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Abstract
For substructural logics with contraction or weakening admitting cut-free sequent calculi, proof
search was analyzed using well-quasi-orders on Nd (Dickson’s lemma), yielding Ackermann upper
bounds via controlled bad-sequence arguments. For hypersequent calculi, that argument lifted the
ordering to the powerset, since a hypersequent is a (multi)set of sequents. This induces a jump from
Ackermann to hyper-Ackermann complexity in the fast-growing hierarchy, suggesting that cut-free
hypersequent calculi for extensions of the commutative Full Lambek calculus with contraction or
weakening (FLec/FLew) inherently entail hyper-Ackermann upper bounds. We show that this
intuition does not hold: every extension of FLec and FLew admitting a cut-free hypersequent
calculus has an Ackermann upper bound on provability.

To avoid the powerset, we exploit novel dependencies between individual sequents within any
hypersequent in backward proof search. The weakening case, in particular, introduces a Karp-Miller-
style acceleration, and it improves the upper bound for the fundamental fuzzy logic MTL. Our
Ackermann upper bound is optimal for the contraction case (realized by the logic FLec).
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1 Introduction

Substructural logics arise by omitting or modifying structural rules such as contraction,
weakening, exchange, or associativity from classical or intuitionistic proof calculi. This yields
a broad family of systems – including linear logic, relevance logics, mathematical fuzzy
logics, and the full Lambek calculus [27, 30, 14, 25]. These systems are able to reason about
resources in a broad sense, since assumptions can no longer be duplicated or discarded freely.

The basic substructural logics are Full Lambek calculus FL extended with the structural
rules of exchange, weakening, or contraction, denoted FLS (S ⊆ {e, w, c}). These have a
cut-free sequent calculus, which implies a significant restriction on the proof-search space,
and this enables the proof-theoretic study of computational complexity of the logics. For
provability – the topic of interest in this work – all the basic substructural logics excepting
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10:2 Hypersequent Calculi Have Ackermann Complexity

FLec are PSPACE-complete [17]. Meanwhile, FLec was famously shown by Kripke [20] in
1959 to be decidable, and Urquhart [32] established its non-primitive complexity; indeed,
it is complete for the class Fω in Schmitz’s [31] ordinal-indexed fast-growing complexity
hierarchy. Informally, a problem in Fω has complexity bounded by a single Ackermann-type
function composed with primitive recursive functions.

To understand the source of the Fω upper bound, observe that backward proof search P
in FLec can be restricted to branches that are bad sequences under what is essentially the
product ordering on Nd. Dickson’s lemma [11] states that this is a well-quasi-ordering (wqo),
i.e., every branch in P is a sequence (si)i∈N of sequents with the property that there is no
i < j such that si ≤ sj (read as sj is contractible to si). The point of the wqo is that every
bad sequence w.r.t it is finite. Hence we can do proof search in FLec and termination is
guaranteed, and decidability follows. Successive jumps in this bad sequence are controlled
in the sense that there is a primitive recursive function g (depending only on the proof
calculus) and a norm J·K on sequents such that JsiK < gi(Js0K). Every such controlled bad
sequence has a maximum length that is given by a length theorem; in the case of ≤, this is an
Ackermanian-type function in Js0K (Figueira et al. [13]). The claimed upper bound follows.

Most extensions of FLec do not admit cut-free sequent calculi, but infinitely many do
in the generalized setting of cut-free hypersequent calculi [7, 9]; specifically, axioms from
every level of the substructural hierarchy [7, 18] excepting the final level N3, which contains
axioms like distributivity that often lead to undecidability in the substructural setting. A
hypersequent [26, 28, 1] is a multiset of sequents, written as s0 | . . . | sk. Hypersequent rules
properly generalize sequent rules by allowing multiple components in the conclusion to be
utilized simultaneously. Ciabattoni et al. [7, 9] introduced a general theory to compute
analytic hypersequent calculi for non-classical and substructural logics, including intermediate,
many-valued, and fuzzy logics. Balasubramanian et al. [4] extended the complexity analysis
of FLec to these hypersequent calculi, by lifting the wqo on Nd to the minoring ordering
on Pf (Nd). Since the length theorem on such powerset orderings is hyper-Ackermannian
(i.e., in Fωω ) (Balasubramanian [2]), this showed that every axiomatic extension of FLec
that has a cut-free hypersequent calculus has hyper-Ackermann complexity. The same upper
bound is obtained in [4] for extensions of FLew; this time, the majoring wqo was coupled
with forward proof search. That yielded the first upper bound for the fundamental fuzzy
logic MTL [12] – a longstanding open question [15] – which is axiomatized over FLew by
the prelinearity axiom (p → q) ∨ (q → p).

The above line of reasoning suggested that the jump from sequents to hypersequents
(necessitated by the need for a cut-free proof calculus) also entails a jump to Fωω . In this
work, we show that this intuition does not hold: we prove that every extension of FLec
and FLew admitting a cut-free hypersequent calculus has an Ackermann upper bound on
provability. The key technical insight is avoiding a lift to a powerset ordering. Our solution is
to exploit novel dependencies between components in a hypersequent, so every hypersequent
– now viewed as a sequence with the sequent components placed in the order of being added –
in the backward proof search is itself a controlled bad sequence (in the sequent ordering!).
For the contraction case, our bound is optimal because FLec already realizes it.

The weakening case is considerably more complicated. Vanilla backward proof search [24]
will not terminate so we extend it with a Karp–Miller-style acceleration [19]. Due to the
interaction of multiple sequents within a hypersequent, the precise definition here is much
more sophisticated than the accelerations used for other problems in automata theory, such
as Petri nets coverability or in counter automata [19, 23, 6]. We then couple this acceleration
with the identification of a proof-theoretic gadget to implement a very specific form of
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contraction. An immediate corollary lowers the upper bound for MTL to Ackermann. That
also applies to other (standard complete) fuzzy logics in the literature, e.g., n-contractive
extensions [8, 16] and the wmn-extensions [5] of MTL.

Adding structure to bad sequences via proof calculi is of independent relevance to the
infinite-state systems community since complexity based on wqos may be improved by a finer
analysis on the bad sequences (see e.g., Lazic and Schmitz [21, 22]). Specifically, the proof
calculi are variations of alternating branching vector addition systems with states (BVASS),
where a configuration along a run can interact also with configurations visited before.

2 Preliminaries

2.1 Proof theory of substructural logics via hypersequents
Let P be a countably infinite set of propositional variables. The set L of formulas is defined
using the following grammar.

φ := p ∈ P | 1 | 0 |φ ∧ φ |φ ∨ φ |φ · φ |φ → φ

A logic (over L) is a consequence relation ⊢ over L. Given a logic ⊢, the provability problem
refers to deciding whether, given φ ∈ L, it is the case that ∅ ⊢ φ. A sequent is an expression
of the form Γ ⇒ Π, where Γ (the antecedent) is a finite multiset of formulas and Π (the
succedent) is a list that is either empty or consists of a single formula (we call it a succedent-list
or stoup). We use Γ,∆,Θ,Π to denote finite multisets of formulas. The multiplicity of a
formula φ in Γ is the number of copies of φ in Γ. We will denote an enumeration of the
elements in Γ (including repetitions) using [φ1, . . . , φk]. The support of any multiset is the
set of its elements with non-zero multiplicity.

A hypersequent is a (possibly empty) finite multiset of sequents. It is written explicitly
as follows, for k ≥ 0,

Γ1 ⇒ Π1 | . . . | Γk ⇒ Πk (1)

Each sequent Γi ⇒ Πi is called a component of the hypersequent. For a hypersequent h
and sequent s, we write s ∈ h to mean that s is a component of h. Given a finite set
S of formulas, an S-(hyper)sequent is a (hyper)sequent whose formulas are all in S. A
hypersequent containing no repetitions is called irredundant.

A hypersequent calculus is a set of hypersequent rules. Each rule has a conclusion
hypersequent and some number of premise hypersequent(s). All the calculi in this paper
have the property of having only finitely many rules with the same conclusion.

Commonly, rules are presented as instances of rule schemas (see Example 2.1). Rule
schemas and rules are usually presented in fraction notation with the premises listed above the
fraction line and the conclusion below the line (see Figure 1). A rule (schema) with no premises
is called an initial hypersequent or axiomatic rule. We will often see a hypersequent calculus
as a collection of rule schemas, meaning that its rules are all the possibles instantiations of
these schemas, also referred to as rule instances.

In order to properly define rule schemas we need to consider variables of different types,
depending on whether they will be instantiated by formulas, multisets of formulas, sequents,
or hypersequents. The conclusion and every premise of a rule schema has the form S1| . . . |Sk,
where each Si is (i) a hypersequent-variable (denoted by H), or (ii) a sequent-variable
(denoted by s), or (iii) X⃗ ⇒ Π, or (iv) X⃗ ⇒ . Here X⃗ is a finite list of multiset-variables
(we use Γ,∆,Θ to denote multiset-variables) and formulas built from formula-variables φ,ψ, ϕ
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10:4 Hypersequent Calculi Have Ackermann Complexity

and proposition-variables p, q, r; also, Π is a succedent-list-variable. The variables in the
rule schema are collectively referred to as schematic variables. We refer to S1| . . . |Sk as a
hypersequent and to each Si as a component, although they are built from schematic variables,
unlike in (1) where they are built from formulas; this terminology overloading is standard.

A rule instance is obtained from a rule schema by uniformly instantiating the schematic
variables with concrete objects of the corresponding type: a hypersequent-variable with a
hypersequent, a sequent-variable with a sequent, a list-variable with a list of formulas, and
so on. A succedent-list-variable is instantiated by a stoup (i.e., a list that is either empty or
consists of a single formula).

A component in the premise (resp., conclusion) of a rule schema that is not a hypersequent-
variable is called an active component (resp., principal component). We use the same
terminology for the corresponding component in a rule instance.

▶ Example 2.1. We consider the rule schema (∧R) given by

H | Γ ⇒ φ H | Γ ⇒ ψ
(∧R)

H | Γ ⇒ φ ∧ ψ

where the active components (in the premises) and principal components (in the conclusion)
have been highlighted with a surrounding box. Its premises are H | Γ ⇒ φ and H | Γ ⇒ ψ,
and its conclusion is H | Γ ⇒ φ ∧ ψ. Below we give some rule instances of (∧R), where their
active components have been highlighted.

⇒ p ⇒ q

⇒ p ∧ q

p ⇒ p | r, r ⇒ p ∧ q p ⇒ p | r, r ⇒ q

p ⇒ p | r, r ⇒ (p ∧ q) ∧ q

⇒ p · p | q → p ⇒ p | r ⇒ p ∧ q ⇒ p · p | q → p ⇒ p | r ⇒ q

⇒ p · p | q → p ⇒ p | r ⇒ (p ∧ q) ∧ q

The basic hypersequent calculus in this paper is HFLe (see Fig 1). We omitted the (cut)
rule, as cut elimination holds for this calculus. HFLec and HFLew are obtained by the
addition, respectively, of the rules {(c)} and {(i), (o)}, listed below. We follow the standard
convention here of writing (w) to refer to the two rules (i) and (o).

