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—— Abstract

We present sound and complete relational program logics for infinite-dimensional quantum and

classical-quantum programs. The logics model assertions as self-adjoint unbounded linear relations,
which simultaneously support quantitative and qualitative reasoning. Our main theoretical results
include new convergence theorems and infinite-dimensional duality theorems for infinite-dimensional
quantum states, which we use to establish completeness.
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1 Introduction

There is a rich landscape of quantum programming languages, see e.g.[48]. Languages
may notably differ in their underlying paradigm, e.g. functional vs imperative, or classical
vs. quantum control flow. Another difference, which is central to this paper, is whether
programs operate over finite-dimensional or (discrete) infinite-dimensional Hilbert spaces, or
equivalently if the underlying set of values is finite or countably infinite!. While developing
sound foundations for the latter setting is significantly more complex, infinite-dimensional
quantum programs are needed to capture many applications, including some examples of
quantum cryptography and quantum walks. Yet another difference is whether programs
are purely quantum and only carry quantum computations or are classical-quantum and
carry both classical and quantum computations — note that if the set of classical values
is countable then classical-quantum programs can be embedded into infinite-dimensional
quantum programs. The case of classical-quantum programs is important, as it provides a
natural formalism to capture many examples in quantum machine learning, quantum and
post-quantum cryptographyQ.

The purpose of this work is to develop foundations and program logics for reasoning about
infinite-dimensional quantum and classical-quantum programs. Specifically, our goal is to
build relational program logics, i.e. program logics that can reason about executions of two
programs. Such logics are particularly well-suited to reason about security of cryptographic
schemes and generalization properties of machine-learning, and have been extensively studied
in the context of probabilistic programs [12, 5], and finite-dimensional quantum programs [67,
13, 11]. However, extending these logics to the infinite-dimensional setting poses two
significant challenges.

Challenge 1: assertion language. A main challenge in quantum program verification is
to define an assertion language that captures a large set of properties. For non-relational
program logics, the common choice is to adopt quantitative assertions [34]. Instead, it
is common for relational program logics to use qualitative, e.g. projective, assertions, as
they simplify lockstep reasoning, i.e. reasoning about two programs that have the same
control flow and perform the same number of samplings. Unfortunately, qualitative assertions
also limit non-lockstep reasoning, i.e. reasoning about two programs whose control-flow or
sampling alignment differ. Thus, the ideal solution is to combine qualitative and quantitative
assertions, as explored in [5] in the probabilistic setting and in [11] for the finite-dimensional
quantum setting. However, the approach developed in [11] relies on an ad hoc construction
to allow assertions to take infinite values, which is required to provide adequate support for
lockstep reasoning. Unfortunately, this construction requires several ad hoc definitions for
basic operations on assertions and it is not clear how to extend it to our more general setting.

! Throughout the paper, we only consider separable infinite-dimensional Hilbert spaces, and simply refer
them as infinite-dimensional Hilbert spaces.

2 Quantum cryptography is the branch of cryptography that uses quantum phenomena to develop
cryptographic primitives that are (conditionally) secure against quantum adversaries. In contrast,
post-quantum cryptography develops classical, or non-quantum, cryptographic primitives, that are
(conditionally) secure against quantum adversaries. In both cases, conditional security means security
down to computational assumptions.
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Challenge 2: complete proof system. A main challenge in relational program logic is to
define proof systems that are practical, sound and complete. On the one hand, practical
proof systems are based on coupling-based, qualitative logics. On the other hand, qualitative,
coupling-based logics are inherently incomplete for non-lockstep reasoning. Recently, [11]
shows how the tension can be overcome by leveraging duality theorems from quantum
optimal transport. Informally, duality theorems provide a means to decompose any relational
judgment into an equivalent (universally quantified) conjunction of unary judgments, so
that completeness of the relational proof system can be derived from completeness of the
non-relational proof system. Unfortunately, duality theorems for quantum optimal transport,
see Section 8, are limited to the finite-dimensional case, and to a subset of assertions that
rules out infinite-valued assertions used to support lockstep reasoning.

Contributions

This paper proposes the first sound and complete relational logics for infinite-dimensional
quantum and classical-quantum programs and a general form of assertions. To this end, we
make the following contributions.

First, we develop a new theory of assertions based on linear relations [15, 27]. Linear
relations provide a uniform framework that captures both qualitative and quantitative
assertions, and allows to set the values of assertions to infinite values, as required for
supporting lockstep reasoning. In order to support our theory of assertions, we introduce
carefully crafted notions of trace, Lowner order, convergence, and use these notions to
reestablish classic theorems, e.g. the Monotone Convergence Theorem and Fatou’s Lemma,
which are needed in the meta-theory of our program logics.

Second, we prove duality theorems for infinite-dimensional quantum states and classical-
quantum states. Our duality theorems extend prior works in two dimensions: first, they
consider a richer notion of quantum states (infinite-dimensional or classical-quantum); second,
they consider our more general notion of assertions. The main technical ingredient of the
proofs of the theorems is a dimension-independent perturbation bound. Informally, the
perturbation bound controls the approximation error of the optimal transport cost when
truncating infinite-dimensional states to larger and larger finite-dimensional projections.
Thanks to a careful analysis that makes the bound dimension-independent, one can show
that duality is preserved when taking the limit from finite-dimensional states to infinite-
dimensional states, and to use the finite-dimensional duality theorem of [11] for the base
case.

Third, we develop sound and complete program logics for infinite-dimensional quantum
programs and classical-quantum programs. Our program logics distill the essence of the
completeness results, by featuring a core set of rules. Notably, they use a weakest precondition
rule or a lifting rule which allows connections with existing relational and unary logics.
Moreover, we demonstrate the applicability of our logics by formalizing two illustrative
examples from quantum walks and quantum machine learning.

Organization of Paper

Section 2 and Section 3 are introductory sections that present the essence of prior work
on probabilistic and finite-dimensional quantum programs. Then, Section 4 introduces our
general notion of assertions based on linear relations and Section 5 establishes new duality
theorems for infinite-dimensional quantum states and general assertions. Finally, Section 6
and Section 7 leverage the results of Section 4 and Section 5 to provide sound and complete
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S = skip S .= skip
|z:=e |¢g==u
ER 1q:=U[q]
|S1;52 |Sl;52
|if e then S; else S, fi |if (Ov-M[gl=v— S,) fi
| while e do S od | while M[g] =1 do S od

Figure 1 pWhile and qWhile languages. Here x ranges over a finite set cVar of classical variables,
e ranges over expressions, u ranges over distribution expressions; g ranges over a finite set qVar of
quantum variables, g ranges over a distinct list of qVar, u ranges over pure states, U ranges over
unitaries, M ranges over measurements. Expressions take values over a set V.

program logics for infinite-dimensional quantum programs and classical-quantum programs.
For additional details on definitions, theorems, proofs, and case studies, we refer the reader
to the full version [10].

2  Probabilistic Programs

This section sets the stage for our work, by presenting how the duality theorem is used for
reasoning about probabilistic programs. All the results in this section are known — sometimes
in a different but equivalent form. The sole exception is the completeness theorem for
unbounded assertions, which is new.

Preliminaries. Let R = RU {—o00,+oc}, and for a set X, let F(X) = {X — R} denote
the set of extended-real-valued functions on X. We define the subset of lower-bounded
functions Fre(X) = {f € F(X) | —oo < inf(f)}, and the set of bounded functions
Fond(X) = {f € Foa(X) | sup(f) < +o0}. The set F(X) is equipped with a partial order
defined pointwisely: for fi, fo € F(X), we write fi C fo if fi(z) < fo(z) for all x € X.
Given functions f1 € F(X;) and fo € F(X2), we define their sum f; B fo € F(X; x X3) by
(/L8 f2)(x1,22) £ fr(z1) + falwa).

We let D}(X) denote the set of discrete distributions over a set X. For u € D'(X),
and f € Fpa(X), the expectation can always be defined by E,[f] = >y u(z)f(z).
Moreover, we define the set of couplings 1 € DY (X;) and ps € D(X3) as the unique set
C(p1, p2) € DXy x Xs) such that p € C(uy, po) iff for all z1,z9, p1(z1) = Dz, (1, 22)
and po(22) = 3_,, pu(z1, 22).

Duality theorem. Optimal transport [68, 69, 59] aims to minimize the transport cost
between two distributions. A main result in optimal transport is the Kantorovich-Rubinstein
theorem [53], which states that the optimal transport cost (defined on the left of the equation)
coincides with the optimal cost of the dual problem (on the right of the equation).

