (Section 5).

We relax the constraints in the same way as in [5], but we identify suitable constraints not
manually, but automatically by further exploiting the graph of [15], induced by the variables
and constraints of the given model.

The rest of the paper is organised as follows. In Section 2, we present existing concepts
and techniques that will be useful in Section 3 to describe our novel scheme for identifying
constraints that should not be relaxed for a CSP or COP, and how a high-level model can
be automatically relaxed for an LNS solver. In Section 4, we describe our LNS solver. In
Section 5, we describe our experimental setup and present the results from the experiments.
Finally, we conclude in Section 6.

2 Toolkit for Model Relaxation for Large Neighbourhood Search

We discuss existing concepts and techniques that we will use in Section 3. In Section 2.1,
we explain LNS in more detail. In Section 2.2, we recall the useful concept of non-failing
propagators. In Section 2.3, we discuss the functional dependencies encoded by some
constraints, called dependency constraints. In Section 2.4, we describe how to soften a
constraint c into a dependency constraint that functionally defines a new variable denoting
how violated c is. In Section 2.5, we show how the dependency constraints induce a directed
graph, called the dependency graph. Finally, in Section 2.6, we relate all these concepts to
their historic origins within the CBLS context.
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2.1 Large Neighbourhood Search

Given a model L for a COP and a global computation resource (such as running time or
iteration count), large neighbourhood search (LNS) first attempts to solve the CSP part
of L in order to find a solution, which becomes the first incumbent if one is found before
the global resource is exhausted. This is usually done by using a solving technology that
performs systematic search, such as CP or mixed-integer programming.

LNS then iteratively attempts to improve the incumbent, if any was found, until either
the global resource is exhausted or, rarely, optimality is trivially proven by the incumbent
reaching a known bound on the objective function. At every LNS iteration i, the incumbent
is partially destroyed, thus creating the neighbourhood of solutions that are repairs to the
destroyed incumbent. Instead of probing the neighbours one by one, as in classical local
search, LNS probes them collectively by attempting to solve a model Li under systematic
search before an allocated iteration-level resource (such as running time or failure count) is
exhausted. For example, one can destroy the incumbent and design the repair model Li by
copying L and assigning some of its variables to their values in the incumbent (this is also
known as freezing), with the remaining variables retaining their domains of L (this is also
known as thawing), and adding the betterness constraint that the solution be no worse than
the incumbent. Thawing is usually done for more variables than for classical local search,
which typically changes the values of only 1 to 4 variables, so that the neighbourhood is
quite large and hence the name LNS. If the systematic-search solver finds a solution to Li

before exhausting its allocated resource, then that solution becomes the new incumbent, else
the incumbent is unchanged.

If, as in Section 1, a CSP or COP model M in a high-level modelling language has been
specialised (for example, by relaxation) into a COP model L for LNS, then the constraints
that are unchanged between M and L are called neighbourhood constraints, as they are
enforced at every LNS iteration for probing the neighbourhood.

2.2 Propagators and Non-Failing Propagators

During the inference phases of CP-style solving, the propagator for each constraint c attempts
to prune the current domains of its variables according to the semantics of c. If that pruning
empties the domain of some variable, then the propagator fails: the search backtracks if
there is an unexplored choice point and fails otherwise, as the problem is then unsatisfiable.

For example, consider the constraint x ≤ y and the current domains Dx = {0, 2, 3, 5, 7}
and Dy = {0, 1, 4, 6}. Its propagator should prune 7 from Dx, because 7 ≰ max(Dy), resulting
in Dx = {0, 2, 3, 5}. If search or the propagator of some other constraint prunes the even
values from both domains, resulting in Dx = {3, 5} and Dy = {0, 1}, then the propagator
should empty Dx or Dy (or both), because min(Dx) ≰ max(Dy), and then fail.

A propagator can be made non-failing [5]: it prunes the current domains of its variables,
but only until it would empty the domain of some variable; at that point, instead of emptying
that domain and failing, it is withdrawn from the subsequent inference phases, but restored
on backtracking. It is at the discretion of the implementer to decide how many values to
prune before the propagator is withdrawn. In the previous example, instead of emptying Dx

or Dy (or both), a non-failing propagator must leave at least one value in both Dx and Dy

before being withdrawn. There is no need to design non-failing propagators from scratch for
every constraint: under minimal conditions on the inference engine, every existing propagator
can be made non-failing upon changing just a few lines of the code of the inference engine [5].

CP 2026
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2.3 Dependency Constraints

A dependency constraint c on the variables I ∪ O fixes the variables in O, called its output
variables, when the variables in I, called its input variables, become fixed. We say that c

functionally defines O from I.
For example, consider the integer variables y and i, the array P of (fixed) integers, and

the constraint Element(P, i, y), which requires P[i] = y. When i becomes fixed to some
value v, the value of y becomes fixed to the integer in P at index v. This is a dependency
constraint that functionally defines y from i. Consider now the constraint x ≤ y over the
integer variables x and y. This is not a dependency constraint, as it functionally defines
neither x nor y from its other variable.