H | Γ,∆ ⇒ Π
(i)

H | Γ, φ,∆ ⇒ Π
H | Γ ⇒

(o)
H | Γ ⇒ φ

H | Γ, φ, φ,∆ ⇒ Π
(c)

H | Γ, φ,∆ ⇒ Π

A calculus H1 is said to extend (or be an extension of ) the calculus H2 if it contains all
the rules of H2. If H is an extension of HFLe, the extension of H by a set S of rule schemas
is the hypersequent calculus H ∪ S, which we write as H(S) following standard practice.

Let H be an extension of HFLe. A derivation in H is a finite labelled rooted tree such
that the labels of a non-leaf node and its child node(s) are respectively the conclusion and
premise(s) of some rule in the calculus. A proof of a hypersequent h in H is a derivation
in H whose root is labelled with h and all leaves are instances of axiomatic rules. Given a
set of rules S, we say that g is obtained from h by applications of rules in S whenever there
is a derivation only built by the rules in S rooted at g with leaves labelled by h. We write
⊢H h to mean that there is a proof of h in H (we say that h is provable in H). A branch in
a derivation is a path from the root to a leaf. The height of a derivation is the maximum
number of nodes on a branch. We write ⊢α

H h (resp., ⊢≤α
H h) to mean that there is a proof of

h in H of height α (resp., ≤ α). We say that H is a calculus for a logic ⊢ whenever ⊢ φ iff



A. R. Balasubramanian, V. Greati, and R. Ramanayake 10:5

Initial hypersequents Structural rules

H | p ⇒ p H | 0 ⇒ H | ⇒ 1
H | Γ ⇒ Π | Γ ⇒ Π

(EC)
H | Γ ⇒ Π

H (EW)
H | Γ ⇒ Π

Logical rules

H | Γ ⇒ Π
(1L)

H | Γ, 1 ⇒ Π
H | Γ, φ, ψ ⇒ Π

(·L)
H | Γ, φ · ψ ⇒ Π

H | Γ ⇒ φ H | ∆ ⇒ ψ
(·R)

H | Γ,∆ ⇒ φ · ψ

H | Γ ⇒
(0R)

H | Γ ⇒ 0
H | Γ, φ ⇒ ψ

(→R)
H | Γ ⇒ φ → ψ

H | Γ ⇒ φ H | ∆, ψ ⇒ Π
(→L)

H | Γ,∆, φ → ψ ⇒ Π

H | Γ, φ2 ⇒ Π
(∧L1)

H | Γ, φ1 ∧ φ2 ⇒ Π
H | Γ, φ1 ⇒ Π

(∧L2)
H | Γ, φ1 ∧ φ2 ⇒ Π

H | Γ ⇒ φ H | Γ ⇒ ψ
(∧R)

H | Γ ⇒ φ ∧ ψ

H | Γ ⇒ φ2 (∨R1)
H | Γ ⇒ φ1 ∨ φ2

H | Γ ⇒ φ1 (∨R2)
H | Γ ⇒ φ1 ∨ φ2

H | Γ, φ ⇒ Π H | Γ, ψ ⇒ Π
(∨L)

H | Γ, φ ∨ ψ ⇒ Π

Figure 1 The hypersequent calculus HFLe for FLe.

⊢H ( ⇒ φ). In that case we also say that ⊢ is determined by H, and by provability in H, we
mean the provability problem for ⊢. We say that H is analytic when for any hypersequent h
it proves, there is a proof of h in H using only subformulas of h.

Ciabattoni et al. [7] provided analytic hypersequent calculi for infinitely many axiomatic
extensions of the logic FLe by adding analytic structural hypersequent rules to HFLe. In
terms of the substructural hierarchy [7, 9], these logics correspond to acyclic axioms in level
P ′

3 for extensions of FLec, and in level P3 for extensions of FLew. We show the form of such
rules in the following definition. For an index set J := {j1, . . . , jk}, denote the hypersequent
H | Γj1 ⇒ Πj1 | . . . | Γjk

⇒ Πjk
by H | Γj ⇒ Πj(j ∈ J).

▶ Definition 2.2. An analytic structural rule schema (henceforth, analytic rule) has the
following form, where all symbols in antecedents are multiset-variables, I, J and L are sets
of indices, Ki is a set of indices for each i ∈ I, αi ∈ N for each i ∈ I, βj ∈ N for each j ∈ J ,
and each Γ⃗ik and ∆⃗l is a list of multiset-variables:

{H |Yi, Γ⃗ik ⇒ Πi}i∈I,k∈Ki
{H | ∆⃗l ⇒ }l∈L

H |Yi, Xi1, . . . , Xiαi
⇒ Πi (i ∈ I) |Zj1, . . . , Zjβj

⇒ (j ∈ J)

Moreover, it satisfies, among others (see [29]), the following properties: (i) linear conclusion
(the multiset-variables that occur in the conclusion occur exactly once) and (ii) strong
subformula property (each multiset-variable in the premise occurs in the conclusion).

▶ Example 2.3 (Communication rule).
H | ∆1,Γ1 ⇒ Π1 H | ∆2,Γ2 ⇒ Π2 (com)

H | ∆2,Γ1 ⇒ Π1 | ∆1,Γ2 ⇒ Π2

The fuzzy logic MTL is determined by the calculus HFLew({com}). For more examples of
such schemas, see [7].

We will always use R to denote a finite set of analytic structural rule schemas. In this
way, logics determined by calculi of the form HFLec(R) and HFLew(R) will be our main
focus here. Observe that in such calculi every rule schema except for (EC) and (EW) have
the following form, for some n,m ≥ 1, where T1, . . . , Tm, S1, . . . , Sn are components, and H

is a hypersequent-variable.

LICS 2026



10:6 Hypersequent Calculi Have Ackermann Complexity

H |T1 · · · H |Tm

H |S1 | · · · |Sn

We will design algorithms that accept hypersequents as input. For the size of the input, we
employ the following norm, which is related to the length ⟨h⟩ of representation on irredundant
hypersequents by a polynomial factor.

▶ Definition 2.4 ((Hyper)sequent norms). For any sequent s, we define JsK as the maximum
multiplicity of a formula in the antecedent of s. For any hypersequent h, we define JhK :=
maxs∈h JsK (i.e., the max of the norms of its components).

As we shall later see, for our purposes, it would be helpful to think of h as a sequence of
sequents, with no repetitions. In that context, JhK tracks the largest size of any sequent that
we have seen so far. Note that for hypersequents with no repetitions of sequents, this is a
proper norm (see Section 2.2), i.e., for any number n, there can only be finitely many such
hypersequents h such that JhK = n.

2.1.1 Invertible calculi
In order to develop our proof search procedures, we modify the usual hypersequent calculi to
allow components in the conclusion of a rule to persist upwards.

Fix a finite set R of analytic structural rule schemas and let H∈{HFLec(R),HFLew(R)}.
Given a rule schema r that is not in S := {(EC), (EW)}, the invertible form inv(r) of r is
obtained by including the principal components in every premise. The principal and active
components of inv(r) are the principal and active components in r.

▶ Example 2.5. The invertible form of (com) is

hc | ∆1,Γ1 ⇒ Π1 hc | ∆2,Γ2 ⇒ Π2 inv(com)
hc

where hc = (H | ∆2,Γ1 ⇒ Π1 | ∆1,Γ2 ⇒ Π2). The principal components of inv(com) are
∆2,Γ1 ⇒ Π1 and ∆1,Γ2 ⇒ Π2; the active components are ∆1,Γ1 ⇒ Π1 and ∆2,Γ2 ⇒ Π2.

▶ Definition 2.6 (Invertible calculi). The calculus HFL⇌ec(R) (resp., HFL⇌ew(R)) is obtained
by replacing in HFLec(R) (resp., in HFLew(R)) every rule schema r not in S by inv(r).

The following is straightforward to prove by using (EC) and (EW).

▶ Lemma 2.7. HFL⇌ec(R) and HFL⇌ew(R) prove the same hypersequents as HFLec(R) and
HFLew(R), respectively.

It is also clear that HFL⇌ec(R) and HFL⇌ew(R) satisfy the subformula property, because
HFLec(R) and HFLew(R) do.

2.2 Well-quasi-orders
A well-quasi-order (or wqo) is a structure A := ⟨A,≤A⟩ where A is a set and ≤A⊆ A×A is
a reflexive and transitive relation s.t. for every infinite sequence of elements a0, a1, . . . , of A
there exists i < j s.t. ai ≤A aj . A proper norm on a set A is a function J·KA : A → N such
that for every n ∈ N, the set {a : JaKA ≤ n} is finite. A normed wqo (or nwqo) is a structure
A := ⟨A,≤A, J·KA⟩ such that ⟨A,≤A⟩ is a wqo and J·KA is a proper norm.

It is easy to see that the set of natural numbers N with the usual ordering and the norm
being the identity function is a nwqo. It turns out that this observation can be generalized
as follows. For any d ≥ 1, let Nd denote the set of all d-tuples of natural numbers. Given
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x = (x1, . . . , xd) and y = (y1, . . . , yd) in Nd we say that x ≤Nd y if xi ≤ yi for each i. Finally,
we set the norm of an element x = (x1, . . . , xd) as JxKNd = max1≤i≤d xi. By Dickson’s
lemma [11], it is known that Nd := ⟨Nd,≤Nd , J·KNd⟩ is an nwqo for every d. This nwqo is
called the product nwqo over Nd. In the sequel, when the dimension d is clear from context,
we will drop the subscript Nd from ≤Nd and J·KNd . We will also make use of disjoint sums
of nwqos, in particular of nwqos of the form k · Nd (k, d ∈ N), where (i,x) ≤k·Nd (j,y) iff
i = j (i.e., x and y are in the same copy of Nd) and x ≤Nd y; here, the norm is defined by
J(i,x)Kk·Nd := JxKNd .

Controlled bad sequences

A control function is any function f : N → N that is monotone and satisfies f(x) ≥ x for
all x ∈ N. Now, let f be any control function, let n ∈ N and let A := ⟨A,≤A, J·KA⟩ be any
nwqo. A sequence of elements a0, a1, . . . over A is called a (f, n)-controlled bad sequence iff

There is no i < j such that ai ≤A aj .
For every i, JaiKA ≤ f i(n) where f i denotes the i-fold composition of f with itself.

By definition of a wqo and by definition of the first property of a (f, n)-controlled bad
sequence, it follows that no such sequence can be infinite. It turns out that, by an application
of König’s lemma, for every f , every n and every nwqo A, there is a maximum length for
(f, n)-controlled bad sequences of A. Hence, we can define a length function LA,f for A and
f which maps a number n to the maximum length of (f, n)-controlled bad sequences of A.

