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Abstract
Extensional ESO is a fragment of existential second-order logic (ESO) that captures the following
family of problems. Given a fixed ESO sentence Ψ and an input structure A the task is to decide
whether there is an extension B of A that satisfies the first-order part of Ψ, i.e., a structure B such that
RA ⊆ RB for every existentially quantified predicate R of Ψ, and RA = RB for every non-quantified
predicate R of Ψ. In particular, extensional ESO describes all pre-coloured finite-domain constraint
satisfaction problems (CSPs).

In this paper we study the computational power of extensional ESO; we ask, for which problems
in NP is there a polynomial-time equivalent problem in extensional ESO? One of our main results
states that extensional ESO has the same computational power as hereditary first-order logic. We also
characterize the computational power of the fragment of extensional ESO with monotone universal
first-order part in terms of finitely bounded CSPs. These results suggest a rich computational power
of this logic, and we conjecture that extensional ESO captures NP-intermediate problems. We
further support this conjecture by showing that extensional ESO can express current candidate
NP-intermediate problems such as Graph Isomorphism, and Monotone Dualization (up to polynomial-
time equivalence). On the other hand, another main result proves that extensional ESO does not
have the full computational power of NP: there are problems in NP that are not polynomial-time
equivalent to a problem in extensional ESP (unless E=NE).
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1 Introduction

First-order logic (FO) has good computational properties: given a fixed first-order sentence ϕ
it can be verified in deterministic logarithmic space whether an input structure A satisfies ϕ.
However, it has been realized long ago that FO has a very limited expressive power when it
comes to describing classes of finite structures. For instance, there is no first-order sentence
which holds on a finite graph if and only if the graph does not contain cycles (i.e., is a forest).
In contrast, second-order logic is very powerful and captures the entire polynomial-time
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hierarchy [38]. Even restricted fragments of second-order logic can be very expressive. For
instance, Fagin [29] showed that existential second-order logic (ESO) captures the complexity
class NP. Taking complements, universal second-order logic (USO) captures coNP.

Further restrictions of ESO might no longer have the full expressive power, but still the
full computational power of NP, in the sense that every problem in NP is polynomial-time
equivalent to a problem that can be expressed in the restricted logic; we will call such classes
NP-rich.1 A prominent example of an NP-rich ESO fragment is SNP (for strict NP), which
is defined as the restriction of ESO to sentences with a universal first-order part. SNP is
quite expressive, and contains for instance all of Datalog [30], but clearly it cannot express
every class of finite structures in NP, because SNP can only describe hereditary classes, i.e.,
classes C closed under taking induced substructures. However, Feder and Vardi [30] proved
that SNP is NP-rich (see [8] for some of the missing details of the proof given in [30]). In
particular, it follows from Ladner’s theorem [42] that whenever a fragment L of ESO is
NP-rich, then L does not exhibit a P versus NP-complete dichotomy.

On the dichotomy side, Feder and Vardi showed that a fragment of ESO called monotone
monadic SNP (MMSNP) has the same computational power as finite-domain CSPs. Hence,
it follows from the finite-domain CSP dichotomy [21, 49] that MMSNP exhibits a P vs. NP-
complete dichotomy. Bienvenu, ten Cate, Lutz, and Wolter [11] asked whether the dichotomy
for MMSNP extends to a broader fragment called guarded monotone SNP (GMSNP). In this
direction, Bodirsky, Knäuer, and Starke [12] showed that GMSNP should indeed exhibit a
dichotomy according to the Bodirsky–Pinsker conjecture [13, Conjecture 3.7.1] – yet, the
GMSNP (conjectured) dichotomy seems elusive. It is worth mentioning that so far, the
main technique to show that a fragment of ESO does not exhibit a P versus NP-complete
dichotomy is by showing that it is NP-rich [40].

In this paper we initiate the study of the computational power of fragments of ESO
beyond complexity dichotomies and NP-richness. We propose to find a natural and decidable
syntactic fragment of ESO that is neither NP-rich nor exhibits a P vs. NP-complete dichotomy.
To this end, we introduce extensional ESO, and we exhibit several families of problems that
can be expressed in extensional ESO, ranging from the world of CSPs to graph theory and
to language theory. We then address the question “what is the computational power of
extensional ESO?”. We show that extensional ESO has the same computational power as
the recently introduced formalism hereditary first-order logic. We also show that extensional
ESO is not NP-rich, unless E = NE.2 However, we conjecture that extensional ESO captures
NP-intermediate problems. We support this conjecture by showing that some examples of
candidate NP-intermediate problems such as Graph Isomorphism and Monotone Dualization
are expressible in extensional ESO. We also show that a very large class of CSPs, namely
the class of CSPs for finitely bounded structures, can be expressed in extensional ESO; we
believe that this class contains NP-intermediate problems.