Depending on the initial (or current) domains of its variables, every constraint can be
(or become) a dependency constraint. For example, AllDifferent(X ) functionally defines
each variable x ∈ X from its other variables X \ {x} when they all have the same domain of
size |X |.

2.4 Constraint Softening

A constraint c can be reformulated as a soft constraint č, where č is a dependency constraint
that functionally defines from the variables of c a new integer variable, called a violation
variable. The latter takes value 0 when c is satisfied, otherwise a positive value, usually
proportional to the amount of violation of c. We say that we soften c into č, and that č is a
softening of c.

For example, a softening of x ≤ y is max(0, x − y) = v, which introduces and functionally
defines the violation variable v as the difference x − y between x and y when x ≰ y. Similarly,
a softening of x = y is |x − y| = v, which introduces and functionally defines the violation
variable v as the absolute difference between x and y. One can also soften any constraint γ

by what is called reification into 1 − [γ] = v, where [γ] is 1 when γ holds and 0 otherwise, so
that the violation variable v is 0 (for satisfaction) or 1 (for violation).

Each time we soften a constraint by introducing a violation variable vi, the objective of the
model must be changed. A model for a CSP becomes a model for a COP, where the objective
is the minimisation of the sum

∑
i vi, called the total violation. A model for a COP with

objective variable o, which is to be minimised (without loss of generality), remains a model
for a COP, but its objective becomes the lexicographic minimisation of the pair ⟨

∑
i vi, o⟩.

Whenever we mention that we soften a constraint, we consider this transformation of the
objective to be included. A solution has

∑
i vi = 0, so that it represents a solution to the

original model. A pseudo-solution [5] has
∑

i vi > 0. Whenever we want to emphasise that
the word “solution” does not refer to a pseudo-solution, we write non-pseudo-solution.

2.5 Dependency Graphs

The dependency constraints induce a not necessarily unique directed graph, called a depend-
ency graph, where all variables and dependency constraints are the nodes, and there are arcs
to each dependency constraint from its input variables, as well as arcs from each dependency
constraint to its output variables [15]. A source (respectively sink) of a dependency graph
is a node with no incoming (respectively no outgoing) arcs and is necessarily a variable, as
each dependency constraint has one or more incoming arcs and one or more outgoing arcs:
we speak of source variables and sink variables.
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x

x2 = y y ⌊ y/−2⌋ = z z |z| = x

Figure 1 A cyclic dependency graph.

x

x2 = y y ⌊ y/−2⌋ = z z |z| = x′ x′

|x − x′| = v v

Figure 2 An acyclic dependency graph corresponding to the cyclic one in Figure 1, where the
variables x′ and v are added, the output variable x of constraint |z| = x is replaced by x′, and the
dependency constraint |x − x′| = v is added. The white nodes and solid arcs are the same as in
Figure 1, while the grey nodes and dashed arcs are not in Figure 1.

A dependency graph can be cyclic. For example, consider the integer variables x, y,
and z and the constraints x2 = y, ⌊ y/−2⌋ = z, and |z| = x. Since each constraint defines
the variable on its right-hand side, but not vice versa, the dependency graph has three
dependencies and there is one cycle, namely x → x2 = y → y → ⌊ y/−2⌋ = z → z → |z| =
x → x, and zero source and sink variables: see Figure 1.

Any cyclic dependency graph can be transformed as follows into an equivalent acyclic one,
but with additional violation variables [6]. As long as the dependency graph is cyclic, pick a
dependency constraint c, with output variables O, that is in some cycle with variables C,
replace an output variable x ∈ O ∩ C by a new output variable x′ of c, and add to the
model (and hence the graph) a softening of x = x′, say |x − x′| = v, which introduces and
functionally defines the violation variable v. For example, the cyclic dependency graph in
Figure 1 can be transformed into the acyclic one in Figure 2.

2.6 Constraint-Based Local Search

For a constraint-based local search (CBLS) solver [21, 22, 35, 16], each constraint of the given
high-level model must be formulated by either an implicit constraint or some invariants.

An implicit constraint is the CBLS counterpart of the LNS concept of neighbourhood
constraint, except that it is not in a CBLS model, but is rather to be satisfied by (1) the
algorithmic construction of the initial incumbent, and (2) the algorithmic enumeration of
neighbours to the current solution. In other words, it constrains the neighbourhood but is
not enforced by the inference engine of a CBLS solver, which only processes invariants.

An invariant, also known as a one-way constraint, is the CBLS counterpart of a dependency
constraint. Each constraint that is not algorithmically made implicit either is already a
dependency constraint or is softened into a dependency constraint and thus becomes an
invariant. The inference engine of a CBLS solver propagates variable updates through the
invariant graph, which is the CBLS counterpart of the dependency graph. The search engine
of a CBLS solver aims at minimising the sum of the violation variables introduced by having
softened some constraints.