Length function bounds for k · Nd

The complexity upper bounds that we prove in this paper will ultimately depend on length
functions for nwoqs k · Nd (for some d, k ∈ N). Hence, we recall existing results on upper
bounds for them. To state these upper bounds, we first need to introduce the so-called
fast-growing complexity classes, which we shall do now. We will only state those notions and
facts that are needed here.

First, we define a hierarchy of functions {Fi}i≤ω as follows. Let F1(n) = 2n and let
Fi+1(n) = Fn

i (n). We then set Fω(n) = Fn(n), where we can think of ω as an element that
is larger than any natural number. Using these functions, we can define a family of functions
Fi for each i ∈ N ∪ {ω} by closing the Fi function (and a bunch of other simple functions
like the successor function) under composition and limited primitive recursion. We let F⋆

i

denote the class of functions given by
⋃

j<i

⋃
p∈Fj

{Fi(p(n))}. All that we require for our
purposes regarding F⋆

i are the following facts.

▶ Theorem 2.8 ([31]). If f is a function in F⋆
ω and g1, g2 are primitive recursive functions,

then the function g1 ◦ f ◦ g2 is also in F⋆
ω.

▶ Theorem 2.9 (Length theorem for Dickson’s lemma [13]). For any control function f , there
is U : N3 → N in F⋆

ω s.t., for any k, d ≥ 0, U(k, d, x) upper bounds the length function
Lk·Nd,f (x).

Let Fi be the complexity class defined as the set of decision problems that can be solved
by a deterministic Turing machine in time f ∈ F⋆

i . The distinction between determinism
and non-determinism and time and space becomes irrelevant for Fi with i > 2, because
such classes are closed under exponential-time reductions. Of primary interest to us is
the class Fω, whose members are said to have Ackermann complexity. The hierarchy is,
actually, more commonly defined for ordinals up to ϵ0 [31]. In particular, Fωω is the class of
hyper-Ackermann problems.
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10:8 Hypersequent Calculi Have Ackermann Complexity

3 Ackermann bounds for analytic hypersequent extensions of FLec

3.1 Refined calculi and their key properties
Ramanayake [29] constructed a refined version of HFLec(R) in which (EW), (EC) and
(c) are height-preserving admissible (or hp-admissible, for short), meaning that whenever a
premise of one of these rules has a proof with height α ∈ N, its conclusion has a proof of
height at most α. We recall the construction, and a key consequence of it: Curry’s lemma.

In order to facilitate the formulation of the refined calculus and the proof that it satisfies
the desired hp-admissibility results, we define the binary relations ⇝k

c , ⇝k
(EC) and ⇝k

l on
hypersequents (for each k, l ≥ 0) in the following way.

h1 ⇝k
c h2 iff h2 can be obtained from h1 by applying some number of instances of c such

that every formula in a component in h2 occurs up to k times less in that component
than in the corresponding component in h1.
h1 ⇝l

(EC) h2 iff h2 can be obtained from h1 by applying some number of instances of (EC)
such that every component of h2 occurs up to l times less in h2 than in h1.
h1 ⇝k

l h2 iff there exists h′ s.t. h1 ⇝k
c h

′ and h′ ⇝l
(EC) h2.

The following is a fact that comes easily from these definitions.

▶ Proposition 3.1. If h1 ⇝k
l h2, then, for each s1 ∈ h1, there is s2 ∈ h2 such that s1 ⇝k

c s2.
We call s2 a descendant of s1 in h2.

The idea of the refined calculus is that we introduce to each rule instance a fixed amount
of contractions (internal and external). This amount is determined by the syntactic form of
the calculus, using the values fm and acn defined below.

▶ Definition 3.2 ([29]). The formula multiplicity of a rule schema is the maximum, over
all antecedents in its principal components, of the number of variables occurring in those
antecedents. The active component number of a rule schema is the number of components in
its conclusion (including the hypersequent variable).

The formula multiplicity fm of a calculus HFLec(R) is the maximum of the formula
multiplicities of its rule schemas. Similarly, the active component number acn is the maximum
of the active component numbers of its rule schemas.

E.g., the conclusion H | Γ ⇒ Π of the (EW) rule schema has a single principal component;
its antecedent consists of a single (schematic) variable Γ, so its formula multiplicity is 1.
Its active component number is 2 since the conclusion has two components: this principal
component as well as the hypersequent variable. The conclusion H | ∆2,Γ1 ⇒ Π1 | ∆1,Γ2 ⇒
Π2 of (com) (Example 2.3) has two principal components, with antecedents ∆2,Γ1 and
∆1,Γ2. Each of these lists contains two (schematic) variables, so its formula multiplicity is 2.

▶ Definition 3.3 (Refined contraction-calculus). Let H be a hypersequent calculus contain-
ing (EC) and (c). Define H⇝ as the set of rules r⇝ of the form (h1, . . . , hn)/g, where
(h1, . . . , hn)/h0 is a rule instance of r ∈ H and h0 ⇝fm−1

acn g. The instance with conclusion
h0 is called the base instance of r⇝.

Clearly, the conclusion g of a non-base instance is obtained from the conclusion h0 of the
base instance by performing a restricted number of applications of (c) (via ⇝fm−1

c ) and then
a restricted number of applications of (EC) (via ⇝acn

(EC)).

▶ Lemma 3.4 ([29]). Let R be a finite set of analytic structural rules.
1. The calculi HFLec(R) and HFLec(R)⇝ prove the same hypersequents.
2. (EW), (EC) and (c) are hp-admissible in HFLec(R)⇝.
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Now we obtain the so-called Curry’s lemma for hypersequents.

▶ Definition 3.5. Given hypersequents g and h, define g ⇐str h iff g is obtained from h by
applications of {(EW), (EC), (c)}.

▶ Lemma 3.6 (Hypersequent Curry’s lemma). Let h′ and h be hypersequents s.t. h′ ⇐str h.
If ⊢α

HFLec(R)⇝ h, then ⊢≤α
HFLec(R)⇝ h′.

From [4], we know that ⇐str is a wqo when restricted to hypersequents over the same
support. Then the whole point of Curry’s lemma is to prove existence of ⇐str-minimal
proofs in HFLec(R)⇝, that is, every provable hypersequent is witnessed by a proof in which
every branch is a bad sequence with respect to ⇐str. Then a proof-search procedure for
HFLec(R)⇝ looks for minimal proofs with respect to this wqo. Our new algorithm will
not follow this path, because ⇐str is too complex and leads to Fωω upper bounds, instead
of Fω. In order to design this algorithm, we need to combine the two transformations on
hypersequent calculi described above, namely HFL⇌ec(R) and HFLec(R)⇝ into one.

3.2 Invertible refined calculi for contraction
Our focus from now on will be on calculi of the form HFL⇌ec(R)⇝, meaning the result of
applying the (·)⇝ transformation to HFL⇌ec(R). The following result shows that provability
is height-preserved via such transformation with respect to HFLec(R)⇝.

▶ Lemma 3.7. Let h be a hypersequent and α ∈ N. If ⊢α
HFLec(R)⇝ h, then ⊢≤α

HFL⇌ec(R)⇝ h,
and vice versa.

Then, by Lem 3.6 and Lem 3.7:

▶ Lemma 3.8. Let h′ and h be hypersequents such that h′ ⇐str h. If ⊢α
HFL⇌ec(R)⇝ h, then

⊢≤α
HFL⇌ec(R)⇝ h′.

3.3 Proof-search procedure
The core idea is the following: instead of controlling the length of each branch in the proof
search (wqo on hypersequents), a complete proof-search procedure is given where every
hypersequent in the proof search tree is itself a bad sequence (wqo on sequents).

Throughout this section, we denote by H a calculus of the form HFL⇌ec(R)⇝ for some
finite set R of analytic structural rules.

A linearisation of a hypersequent is any sequence of its components (preserving the
multiplicities). For example, if h = s1 | s2 | s3 is a hypersequent, then a linearization of h is
any sequence (si, sj , sk), where {i, j, k} = {1, 2, 3}.

Next, we define a nwqo on S-sequents, where S is a finite set of formulas. Fix an
enumeration S = {φ1, . . . , φd}. A multiset Γ of such formulas can be viewed as a vector in
v(Γ) ∈ Nd, where the ith component is the number of occurrences of φi in Γ. We say that
Γ1 ≤ Γ2 iff v(Γ1) ≤Nd v(Γ2) according to the product wqo over Nd. Hence, the defined order
among multisets of formulas is also a wqo.

Now, for two S-sequents s1, s2 we say that s1 ≤S s2 iff s1 := Γ1 ⇒ Π1, s2 = Γ2 ⇒ Π2,
Π1 = Π2 and Γ1 ≤ Γ2. It is easily seen that this order on the S-sequents is also a wqo. Hence,
if we now consider the norm for sequents defined in Def 2.4, we get a nwqo for S-sequents,
which we denote by W(S).

We ultimately want to consider only those hypersequents in our proof search whose
linearisation yields a controlled bad sequence of sequents (for some suitable control function).
To that end, we say that a function f is an H-control if Jh′K ≤ f(JhK) for every rule instance in
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H having h as conclusion and h′ as a premise. (Here we are using the norm for hypersequents
in Def 2.4.) It is easy to see that a primitive recursive H-control exists – indeed, even a
linear function – for every hypersequent calculus H considered here.

▶ Lemma 3.9. The function f(x) = (fm2acn2 · x) + 1 is an H-control.

Now, let π be a derivation of some hypersequent h0 in H, and let h0, . . . , hn be the
sequence of hypersequents along any branch B in π. Let rk (0 < k ≤ n) be the corresponding
rule instance in π with conclusion hk−1 and premise hk, and let sk be the active component
in that premise. For any linearisation h̄0 of h0, the sequence h̄0, s1, . . . , sk is called the
h̄0-sequence of B.

Let h̄ be any linearisation of a hypersequent h and let S be the set of subformulas of h; let
h̄(0) denote the first element in the sequence. Given a control function f , a f -minimal proof
of h̄ in H is a proof of h such that the h̄-sequence of every branch is a (f, Jh̄(0)K)-controlled
bad sequence over W(S). This is well-defined as proofs in H are cut-free and thus all
elements of the h̄-sequences are S-sequents.

▶ Lemma 3.10 (Existence of minimal proofs). Let f be any H-control. Let h̄ be a linearization
of a hypersequent h that is a (f, Jh̄(0)K)-controlled bad sequence over W(S), where S is the
set of subformulas of h. Then, h is provable in H iff h̄ has an f -minimal proof in H.

Proof. The right-to-left direction is trivial: an f -minimal proof of h̄ is a proof of h. For the
left-to-right direction, suppose that π is a proof of h in H. Induction on the height α of π.

(Base case) If π has height 1, then h must be an initial hypersequent. The latter is a
proof containing a singleton branch. Consequently, the h̄-sequence of this branch is simply h̄.
The latter is a (f, Jh̄(0)K)-bad sequence by hypothesis, so the claim holds.