» Theorem 1 (Kantorovich-Rubinstein Duality Theorem). Let Q € Fra (X1 x X2), and let
G(Q) € Fona(X1) X Fona(Xa) such that (Q1,Q2) € G(Q) iff Q1B Q2 T Q. Then

inf  E,[Q=  sup {E,[Qi] +E,,[Q2]}.
neC(p1,p2) (Q1,Q2)€9(Q)
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In the remainder of the section, we use the duality theorem to establish soundness and
completeness of relational program logics.

Programs and assertions. Programs are written in the pWhile language; its syntax is
defined in Figure 1. Programs operate over states, where the set of states is defined as
S = cVar — V. Here cVar denotes a finite set of variables and V denotes a countably infinite
set of values.

Each program S has an interpretation [S] : & — D<!(S). We say that S is almost

surely terminating, or AST, if the output of a computation is always a full distribution, i.e.

[S] : S — DL(S).

Relational assertions are elements of Fi,e1(S x S), i.e. bounded by below maps from pairs
of states to extended reals. Relational assertions are naturally ordered by C, which is the
point-wise lifting of the usual order on extended reals. Note that our choice of assertions

is less standard than the usual non-negative maps from pairs of states to (extended) reals.

However, the two notions are equivalent for AST programs via a shift argument, which will
be given below after the program logic is introduced.

Program logic. Judgments are of the form {P} S; ~ S {Q}, where S;,S> are AST
programs® and P,Q € Fpa(S x S). We say that {P} S; ~ Sy {Q} is valid, written
E {P} S1 ~ Sy {Q}, if for every s1,s2 € S, there exists u € C([S1] s1, [S2] s2) such that
E;L[Q] < P(51732)~

» Remark 2 (Bounded by below and non-negative assertions). By definition of validity, we have:
for every fixed constant M, if S1, Sz are AST, then F {P} S; ~ Sz {Q} iff F{P+ M} S ~

Sy {@Q + M}. Therefore, we can shift all bounded by below assertions to non-negative ones.

Figure 2 presents the rules of the logic. The [DUALITY] rule internalizes the duality
theorem. The [CONSEQ] rule is the usual rule for consequence, and is used for strengthening
pre-conditions or weakening post-conditions. Finally, the [WP| rule states that one can prove
the validity of the weakest precondition, defined as wp[S](Q) = As.Egy 5[Q].

» Theorem 3 (Soundness and Completeness of core rules). A judgment is valid iff it can be
derived with the rules [DUALITY], [CONSEQ], and [WP].

Proof. Soundness follows from the definition of weakest precondition and from the duality
theorem. For completeness, assume that = {P} S; ~ Sy {Q}. By definition of validity
and of weakest precondition, and by linearity of expectations and Theorem 1, we have
wp[S1](Q1) B wp[S2](Q2) C P for every (Q1,Q2) € G(Q). By the [WP] and [CONSEQ] rules,
it follows that = {P} S1 ~ Sz {@Q1 B Q2}. One concludes from applying the [DUALITY]
rule. <

Lifting. An alternative is to introduce a lifting rule that connects unary reasoning to
relational reasoning. That is, we can consider a unary judgment of the form {P} S {Q}, where

P,Q € Funa(S). A unary judgment {P} S {Q} is valid iff for every s € S, Efg1,[Q] < P(s).

Then, one can add a lifting rule [LIFT] that combines two unary judgments into a relational
one, and a unary rule [Wp-U| for weakest pre-conditions:

Q € Fina(S) fwp-u] F{P} S1{Q:1} F {2} S2 {Q2} e
F{wp[S](Q)} S {Q} F{PiB P} S1 ~ Sy {Q1 BQ2}

3 The restriction to AST programs applies to all logics in the paper.
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POP F{P} 5 ~5{Q} QI
F{P'} S1~ S {Q'}
V(Q1,Q2) € G(Q),F {P} S1~ S {Q1 B Q2}
H{P} 51~ 5 {Q}
Q1,Q2 € Fina(S)
F{wp[S1](Q1) Bwp[S2](Q2)} S1 ~ Sz {Q1 B Q2}

Figure 2 Core proof rules.

[CONSEQ]

[DUALITY]

[wP]

One-sided and two-sided rules. In practice, relational logics do not have [Wp] as a core
rule. Rather, they rely on two-sided rules, in which the two programs have the same top-level
construct and execute in lock-step, and on one-sided rules, in which one program uses a given
top-level construct, and the other one is either arbitrary or skip. One recovers completeness
by proving by induction on the structure of the program that the [wWP] rule is derivable from
the one-sided rules. The one-sided and two-sided rules of our logic are standard [5].

Running example (probabilistic case). For every ¢ C S x § and Q € Fpa(S x S), let
| Q € Fra(S x S) be defined by the clause:

/ Qs,s") if (s,s') € o
(@1@)s,5) = { +00 otherwise.
Then, - {T | 0} BERN ~ UNIF? {z; = x5 A 2} | 0} (see Figure 3), asserting that two
programs yield the same distributions on 7 and x5 A x4. The two programs are not aligned
w.r.t. sampling: BERN performs one sampling and UNIF? performs two samplings. For
such examples, the [DUALITY] rule is required. The derivation applies [CONSEQ], [wWP], and
[DUALITY], reducing the goal to the entailment

0 3 wp[BERN](f1) B wp[UNIF?](f2)

for every fi,fs such that fi B fo C 21 = z9 Axh | 0, ie., fi(z1) + fa(zo,2h) < 0 if
x1 = xz9 A z). Plugging in the concrete weakest preconditions, we conclude since the
right-hand side simplifies to

Comparison with ERHL [5]. Our logic is closely related to ERHL [5], although here are
some differences between the two proof systems. First, ERHL does not assume programs to
be almost-surely terminating (AST); rather, AST assumptions are added as side-conditions
as required for the soundness of the rules. Note that [5] uses a weaker notion of coupling,
called x or partial couplings, to accommodate reasoning about programs that do not have the
same probability of termination. Second, ERHL only considers non-negative assertions. As a
consequence, the duality theorem needs to be adapted so that G(Q) only contains positive
functions — this can be achieved with a little bookkeeping, as shown in [11]. However, note
that the duality rule from [11] is restricted to bounded post-conditions. Theorem 3 shows
that this restriction can be lifted by invoking a more general duality theorem.
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3 1
U 2 é $ 0.1}: é = £ — .
BERN £ 11 & Bern(l) NIF mIQ t {0,1}; QBERN Es 2 10) + 2|1>7
zs <& {0,1} if (M[q] =1) then skip;
QUNIF? 2 gy 1= L (j0) + [1)); CQUNIF? 2 g3 = —(0) + [1));
V2 V2
if (M[g2] = 1) then z2 + meas M|ga];
1 1
¢ = ﬁm +]1)); g = ﬁ(|0> +11));
if (M[gh] = 0) then gy := |0) ' < meas M|g3];

Figure 3 Bernoulli sampling and uniform boolean sampling, and their quantum analogue and
classical-quantum analogue. Here, we take M as the standard computational basis measurement.

3 Finite-Dimensional Quantum Programs

This section continues to set the stage for the main results by showing how the duality
theorem is used for reasoning about finite-dimensional quantum programs, that is, programs
operating on a finite-dimensional Hilbert space such as those of qubits. In this section, we
work exclusively with bounded assertions, which ensures that all expectations remain finite.

Preliminaries. Let # be a finite-dimensional complex Hilbert space with inner product (-, -)
and induced norm [lu|| £ y/(u,u). Let £(#H) denote the set of linear operators on H. We
define the operator norm as || Al| £ SUp|y|=1 || Aul| and the trace as tr(A) £ 3" (u, Au) over
an orthonormal basis {u} of H. For composite systems, the partial trace try : L(H1 @ Ha) —
L(H2) is the unique linear map satisfying tri(A ® B) = tr(A4)B for all A € L(H1) and
B € L(H2), with trs defined similarly. Intuitively, the partial trace returns the marginal
operator of a subsystem.

A € L(H) is called self-adjoint if (u, Au) = (Au,u) for all u € H. We reload the notation
Fona(H) for the set of self-adjoint operators on H*. We use C to denote the Léwner order on
Fond(H), i.e., for A, B € Fyna(H), A C Biff B— A is positive semidefinite. For A € Fona(H1)
and B € Fyna(Ha), we define AB B € Fipng(H1 @ He) as ABB2 AQI +1® B.