It is through the study of CBLS solvers that we were inspired to lift CBLS concepts into
the LNS context, such as the cycle elimination in Section 2.5.

CP 2026
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3 Model Relaxation for Large Neighbourhood Search

We now describe how an LNS model can be relaxed automatically from a given high-level
model of a CSP or COP. There are problem-specific relaxations [25, 27, 33, 15], but we here
aim at a relaxation scheme that can be automated. In Section 3.1, we show how to identify,
by exploiting the dependency graph of the given model, a set of constraints that are easy to
satisfy simultaneously and thus should not be relaxed. In Section 3.2, we relax the given
model into an LNS model by eliminating all cycles of its dependency graph and relaxing
all its constraints that are neither dependency constraints nor the constraints found by the
scheme in Section 3.1.

Note that in Section 2.3 we allowed a constraint to be a dependency constraint depending
on the initial (or current) domains of its variables. However, we consider only dependency
constraints whose syntax or semantics contain a dependency, regardless of the domains of
their variables. For the models that we have encountered, this restriction has not been
detrimental to the automatic relaxation of high-level models into LNS models.

3.1 Identification of Neighbourhood Constraints
Consider the dependency graph of the given high-level model of a CSP or COP. Most
dependency constraints are by definition easy to satisfy and should thus not be relaxed for
the LNS model. Among its non-dependency constraints, the ones that involve at least one
non-source variable are poor candidates for relaxation for the LNS model because we will
build on the competitive LNS scheme of only freezing some of the source variables [15], so
that all non-source variables are fixed by CP-style solving during neighbourhood probing
of the LNS model. This leaves us with the non-dependency constraints that only involve
source variables: some of them may be easy to satisfy simultaneously, and should thus not be
relaxed for the LNS model. They are neighbourhood constraints, as they are present during
every neighbourhood probing.

As a motivating example, consider the travelling salesperson problem (TSP), where a
minimal-duration Hamiltonian tour of n locations is to be found. A TSP model has an n by n

matrix ∆ of non-negative integers, with ∆[i, j] denoting the travel duration from location i to
location j; the variables L = {ℓ1, . . . , ℓn}, with ℓi denoting the ith location in the tour, which
starts at ℓ1 and ends at ℓn+1 = ℓ1; the variables D = {d1, . . . , dn}, with di denoting the
travel duration from ℓi to ℓi+1; the objective variable o, denoting the total travel duration;
the non-dependency constraint AllDifferent(L), enforcing that each location is visited
exactly once, using propagator α; the n dependency constraints ∆[ℓi, ℓi+1] = di, each defining
a di; and the dependency constraint

∑
i di = o, defining o, which is to be minimised. The

dependency graph has L as source variables, variable o as sink variable, and D as non-source,
non-sink variables. If CP-style solving is performed by branching on the variables in L,
then α never fails if it always prunes all impossible domain values. Therefore, finding an
initial incumbent that can be used for LNS iterations can be done here without backtracking.
There is thus no need to relax the non-dependency constraint AllDifferent(L) for the
LNS model.

In general now, we show that a set of non-dependency constraints that need not be
relaxed for the LNS model can be found automatically by exploiting the dependency graph
before solving starts.

Let scope(c) be the set of variables of constraint c. Inspired by impact-based search [28],
we chose an integer, denoted rank(p), for each available propagator p of each constraint, so
that rank(pa) ≥ rank(pb) means that propagator pa of constraint a is expected to prune at
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Algorithm 1 Identification of neighbourhood constraints.

Data: A set C of non-dependency constraints.
Result: An ideally max-total-priority subset of C with constraints of disjoint scopes.

1 function neighbourhood-constraints(C):
2 N := ∅ % The set of neighbourhood constraints

3 V := ∅ % The set of variables covered by N
4 while C ̸= ∅ do
5 n := arg lex max

c∈C
(⟨rank(c), |scope(c)|⟩)

6 C := C \ {n}
7 if scope(n) ∩ V = ∅ then
8 N := N ∪ {n}
9 V := V ∪ scope(n)

10 return N

least as many domain values than propagator pb of constraint b. This ranks propagators for
the same constraint (a = b, starting from the same scope and domains) and propagators for
different constraints (a ≠ b, where a has a more complex semantics than b, say cumulative

is more complex than circuit, which is more complex than all_different), and thus
induces a total order on propagators.

Let S be the set of source variables of the dependency graph for the given high-level
model. We call a set of neighbourhood constraints a set N of constraints that have scopes
within S and can be easily satisfied simultaneously, under a criterion given below. Our idea
is that the higher-ranked the constraints of N and the larger the total scope for N , the
more CP-style propagation will occur. So we let the priority of a constraint c be the pair
⟨rank(c), |scope(c)|⟩ and we aim at maximising the total priority of the constraints of N .