(Inductive step) Suppose π has height α > 1. Consider the last rule r⇝ applied in π.
Let πi be the subproof of i-th premise of r⇝, with height αi < α. Note that the root of πi

has the form g |C | si, where si is the active component of the rule and C is the multiset of
principal components of the base instance of r⇝. Here g |C ⇝fm−1

acn h.
π1

g |C | s1 . . .

πn

g |C | sn r
g |C

We then have that h | si ⇐str g |C | si for each 1 ≤ i ≤ n, and thus, by Lem 3.8, there are
proofs π′

i of each h | si with height ≤ αi < α. We now reason by cases on the sequences h̄, si:

1. h̄, si is a (f, Jh̄(0)K)-controlled bad sequence for every i: Applying the IH to π′
i, we obtain

a f -minimal proof π′′
i of h̄, si for each i. By definition, the (h̄, si)-sequence of every branch

is a (f, Jh̄(0)K)-controlled bad sequence. We now claim that the following is a proof in H,
with h |C ⇝fm−1

acn h.
π′′

1

h |C | s1 . . .

π′′
n

h |C | sn r
h |C

For that, it is enough to show that h |C ⇝fm−1
acn h. We know that g |C ⇝fm−1

acn h.
Therefore, by Prop 3.1, for each s′ ∈ C, there is s′′ ∈ h such that s′ ⇝fm−1

c s′′. Thus,
h |C ⇝fm−1

c h |C ′, where every component in C ′ appears in h. But |C| ≤ acn because
C is the multiset of principal components of the base instance, and so h |C ′ ⇝acn

(EC) h.
Hence, h |C ⇝fm−1

acn h, as desired.
It only remains to argue that the above proof, which we call π0, is an f -minimal proof of
h̄. The h̄-sequence of any branch in π0 has the form h̄, si, . . . for some i. By inspection,
it is the (h̄, si)-sequence of some branch in π′′

i . We already observed that the latter is a
(f, Jh̄(0)K)-controlled bad sequence. Thus, π0 is an f -minimal proof of h̄.
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2. h̄, si is not a (f, Jh̄(0)K)-controlled bad sequence for some i: Note that h̄ is a (f, Jh̄(0)K)-
controlled bad sequence by assumption. We now argue that this sequence must be
(f, Jh̄(0)K)-controlled (so that it must fail to be bad). Because Jg |C | siK ≤ f(JhK) by
Lem 3.9, and by definition of J·K we have JsiK ≤ Jg |C | siK, we obtain JsiK ≤ f(JhK). By
definition of the norms for hypersequents we get that JhK = Jh̄(j)K for some 0 ≤ j < |h|.
By the control property, we have Jh̄(j)K ≤ f j(Jh̄(0)K) ≤ f |h|−1(Jh̄(0)K). Thus JsiK ≤
f(f |h|−1(Jh̄(0)K)) = f |h|(Jh̄(0)K), and h̄, si is controlled. So the sequence must fail to be
bad, hence there exists t ∈ h̄ s.t. t can be obtained from si by (zero or more) contractions.
In either case, it follows that h ⇐str h|si. By Lem 3.8 we obtain a proof π0 of h of height
< α. Applying the IH to π0, we obtain an f -minimal proof of h̄. ◀

▶ Definition 3.11 (f -minimal proof-search tree). The f -minimal proof search tree in H for
the sequent s is defined as the limit tree of the following.
T0(s) A single node labelled with s.
Tn+1(s) For each leaf ℓ (labelled by the hypersequent h, say) in Tn(s), and each rule instance

that has h as conclusion, add the premises as children of ℓ, provided the tree so obtained
is f -minimal.

Branching can happen for two reasons: rules with multiple premises, and the applicability of
multiple rule instances. We do not have to differentiate between these children because the
proof-search tree is only an over-approximation: later we extract a subtree that is a proof.

▶ Lemma 3.12. Given a sequent s, there is a least N ∈ N such that TN (s) = TN+1(s).
Moreover, there is U ∈ F⋆

ω such that N is upper bounded by U(JsK) for any sequent s.

Proof. Let S be the set of subformulas of s. By construction, for every n, every branch
in Tn(s) corresponds to a (f, JsK)-controlled bad sequence over W(S). Suppose there is no
N ∈ N such that TN (s) = TN+1(s). Then, consider the infinite limit tree

⋃
n≥0 Tn(s). This

tree must be finitely branching, since every rule schema of H can only be instantiated in
finitely many ways for every hypersequent. By König’s Lemma there would exist an infinite
branch, which induces an infinite bad sequence over W(S), which is absurd. Moreover, this
N is uniformly upper bounded by a function in F⋆

ω because each step in the construction adds
a new element to a (f, JsK)-controlled bad sequence producing a longer (f, JsK)-controlled
bad sequence, and by Thm 2.9 we know that the length of such a sequence is upper bounded
by a function in F⋆

ω on JsK. ◀

From the above stabilization of the proof-search tree construction, we now conclude:

▶ Theorem 3.13. Provability in H is in Fω.

Proof. Given an input sequent s, by Lem 3.12 we have that TN (s) can be constructed
in space primitive recursive on U ∈ F⋆

ω, which is thus also a function in F⋆
ω by Thm 2.8.

Furthermore, we can search among its subtrees for a minimal proof of s, which is again a
primitive-recursive procedure by Thm 2.8. By construction, any f -minimal proof of s will be
a subtree of TN (s). By Lem 3.10, its existence is equivalent to provability of s. ◀

Finally, from Lem 2.7, Lem 3.7 and Thm 3.13, we obtain:

▶ Theorem 3.14 (Main Theorem I). Provability in any extension of FLec by finitely many
acyclic P ′

3-axioms (i.e, provability in any analytic structural extension of HFLec) has
Ackermann complexity.
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4 Ackermann bounds for hypersequent extensions of FLew: ω-calculi

We take inspiration from the Karp-Miller algorithm for computing coverability sets in vector
addition systems [19]. Let Lω := L∪ {φω | φ ∈ L} be the language of ω-formulas. Note that,
in this language we allow, e.g., (φ∧ψ)ω, but not φω ∧ψω. Then we call ω-components (resp.,
ω-hypersequents) those sequents (resp., hypersequents) in which ω-formulas may appear, and
we call ω-calculus a calculus whose rules manipulate ω-hypersequents. An ω-proof is a proof
in an ω-calculus.

The basic idea behind the new strategy is to perform backward ω-proof search over a
suitable ω-calculus, such that if the active component of a premise is strictly larger than an
earlier component, we record this increment by replacing every formula φ that has strictly
larger multiplicity with φω. The proof rules of the ω-calculus will guarantee that once a
formula becomes an ω-formula, it remains so from that point on. This mechanism together
with a careful bookkeeping of proof-theoretical information about how new components are
introduced in the proof search will guarantee termination and correctness.

This section starts with a more detailed high-level description of the algorithm and why it
works, and then we move to the formal definition of the ω-calculus. The remaining sections
will then formalize the proof search and prove its correctness.

An overview of the ω-proof-search algorithm

Given an input hypersequent, perform the usual backward proof search, exhaustively applying
the rules, until an active component is encountered (in a premise) that is larger than some
component that is already present. Instead of concatenating this active component to the
conclusion to get the premise, we concatenate a revised version of the active component,
by replacing every ψk in it that had strictly larger multiplicity than its counterpart (in the
already-present component) with ψω. So our proof search is built on ω-hypersequents, itself
built from ω-components, where the antecedent consists of an ω-set – the set of ω-formulas –
and a vector in Nd holding the information about the formulas with finite multiplicities. A
formula is an ω-formula or has finite multiplicity (but not both).

We must show that it is possible to obtain a usual proof from the ω-proof (soundness), the
proof search terminates, and it finds a proof whenever there is one to be found (completeness).

For soundness, the idea is that the path from an ω-hypersequent where its active com-
ponent strictly increased its ω-set down to its ω-partner below can be iterated as often as
required, to replace, in the usual proof we are now building, ψω with ψk for suitably large k.
Moreover, we can work out the required value for k by a leaf-to-root analysis of the (finite)
ω-proof. It is helpful to consider the path in the other direction: from the rule instance
introducing the ω-partner to the revised active component with strictly larger ω-set. We need
to pass the additional copies of formula ψ created at each iteration, so that the multiplicity
keeps growing. For this to work, we need the ω-partner and the revised active component to
be related also in proof-theoretic sense; the additional condition is that the pair should be in
the transitive closure of the relation R of components that are instantiations of components
in the rule schema sharing a multiset-variable (instantiations of these multiset-variables carry
the additional formulas along to the next step in the iteration).

To show termination, suppose that the proof search tree were infinite. We can easily
extract an infinite R-tree from this. To get a contradiction, we need to extract an infinite
branch on this tree, and for that we need to ensure that R is finitely branching. The way
we described R in the previous paragraph does not ensure finite branching: after all, the
input hypersequent – since each premise is obtained by concatenating the conclusion with
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an active component, it is the initial segment of every hypersequent in the proof search –
might have been used infinitely often. The solution is to be even more stringent on the R
relation. Specifically, of the principal components in the conclusion of a rule instance that
are proof-theoretically related to the active component in question, we relate the rightmost
one (“key ancestor”). Now, if this key ancestor were subsequently related to infinitely many
components under R, there must be a repeat since the number of components that can be
generated from that key ancestor and those to its left (i.e., a fixed hypersequent) is finite.

For completeness, we will show that whatever is done in a usual proof can be simulated
in the ω-proof. Since ψω has a natural meaning as infinitely many copies of ψ, the suitable
rules for ω-formulas are quite clear to deduce. In particular, ω-formulas persist upwards.

4.1 Preliminary notation
Throughout this and the remaining sections, as usual, we use R to mean an arbitrary finite set
of analytic hypersequent structural rule schemas (recall Def 2.2). Since HFL⇌ew(R) satisfies
the subformula property, a proof of an input hypersequent can be restricted to the finite
set of its subformulas, say S := {φ1, . . . , φd}. For the latter, we use N≤d := {0, 1, . . . , d},
where 0 represents the empty stoup. I.e., a formula is represented by its index in a fixed
enumeration of S. We also let N+

≤d := {1, . . . , d}. Also, as in the previous section, we read a
multiset over S as a vector x ∈ Nd, such that x(a) is the multiplicity of the formula (with
index) a in the multiset. This motivates the following formalization.

▶ Definition 4.1 (ω-(hyper)sequents). Let d ≥ 1. An element (Ω; x) ∈ P(N+
≤d) × Nd such

that Ω ∩ {i ∈ N+
≤d | x(i) > 0} = ∅ is called an (ω, d)-antecedent. Elements in Ω (resp., x)

are called ω-coordinates. An (ω, d)-sequent is an expression (Ω; x) ⇒ b, where (Ω; x) is an
(ω, d)-antecedent and b ∈ N≤d. We call Ω the ω-set of the ω-sequent. An (ω, d)-hypersequent
is a multiset of (ω, d)-sequents. We may omit the d from the notation when it can be inferred
from the context. An ω-sequent is ω-free when its ω-set is empty, and an ω-hypersequent is
ω-free when all of its components are ω-free.