In Figure 1 we present an illustration of this story, and we now present a brief description
of emphasized characters (all missing details will be carefully introduced later in the paper).

The central role of this paper is played by extensional ESO. An ESO τ -sentence Ψ is
called extensional if for every existentially quantified predicate R there is a distinct symbol
R′ ∈ τ of the same arity such that Ψ contains a conjunct ∀x

(
R′(x̄) ⇒ R(x̄)

)
, and R′ does

1 If we consider disjunctive, conjunctive, or Turing reductions, we call such classes conjunctive, disjunctive,
or Turing NP-rich, respectively. These reductions are defined in Section 2.

2 The class E is the class of problems computable in exponential time with linear exponent; NE is its
non-deterministic pendant. The assumption that E ̸= NE is stronger than the usual assumption that P
̸= NP, but still a common assumption in complexity theory [10, 35, 47].
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not appear anywhere else in Ψ. In this case we say that R extends R′. Clearly, every problem
described by an ESO sentence Φ is in NP. To present two simple examples, we consider
digraph acyclicity, and precoloured 3-coloring problem from graph theory; further examples
can be found in Section 3.

▶ Example 1 (Acyclic digraphs). The class of strict linear orders can be easily axiomatized
in universal first-order logic with a binary relation symbol <. Let ϕ be such a sentence, and
notice that a digraph D is acyclic if and only if it is a spanning subdigraph of a transitive
tournament, in other words, of a strict linear order. Hence, the class of acyclic digraphs is
described by the extensional ESO sentence

∃< ∀x, y
(
(E(x, y) ⇒ <(x, y)) ∧ ϕ

)
.

▶ Example 2 (Pre-coloured 3-colourability). Given an input graph G with a partial colouring
c : U ⊆ V → {R,G,B}, the task is to decide whether there is a 3-colouring of G such that
its restriction to U coincides with c. This problem can be expressed by the extensional ESO
sentence

∃R,G,B ∀x, y. (R′(x) ⇒ R(x)) ∧ (G′(x) ⇒ G(x))
∧ (B′(x) ⇒ B(x)) ∧ (R(x) ∨G(x) ∨B(x))
∧
(
E(x, y) ⇒ ¬(R(x) ∧R(y)) ∧ ¬(G(x) ∧G(y))

yyyyyyyyyyy ∧ ¬(B(x) ∧B(y))
)
.

Here, R, G, and B denote the color classes of the graph, and must denote extensions of input
predicates R′, G′, and B′ which can be used to enforce that some variables are colored by a
specific color.

As a supporting character we have hereditary first-order logic. This is a recently introduced
logic that can naturally model several computational problems such as digraph acyclicity,
graph chordality, and several infinite-domain CSPs [15] – parametrized variants of this
problem were previously studied, e.g., in [7, 31]. A structure A hereditarily satisfies an FO
sentence ϕ if all (non-empty) substructures of A satisfy ϕ. We denote by Her(ϕ) the class of
finite substructures that hereditarily satisfy ϕ, and we say that a class C of structures is in
hereditary first-order logic (HerFO) if C = Her(ψ) for some FO sentence ψ. HerFO can be
naturally defined as a fragment of universal monadic second-order logic [15, Observation 4.1].

The tractability problem for second-order logic asks whether a given SO sentence Φ
describes a polynomial-time solvable problem. The tractability problem is already undecidable
for ESO (and thus, for USO as well); see, e.g., [13]. As a rule of thumb, we expect that if
a fragment L of ESO (or of USO) has a rich computational power, e.g., is NP-rich, then
the tractability problem is undecidable for L. It is still open whether HerFO captures
coNP-intermediate problems, nonetheless, it is known that the tractability problem is already
undecidable for HerFO [15].