We use D!(H) to denote the set of density operators on H, i.e., positive semidefinite
operators with trace 1, and D=!(H) for partial density operators with trace < 1. Moreover,
we write C(p1, p2) C D(H1 @ Hz) for the set of couplings of p; € D (H1) and pp € DY (Ha),
i.e., all p such that tra(p) = p1 and tri(p) = pe.

Duality theorem. Quantum optimal transport [57] aims to minimize the transport cost
between two density operators. The following theorem generalizes Theorem 1 to finite-
dimensional quantum systems with bounded cost.

» Theorem 4 (Kantorovich-Rubinstein Duality Theory for Finite Dimensional Quantum Sys-
tems [11]). Let H1 and Hz be two finite-dimensional Hilbert spaces, p1 € D*(H1), p2 € DY (Hs)
be two density operators, and Q € Fona(H1 @ Ha). Let G(Q) C Fond(H1) X Fond(Hz) such
that (Q1,Q2) € G(Q) iff Q1B Q2 T Q. Then,

inf  tr(Qp) = sup  tr(Qip1) + tr(Q2p2).
PEC(p1.p2) (Q1.Q2)€6(Q)

4 Since # is finite-dimensional, any A € £(H) is bounded.
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This duality theorem allows us to reason about couplings without explicitly constructing
joint states, and thus serves as the semantic justification of the [DUALITY] rule in our
relational program logic.

Programs and Assertions. Programs are written in the qWhile language, whose syntax is
given in Figure 1. Programs operate over states, where the set of states is defined as DS (H),
and H = @, cqvar Hq(Vq). Here, qVar denotes a finite set of quantum variables, V, is the set
of possible classical values for ¢, and H(V) is the Hilbert space spanned by the orthonormal
basis {|v) : v € V}. In this section, we assume that all V, are finite; it follows that H is
finite-dimensional.

Each program S has an interpretation [S] € QO(H), i.e., a completely positive trace
non-increasing map from D=H(H) to DS!(H). We say that S is almost surely terminating,
or AST, if [S] is trace-preserving, i.e., [S] : D (H) — D(H).

Relational assertions are elements of Fnq(H ® H), i.e. the self-adjoint (aka, Hermitian,
for finite-dimensional space) operators on H ® H. Relational assertions are naturally ordered
by Léwner order C. Note that our choice of assertions is less standard than using bounded
positive operators. However, the two notions are equivalent for AST programs, since any
assertion can be shifted to a positive one, and the expectation of the offset behaves uniformly
in pre- and post-expectations.

Program logic. Judgments are of the form {P} Sy ~ Sy {Q}, where S;, S are AST pro-
grams and P, Q € Fina(H @ H). We say that {P} S1 ~ S {Q} is valid, written = {P} S5 ~
Sy {Q}, if for every p € DY(H ® H), there exists a coupling o € C([S1](tr2(p)), [S2](tr1(p)))
such that tr(Pp) > tr(Qo).

The core rules are formally the same as those in Figure 2, with the notations =, G and H
redefined as above. The only exception is the weakest precondition wp[S](Q) € Fona(H),
which must be redefined independently and satisfies tr(wp[S](Q)p) = tr(Q[S](p)) for all
p € DY(H).

» Theorem 5 (Soundness and Completeness of core rules for qWhile, cf. [11]). A judgment is
valid iff it can be derived with the rules [DUALITY], [CONSEQ], and [wP].

Similar to the probabilistic setting, the [wP] rule reduces split post-condition to unary
weakest-precondition reasoning, and the [DUALITY] rule converts the existence of a coupling
satisfying @) into universally quantified split post-condition justified by Theorem 4.

Comparison with QOTL [11]. QOTL uses extended self-adjoint operators, namely self-
adjoint operators with a possible +oo-eigenspace, as assertions to capture also qualitative
properties of quantum states. However, its duality rule is restricted to bounded assertions,
and consequently the completeness result coincides with Theorem 5. A key motivation for
introducing such extended assertions in QOTL is the development of useful two-sided proof
rules based on measurement conditions. In this setting, extended self-adjoint operators are
used as predicates: the +oo-eigenspace serves as the qualitative component that enforces
lockstep execution of two programs, while the finite part forms the quantitative component
describing the properties of interest. Finally, QOTL also introduces partial couplings rather
than full couplings, which allows to establish sound but not complete one-sided and two-sided
rules that do not always require programs to be AST.
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4 Linear Relations

This section develops the analytic foundations required for extended operators on infinite-
dimensional quantum systems. In particular, we introduce a framework that supports the
approximation and convergence arguments needed for later duality theorems. From now on,
we assume that the Hilbert space H is separable, i.e., it admits a countable orthonormal
basis.

4.1 Challenges with Infinite Dimensions

We begin by recalling basic notions that remain consistent with the finite-dimensional setting.
For bounded operators (with respect to operator norm), self-adjointness, positivity, and hence
the Lowner order are defined in the same way. We write Finq(H) for the set of self-adjoint
bounded operators. Among bounded operators, trace-class operators — those with a finite,
basis-independent trace — closely parallel the finite-dimensional case; for example, the partial
trace is well defined on them. (Partial) density operators are positive trace-class operators
and are therefore defined in the same way.

Infinity. There are naturally two distinct sources of “infinity” that arise in the infinite-
dimensional setting:
Infinity from approzimation (unboundedness). This occurs when a sequence of bounded
values grows without bound. For example, the operator A =" n|n)(n| has countably
many eigenvalues, but an infinite operator norm. This is the standard notion of an
unbounded operator in functional analysis, characterized by a dense domain.
Infinity from values (singularity). This represents a “hard” constraint, corresponding to
the value +o0o. For instance, an assertion requiring a state to be orthogonal to a subspace
S assigns infinite cost to any component supported on .S. Such constraints correspond to
operators with an eigenspace associated with the eigenvalue +o0.

Unboundedness captures growing quantitative costs, such as the expected distance in an
infinite quantum walk, while +oo-valued assertions encode qualitative constraints [11]. A
unified treatment of these two forms of infinity is essential to achieve the desired expressiveness
and completeness of program logics. This unified treatment is rather simple in the probabilistic
setting. Intuitively, the two sources of infinity are unified by pointwise lifting the codomain
of assertions to the extended reals: for f, g € Fpe(X), (f + ¢)(z) is finite if and only if both
f(z) and g(z) are finite. However, in the quantum setting, this simple picture breaks down
as explained below.

Challenge 1: failure of operator sums. The naive analogue of pointwise addition is the
operator sum

(A+ B)u 2 Au + Bu,

which is defined only when both Au and Bu exist. However, for self-adjoint operators,
addition need not preserve self-adjointness [60], and the spectral decomposition theorem may
fail.

This suggests shifting attention to quadratic forms, which directly compute the expect-
ations: for bounded A, ta(u) = (u, Au). At this level, addition is pointwise defined by
ta+p = t4+tp, which remains well-behaved even for infinite-valued quadratic forms. Notably,
t4(u) may be finite even when Au is undefined.

15:9
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Challenge 2: representation of quadratic forms. While quadratic forms correctly capture
both unbounded growth and +4oo-valued singularity, they are abstract and lack a direct
algebraic representation. Standard unbounded operators must be densely defined and
therefore cannot encode value infinity. QOTL [11] addresses this by separating finite
operators from infinite projections, but this leads to ad hoc definitions of algebraic operations,
where interactions between finite and infinite parts must be specified manually.

To reconcile these issues, we adopt the formalism of linear relations, which represent
operators as linear subspaces of H x H. This framework uniformly accommodates unbounded
growth and value infinity; moreover, self-adjoint linear relations admit a spectral theorem
with values in R, providing a principled treatment of infinite spectral parts. This formalism
serves primarily as a unifying representation rather than introducing additional semantic
structure.

4.2 Definitions and Basic Properties

Preliminaries. A linear relation is a subspace (a.k.a. graph; not necessarily closed) of H x H.
The adjoint of a linear relation A, denoted A*, is the subspace:

A% 2 {(u,v) € H < H | ¥ (W, V) € A, (v,u) = (u,v')}.