Observe that an (ω, d)-antecedent (Ω; x) has the property that every formula a ∈ N+
≤d is

either an ω-formula (i.e., a ∈ Ω and x(i) = 0), or it is not an ω-formula (a ̸∈ Ω).

▶ Notation 4.2. Given κ ⊆ N+
≤d, k ∈ N and x ∈ Nd, let x[κ 7→ k] denote the vector obtained

by setting the coordinates of x in κ to k and leaving the other coordinates unchanged. For
x ∈ Nd and 1 ≤ a ≤ d, we write x, a to mean x + ea, where ea is the a-th unit vector.

▶ Definition 4.3 (Adding formulas to (Ω; x)). Define the ω-antecedent ((Ω; x), a) obtained
by the addition of the formula a to (Ω; x) to be (Ω; x) if a ∈ Ω, else it is (Ω; x, a). For a
multiset I = [a1, . . . , ak] of formulas, define (Ω; x), I as (. . . ((Ω; x), a1), . . .), ak. This does
not depend on the ordering in the enumeration of I so it is well-defined.

In words, the addition of the formula a to (Ω; x) leaves the latter unchanged if a is already
an ω-formula (i.e., a ∈ Ω), else its finite multiplicity is incremented (i.e., x becomes x, a).

4.2 The calculus HFL⇌ew(R)ω

Our first calculus dealing with ω-formulas is denoted by HFL⇌ew(R)ω, and its rule instances
are presented in Fig. 2.

In order to understand this calculus fully, we need to present the notion of ω-structural
rules. Every r ∈ R has the form in Def 2.2, so every principal component corresponds to an
index in I ∪ J , and every active component corresponds either to an index (i, k) with i ∈ I
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Initial hypersequents

H | (Ω; p) ⇒ p H | (Ω ∪ {p};∅) ⇒ p H | (Ω; 0) ⇒

H | (Ω ∪ {0};∅) ⇒ H | (Ω;∅) ⇒ 1

Structural rules
hc | (Ω; Γ) ⇒ Π

w
H | (Ω; Γ, φ) ⇒ Π

H | (Ω; Γ) ⇒ φ | (Ω; Γ) ⇒ Π
(EC)

H | (Ω; Γ) ⇒ Π
H (EW)

H | (Ω; Γ) ⇒ Π All rules

schemas in Rω (see Def. 4.4).

Logical rules operating on ω-coordinates

hc | (Ω; Γ) ⇒ Π
(1L)

H | (Ω ∪ {1}; Γ) ⇒ Π
hc | (Ω ∪ {φ · ψ}; Γ), φ, ψ ⇒ Π

(·L)
H | (Ω ∪ {φ · ψ}; Γ) ⇒ Π

hc | (Ω ∪ {φ1 ∧ φ2}; Γ), φi ⇒ Π
(∧L)

H | (Ω ∪ {φ1 ∧ φ2}; Γ) ⇒ Π

hc | (Ω ∪ {φ ∨ ψ}; Γ), φ ⇒ Π hc | (Ω ∪ {φ ∨ ψ}; Γ), ψ ⇒ Π
(∨L)

H | (Ω ∪ {φ ∨ ψ}; Γ) ⇒ Π

hc | (Ω ∪ {φ → ψ}; Γ) ⇒ φ hc | (Ω ∪ {φ → ψ}; ∆), ψ ⇒ Π
(→L)

H | (Ω ∪ {φ → ψ}; ∆,Γ) ⇒ Π

Logical rules operating on finite multiplicities

hc | (Ω; Γ) ⇒ Π
(1L)2

H | (Ω; Γ, 1) ⇒ Π
hc | (Ω; Γ), φ, ψ ⇒ Π

(·L)2
H | (Ω; Γ, φ · ψ) ⇒ Π

hc | (Ω; Γ), φi ⇒ Π
(∧L)2

H | (Ω; Γ, φ1 ∧ φ2) ⇒ Π

hc | (Ω; Γ), φ ⇒ Π hc | (Ω; Γ), ψ ⇒ Π
(∨L)2

H | (Ω; Γ, φ ∨ ψ) ⇒ Π
hc | (Ω; Γ) ⇒ φ hc | (Ω; ∆), ψ ⇒ Π

(→L)2
H | (Ω; Γ,∆, φ → ψ) ⇒ Π

Logical rules (succedent)

hc | (Ω,Γ) ⇒
(0R)

H | (Ω,Γ) ⇒ 0
hc | (Ω; Γ) ⇒ φ hc | (Ω; ∆) ⇒ ψ

(·R)
H | (Ω; Γ,∆) ⇒ φ · ψ

hc | (Ω; Γ) ⇒ φi (∨R)
H | (Ω; Γ) ⇒ φ1 ∨ φ2

hc | (Ω; Γ) ⇒ φ hc | (Ω; Γ) ⇒ ψ
(∧R)

H | (Ω; Γ) ⇒ φ ∧ ψ

hc | (Ω; Γ), φ ⇒ ψ
(→R)

H | (Ω; Γ) ⇒ φ → ψ

Figure 2 The calculus HFL⇌ew(R)ω. Here, hc denotes the meta-hypersequent in the conclusion.

and k ∈ Ki, or to an index l ∈ L. For i ∈ I and k ∈ Ki, let Ci,k be the set of those principal
component indices v ∈ I ∪ J that have a multiset metavariable in common with the active
component (i, k). Define Cl for each active component l ∈ L analogously. Finally, define
Ω[i, k] as

⋃
v∈Ci,k

Ωv for each (i, k), and Ω[l] as
⋃

v∈Cl
Ωv for each l ∈ L.

▶ Definition 4.4 (ω-structural rules, Rω). If r is an analytic structural hypersequent rule
schema, then rω is the ω-version below, where hc is the conclusion meta-hypersequent.

{hc | (Ω[i, k];∅), Yi, Γ⃗ik ⇒ Πi}i∈I,k∈Ki
{hc | (Ω[l];∅), ∆⃗l ⇒ }l∈L rω

H | (Ωi;Yi, Xi1, . . . , Xiαi) ⇒ Πi (i ∈ I) | (Ωj ;Zj1, . . . , Zjβj ) ⇒ (j ∈ J)

We remind the reader that an ω-hypersequent is a multiset of ω-sequents of the form
(Ω; x) ⇒ b. The proof calculus HFL⇌ew(R)ω in Fig 2 operates on (ω, d)-hypersequents. For
example, in addition to the usual logical rules – in the present setting, these operate on those
formulas with finite multiplicities (described by the vector x) – there are also logical rules
that operate on the ω-coordinates Ω. As a concrete example, consider the rule schema
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hc | (Ω ∪ {φ → ψ}; Γ) ⇒ φ hc | (Ω ∪ {φ → ψ}; ∆), ψ ⇒ Π
(→L)

H | (Ω ∪ {φ → ψ}; ∆,Γ) ⇒ Π

Observe that this rule schema operates on a component that has φ → ψ among its ω-
coordinates; we also refer to this by saying that φ → ψ is an ω-formula in that component.
In this rule schema, the ω-coordinates of the active components (in the premise) are the
same as the ω-coordinates in the principal component (in the conclusion). Consider the right
premise of the above. Since we do not know whether ψ ∈ Ω, we use Def 4.3 to ensure that the
formula is classified correctly; this also ensures that we maintain the property that, in any
component, the ω-coordinates are disjoint from the formulas with positive finite multiplicity.
In general, ω-coordinates increase from principal to active components, e.g., as seen by the
(Ω[i, k];∅), Yi, Γ⃗ik term in Def 4.4.

There is an obvious bijective correspondence between a sequent x ⇒ b and the ω-sequent
(∅; x) ⇒ b. This bijection extends from rule instances in HFL⇌ew(R) to rule instances in
HFL⇌ew(R)ω that operate only on the finite coordinates of the ω-hypersequent. Since the
latter calculus does not contain any rule to strictly increase the ω-coordinates from the empty
set (we will subsequently introduce such a mechanism), the following is immediate.

▶ Lemma 4.5. Let h be an ω-free ω-hypersequent. Then, h is provable in HFL⇌ew(R) iff it
is provable in HFL⇌ew(R)ω.

4.3 Refined ω-calculus
Next, we modify HFL⇌ew(R)ω to equip it with height-preserving admissibility of (EC) and
(EW), as in Sec 3.1, based on [29].

▶ Definition 4.6 (Refined ω-calculus). HFL⇌ew(R)⇝ω consists of every rule r⇝ below left s.t.
r (below right) is a rule in HFL⇌ew(R)ω, and g ⇝acn

(EC) h. Call r the base instance of r⇝.

h | s1 · · · h | sn
r⇝

h

g | s1 · · · g | sn rg

Every component in h that is related, via applications of (EC), to the principal components
in g is called a principal component of r⇝. The schema for an active/principal component in
r⇝ is the corresponding schematic component in r.

Informally, a rule instance in HFL⇌ew(R)⇝ω (seen from conclusion to premises) is obtained
by applying a limited amount – up to acn, whose value depends solely on the proof rules
– of (EC) backwards, and then a backward application of a rule instance in HFL⇌ew(R)ω,
replacing g with h in the premises of the base instance.

▶ Lemma 4.7. The calculi HFL⇌ew(R)ω and HFL⇌ew(R)⇝ω prove the same ω-hypersequents.

Similar to [29], we have that the external structural rules are hp-admissible in
HFL⇌ew(R)⇝ω .

▶ Lemma 4.8. (EW) and (EC) are hp-admissible in HFL⇌ew(R)⇝ω .

▶ Lemma 4.9. If h is provable in HFL⇌ew(R)⇝ω , then it is provable without (EW) and (EC).

Henceforth, we may assume that proofs do not use the external structural rules.
The rules operating on ω-coordinates behave just like their familiar counterparts operating

on the finite multiplicities (except ω-coordinates do not diminish with use). Hence, treating
a finite multiplicity formula as belonging to the ω-set is proof-preserving:
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▶ Definition 4.10 (ω-extensions). Given an (ω, d)-sequent s = (Ω,x) ⇒ b, we say that an
(ω, d)-sequent s′ = (Ω′,x′) ⇒ b is an ω-extension of s if Ω ⊆ Ω′ and x′ = x[Ω′\Ω 7→ 0]. An
ω-extension of an (ω, d)-hypersequent h is obtained by replacing some components in h by
some of their ω-extensions.

▶ Lemma 4.11. Let h be an ω-hypersequent provable in HFL⇌ew(R)⇝ω with height α. Then,
any of its ω-extensions is provable in HFL⇌ew(R)⇝ω with height ≤ α.