A simple criterion for easy simultaneous satisfaction of a constraint set N is that its
constraints have disjoint scopes. This implies that they can be satisfied without backtracking
if all their propagators prune all impossible values. A more elaborate criterion would be
that N induces a Berge-acyclic hypergraph [2], where the scopes can overlap under some
conditions and yet the pruning of all impossible values yields backtrack-free satisfaction.
We have not yet encountered a model where this would yield a better set of neighbourhood
constraints, so we only design an algorithm for the simple criterion.

The greedy randomised Algorithm 1 is fed the set of non-dependency constraints that
constrain only source variables of the dependency graph, and returns an ideally max-total-
priority set of neighbourhood constraints. First, the set N of neighbourhood constraints
and the set V of variables covered by N are both initialised to the empty set, lines 2 and 3.
While there are unvisited constraints in C, line 4, a constraint c with the lexicographically
highest priority is found, under random tie breaking, line 5. Constraint c is removed from C,
line 6. If the variables of c are disjoint from V, line 7, then c is added to N , line 8, and its
variables are added to V , line 9. Finally, the found set N is returned, line 10. The algorithm
is greedy and randomised in line 5, potentially making the set N not of the maximum total
priority. For models that we have encountered, Algorithm 1 finds a set of neighbourhood
constraints with high ranks and where all search variables are covered.

Let us run Algorithm 1 on a slightly more complex example than the motivating example
above (for which it indeed identifies AllDifferent(L) as a neighbourhood constraint).
Consider the magic square problem, where all the integers 1 until n2 are to be placed into an n

CP 2026
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Listing 1 A MiniZinc model for the magic square problem.
1 int: n; % width (and height) of the magic square
2 int: magicSum = (n^3+n) div 2; % sum of each row, column, major diagonal
3 array[1..n,1..n] of var 1..n*n: Magic; % magic square
4 constraint all_different(Magic); % distinct values
5 constraint forall(r in 1..n)(sum(Magic[r,..]) = magicSum); % row sums
6 constraint forall(c in 1..n)(sum(Magic[..,c]) = magicSum); % col sums
7 constraint sum([Magic[ i,i] | i in 1..n]) = magicSum; % diag1 sum
8 constraint sum([Magic[n+1−i,i] | i in 1..n]) = magicSum; % diag2 sum
9 solve satisfy;

by n matrix such that the integers on each row, column, and major diagonal sum to (n3+n)÷2,
called the magic sum. A magic square for n = 3 is [[2, 7, 6], [9, 5, 1], [4, 3, 8]], with 15 as magic
sum. A model for the magic square problem in the solver-independent MiniZinc language is in
Listing 1. Line 1 declares the parameter n. Line 2 computes the magic sum. Line 3 declares
the array Magic of n by n variables, where Magic[r,c] denotes the integer in row r and
column c of the magic square. The constraint in line 4 requires that the integers in the array
are distinct. The constraints in lines 5 to 8 require that the integers in each row, column, and
major diagonal sum to the magic sum. Under the assumptions of Section 2.3, the dependency
graph contains no dependency constraints and only the variables Magic[r,c], which are
thus all source variables: all the constraints are candidates for becoming neighbourhood
constraints. Assume that we have an all_different propagator that prunes all impossible
values, and a linear-equality propagator that only tightens the lower and upper bounds of all
domains (as pruning all impossible values is NP-hard), and is thus lower-ranked. Algorithm 1
starts from the initially empty sets of neighbourhood constraints and their covered variables.
The first constraint to be visited is all_different(Magic), because it has the strictly
highest rank and thus the strictly highest priority (and incidentally the largest scope). It is
transferred from the set of unvisited constraints to the set of neighbourhood constraints, and
its variables are added to the set of covered variables. Each remaining constraint is visited,
but not made a neighbourhood constraint, because all variables are covered by the already
identified neighbourhood constraint all_different(Magic).

3.2 Automatic Relaxation for LNS of a High-Level Model

We now give a novel scheme for automatically relaxing into an LNS model L a given high-level
model M of a CSP or COP. The scheme handles as a side effect the potential difficulty of
satisfying the CSP part of a COP during LNS initialisation.

All neighbourhood constraints identified within M using Algorithm 1 are added to L. The
dependency constraints of M , if need be upon transformation so that their dependency graph
becomes acyclic, are added to L, but each dependency constraint that gets a new output
variable under that transformation (such as |z| = x from Figure 1 to Figure 2) is also added
to L, with a non-failing propagator, so as to help prune additional values during propagation.
Indeed, cycles tend to be difficult to satisfy, especially if there are other constraints on the
variables in a cycle.