A linear relation A is self-adjoint if A = A*. It is known that self-adjointness automatically
ensures the relation is closed [15, Proposition 1.3.2]. We say a self-adjoint linear relation
A is bounded below by m € R if (u,v) > m{u,u) holds for any pair (u,v) € A. If m > 0,
then A is called positive, and it admits the square root, denoted v/A, the unique positive
linear relation such that A = {(u,v) | (u,w) € VA and (w,v) € VA} [15, Theorem 1.5.9].
For a linear relation A bounded below by m, we can shift A to a positive linear relation:
shift(4,m) £ {(u,v —mu) | (u,v) € A}. In the following, we only focus on bounded-below
self-adjoint linear relations, or simply linear relations, denoted by Fpel(H).

Now, we explain how linear relations capture infinity. Given A € Fpe1(H) bounded below
by m, let Dom¢(A) be the finite part, known as the quadratic domain, and Mul(A4) be the
multivalued part:

uecH: IveHst (u,v) € /shift(4,m)};
veH: (0,v)e A}

Domt(A) £

{
Mul(A) = {
Dom¢(A) is the subspace of states with finite expectations, but is not necessarily closed
under the usual norm (i.e., the norm induced by the inner product). Infinity is captured
in two ways: the unboundedness is encoded in the difference Dom(A4)\Dom(A) where -
denotes the closure, while the singularity corresponds to Mul(A) which is a closed subspace.
According to [15, Theorem 1.5.1], the domain is orthogonal to the multivalued part, i.e.,
Dom¢(A) L Mul(A), and the orthogonal decomposition H = Dom(A4) & Mul(A) holds. This
allows us to associate A (bounded below by m) with a semi-bounded closed quadratic form
(or simply quadratic form) t4 :

() & {<v,v>+m<u,u>, if (u,v) € \/shift(A,m) & v € Mul(A)*,
a(u) =

+ 00, otherwise

which is automatically well-defined due to the uniqueness of such v if u € Dom(A). The
quadratic form treats the two sources of infinity uniformly, by assigning the value +oo to
both cases, while reserving finite values strictly for Dom¢(A). Kato’s First Representation
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Theorem [54, 15] legitimizes this unification by establishing a one-to-one correspondence
between semi-bounded closed quadratic forms and linear relations, thereby giving the algebraic
operations of linear relations by point-wise lifting on their associated quadratic forms. This
additionally suggests treating both sources of infinity (and in fact, infinite expectation has

only these two sources) uniformly and indistinguishably, from the perspective of expectation.

The spectral theorem is another key property that allows a linear relation to be identified
with a spectral measure on the extended reals. This viewpoint is particularly convenient
for defining functional calculus, such as giving the explicit form of square roots, and for
formulating convergence theorems.

» Proposition 6 (Spectral theorem, [65, 15]). There is a one-to-one correspondence between
a linear relation A € Frel(H) bounded below by m and spectral measures E 4 on the interval
[m, +00] in the extended real line. The correspondence is established via the quadratic form,
i.e., for any u € H, its quadratic form value is given simply by the moment of the spectral
measure:

tA(u):/[ . ])\d(u,EA()\)u>.

The spectral theorem provides an alternative way to understand infinity: the projection
onto the infinite eigenspace is exactly the projection onto the multivalued part of A, i.e.,
EA({4+00}) = Mul(A); the integral on the finite part, f[m7+oo) Ad{u, E4(A)u) recovers the
quadratic form of standard unbounded operators, i.e., the finite part together with unbounded
growth.

With all these basic ingredients, we are ready to extend some commonly used operations for
linear relations. The first one is the extended Lowner order, which is ordered by expectations
ranging over all states:

» Definition 7 (Extended Léwner Order). Let A, B be two linear relations. We define the
partial order A T B via their associated quadratic forms:

AC B < t4(u) <tg(u), VueH.
This inequality holds pointwise on the extended real line R U {+o00}.

Note that A T B implies the inclusion of the domains Dom(B) C Dom(A). Recalling
Proposition 6, we can also define A C B based on the spectral measures. Furthermore, we
can show that (Fpe(#H),C) indeed forms an w-complete partial order.

Next we turn to the expectation (i.e., trace) of linear relations acting on density operators,
which is defined via the standard measure-theoretic formulations of quantum mechanics (see
e.g., [49, 60]):

» Definition 8 (Extended Trace). We define the extended trace Tr : Foe(H) x DSHH) —
R U {+00} as:

Te(4p) = /[ L EA )

if A is lower bounded by m € R. The tr(-) on the right-hand side denotes the standard trace,
noting that Eo(X)p is in fact a trace-class operator.

The extended trace can also be equivalently defined from the quadratic form, given the
spectral decomposition of p. The extended trace remains finite if and only if both of the
following conditions hold:

15:11

LICS 2026



15:12

Complete Relational Logic for Infinite-Dimensional Quantum Programs

1. The support of p is in Dom(A), and

2. The sum of the quadratic form values converges.

Intuitively, this formalizes a support check: any overlap with the “infinite energy” subspace

results in infinite cost, while for valid states, it reduces to the standard expectation value.
The last construction is the finite truncation of a linear relation, which provides a bounded

approximation of every linear relation, including those that are unbounded or with value

infinity. Suppose A = f[m7+oo] AEA (M) and n € N with n > m. For any u € H, we denote

n

trunc (4,n)u = /

m

)\dEA(/\)qu/ ndEA(/\)u.

[n,+00]

Note that on every Ea((k,+oo]) we define trunc(A4,n) to have spectrum n if n < k,
thus trunc (4, n) is a bounded self-adjoint operator, i.e., its operator norm is bounded by
max(|m|,n). Note that our truncation method differs from that of physicists, which focuses
on unbounded growth rather than value singularities and typically yields a finite-dimensional
subspace. In contrast, we only require the spectrum of the truncated operator to be a
bounded set.

Degenerate cases of linear relations. As a consistency check, we show how the notion
of linear relations introduced above degenerates into standard operator-based semantics in
familiar cases.

1. Bounded operators. If A is a bounded self-adjoint operator, the associated linear relation
is its graph: (u,v) € A if and only if v = Au. In this case, the spectrum is bounded
and contained in R, the extended trace coincides with the standard trace tr(Ap), and no
domain issues arise.

2. Unbounded operators. If A is a (densely defined) unbounded self-adjoint operator, the
corresponding linear relation is again its graph: (u,v) € A if and only if v = Au, where
only those u that belong to the operator domain, i.e., those for which Au € H is well
defined, are collected. Thus, unbounded operators correspond exactly to single-valued
linear relations with trivial multivalued part.

3. Value singularities (hard constraints). In QOTL [11], an extended operator is represented
as a bounded operator Ag, together with a projection (or closed subspace) P, corres-
ponding to the value infinity. This semantics is naturally captured by a multivalued linear
relation defined by (u,v) € A if and only if u € PL and v = Ag,u+w and w € P, (i.e.,
allowing direct sum of Agyu and Py, ). The multivalued part of the relation is precisely
P, corresponding to the +oo-eigenspace.

Guarded linear relations. Finally, as an example, we introduce the notion of guarded
linear relations, which serves as the quantum analogue to guarded assertions in probabilistic
programming. In the quantum setting, a “guard” is represented by a projection P. Given a
linear relation A (as an observable), we wish to define the guarded linear relation P | A that
agrees with A on the closed subspace P, but imposes infinity on any state overlapping with
PL. Thus,

PlA={(u,v+w)|uecP, (u,v)€ A, and w € P*+}.
We can check its quadratic form exactly satisfies what we want:

oy () ta(u), ifueP;
u) =
Fl4 + 00, otherwise.
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Figure 4 Proof strategy for the infinite-dimensional duality for bounded costs. Left: coupling p
on S1 x S2 and truncation to a large-mass block S7 x S5. Right: primal error from truncation and
finite duality obtained by improving admissible dual potentials, with multiplicative error (1 — 26)
and additive O(d). In the probabilistic setting this improvement uses pointwise partial minimization;
in the quantum setting it fails and is replaced by a dimension-independent perturbation bound.

Similarly, its extended trace is consistent with A if p “satisfies” P:

Tr(Ap), if ker(p)t C P;

+ o0, otherwise.

Te((P | A)p) = {

4.3 Convergence Theorems

Now we present convergence theorems for linear relations using truncations, which will be
used to prove the unbounded duality theorem (Theorem 10). Specifically, these convergence
theorems are instrumental to derive a duality theorem for unbounded quantum costs by
applying a truncation-and-limit argument based on the bounded quantum duality theorem.