Proof. Let h be an ω-hypersequent having a proof π of height α in HFL⇌ew(R)⇝ω . It is enough
to prove for the case when h′ is an ω-extension of h differing from h at a single component
(Ω′,x′) ⇒ b, and, within that component, at a single formula a. That is, h = g | (Ω,x) ⇒ b

with a ̸∈ Ω and h′ = g | (Ω ∪ {a},x[a 7→ 0]) ⇒ b. The general result follows by iterating this
case. We will now show by structural induction on π that h′ has a proof π′ of height ≤ α.

(Base case) Here, h is an initial ω-hypersequent. If the component that changed in h′ is
part of the instantiation of the hypersequent variable H, simply change the instantiation of
H accordingly. Otherwise, it must be of one of the forms (Ω; p) ⇒ p or (Ω; 0) ⇒ . In that
case, use instead the initial hypersequents with principal components (Ω ∪ {p}; 0) ⇒ p or
(Ω ∪ {0}; 0) ⇒ , respectively.

(Inductive step) Assume the last rule instance applied in π has the form (h | ti)i/h, where

(g|s1| · · · |sm|t1), . . . , (g|s1| · · · |sm|tk)/(g|s1| · · · |sm)

is its base rule instace in HFL⇌ew(R)ω and (g|s1| · · · |sm)⇝acn
(EC) h. Here, g is the instantiation

of the hypersequent variable H.
By IH, we have h′|ti provable with height ≤ αi < α for each i. We show that the instance

(h′|ti)i/h
′ is in the calculus. By cases:

1. The component that changed from h to h′ is in g: use the IH and instantiate the same
rule schema of HFL⇌ew(R)ω but changing g to g′ in the instantiation of the hypersequent
variable H to obtain h′. That is,

(g′|s1| · · · |sm|t1), . . . , (g′|s1| · · · |sm|tk)/(g′|s1| · · · |sm)

is a rule instance of HFL⇌ew(R)ω. So, g′|s1| · · · |sm ⇝acn
(EC) h

′.
2. Assume that the component that changed is si for some 1 ≤ i ≤ m, and si is not present

in g (otherwise the previous item would have applied). If the last rule applied operates
on the first component or on succedents, note that i = 1 necessarily (there is only one
principal component), so simply consider the component s′

1 that now has the formula
a in the first component, and adapt the rule instance accordingly. In the case of rules
operating on the first component, we might get in the new instantiation premises that
are ω-extensions of the previous premises, so just apply the IH to obtain proofs of height
≤ αi < α for them.
If it is a logical rule operating on the second component or (w), again we have i = 1, and
now we need to consider two cases. First, the formula that changed in the component
is not principal. In this case, simply use the IH and adapt the instantiation. If it is
the principal formula of the rule, use the IH and then appropriately instantiate the
corresponding logical rule that operates on the first component.
If it is a structural rule from Rω, the formula a must be in an instantiation of a multiset
meta-variable. By the property of linear conclusion of these rules, this variable only
occurs in the schema of si. By definition of rω, all premises sharing same variable get
affected, and their corresponding ω-sets are changed accordingly. Thus, it is enough to
change the instantiation of that variable to not contain a, and place a in Ωi. Thus use
the IH and this new instantiation.

The lemma then follows by iterating the above argument. ◀
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5 The ω-proof search algorithm for extensions of FLew

Now we build on the refined ω-calculus developed in the previous section to describe a
ω-proof search procedure.

▶ Definition 5.1. Define ≺ on (ω, d)-sequents as s ≺ t iff Ω ⊆ Ω′, x < y and b1 = b2, for
any s = (Ω,x) ⇒ b1 and t = (Ω′,y) ⇒ b2.

The following function identifies strict increments in the finite multiplicities, and includes
those formulas as ω-coordinates.

▶ Definition 5.2 (ω-function). Let s = (Ω,x) ⇒ b and t = (Ω′,y) ⇒ b be ω-sequents such that
s ≺ t. By ω(s, t) we denote the ω-sequent (Ω′′,y′) ⇒ b, where Ω′′ = Ω′ ∪κ and y′ = y[κ 7→ 0],
with κ = {l ∈ N+

≤d\Ω′ | x[l] < y[l]}.

▶ Example 5.3. Let s1 = (1, 3; (0, 2, 0, 4)) ⇒ b and s2 = (1, 3, 4; (0, 3, 0, 0)) ⇒ b. Then
ω(s1, s2) = (1, 2, 3, 4; (0, 0, 0, 0)) ⇒ b.

Proof search will need to track more than just the hypersequents that appear. So we first
enrich each component s of the hypersequent as (i, s) where i ∈ N serves as a unique index
recording the order in which the components were created.

Let d ≥ 1. An indexed d-component is a pair s = (i, s), where i ∈ N and s is an
(ω, d)-sequent. We denote by c(s) the (ω, d)-sequent of s. An indexed d-hypersequent is a
multiset of indexed d-components, such that any two distinct indexed components have
distinct indices (we could use a set here, but multisets are familiar for hypersequents). We
omit d from the notation when clear from context. The support of an indexed hypersequent
is the hypersequent obtained by deleting the index of every component. If the support has
no repeated components, h is said to be irredundant, otherwise it is said to be redundant.

▶ Definition 5.4 (Relational indexed hypersequent). For d ≥ 1, a d-rin-hypersequent is a
tuple h = ⟨h,Rh⟩, where h is an indexed d-hypersequent, and Rh is a binary relation on the
indexed components in h such that R∗

h is a rooted tree. Let max h denote the largest index in
h. We say that h is irredundant when h is so, otherwise we say it is redundant.

Let r = (h | si)i/h be a rule of HFL⇌ew(R)⇝ω and h = ⟨h,Rh⟩ be an irredundant rin-
hypersequent with support h. We refer to the structure I = ⟨r,h⟩ as an instantiation context.
Let C be the multiset of principal components of h in r. We say that an indexed component
in h is principal in r if its ω-sequent is in C. The schema of such component in r is defined
as the schema of the corresponding principal component in C. Define the key ancestor of si

in I as the principal component of h in r of largest index among those whose schema shares
a variable with the schema of si.

If t is the key ancestor of si in I, define si = (max h+ 1, si) and Ri = Rh ∪ {(t, si)}. The
ω-partner of si in I (if it exists) is the indexed component t′ in h of largest index such that
(t′, si) ∈ R∗

i and c(t′) ≺ si. Then, for s′
i = ω(t′, si), the indexed ω-sequent s′

i = (max h+1, s′
i)

is called the ω-refinement of si in I, and si is called the pre-component of s′
i in I.

▶ Definition 5.5. A legal rin-hypersequent (or lrin-hypersequent, for short) is an irredundant
rin-hypersequent h = ⟨h,Rh⟩ such that if sRht, then there is a rule r such that, for I = ⟨r,h⟩,
(a): c(t) is one of the active components of r and s is the key ancestor of c(t) in I, and (b):
t either has no ω-partner in I, or is an ω-refinement in I.
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▶ Definition 5.6 (ω-proof-search tree). For an lrin-hypersequent h0, the ω-proof-search tree
Tω(h0) is defined as the limit of the trees recursively constructed in the following way.

1. T0(h0): A single node labelled with h0.
2. Tn+1(h0): Pick a leaf ℓ of Tn(h0) and assume it is labeled by h = ⟨h,Rh⟩. For each rule

r = (h|si)i∈I/h of HFL⇌ew(R)⇝ω resulting from an instantiation with subformulas of the
support of h0, where h is the support of h, we do the following.

a. (pre-refinement redundancy) If there is i ∈ I and t in h s.t. si = c(t), then go to the
next iteration (i.e., process the next rule), else proceed:

Let I := ⟨r,h⟩, and, for each i ∈ I, set m := max h + 1, si := (m, si) and Ri :=
Rh ∪ {(ti, si)}, where ti is the key ancestor of si in I. Then perform the following.

b. (leaf expansion) For each i ∈ I, add ⟨h|si, Ri⟩ as a child of ℓ.
c. (ω-refinement) For each new leaf ⟨h|(m, si), Ri⟩, let s′

i be the ω-refinement of si in I

(if it exists), and replace the label of this leaf by ⟨h|s′
i, Rh ∪ {(ti, s′

i)}⟩.
If this refinement took place for at least one premise, we call the result an ω-introduction
rule, with s′

i called a productive premise and r its pre-rule.
d. (post-refinement redundancy) If the rin-hypersequent of any new leaf is redundant,

delete all the new leaves introduced in this iteration.

Observe that the tree resulting from the above construction is guaranteed to have legal
rin-hypersequents as labels. Consider an lrin-hypersequent ⟨h,R⟩ in Tω(h0). Viewing the
indexed hypersequent h as a sequence of indexed components, ordered by increasing index,
we have access to the order in which the components were obtained. Also, ((i, t), (j, s)) ∈ R

tells us t was a principal component of the rule instance that had s as an active component,
and the instantiation that led to s is independent of components with index > i, in view of
the key ancestor condition.

▶ Definition 5.7. Let h := ⟨h,Rh⟩ be an lrin-hypersequent. We define the tree of h, denoted
by TR(h), by first making the minimal elements of Rh the children of a special node labelled
with •, and then extending it such that s′ is a child of s iff (s, s′) ∈ Rh.

▶ Remark 5.8. Let h := ⟨h,Rh⟩ be an lrin-hypersequent occurring in Tω(h0). First, note that
Tω(h0) is a tree labeled by lrin-hypersequents, while TR(h) is a tree labeled by components,
plus a special symbol •, which labels the root. Also, the children of • are elements of h0, so
the tree is finitely branching at the root (since h0 is finite).

We now define a more restrictive wqo than ≺ (Def 5.1) where indexed (ω, d)-sequents
with distinct ω-sets are incomparable. Recall that ≺ checks if one sequent is larger than
another (and this means comparing also sequents with different ω-sets); this ensures that
we do not add unnecessary premises to the proof-search tree, a condition that is needed for
termination. On the other hand, the more restrictive wqo is required to measure the length
of proof-search branches by controlling sequences with fixed ω-sets, using the length theorem
for Nd, where d is fixed.

▶ Definition 5.9. Given s = (i, (Ω; x) ⇒ b1) and s′ = (j, (Ω′; y) ⇒ b2), let s ⪯W(ω,d) s
′

iff Ω = Ω′, b1 = b2 and x ≤Nd y. Define the structure W(ω, d) on indexed (ω, d)-sequents
having ⪯W(ω,d) as relation and J(l, s)K := Jc(s)K as norm, where the norm of an ω-sequent
(Ω; x) ⇒ b is defined as JxKNd .