Each remaining constraint c(x⃗) of M is relaxed in the following two-fold way [5]: (1) we
add c(x⃗) to L with a non-failing propagator until a solution is found and a normal propagator
thereafter, and (2) we add a softening č(x⃗, v) of c to L with a normal propagator. Indeed,
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satisfying only c(x⃗) in L, with a normal propagator, would tend to be difficult. Part (2)
simplifies this by allowing c(x⃗) to be violated, and its shared variables x⃗ with part (1) drive
the satisfaction attempt into a good direction.

For example, reconsider the magic square problem, with only the all_different(Magic)
constraint on line 4 of Listing 1 identified for the set of neighbourhood constraints of L. Each
remaining constraint is not a dependency constraint, so it is relaxed as defined above.

This model relaxation scheme differs from the existing scheme in [5] in that we auto-
matically identify neighbourhood constraints (and relax the remaining ones), instead of
relaxing manually annotated constraints (and letting the remaining ones be neighbourhood
constraints), and that we eliminate cycles in the dependency graph.

4 Multi-Armed Bandit LNS

We only consider incumbent destruction by thawing (recall Section 2.1), because that is
where almost all work on generic choices for LNS is done. The set of thawed variables is the
complement of the set of frozen variables, called the freeze set, which is suggested by what
we call the freeze heuristic.

LNS approaches can involve multiple choices of how to choose which freeze heuristic to use
next. Adaptive LNS [29] is a common approach that, given problem-specific freeze heuristics,
uses the heuristic that has recently been the most successful in improving the incumbent.
Self-adaptive LNS [34] is inspired by adaptive LNS and uses generic freeze heuristics, but
does not exploit the dependency graph and does not use multi-armed bandits. Another
related approach is the Balans framework [8], which employs a multi-armed bandit to select
generic freeze heuristics for MIP.

In Section 4.1, we point to existing freeze heuristics. In Section 4.2, we recall an existing
scheme of exploiting the dependency graph in order to identify a good set of variables within
which to select the freeze set. In Section 4.3, we explore a multi-armed bandit approach to
choosing the best freeze heuristic to try next.

4.1 LNS Freeze Heuristics
A freeze heuristic, also known as a neighbourhood heuristic [9], is either problem-specific or
generic. By construction, problem-specific freeze heuristics, such as [13, 31], cannot easily be
reused between problems. Fortunately, there are many generic freeze heuristics that can be
easily automated and yield good search performance, such as those of propagation-guided
LNS (PG-LNS) [25], reverse propagation-guided LNS (RPG-LNS) [25], reinforced adaptive
LNS (RA-LNS) [19], cost-impact-guided LNS (CIG-LNS) [18], explanation-based LNS (EB-
LNS) [27], and variable-relationship-guided LNS (VRG-LNS) [33]. Variable-objective LNS
(VO-LNS) [30] also has a generic freeze heuristic, but it requires the objective variable to
be the sum of other variables. Finally, folklore has what we here call Random-LNS, namely
the freezing of a random subset of all variables, each variable being frozen under some
probability p (with typically p ≈ 80%). In our implementation, p is dynamically updated
during search, ranging from 5% to 95% [15].

4.2 The Dependency Curation Scheme for LNS
In generic freeze heuristics, most variables can be in the freeze set. However, the source
variables of the dependency graph transitively functionally define all the remaining variables,
so the latter should all be thawed and a subset of the source variables should be frozen, so
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that the thawing of the remaining source variables drives an LNS iteration [15]. This insight
is the dependency curation scheme (DCS), which is by itself not a freeze heuristic but can be
imposed on every freeze heuristic, typically improving the performance of LNS [15].

4.3 LNS Configurations and a Multi-Armed Bandit
We have two LNS hyperparameters, forming what we call an LNS configuration: (1) the
LNS freeze heuristic, and (2) whether DCS is used (because it does not always pay off [15]).
Since the best LNS configuration is unknown and may differ between LNS iterations of the
same run, good LNS configurations need to be found during search. This is where we use the
multi-armed bandit (MAB) problem [4]: a bandit has multiple arms, each arm yielding an
unknown numerical reward when pulled, and the problem is to find the arm that currently
yields the greatest reward.

We model the choice of an LNS configuration as an MAB problem as follows: each
arm of the MAB corresponds to an LNS configuration and the yielded reward from pulling
an arm is the number of non-worsening (pseudo-)solutions found during a time interval
(which is 5 seconds in our implementation). When selecting an arm, we use as probability
distribution the normalised exponential function (often called softmax [7]) on the yielded
rewards of the arms.