» Theorem 9 (Convergence Theorems). Let A be a self-adjoint, bounded below linear relation
on a Hilbert space H, A, = trunc (A,n), and p € D' (H). We have
(Monotone Convergence Theorem for Truncations) lim tr(A4,p) = Tr(Ap).
n—00

(Generalized Quantum Fatou’s Lemma for Truncations) Suppose p, € DSY(H) converges
to p in trace norm, then linrgigftr(Anpn) > Tr(Ap).
(Lower Semi-continuity of Expectations) If p, — p under the trace norm, then

lim inf Tr(Ap,,) > Tr(Ap).

n—oo

Moreover, if A is bounded, then the equality holds.
Note that A, is always bounded; therefore, A, p is trace-class, and the standard trace tr can
be used instead of Tr.

These constructions provide the analytic basis for the truncation and convergence argu-
ments used in the subsequent duality results.

5 Infinite-Dimensional Duality Theorem

We now present our main duality theorem for infinite-dimensional quantum systems and our
general notion of assertions, together with a proof sketch. This result generalizes Theorems 1
and 4 to the infinite-dimensional setting. The notions of partial trace and couplings for
density operators extend naturally from the finite-dimensional case.
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» Theorem 10 (Kantorovich Duality for Infinite-Dimensional Quantum Systems with Bounded
by Below Cost). Let H1 and Ha be two Hilbert spaces, p1 € DY (H1), pa € D (Hz) be two
density operators, and Q € Fpe(H1 ® Hz) be a bounded-by-below self-adjoint linear relation.
Let G(Q) C Fond(H1) X Fona(Ha) be such that (Q1,Q2) € G(Q) iff Q1 B Q2 E Q. Then,

inf  Tr(Qp) = sup  Tr(Qip1) + Tr(Q2p2).
p€C(p1,p2) (Q1,Q2)€6(Q)

Proof strategy. Proving Theorem 10 requires addressing both infinite dimensionality and
unbounded costs. In the probabilistic setting, this is proved via a standard strategy by
first establishing the infinite-dimensional duality for bounded costs and then applying the
convergence theorem to push from bounded to unbounded costs. The infinite-dimensional
duality for bounded costs is further refined via four steps (see Figure 4): truncation, finite-
dimensional duality, dual-pair improvement, and error control [68]. A critical technique is
pointwise partial minimization in the third step as fi(z) £ infyes; C(x,y) — f3(y) which
“improves” dual pairs and preserves feasibility, which, unfortunately, fails in the quantum
setting as explained below:

Challenge: Non-linearity prevents pointwise partial minimization. In the quantum setting,
dual variables are now self-adjoint operators: they must be linear functionals of density
operators. The linearity prevents applying an analogue of classical partial minimization: this
is because taking an infimum over one subsystem like

A . .
=  inf inf  Tr —Tr
Floy = inf ) ednf | Tr(@Qp) = Tr(Q2p2)
is a nonlinear operation that generally fails to yield a valid self-adjoint operator, i.e., there
does not exist Q1 such that f(p) = Tr(Q1p) for all p, on the remaining subsystem.

Solution: A dimension-independent perturbation bound. We address this via a core
lemma that extracts near-optimal, uniformly norm-controlled dual solutions from the finite-
dimensional semidefinite program. The lemma gives a dimension-independent bound that
enables lifting these solutions to the infinite-dimensional setting, replacing classical pointwise
improvement with an operator-norm-controlled construction.

5.1 Perturbation Bound

This subsection is devoted to establish our core technical tool, a dimension-independent
perturbation lemma, as stated below.

» Lemma 11. Let H; and Ha be two finite-dimensional Hilbert spaces, p1 € DY(Hi),
p2 € DY(Hz) be two density operators. Let Q € Fpna(Hi ® Ha) be a bounded positive
operator. Let G(Q) C Fond(H1) X Fond(Hza) such that (A1, A2) € G(Q) iff Ay H A C Q.
We denote Optg = SUP (4, ay)eg(Q) Tr(A1p1) + Tr(A2p2). Then, for any e > 0, there exist
bounded operators A1 and As such that (A1, As) € G(Q), tr(A1p1) + tr(Asps) > Optg —¢,
and max{||A: |, | A=)} < [IQIl + 2]1Q|*.

Proof. The proof is purely constructive, which we demonstrate as follows.

Step 1:  Start from an approzimate mazimizer. Without loss of generality, we can find self-
adjoint operators By, By such that tr(Byp1) + tr(Bzps) > Opt% —5, with Apax(B1) < [|Q]
and Apax(B2) = 0 by performing the constant shift By < By — ¢I, By + B + cl.
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Step 2: Clip eigenvalues to obtain a uniform norm bound. In the following, we choose the
basis of H; and Ho such that B; and By are diagonal. We then define A; and As to be the
diagonal matrices on that basis with the following entries:

(40 2 max{ <1Q1 = 2IQI (B~ 5 b (e 2 max{ =101 = 21QI% (B .

Note that our construction always implies A; 3 By — §I and Az 3 Bs.

Step 3: Control the loss in objective value. The above construction gives tr(A;p;) >
tr(Bip1) — 5 and tr(Agpz) > tr(Bzpz), hence tr(Aipr) + tr(Azpz) > Optg —¢ as desired.

Step 4:  Check feasibility via a Schur complement argument. The remaining part is to show
A@I+1® A CQ.

This is equivalent to show Q — (A1 @I+ 1® As) 3 0. As the latter term (A; @I+ 1® As)
is constructed from (B; ® I + I ® By) and diagonal (with diagonal entries of the form
(A1)kk + (A2)ee), it is natural to prove the positivity using the following proposition of Schur
complement.

» Lemma 12 (Schur complement [51, Theorem 1.12]). Consider a Hermitian block matriz

Hy, H
H = |: #l 12:| )
Hy, Ha

s.t. Hyy dal, Hys J~I, and ||H12||2 < ~a, with v, > 0. Then H J0.

To use the Schur complement argument, let 7 denote the set of indices where we did not
Clip7 i.e., j e {(/ﬂ,g) | (Al)kk‘ = (Bl)kk - % and (AQ)M = (BQ),@[}.

If (k,€) € J, then clearly (A1)ix + (A2)ee = (B1)rr + (B2)ee — § while if (k,£) ¢ T, it is
easy to show (A1) + (A2)e < —2)Q|%.

Sorting the product basis such that the coordinates in J come last, and writing

Quege QJ“J} PJCJC ]
- . BioI+1®By= .
N {QJJC Qug ' ’ Dgg

we see that in order to prove A1 ® I +1 ® As C Q, it suffices to show the following;:

J0

2
Qgege + 2|QIT Qaea
Qrge Qg —Dgg+351

We now use Lemma 12. First we note that the upper left block J %HQ||2I7 because
Qeze 30. Tt is also clear that |Qc7||> < [|Q||*>. On the other hand, since B;®I+1® By C
Q, we know that

Qgege = Dgege Queg

a0,
Qrge Q7 —Dgg

and hence Q77 — D 77 + 51 3 51. Now the result follows by an application of Lemma 12,

Wi‘uh@zz%HQH2 and v = 5. <
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5.2 Proof Sketch of Theorem 10

We now prove our main Theorem 10 by first establishing the result for bounded positive
cost using the perturbation bound developed above, and then extending the argument to
the general case via the convergence theorem for linear relations that are bounded below.
The argument is presented as a proof sketch, highlighting how each step contributes to
controlling approximation errors and enabling passage to the limits of infinite-dimensional
and unbounded costs.

Results for bounded positive cost. Following Figure 4, the bounded positive case is proved

by four steps:

Step 1: Truncation. Let § > 0 be a fixed constant in the following. Given a density operator
p1 on Hi, consider its spectral decomposition »; A1j[e1;) (e15]. Since tr(p1) = 1, there
exists an integer N7 such that Z;V:ll A1j > 1-4. Let K be the finite-dimensional subspace
spanned by {|eq;) ;.V:ll. Applying the same construction to po yields a finite-dimensional
subspace Ko of Ho. We project the primal problem onto K7 ® Ks. A careful analysis
shows that this truncation leads to an additive error of at most 2§]|@Q|| in the primal
optimal value inf, tr(Q)p) between the original and truncated problems.

Step 2: Finite-dimensional duality. The quantum Kantorovich duality theorem for finite-
dimensional Hilbert spaces (Theorem 4) applies to the truncated problem. As a result,
the primal and dual optimal values coincide in the finite-dimensional setting.