▶ Lemma 5.10. W(ω, d) is an nwqo and, for any primitive recursive control function f , its
length function LW(ω,d),f is upper bounded in F⋆

ω, uniformly on d.
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Proof. In order to see that W(ω, d) is a wqo, let Q = (2d · (d+1)) ·Nd. Now, uniquely assign
a number I(Ω, b) in N≤2d·(d+1) to the pairs (Ω, b), where Ω is a subset of N+

≤d and b ∈ N≤d.
We then code the indexed (ω, d)-sequent s = (i, (Ω,x) ⇒ b) as the element s# := (I(Ω, b),x)
of Q (note that the index is ignored). Then clearly t ⪯W(ω,d) s iff t# ≤Q s#. Moreover,
Jt#K = JtK. It then follows that any (f, n)-controlled bad sequence t0, t1, . . . , over sequents
can be translated to a (f, n)-controlled bad sequence t#0 , t

#
1 , . . . Hence, the length functions

of W(ω, d) are upper bounded by the length functions of Q. We conclude using Thm 2.9. ◀

▶ Lemma 5.11. Let h0 := ⟨h0, Rh0⟩ and h := ⟨h,Rh⟩ be lrin-hypersequents such that h0 is
finite and h occurs in Tω(h0). Then:
1. Along a branch of TR(h), indices of components strictly increase and ω-sets are increasing.
2. Every branch of TR(h) is an (f, Jh0K)-controlled bad sequence over W(ω, d), where f is

the function from Lem 3.9.
3. TR(h) is finitely branching.

Therefore, TR(h) (and hence h) is finite. Moreover, there is a function in F⋆
ω that uniformly

upper bounds the size of TR(h) as a function of Jc(h0)K.

Proof. Recall that a branch of TR(h) is – after • – a chain of indexed components
t1 Rh t2 Rh . . . such that ti+1 is the active component of a premise of a rule of the cal-
culus having ti as a principal component (in fact, as its key ancestor).

Item 1. Indices of components strictly increase because, by construction, tiRhti+1 implies
that the index of the component ti+1 is strictly larger than the index of any of its ancestors.
For the next part, by the way the rules are defined, an active component has a larger ω-set
than its key ancestor for any non ω-introduction rule. If an active component was created by
an ω-introduction rule, then it has an ω-set that is strictly larger than its parent (and in
fact, all its ancestors, by an implicit induction).

Item 2. Let B := t1 Rh t2 Rh . . . be a branch of of TR(h). If it is not a bad sequence, there
is a chain (Ωi,xi) ⇒ bi = ti Rh . . . Rh tj = (Ωj ,xj) ⇒ bj in B for some i < j such that
ti ⪯W(ω,d) tj i.e., Ωi = Ωj , bi = bj and xi < xj (strict since h is irredundant). Notice that
tj must be the result of ω-refinement since otherwise it would mean that the algorithm
missed a suitable ω-partner (i.e., ti). Denote the pre-component of tj by t′j = (Ω′

j ,y′
j) ⇒ b.

Then Ω′
j ⊂ Ωj since, as observed above, the pre-component has a strictly smaller ω-set than

the productive premise that replaces it. Since j > i, and since ω-sets are increasing (by
ω-increasing property of related components from conclusion to premise), it follows that
Ωi ⊆ Ω′

j . Since Ωi = Ωj , we get the contradiction Ωi ⊆ Ω′
j ⊂ Ωi.

Moreover, since (ti, ti+1) ∈ Rh means that ti+1 is either a premise or an ω-extension of a
premise of a rule with ti among its principal components, we have that Jti+1K ≤ f(JtiK) by
Lem 3.9, and thus JtjK ≤ f j(Jt1K), meaning that the sequence is (f, Jh0K)-controlled, since
Jt1K ≤ Jh0K because t1 is in h0.

Item 3. Towards a contradiction, pick a node labelled by t having infinitely-many children,
i.e., tRh si for all i ≥ 0. So t acted as key ancestor for each si, meaning that it was the most
recent principal component in the indexed rin-hypersequent hi := ⟨hi, Ri⟩ being expanded
sharing a multiset meta-variable with the schema of si.

Observe that the set A of components with smaller index than t in the whole h is the
same for all such hi. This means that every si is determined by A. It follows that si = sj

for some i, j, which contradicts the redundancy check. Observe also that there are only
finitely-many children of the first special node •, since h0 is finite. This establishes Item (3).
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So TR(h) is finitely branching and all of its branches are finite; thus, by König’s Lemma,
TR(h) is finite. Now let m be the length of the longest branch in this tree. By the argument
above, at any node labelled by t, there can only be p(JtK) ≤ p(fm(Jh0K)) many children of
it for some primitive recursive function p that depends only on the rules of the underlying
calculus. Hence, the size of the total tree (which is at most the maximum number of children
a node can have exponentiated to the length of the longest branch) is at most (p(fm(Jh0K))m.
This is a primitive recursive function in m ([10, Definition 9],[31, Section 5.3.1]). Since m is
upper bounded by a function in F⋆

ω by Item (2) and Lem 5.10, then by Thm 2.8 it follows
that the size of the whole tree is bounded by a function in F⋆

ω. ◀

▶ Theorem 5.12. Let h0 be a finite lrin-hypersequent. Then Tω(h0) is finite, and thus the
construction of Tω(h0) terminates. Moreover, Tω(h0) is built in time F⋆

ω.

Proof. Assume that Tω(h0) is not finite. As branching factor of proof search tree is finite
(the calculus is locally finitary), Tω(h0) must have an infinite branch by König’s Lemma,
which induces an infinite lrin-hypersequent h := ⟨h,Rh⟩, contradicting Lem 5.11, which says
that there cannot be infinite lrin-hypersequent in Tω(h0).

A uniform F⋆
ω bound for the length of any branch in Tω(h0) is given by Lem 5.11. The

branching factor is also F⋆
ω upper bounded. So the size of this tree is upper bounded in F⋆

ω.
Instantiations, expanding nodes, and the checks in the construction of Tω(h0) are primitive
recursive operations over an object of size F⋆

ω, so the whole tree is built in this time. ◀

▶ Definition 5.13 (ω-eager proofs). A subtree of Tω(h0) that is a derivation in HFL⇌ew(R)⇝ω ,
is rooted at h0, and whose leaves were obtained from instances of axiomatic rules is called an
ω-eager proof of h0, where h0 is the support of h0.

To any irredundant ω-hypersequent h0 we canonically associate the lrin-hypersequent
h◦

0 = ⟨h0,∅⟩, where h0 is obtained by choosing an order for the elements of h0 and assigning
indices {0, . . . , |h0| − 1} respecting this order.

▶ Definition 5.14 (ω-proof search algorithm). Given a finite irredundant ω-hypersequent h0
as input, the algorithm Wkn(h0) builds the tree Tω(h◦

0), then looks for a subtree that is an
ω-eager proof of h0. If found, it outputs provable, otherwise it outputs unprovable.

By Lem 5.11 and Lem 5.12 we obtain termination and complexity.

▶ Theorem 5.15 (Complexity). Wkn terminates in F⋆
ω time.

Given a finite irredundant hypersequent h0, we say that h0 has an ω-eager proof if Wkn(h0)
returns provable. Next, we prove that this algorithm decides the extensions of FLew.

6 Correctness of the ω-proof search algorithm for extensions of FLew

▶ Lemma 6.1 (Completeness). Let h be an irredundant ω-hypersequent. If h has a proof in
HFL⇌ew(R)⇝ω , then it has an ω-eager proof.

Proof. We prove the stronger statement: if h is provable in HFL⇌ew(R)⇝ω , then Tω(h) has
an ω-eager proof of h for any lrin-hypersequent h := ⟨h,Rh⟩, where h has support h.

By induction on the height α of a proof π of h in HFL⇌ew(R)⇝ω . Let h := ⟨h,Rh⟩ be an
arbitrary lrin-hypersequent.

(Base case) This is obvious, as the root of Tω(h) itself is an ω-eager proof of h, since h is
an instance of an axiom of HFL⇌ew(R)⇝ω .

(Induction step) Assume that the last rule applied in π was r = (h|ti)i/h. Thus, each
hi = (h|ti) has a proof πi in HFL⇌ew(R)⇝ω of height αi < α. By cases:
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h0 | (∅; x0) ⇒ b | h1 | (∅; y[κ 7→ K1]) ⇒ b
(EW),(w)

h0 | (∅; x0) ⇒ b | . . . | h1 | (∅; xK1 ) ⇒ b

{h0 | (∅; x0) ⇒ b | h1 | ti}
(EW),(w)

{h0 | (∅; x0) ⇒ b | . . . | h1 | t′
i

}

h0 | (∅; x0) ⇒ b | . . . | h1 | (∅; xK1 ) ⇒ b | h1

· · ·

h0 | (∅; x0) ⇒ b | h1 | (∅; x1) ⇒ b | h1 | (∅; x2) ⇒ b

{h0 | (∅; x0) ⇒ b | h1 | ti}
(EW), (w)

{h0 | (∅; x0) ⇒ b | h1 | (∅; x1) ⇒ b | h1 | t′
i

}

h0 | (∅; x0) ⇒ b | h1 | (∅; x1) ⇒ b | h1
Π1

h0 | (∅; x0) ⇒ b | h1 | (∅; x1) ⇒ b {h0 | (∅; x0) ⇒ b | h1 | ti}

h0 | (∅; x0) ⇒ b | h1
Π0

h0 | (∅; x0) ⇒ b

Figure 3 K1 iterations of derivation in (2). Set of open leaves (non-axiomatic leaves) is unchanged.

1. ti occurs in h for some 1 ≤ i ≤ k: Say h = h′|ti, thus hi = h′|ti|ti. Since hi has a proof
of height < α, by hp-admissibility of (EC) we know that h itself has a proof of height
< α. Because h is irredundant by assumption, by IH, Tω(h) has an ω-eager proof of h.

We know that each (h | ti) is irredundant. Thus, by IH, any lrin-hypersequent hi based
on hi has an ω-eager proof of hi. Define the instantiation context I := ⟨r,h⟩. Other cases:

2. For each 1 ≤ i ≤ k, it is not the case that ti has an ω-partner in I: Then, since ti does
not occur in h, in the first step of the construction of Tω(h), an lrin-hypersequent hi

will be added as a child of the root of Tω(h), and no ω-refinement takes place. Thus, by
construction, Tω(hi) is a subtree of Tω(h) for each 1 ≤ i ≤ k. Hence, picking the ω-eager
proofs π′

i of hi obtained by IH, obtain an ω-eager proof of h as a rooted subtree of Tω(h).
3. Now, assume wlog that t1, . . . , tm have ω-partners in I. This means that they have

gone through the ω-refinement process when building Tω(h), and lrin-hypersequents h′
i

with support h′
i = (h|t′i) were added as children of the root of Tω(h) for all 1 ≤ i ≤ m,

where h′
i is clearly an ω-extension of hi. Since hi is provable with height αi < α, due to

Lemma 4.11 we have that h|t′i has a proof with height ≤ αi < α. We now have two cases.
If some t′i appears in h, then h = h′|t′i and h|t′i = h′|t′i|t′i. By hp-admissibility of (EC), h
has a proof of height < α and thus by IH it has an ω-eager proof in Tω(h).
If no t′i appears in h, we know that h′

i has an ω-eager proof in Tω(h′
i) by IH. Since Tω(h′

i)
is an immediate subtree of Tω(h), and since the IH applies to the other premises (h|tj),
j ≥ m, and Tω(hj) are also immediate subtrees of Tω(h) since they have not gone through
ω-refinement, we are done. ◀

Given an ω-hypersequent h = (Ω0,x0) ⇒ b0 | . . . | (Ωl,xl) ⇒ bl and K ∈ N, let h[K]
denote the ω-free ω-hypersequent (∅; x0[Ω0 7→ K]) ⇒ b0 | . . . | (∅; xl[Ωl 7→ K]) ⇒ bl.
Informally speaking, every formula in the ω-set has been assigned the multiplicity K.