Consider a high-level model M . Our solver is explained in Algorithm 2. First, the relaxed
model L is created (as in Section 3.2), line 2. Then, a CP solver is used on the CSP part
of L in order to find the first incumbent (pseudo-)solution I, line 3. The set K is created,
where each tuple ⟨f, d⟩ ∈ K is an LNS configuration, where f is the freeze heuristic and d

is whether DCS is to be used, line 4. The multi-armed bandit b is created, with an arm
for each LNS configuration in K, line 5, The reward of each arm of b is initialised to 0,
line 6. While time remains and I is not a solution, line 7, first an arm a is selected from b,
line 8; then LNS iterations are performed on L, starting from I and using a for an interval
of 5 seconds, potentially updating I into a better incumbent, and returning the number r of
non-worsening (pseudo-)solutions found during the time interval, line 9; and finally arm a

of b yields reward r, line 10. If time remains, M is for a COP and the incumbent I now is
a non-pseudo-solution, line 11, then the arms of b are reset by resetting all rewards to 0,
line 12, and while time remains and I is not trivially optimal, line 13, LNS iterations are run
again like in lines 8 to 10, but now on M [5], since the incumbent is now a solution and all
future incumbents necessarily are solutions, lines 14 to 16. The final incumbent I is returned,
line 17.

Our implementation is actually parallelised in lines 8 to 10 and lines 14 to 16, having
multiple threads that perform simultaneous LNS, all using the same MAB and sharing a set
(of maximum cardinality 3 in our implementation) of equally good incumbents, where if the
set is at capacity when an equally good incumbent is found, then the oldest incumbent is
replaced. However, the threads differ as different LNS configurations might be selected for
them by the MAB. Additionally, we also have an asset that performs CP-style search on M ,
sharing any solutions found with the LNS assets.

5 Experiments

In Section 5.1, we give the details of our extensions to the solver that was used for the
experiments. In Section 5.2, we describe the solvers that our solver is compared against. In
Section 5.3, we specify the problems that we have selected. In Section 5.4, we present and
discuss the experiment results.
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Algorithm 2 Solver for multi-armed bandit LNS.

Data: A high-level model M , a set F of freeze heuristics, and a timeout t.
Result: The best (pseudo-)solution to M found within timeout t.

1 function bandit-LNS(M, F , t):
2 L := relax(M)
3 I := satisfy(L) % the incumbent (pseudo-)solution

4 K := {⟨f, d⟩ | f ∈ F , d ∈ {false, true}} % the LNS configurations

5 b := create-mab(K) % create an MAB with K as arms

6 initialise-rewards(b) % set the reward of each arm to 0
7 while ¬ timeout(t) ∧ total-violation(I) > 0 do
8 a := select-arm(b) % arm a = ⟨fa, da⟩ is an LNS configuration a ∈ K
9 r := run-LNS-iterations(L, I, a, 5s) % perform LNS with a 5 second

timeout, potentially updating I as a side effect

10 give-reward(b, a, r) % the yielded reward from pulling a is r

11 if ¬ timeout(t) ∧ is-COP(M) ∧ total-violation(I) = 0 then
12 initialise-rewards(b) % reset the reward of each arm to 0
13 while ¬ timeout(t) ∧ ¬ is-trivially-optimal(I) do
14 a := select-arm(b)
15 r := run-LNS-iterations(M, I, a, 5s)
16 give-reward(b, a, r)

17 return I

5.1 Solver Setup
We extended the Gecode-based information-sharing portfolio solver in [15] – introducing
DCS and containing as assets the CP solver Gecode [11], PG-LNS [25], RPG-LNS [25],
VO-LNS [30] (when applicable), CIG-LNS [18], VRG-LNS [33], and Random-LNS [15] – by
adding the non-failing propagators and constraint relaxation from [5], using the described
neighbourhood identification scheme, implementing the MAB that chooses LNS configurations,
as well as making it solution-sharing, sharing the best and up to two additional equally good
(pseudo-)solutions among the portfolio assets. We decided not to add any freeze heuristics
not in [15], such as RA-LNS [19] and EB-LNS [27], which were not in the underlying Gecode-
Dexter [17] either. We here call the resulting solver Gecode-depLNS-MAB.2 For all three
solvers and each LNS thread, we use a static failure count of 3000 as the iteration-level
resource.

5.2 Comparison Study
As an ablation study, we compare with Gecode-depLNS, which is Gecode-depLNS-MAB with
the MAB dropped. Gecode-depLNS performs CP-style search using one thread, and LNS on
the remaining seven, using the following LNS configurations: PG-LNS with DCS, RPG-LNS
with DCS, CIG-LNS with DCS, VRG-LNS with DCS, Random-LNS with DCS, PG-LNS

2 The source code to our solver is at https://github.com/astra-uu-se/gecode-lns/tree/feature/
self-subsuming and models, instances, and experiment logs are at https://github.com/astra-uu-se/
gecode-lns-experiments/tree/non-failing.
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without DCS, and RPG-LNS without DCS. We do not compare here with a dropping of the
exploitation of the dependency graph, because all LNS assets would then be idle until the
first incumbent non-pseudo-solution is found by the CP asset (since it would not benefit from
any relaxation). Furthermore, we compare with the parallelised solver Gecode-Par, which
makes use of both Random-LNS (run on one thread) and parallelised CP-style search (run
on the remaining threads).3 Gecode-Par is quite competitive (but not eligible for medals) at
the annual MiniZinc Challenge.