Step 3: Improving over an admissible pair. By applying the core lemma (Lemma 11), which
we discussed in the previous subsection, we obtain a near-optimal dual feasible pair @}
and @} for the truncated dual problem, satisfying max{||Q}]l, [|Q%l} < Q| + %HQH2
Using these operators, we define the improved dual feasible solution as follows:

€ (]l € QI
Q12 Q) P, - ( ¥ IIQ’2||> P Qo2 Qb Py, ( - IIQ’1> P
€ 2 € 2

where Pg stands for the projection onto the space K. By choosing ¢ = v/§, a careful
analysis shows that the dual optimal values differ by at most 3v/8 + 46]|Q|| + 6v/5]|Q||*
from that of the truncated dual problem.

Step 4: Combining all and taking a limit. From the preceding arguments, we conclude that
for any § > 0, the optimal primal and dual values differ by at most 3v/§-+65Q||+6v/3]|Q||>.
Since @ is bounded, letting 6 — 0 yields vanishing error, thereby establishing the duality

theorem for bounded positive cost operators.

Generalizing to bounded-by-below cases via the convergence theorem. For a self-
adjoint linear-relation @ that is bounded below, we consider its truncation sequence Q™ £
trunc (@, n). Note that each Q™ is a bounded self-adjoint operator and Q™ C Q. Recall
that Optg denotes the dual optimal value (Lemma 11). By monotonicity of the dual problem

(n)
under truncation, we have Opt% > sup,, Opt% . By the bounded duality theorem and the
convergence theorem (Theorem 9), we obtain

(n) (n) (n)
sup Opt% = sup Opt?, > lim inf Optg > Optg .
n n n

Combining this with weak duality, Optg < Opt%, yields the desired duality result for
bounded-by-below cost.

This completes the proof of our generalized quantum Kantorovich duality theorem. In
the next section, we apply this duality to infinite-dimensional quantum relational logic.
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6 Infinite-Dimensional Quantum Programs

This section extends the results of Section 3 and establishes a sound and complete relational

program logic for infinite-dimensional quantum programs and our general form of assertions.

Preliminaries. We write QO(H) for the set of quantum operations, i.e., the completely
positive trace-nonincreasing linear maps from D<1(#H) to D<!(H), where completely positive
means for every finite-dimensional Hilbert space H,ux and every density operator p €
DY H @ Haux), (€ @ Iy, )(p) is positive.

Syntax and semantics. Programs are written in the qWhile language, with syntax defined
in Figure 1. In contrast to finitely-valued quantum programs, we allow variables to range over
possibly countably infinite sets of values, such as the natural numbers or integers. Accordingly,
programs operate over states D! (), where H = @
separable Hilbert space.

Each program S has an interpretation [S] € QO(H) [74]. We say that S is almost surely
terminating, or AST, if [S] is trace-preserving, i.e., [S]: D}(H) — D' (H).

qeqvar Hq(Vg) is an infinite-dimensional

Assertions. Relational assertions are elements of Fie1(H ® H), i.e. the extended self-adjoint
operators bounded by below on H ® H, and are ordered by the extended Lowner order C.

The weakest precondition wp[S](Q) € Fina(H) for a program S is defined only for bounded
assertions @ € Fina(H), and satisfies tr(wp[S](Q) p) = tr(Q [S](p)) for all p € D*(H). Our
definition of wp[S](Q) mildly extends prior work [74, 75] by allowing bounded @, since any
bounded operator can be normalized and shifted to lie between 0 and 1.

Program logic. Judgments are of the form {P} S; ~ Sy {Q}, where S;,S2 are AST
programs and P, Q € Fyo(H®H). We say that { P} Sy ~ S {Q} is valid, written = {P} Sy ~
Sy {Q}, if for every p € DY(H ® H), there exists a coupling o in C([S1](tr2(p)), [S2](tr1(p)))
such that Tr(Pp) > Tr(Qo).

The rules in Figure 2 are still sufficient to establish a sound and complete proof system,
with appropriate adaptations of definitions to account for linear relations. To justify the
soundness of the [DUALITY] rule, we proceed as follows. First observe that the judgment
{P} S1 ~ S5 {Q} is valid if and only if, for all p € D' (H®H), Tr(Pp) > infec(oy,0.) Tr(Q0),
where 01 2 [S1](tr2(p)) and a9 = [S2](tri(p)) are the respective outputs of S; and Sa; the
infimum is attained since the set of couplings is compact [38, Theorem 1.4]. Next, applying
Theorem 10 to rewrite the right-hand side yields

Tr(Pp) > sup (Tr(Q101) + Tr(Q202))
(Q1,Q2)€9(Q)

= sup inf Tr((Q1 & Qg)o),
(Q1,Q2)€G(Q) 7€C(a1,02)
where the second equality follows from the fact that the expectation of a split assertion QQ1HQ-
depends only on the marginals and is independent of the choice of coupling o € C(o1,02),
which establishes the soundness of the [DUALITY] rule. The [DUALITY] rule thus reduces a
bounded-by-below postcondition to a family of judgments with split and bounded assertions,
which can be further discharged using the [wP] rule, the weakest precondition rule in the
relational setting.

» Theorem 13 (Soundness and Completeness of core rules). A judgment is valid iff it can be
derived with the rules [DUALITY], [CONSEQ], and [WP].
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As discussed, the [wP] rule is typically replaced by more practical rules, such as one-sided
or two-sided rules adapted from [11], which exploit the syntactic structure of programs, or
by an instantiation of the lifting rule that invokes QHL [74] for single programs.

Running example (quantum case). Let Q = |00)
judgment

F{I'| 0} QBERN ~ QUNIF® {Q | 0}

(00[ + [11), ,,(11] and consider the

q192

(see Figure 3 for detailed programs), asserting that two programs yield the same partial states
on g1 and g2. Note that the two programs are not aligned w.r.t. measurement, and therefore
the [DUALITY] rule is required for the proof. Moreover, note that the post-condition involves
infinity and therefore cannot be proved using the bounded duality rule of [11]. However, it
can be proved in our logic. The derivation applies [CONSEQ], [WP], and [DUALITY], reducing
the goal to the entailment

0 3 wp[QBERN](A;) B wp[QUNIF?](Ay)

for every Aj, Ay such that A; B As C @ | 0, which can be discharged using elementary
reasoning.

Case study: Expected distance in an infinite quantum walk. Quantum walks [3, 55] are
the quantum analogues of classical random walks, and constitute a fundamental technique in
quantum algorithms. We analyze discrete-time quantum walks [3, 55] using a coin register
H. with basis {|L),|R)} and an infinite-dimensional position register H,. We additionally
introduce an infinite-dimensional time register #H; for coherent control to remain in a purely
quantum setting. Following [3], let C' be the Hadamard operator on H. , and S the shift
on H, ® H, where S|R)|n) = |R)|n+1) and S|L)|n) = |L)|n—1). A single step is
W £ S(C ® 1), and the controlled walk is CW £ Z;r:og 17)(j| ® W3. The quantum random
walk program Sqw is as follows, which initializes the coin to |R) and position to |0) before
applying CW:

Sow £ c¢:=|R);p=10);t,c,p = CW]t,c,pl.

A well-known property of quantum walks [3] is their linear growth: after ¢ steps, the
expected distance from the origin scales as ©(t), in contrast to the ©(y/#) scaling exhibited
by classical random walks. This asymptotic separation is a key mechanism underlying the
speedups obtained by numerous quantum algorithms based on quantum walks. We analyze
this behavior using relational quantum program logic as follows.

We model the step count distribution y via [¢,) = > \/f15 |j),, and let P, £ [@,,) (@u]. To
bound the expected distance, we decompose the position operator P into positive (P;) and
negative (P) parts, where Py = 3272 j|j),(j| and P, = Z?Zi% —j
judgment asserts that the expected distance is upper bounded by a constant cg that depends
on [¢,):

{PutT @ PL[t?] | col} Sqw ~ Sow {P1 B Py}.

For example, if |¢,) = >, V277 |5), we can take ¢o = 2.