▶ Lemma 6.2 (Soundness). If an ω-free irredundant ω-hypersequent has an ω-eager proof,
then h is provable in HFL⇌ew(R)⇝ω .

Proof. Let h = (∅; x) ⇒ b and let π be an ω-eager proof of h of height α, i.e., a subtree
of Tω(h◦) rooted at h◦. Obtain the tree π by deleting all the indices of all components
appearing in π (i.e., π is a tree of ω-hypersequents). We must transform π into a proof in
HFL⇌ew(R)⇝ω (free of ω-coordinates). For that, it suffices to give a proof of h containing no
ω-introduction rules; recall that the latter are those introduced as the productive output of
ω-refinement in the construction of Tω(h◦). Our transformation has two stages.
(Stage one). We transform π by replacing, in every component (in every ω-hypersequent
occurring in the proof), each element of its ω-set by a specified finite multiplicity. This
multiplicity is obtained by a leaf-to-root induction on π (equivalently, by an induction on
the distance of a node in the tree from the leaves).
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(Base case). The node must be one of the following, where we denote the logical constants
by f and t (since 0 and 1 are overloaded):

g | (Ω; eb) ⇒ b g | (Ω ∪ {b}; 0) ⇒ b g | (Ω; ef ) ⇒
g | (Ω ∪ {f}; 0) ⇒ g | (Ω; 0) ⇒ t

Map every ω-set element to multiplicity 1 and prove using (w):

g[1] | (∅; eb[Ω 7→ 1]) ⇒ b g[1] | (∅; 0[Ω ∪ {b} 7→ 1]) ⇒ b

g[1] | (∅; ef [Ω 7→ 1]) ⇒ g[1] | (∅; 0[Ω ∪ {f} 7→ 1]) ⇒
g[1] | (∅; 0[Ω 7→ 1]) ⇒ t

(Inductive step). Consider an internal node of the tree with label g, and assume that r
was applied backwards in the construction of Tω(h). Let πi denote the subtree at the i-th
premise, say with root labelled by hi. By inductive construction, each πi is transformed to
π′

i, where the latter has root h′
i = hi[Ki] for some Ki ∈ N (i.e., every ω-set in hi is replaced

by a finite multiplicity Ki). By cases:

1. r is an instance of HFL⇌ew(R)⇝ω with conclusion g: we identify a derivation of
HFL⇌ew(R)⇝ω whose every non-axiom leaf is a root of some π′

i, and whose conclusion is
g[K0], for a suitable K0 ≥ maxi Ki. We show an instance r′ of the same rule schema with
conclusion g[K0] and premises that can be weakened upward to reach the roots of π′

i. I.e.,

h1[K1]
(w)∗

g1[K0] · · ·
hm[Km]

(w)∗

gm[K0]
r′

g[K0]
At the root of π′

i, for each component, we need Ki copies of every formula that was
formerly in its ω-set. For components instantiating the hypersequent-variable in the rule
schema of r, this is easy to fulfill; use the same instantiation. Meanwhile, every active
component ca in the rule schema has multiset metavariables M1, . . . ,Ml(a), and the latter
occur in some subset {p1, . . . , pn(a)} of principal components. The ω-set of ca was defined
(Def. 4.4) as the union of the ω-sets of {p1, . . . , pn(a)}. Hence, in the instantiation of
each Mi, if we include K (for some K ∈ N) copies of each formula from the ω-set of the
principal component in which it occurs, then every formula that was formerly in the
ω-set of ca now has multiplicity ≥ K (excess copies may occur when an active component
contains multiple multiset metavariables; these can be removed by weakening upwards
to reach Ki). If r is a logical rule, then we need an additional copy in the principal
component, to serve (potentially) as principal formula. Recalling fm (Def. 3.2), replace
every element in the ω-set of the conclusion of r by K0 = (fm · maxi Ki) + 1.

2. r is an ω-introduction rule ω(r) that has a single productive premise (the argument
extends by induction to the general case of multiple productive premises). For spacing
reasons, here and elsewhere we may present the multiple premises stacked vertically.

h0 | (Ω; x) ⇒ b | h1 | (Ω ∪ κ; y[κ 7→ 0]) ⇒ b

{h0 | (Ω; x) ⇒ b |h1 | ti}i
ω(r)

h0 | (Ω; x) ⇒ b | h1

Setting K0 = maxi Ki, and replacing each πi with π′
i obtained from the inductive

construction, write the following.
h0[K1] | (∅; x[Ω 7→ K1]) ⇒ b | h1[K1] | (∅; y[Ω ∪ κ 7→ K1]) ⇒ b

{(h0 | (Ω; x) ⇒ b |h1 | ti)[Ki]}i
pω(r)

h0[K0] | (∅; x[Ω 7→ K0]) ⇒ b | h1[K0]
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Unlike before, we do not obtain a rule instance of HFL⇌ew(R)⇝ω : the coordinates κ have
some finite multiplicities in (∅; x[Ω 7→ K]) (conclusion), but they have multiplicity K1
in y[Ω ∪ κ 7→ K1] (premise). Call the above a pseudo-ω rule instance pω(r), and call
{Ki}i∈I its associated values. We will replace these with a derivation in the subsequent
stage. For now, proceeding in this way, we ultimately reach a proof π′ of (∅,x) ⇒ b

using rules of HFL⇌ew(R)⇝ω + pseudo-ω-rule instances. In particular, π′ does not contain
ω-introduction rules.

(Stage two). Now, let us take π′ obtained above and eliminate pseudo-ω-rule instances,
obtaining a proof of h in HFL⇌ew(R)⇝ω .

We proceed by induction considering a slightly more general family of proofs. Let P be a
proof of an ω-free hypersequent in HFL⇌ew(R)⇝ω + pseudo-ω-rule instances that satisfy the
ω-refinement condition, where each ω-hypersequent in P implicitly holds a (key ancestor,
active component) relation on its components defined as in the ω-proof search tree in Def 5.6.

Associate a branch in P with the number of pseudo-ω-rule instance conclusions on it.
Define maximum nesting ρ(P ) as the multiset of such numbers from all branches (i.e., every
branch of P contributes a single number). Induction on usual multiset ordering on ρ (replacing
a number by finitely many strictly smaller numbers yields a strictly smaller multiset).

(Base case). If ρ is empty, then P is already a proof in HFL⇌ew(R)⇝ω .

(Inductive step). Suppose that ρ(P ) is non-empty and consider a lowermost instance of
a pseudo-ω-rule instance in P . Such a rule instance appears as in the picture below. Here,
Ki is the i-th associated value of the pseudo-ω-rule instance. Note that the ω-set of every
component in every ω-hypersequent along the path from the root of P to the conclusion of
the chosen pω(r) rule is empty, by choice of lowermost pω(r) and the ω-freeness assumption.

h0 | (∅; x) ⇒ b | h1 | (∅; y[κ 7→ K1]) ⇒ b

{h0 | (∅; x) ⇒ b |h1 | ti[κ 7→ Ki]}i
pω(r)

h0 | (∅; x) ⇒ b | h1
· · ·

h0 | (∅; x) ⇒ b

(2)

Reading the above as a derivation where the only open leaves are those shown in the picture,
replace its occurrence in P by the derivation in Fig 3. Here, x0, . . . ,xK1 is the sequence
defined by x0 := x and xi+1 = x + (i + 1)(y − x) (recall that x < y by the condition in
ω-refinement). Call this new tree P ∗.

First, let us explain why this derivation has the same set of open leaves as before. Consider
the first premise of pω(r). In the (key ancestor, active component) dependency graph on
components, we have that the featured (∅; x0) ⇒ b is an ancestor of the active component
(∅; x1) ⇒ b, by the ω-refinement condition. Moreover, looking at the rule schemas underlying
the rule instances from the introduction of (∅; x0) ⇒ b to (∅; x1) ⇒ b, there is a common
multiset metavariable between each (key ancestor, active component) pair – ensuring this
property was a major motivation in the definition of key ancestor. Now, Πi (i > 1) is like
Π0 except that the excess xi − x0 is included as part of the instantiation of these multiset
metavariables. This excess appears in every active component of a rule instance within Π that
contains such a multiset metavariable – i.e., the unproductive premises of the ω-introduction
rule, or the premise of a branching rule inside a Πi that leads towards an axiom – but all
unwanted copies can be deleted by weakening upwards. Hence Πi is indeed a derivation.

Next, we claim that the nesting depth ρ∗ of P ∗ is strictly less than ρ in the multiset
ordering. Any branch B in P either passes our chosen pω(r), or it does not. Let ρ1 be the
multiset of nesting depths from branches of the former type, and ρ2 from the latter. Thus,
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ρ = ρ1 ⊎ ρ2, where ⊎ is multiset union. Also, any branch in P ∗ either has the form σB

where σ is the path from the root to an open leaf wrt the deduction (B is the remainder of
the path), or it does not pass any open leaf wrt the deduction (this means that it branches
inside some Πi and heads towards an axiom). Then, ρ∗ = ρ∗

1 ⊎ ρ2, where ρ∗
1 is the multiset of

nesting depths from branches of the former type, and ρ2 is from the latter. Since σ does not
contain any pseudo-ω-rule instance, ρ1 = 1 + ρ∗

1 (where + is the obvious pointwise addition
operation). Hence, the claim is established.

Inductive case: it suffices to apply IH to P ∗. Applying this to π′ yields desired proof. ◀

▶ Theorem 6.3 (Correctness of Wkn). For any irredundant hypersequent h0, Wkn(h0) outputs
provable iff h0 is provable in HFL⇌ew(R)⇝ω .

From Lem 2.7, Lem 4.5, Lem 4.7, Thm 6.3 and Thm 5.15:

▶ Theorem 6.4 (Main Theorem II). Provability in any extension of FLew by finitely many
P3-axioms (i.e, provability in any analytic structural extension of HFLew) is Ackermannian.

▶ Corollary 6.5. MTL has Ackermann complexity.

7 Final remarks

Our results improved the upper bound for the complexity of MTL from hyper-Ackermann
to Ackermann. Nevertheless, a large gap remains, since the best lower bound is currently
coNP-hardness; see [15]. In our proof search for extensions of FLew, branch extension
depends on earlier nodes on that branch. From an automata-theoretic perspective, this is a
history-sensitive extension of VAS-type models quite different from those in [21, 22].
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