We are in this paper not interested in where Gecode-depLNS-MAB beats other existing
solvers or finds new best-known results: by limiting our experiments to all Gecode-based
portfolio solvers, we have a common baseline and can demonstrate the viability of our ideas
from that baseline. Otherwise, it would be unknown if differences in performance are due to
our ideas or to other ideas or improvements in the solvers.

5.3 Problem Selection

We selected six problems: car sequencing (CS), nurse rostering (NR), rotating workforce
rostering (RWR), the job shop problem (JSP), steel mill slab design (SMSD), and the
travelling salesperson problem with time windows (TSPTW). CS was selected because
handmade relaxations for LNS were used in [25, 5, 33, 15], but we here relax it automatically.
NR and RWR were selected because their models have multiple constraints only on source
variables that have overlapping scopes. JSP was selected because its instances are typically
easy to satisfy and since it is used in [18, 15]. SMSD is a widely used problem that has been
tackled with LNS [18, 5, 15]. Finally, TSPTW was selected because the dependency graph
induced from its model is cyclic and finding (non-pseudo-)solutions is typically difficult.

We used the models and instances in the solver-independent MiniZinc language [24] for
CS, JSP, SMSD, and TSPTW from [15], but we used a CSP model for CS (rather than their
relaxed COP model). We used the MiniZinc model and instances for NR and RWR from [5],
but we removed their manually added soften annotations, since suitable neighbourhood
constraints can automatically be identified (see Section 3.1).

Car sequencing (CS) [10] is a CSP with a set of car classes, each class with a set of
mandatory features, each feature with a capacity on how many cars of that feature can
be produced in a subsequence of a given size, and an order stating how many cars of
each class to produce. The problem is to find a production sequence for all ordered cars,
such that the capacity restrictions on features are satisfied. The neighbourhood constraint
is the global_cardinality_closed constraint that enforces that all ordered cars are
produced.

The nurse rostering (NR) problem of [5] is a CSP with a set of nurses, a period of days,
and the work shifts “day”, “night”, and “off”. The problem is to schedule the nurses such
that each nurse is assigned a shift each day, is assigned an “off” shift in each four-day period,
and is assigned at most two “night” shifts in a row. The neighbourhood constraints are
the regular constraints that enforce that the schedule for each nurse is valid.

Rotating workforce rostering (RWR) [23] is a CSP that aims to schedule workers satisfying
shift sequence constraints and ensuring enough shifts are covered on each day, where every
worker completes the same schedule, just starting at different days in the schedule. The
neighbourhood constraint is the regular constraint that enforces that the schedule is valid.

3 Gecode-Par is at https://github.com/guidotack/gecode/tree/multi_asset_flatzinc.

https://github.com/guidotack/gecode/tree/multi_asset_flatzinc
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The job shop problem [20] is a COP and has a set M of machines and a set J of jobs,
where each job j ∈ J is a sequence of |M| tasks, each with a discrete duration and requiring
a distinct machine in M. For any job j, a task can only be started if the machine it requires
is vacant and all previous tasks in the task sequence of j have been completed. A machine
can only work on one task at a time. Once a machine has started working on a task, it is run
until completion. The objective is to minimise the latest completion time of all tasks. The
neighbourhood constraints are the disjunctive constraints that enforce that each machine
only works on one task at a time.

Steel mill slab design [14] is a COP with a set of orders, each with a size and a colour; a
set of slabs, each taking one of a set of capacities; and a colour capacity c. The problem is
to assign all orders to the slabs and assign to each slab a capacity from a set of capacities,
such that for each slab, the total sizes of its orders do not exceed its capacity and the
number of distinct colours among its orders does not exceed c. The objective is to minimise
the total unused capacity, called slack, of the slabs, where unused slabs have zero unused
capacity. Since the total slack is the sum of other variables, the freeze heuristic of VO-LNS
is applicable to this problem, and Gecode-depLNS-MAB had it in its LNS configurations.
For an SMSD instance, if there are identical orders, then the neighbourhood constraints are
the increasing symmetry-breaking constraints; else there are no neighbourhood constraints.

The travelling salesperson problem with time windows (TSPTW) [12] has n locations
that are to be visited, with a travel duration between each directed pair of locations and
for each location u an earliest visiting time eu and a latest visiting time ℓu. A TSPTW
route is a Hamiltonian path in the weighted directed graph induced by the n locations as
nodes, visiting each location u exactly once and between times eu and ℓu, with a zero visit
duration. If the salesperson arrives at location u before eu, then they have to wait until eu

before departing. The departure time at the last-visited location is to be minimised. The
neighbourhood constraint is the circuit constraint that enforces the Hamiltonian path.