To prove this, we first apply [DUALITY], reducing the postcondition to the truncated
trunc (Py,n) for all n € N. Then, by [wp] and [CONSEQ], it suffices to show P, [t{"]@P ,[t{2)] |
col 3 Ay B Az, where A; £ wp[Sow](trunc (P;,n)) for i = 1,2. These simplify to:

+o0 +oo

A=3"3 3 Gl e (lik),, (ROIB;|RO), (1K),

j=0 k=—oo I=L,R

with B;; = (WT)/ (I, ® trunc (P;, n))W.

|j>p (j]. The following
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Finally, simplifying the extended Léwner order requires proving ¢/ J (P,A:1P,) ® I +
I® (P,A2P,). Equivalently, the sum of the largest eigenvalues of P, AP, and P,A5P,, is at
most ¢. Notably, these eigenvalues differ due to the intrinsic asymmetry of quantum walks [3].
Similarly, lower bounds on the expected distance can be derived by encoding the diagonal
operator t — |p| in the postcondition; we omit the details as they are analogous.

7 Classical-Quantum Programs

In this section, we transfer our completeness results for relational logics of infinite-dimensional
quantum programs to the setting of classical-quantum hybrid programs. To this end, we
rely on the well-known fact that countable classical state spaces can be embedded into
infinite-dimensional quantum systems, allowing classical-quantum programs to be considered
as purely infinite-dimensional quantum programs.

Preliminaries. Let X denote a countable set, and H be a separable Hilbert space. All
classical-quantum objects such as Fpe(X,H), Fona(X,H), D1 (X, H), as well as operations
including (partial) trace and sum H, are obtained by pointwise lifting quantum ones over X
with two basic remarks: 1) boundedness should be uniform for all x € X; and 2) (par-
tial) traces are aggregated over X. For example, the expectation Ea[Q)] is defined by
>vex Tr(Q(2)A(z)) for Q € Fpei(X,H) and A € DX, H).

Duality Theorem. Our duality theorem for infinite-dimensional quantum systems can be
generalized to classical-quantum setting, resulting in the following duality theorem.

» Theorem 14 (Kantorovich-Rubinstein Duality Theorem for Classical-Quantum Systems).
Let Q S fbcl(Xl X XQ,Hl ® HQ), CLTLd let Q(Q) g .and(X17H1) X fbnd(XQ,HQ) such that
(Q1,Q2) € G(Q) iff Q1 BQ2 T Q. Then, for any A1 € DY(X1,H1) and Ay € DY (Xo, Ha),

A€C(A1,0s) al@] (Qth)GQ(Q){ 2, [@Q1] + En, [Qo]}

To prove the theorem, we reduce the problem to the (infinite-dimensional) purely quantum
setting. The reduction relies on an embedding-retraction pair, where the embedding map
¢ sends a classical-quantum linear operator A to a purely quantum operator defined by
UA) £y |z) (x| ® Az), and its dual, the retraction map R, which sends a purely
quantum operator A to a classical-quantum operator via R(A)(z) = (x| A|x). The following
propositions capture the essential properties of these maps and form the backbone of the
reduction argument; together, they enable the transfer of coupling and feasibility statements
between the classical-quantum and purely quantum settings:

(a) infacc(a,,a,) EalQ] = infpeci(an),uaz) Tr((@Q)p).
(b) tr(Acu(A)) = EA[R(A)] if A is bounded.
(c) If (A1, A2) € G(1(Q)), then (R(A1), R(A2)) € G(Q).

We now sketch the proof of Theorem 14. As usual, we refer to the infimum as the primal
value and the supremum as the dual value. By (a), the classical-quantum primal value
coincides with the purely quantum primal value with cost ¢(Q). By Theorem 10, this equals
the corresponding quantum dual value

sup {tr(A1e(Aq)) + tr(Age(Ag))}.
(A1,A2)€G(1(Q))
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Su=skip|z:i=e|ax & pu
| q=le) |g:=U[q] |  + meas M|g]
| S1;52 | if e then S; else S; fi | while e do S od

Figure 5 cqWhile languages. Here x ranges over a finite set cVar of classical variables, g ranges over
a finite set qVar of quantum variables, e ranges over classical expressions, u ranges over distribution
expressions, U ranges over unitaries, M range over quantum measurements. Expressions take values
over a set V.

Using (b), this expression becomes

sup {Ea, [R(A1)] + En, [R(A2)]}
(A1,42)€6((Q))

Finally, by (c), every feasible quantum pair (A;, As) induces a feasible pair (R(A1), R(42))
for the classical-quantum dual problem. Hence, the above value is upper-bounded by the
classical-quantum dual value. The claim follows by weak duality.

Syntax and semantics. Programs are written in the cqWhile language, with syntax defined in
Figure 5. cqWhile is a combination of pWhile and qWhile, enriched with explicit measurement
statements that allow information to be extracted from the quantum system and stored
in classical variables. As a result, the classical control flow in gqWhile can be replaced by
classical guards in cqWhile.

Programs operate over classical-quantum states D*(S,H), where S = cVar — V for
classical states, and H = ®gequarHz(Vz) the Hilbert space for quantum systems. Each
program S has an interpretation [S] : DY(S,H) — D=!(S,H), a point-wise lifting of
completely positive linear maps [36, 8]. We say that S is almost surely terminating, or AST,
if [S] is trace-preserving, i.e., [S] : DY(S,H) — DY(S,H).

Assertions. Relational assertions are elements of Fi,q1(S X S, ® H), and are ordered by
C, the pointwise lifting of extended Léwner order. Note that our choice of assertions is
less standard than the usual requirement of positive ones. However, the two notions are
equivalent for AST programs.

There are two important assertions, namely the weakest precondition and Boolean guarded
assertions, which are used for establishing the [WP] rule and one/two-sided rules respectively.
Specifically, the weakest precondition wp[S](Q) € Fona(S, H) for a single AST program S
and @ € Fyna(S, H) is the unique assertion which satisfies Ea [wp[S](Q)] = Efsy(a)[Q] for
all A € DY(S,H) [36].

» Example 15 (Boolean Guarded Assertions). For every ¢ C SxS and Q € Fpa(SXS, HOH),
let ¢ | Q € Fral(S X S, H @ H) be the Boolean guarded assertion defined by the clause:

’ if I
@1Q)(ss) = { G0 Tl

where A, = {(0,u) : u € H® H} is the fully infinite linear relation, i.e., its quadratic form
or extended trace are always infinite for non-zero states or density operators, respectively.
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F{by Abs | %} e1 ~ ea {by <3 ba | 90}
F {b1 <> b2 | ¥} while b1 do ¢1 od ~ while b2 do ¢z od {—=b1 A b2 | ¢}
p€ C(ur,p2)  supp(p) € ¢
FA{Vz122. £ = b | E(ow)~n[Vlv/ar, w/ae]]} @1 & pn ~ x2 & pp {0 ] 9}

Figure 6 Selected two-sided rules: the top rule is [WHILE], and the bottom rule is [SAMPLE-SUPP].

Program logic. Judgments are of the form {P} S; ~ Sy {Q}, where Si,S52 are AST
programs and P, Q € Fpa(S x S, H ®@ H). We say that {P} S1 ~ Sy {Q} is valid, written
= {P} S; ~ Sy {Q}, if for every A € D}(S x S,H @ H), there exists a coupling A’ in
C([S1](tra(A)), [S2](tr1(A))) such that EA[P] > Ea/[Q].

The rules in Figure 2 are still sufficient to establish a sound and complete proof system,
with careful adaptation of definitions in the classical-quantum case.

» Theorem 16 (Soundness and Completeness of core rules). A judgment is valid iff it can be
derived with the rules [DUALITY], [CONSEQ], and [WP].

Practical rules. As in the other settings, we can derive one-sided and two-sided rules, as
well as lifting rules that leverage existing hybrid quantum Hoare logics [36], to replace the
[WP] rule in practice. Figure 6 presents selected rules used in the following case study. The
[WHILE] rule for loops follows the standard pattern: it requires the two programs to proceed in
lockstep and that the invariant is preserved by the lockstep execution of the loop bodies. The
[SAMPLE-SUPP] rule compares two sampling commands and provides a marginal but useful
improvement over the sampling rule of [5] (originally stated in a probabilistic setting, which is
immaterial here), by allowing the guarded assertion to be strengthened using the support of
the witness coupling . Here, E(y w)~p[V[v/21, w/22]] & Z(v’w) p(v, w)lv/xy, w/xs)]. The

assertions involved are all unbounded as they merge both qualitative and quantitative parts.

Running example (classical-quantum case). We analyze our final running example that
exercises the [DUALITY] rule, with the left program BERN and the right program CQUNIF?
which initializes and measures two qubits g2 and ¢}, which yields two bits z2 and z5. Our
goal is to show that the two programs compute the same distribution, i.e.,

{T | 0} BERN ~ CQUNIF® {z; = (x5 A 2}) | 0}.

Again, the two programs are not aligned w.r.t. sampling and measurement instructions, and
therefore the [DUALITY] is required. We prove it by first applying the [DUALITY] rule to
obtain the (infinitary) judgment

{0} S1 ~ Sz {QBQ2}

for all (Q1,Q2) € G(x1 = (z2 Axh) | 0). Next, applying the [WP] rule leads to the (simplified)
proof obligation

(BQu[0/z1] + Qu[1/z1]) B | Y (i|Qali/a5)li/]lig) | 0,

ij

which is discharged with elementary reasoning.
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Logic Language | Dimension Assertion Language Completeness
pRHL [12] pWhile boolean-valued b S
EpRHL [9] pWhile +oo-valued %
eRHL [5] pWhile real-valued ve
eRHL + [11] | pWhile +oo-valued vb
Section 2 pWhile +oo-valued (4
rqPD [13] qWhile finite observable t
eqRHL [56] qWhile countably infinite observable ®
qOTL [11] qWhile finite +oc-valued observable | v®
Section 6 qWhile countably infinite | linear relation 4
gqRHL [67] cqWhile countably infinite projection x
EasyPQC [8] | cqWhile finite boolean-valued 3
Section 7 cqWhile countably infinite | linear relation v

Figure 7 Comparison with prior logics. Ours results are shown in bold. Language denotes
the language setting, either probabilistic (pWhile), purely quantum (qWhile), or classical-quantum
(cqWhile). Dimension indicates the dimension of the evolving quantum systems. ¢/, ¢*, ¢/® indicates
that completeness holds unconditionally, for split post-conditions, and for bounded post-conditions.

Case study: Algorithmic stability of quantum neural networks. Algorithmic stability is a
central concept in learning theory, formalizing the requirement that a learning algorithm’s
output changes only slightly when a single training example is modified [18]. Stability has
also been studied in quantum machine learning [24, 40]. We revisit the stability of quantum
neural networks (QNNs) as introduced in [73]. Abstracting away implementation details,
we model a QNN by a program St x,¢, parameterized by a training set X, depth T, and
initial state |¢p), which iteratively applies data-dependent unitaries U, sampled from X.
This abstraction captures the essential mechanism by which training data influence quantum
evolution while remaining general.

ST x.60 = q = |po);t ;= 0;while t < T do z <& X;q:=U,[q];t :=t+ 1;0d

Assuming each U, is a small perturbation of the identity (||U, — I|| < ¢ for all z), we express
stability as a relational judgment between executions on neighboring datasets X; ~; Xs:

{Xl ~q1 Xo | 4CT} ST,Xl,qﬁo ~ ST7X2,¢0 {)\(ml,mg).(P®I - I@P)}

The postcondition encodes the variational characterization of trace distance [11, Section
VIILB] (a quantum analogue of total variation distance), while the bound 4¢T reflects the
cumulative effect of T layers. The main step of the proof is to apply the [WHILE] rule
(Figure 6) with the invariant

P2 tY =) | Amy,me) PRI~ T® P+ (T —tM)del

and loop guards by = () < T), by = (t2 < T). After the [WHILE] rule, it suffices to
show {by A by | ¢} B~ B {b; Aby |9}, where B denotes the loop body. This follows from
[SAMPLE-SUPP] and [CONSEQ], using a coupling that is the identity except on the unique
differing samples z; € X7 and x5 € Xo.

8 Related Work

Relational program logics. There is a large body of work that develops coupling-based
relational program logics for probabilistic and quantum programs, e.g. [12, 67, 13, 56, 8, 1,
45, 47, 5, 11]. Figure 7 provides an overview of selected logics. All these logics are sound
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w.r.t. program semantics. However, few relational logics achieve completeness, and only
for restricted classes of assumptions. In the probabilistic setting, [5] achieves completeness
for a class of split post-conditions. In the quantum setting, [11] uses the duality theorem
to achieve completeness for finite-dimensional quantum programs and bounded assertions —
and similarly for the probabilistic case. Our results subsume all completeness results, but
showing completeness for a more general class of programs, without any restrictions on
assertions. Most of the aforementioned works focus on the discrete setting; however, a few
works, e.g. [64] consider the continuous setting. In addition, some works e.g. [7], develop
relational program logics where coupling-based rules are derived rather than primitives, but
these works do not consider completeness issues.

Quantum optimal transport. There is growing interest in extending optimal transport [69,
28] to the quantum settings. An early attempt [77] defines quantum transport cost via a
probabilistic Monge distance approach. However, most subsequent work [41, 42, 43, 20,
26, 37] adopts a coupling-based formulation. Under this formulation, Kantorovich-type
duality results were established in [21, 44, 76]. A complementary perspective is provided by
dynamic formulations: channel-based approaches include [32, 19, 50, 31]; [22, 23, 70, 71, 72]
adopt a gradient flow approach. Another active direction concerns Lipschitz-type transport
distances [30, 33, 29]. Quantum optimal transport also has applications in quantum machine
learning [25, 52] and in quantum Markov chains [6]. For a broader overview, we refer to the
recent survey [14].

Linear relations. Our work rests on the theory of linear relations — initiated by Arens [4]
and consolidated by Cross [27] — which provides the lattice-theoretic basis for our quantum
assertions. From an analytic perspective, it generalizes the classic method of defining self-
adjoint operators via quadratic forms, a technique originating with Friedrichs’ extensions [39].
This line of work was formalized by Kato’s representation theorem [54], extended by Simon
to lower semi-continuous forms — which is essential for establishing convergence [66] — and
ultimately generalized to linear relations by Hassi et al. [16, 15] for a rigorous treatment of
singular observables.

Our approach also shares deep structural connections with non-commutative integration
theory, particularly traces in von Neumann algebras [63] and 7-measurable operators [35, 46],
which provides the broader functional analytic context for unbounded operators.

9 Discussion and Conclusion

We have introduced sound and complete program logics for infinite-dimensional quantum
programs and classical-quantum programs. Our logics are based on a new interpretation
of assertions as linear relations, together with new duality theorems for discrete infinite-
dimensional quantum states.

Beyond almost-sure termination. A first direction for future work is to relax the almost-
sure termination (AST) assumption. In our present development, AST plays three roles. It
ensures that program outputs can always be coupled, it matches the hypotheses of the duality
theorems, and it allows bounded-by-below assertions to be related to non-negative ones.
Removing, or at least weakening, this assumption would therefore require changes at both
the semantic and proof-theoretic levels. One possible route is to replace full couplings with
more general notions such as partial couplings, which can compare programs with different
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probabilities of termination. Another is to develop or invoke a duality theorem that does
not require termination-preserving semantics. This points naturally to unbalanced optimal
transport, where the two marginals need not have the same total mass. Understanding
whether such dualities can support complete relational logics for non-AST quantum programs
is an important theoretical direction.

From foundational logics to practical reasoning. The logics developed in this paper
are intentionally foundational: they isolate the core principles needed for soundness and
completeness. For practical verification, however, these core systems need to be enriched
with additional proof rules. In particular, one-sided and two-sided rules, rules for common
program constructs, and domain-specific reasoning principles will be essential for making
the logics usable in larger examples. We expect that, once equipped with such derived rules,
the quantum and classical-quantum logics developed here can reach a level of practicality
comparable to their probabilistic counterparts.

At the same time, we do not expect these logics to serve as the basis of a fully automated
verification tool. As in pRHL, the intended mode of use is likely to be interactive: users
guide the proof by choosing couplings, invariants, and decompositions, while automation
assists with routine proof obligations. A key difference from the probabilistic setting is
the nature of entailment between assertions. In our setting, assertions are linear relations,
and entailment involves reasoning about extended Lowner order and potentially unbounded
quantum observables. Developing partial automation for such entailment problems is therefore
a central step toward making the logics practically usable.

Applications to post-quantum and quantum cryptography. A major application area
for future work is to use the logics to formalize post-quantum and quantum cryptography,
respectively to prove security of new post-quantum cryptographic standards and of quantum
key distribution (QKD). A main challenge for the post-quantum case is to develop appropriate
proof rules to reason about quantum random oracles (QROM) [17], and cost logics to reason
about the complexity of classical-quantum adversaries. In contrast, a main challenge for the
quantum case is to develop expressive proof rules for the adversary — in the quantum case,
the adversary may be entangled with the state of the cryptographic system whereas in the
post-quantum case the cryptographic system is classical.
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