5.4 Experiment Results
We ran our experiments on a desktop computer with an ASUS PRIME Z590-P motherboard,
a 3.5 GHz Intel Core i9 11900K processor, and four 16 GB 3200 MT/s DDR4 memories,
running Ubuntu 24.04.4 LTS with GCC (the GNU Compiler Collection) 13.

For each solver – Gecode-Par, Gecode-depLNS, and Gecode-depLNS-MAB – and each
problem instance, we made 10 independent runs, each under a time limit of 3 minutes and
with 8 threads.

For the CSP models, we measure the time taken to solve an instance and use the scoring
function 100 · (o − b) ÷ w proposed in [1] and used in other LNS papers [33, 15]: for each
solver s and instance, the mean objective value over the 10 independent runs by s is denoted
by o, the best and worst found objective value over all (non-pseudo-)solutions of all runs
by all solvers are denoted by b and w respectively. Therefore, the scores range over the
closed continuous interval [0, 100], where a low score is better than a high one. Note that the
scoring function cannot be used for a CSP model, as it does not have an objective value and
we only score (non-pseudo-)solutions.

The results are shown in Figures 3 and 4 and Table 1. Both Gecode-depLNS and
Gecode-depLNS-MAB have overall better performance than Gecode-Par, as each finds better
optima for COP instances and solves more CSP instances than Gecode-Par. For JSP, SMSD,
and CS, Gecode-depLNS-MAB has overall better performance than Gecode-depLNS, as
Gecode-depLNS-MAB finds better optima for JSP and SMSD instances and solves more CS
instances. However, for TSPTW and RWR, Gecode-depLNS has overall better performance
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Table 1 The mean scores for JSP, SMSD, and TSPTW instances of COPs, each over 10
independent runs, for Gecode-Par, Gecode-depLNS-MAB, and Gecode-depLNS. Boldface indicates
the best performance on each row.

Gecode-Par Gecode-depLNS Gecode-depLNS-MAB

JSP 9.94 11.30 4.18
SMSD 43.39 11.40 11.08

TSPTW 1.61 0.39 1.27

Figure 3 The scores for JSP, SMSD, and TSPTW instances of COPs for Gecode-Par, Gecode-LNS,
and Gecode-depLNS-MAB. For each graph, the x axis is for the scores of Gecode-depLNS-MAB.
For each of the top three graphs, the y axis is for the scores of Gecode-Par. For each of the bottom
three graphs, the y axis is for the scores of Gecode-depLNS. Each marker denotes the mean score
over 10 independent runs for Gecode-depLNS-MAB versus either Gecode-Par or Gecode-depLNS,
where a low score corresponds to a better (non-pseudo-)solution than a high score. Each star over
the diagonal corresponds to Gecode-depLNS-MAB outperforming the other solver. Each disk under
the diagonal corresponds to Gecode-Par outperforming Gecode-depLNS-MAB. Each cross under
the diagonal corresponds to Gecode-LNS outperforming Gecode-depLNS-MAB. Each square on the
diagonal corresponds to the two compared solvers having equal performance.
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Figure 4 The results for CS, NR, and RWR instances of CSPs, each over 10 independent runs,
with a timeout of 3 minutes, for Gecode-Par, Gecode-LNS, and Gecode-depLNS-MAB. For each
graph, each marker gives the solution time, upon sorting (separately for each solver) the instances
by increasing time.

than Gecode-depLNS-MAB, as Gecode-depLNS finds better optima for TSPTW instances
and solves more RWR instances. For NR, Gecode-depLNS and Gecode-depLNS-MAB have
comparable performance.

6 Conclusion

We presented a novel scheme that exploits the dependency graph and the semantics of
constraints of a high-level model to automatically identify which constraints should be
softened for an LNS model. We showed how our scheme can automatically relax a given
high-level model into a relaxed optimisation model, which is better suited for LNS. For the
experiments, we implemented our scheme and extended a Gecode-based solver with an MAB
to find good freeze heuristics and whether DCS [15] should be used during search. The
experiments show that our solver is competitive, as it outperforms the parallel Gecode-Par
solver by solving additional CSP instances and finding better optima for COP instances
compared to Gecode-Par. Additionally, our experiments show that if MABs are used, then
performance is improved for some of the problems. The results indicate that our approach,
whether MABs are used or not, can improve performance on CSP and COP instances.

In future work, we intend to try different variations of MABs, different reward strategies,
and different LNS durations than 5 seconds. We also intend to try different strategies for
setting the failure count, the iteration-level resource for LNS iterations, to improve the
performance of our solver on CSPs. We also intend to implement softened constraints for all
constraints in our solver, thereby allowing a modeller to easily use competitive LNS for any
MiniZinc model. Once implemented, we intend to compare our performance on problems in
the MiniZinc [24] benchmark repository, to verify our experimental results and to compare
our solver against other state-of-the-art solvers.
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