Our secondary character is the family of CSPs of finitely bounded structures. A class of
finite structures C is finitely bounded if there if there exists a finite set F of structures such
that a finite structure A belongs to C if and only if no structure from F embeds into A. We
say that a structure B is called finitely bounded if the class of finite structures that embed
into B is finitely bounded. In particular, every finite structure is finitely bounded, but also
the countable homogeneous linear order (Q, <) is finitely bounded, as well as the generic
partial order and the generic semilinear order [43]. Examples from graph theory include the
universal homogeneous Kk-free graphs [41] and the generic circular triangle-free graph [17].

LICS 2026
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CSPs of finitely bounded structures are closely related to the previously introduced
logic SNP. In particular, there is a syntactic fragment of SNP that captures CSPs of
reducts of finitely bounded structures [13, Corollary 1.4.12] – a reduct of a structure A is
a structure obtained A′ by forgetting some relations in A. Actually, this family of CSPs
(and the corresponding fragment of SNP) has the full computational power of NP [13,
Proposition 13.2.2]. This has lead some people (including us) to believe that CSPs of finitely
bounded structures also capture NP-intermediate problems. It would be an amazing surprise
if CSPs of finitely bounded structures exhibit a P vs. NP-complete dichotomy, but as soon
as one considered their reducts, we obtain the full computational power of NP!

NP-rich
Feder-Vardi [30] ESO NP

SNP

EMSOmonotone SNP

CSPs of reducts

of finitely bounded structures

ext. ESO

Fagin [29]
Feder-Vardi

Feder-Vardi[13, Cor. 13.2.3]

[13, Cor. 1.4.12]

Not NP-rich
(unless E = NE)

Theorem 19

No dichotomy
Theorem 22

disjunctive
self-reducible

[39, Theorem 1]

Not NP-rich
(unless E = NE)

Corollary 20

co-HerFO

ext. SNP

ext. EMSO
{GI, MD}

monotone ext. SNP

CSPs of

finitely bounded structures

Corollary 12

Theorem 14

Theorem 10

Lemma 7

Lemma 17

Section 6

Figure 1 Classes of computational problems studied in this paper. Solid arcs indicate inclusions,
and a dashed arc from A to B indicates that every problem in A is polynomial-time equivalent to a
problem in B – for a cleaner picture we omit the solid arc from extensional EMSO to EMSO. GI
stands for the Graph Isomorphism problem, and MD for the Monotone Dualization problem.

1.1 Our contributions
Our first main result is a characterization of the computational power of extensional ESO
in terms of hereditary first-order logic (Theorem 10): we show that for every sentence Ψ in
extensional ESO there exists a first-order formula ϕ such that Her(ϕ) is polynomial-time (in
fact, log-space) equivalent to the problem described by the negation of Ψ, and vice versa. As
a byproduct of this connection, we get that the tractability problem for extensional ESO is
undecidable (Corollary 8).

We then look at fragments of extensional ESO defined by restrictions on the quantification
and on the polarity of atoms of the first-order part. In particular, our second main result
characterizes the computational power of monotone extensional SNP (introduced below) in
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terms of CSPs of finitely bounded structures (Theorem 14). We also show that extensional
ESO captures surjective CSPs, as well as several graph sandwich problems, orientation
completion problems, and constrained topological sorting problems. We further present
examples of candidate NP-intermediate problems expressible in extensional ESO; namely,
Graph Isomorphism and Monotone Dualization (Section 6).

These results point towards a rich computational power of extensional ESO, and we
thus conjecture that extensional ESO does not exhibit a P vs. NP-complete dichotomy
(Conjecture 15). However, our last main result shows that extensional ESO cannot be NP-
rich (Corollary 20): there are problems in NP that are not polynomial-time equivalent to a
problem in extensional ESO, unless E = NE. To prove this result, we show that every problem
in extensional ESO is disjunctively self-reducible, and that this class is not NP-rich, unless E
= NE (Theorem 19); we complement this result by showing that disjunctive self-reducible
sets do not exhibit a P versus NP-complete complexity dichotomy (Theorem 22). It also
follows from this result that CSPs of finitely bounded structures do not capture the full
computational power of NP, and that HerFO cannot be coNP-rich.

1.2 Outline
We begin by recalling some basic concepts from finite model theory (Section 2) and continue
to present several families of examples captured by extensional ESO in Section 3. In Section 4
we show that extensional ESO and HerFO have the same computational power. An important
restriction of extensional ESO is monotone extensional SNP (Section 5), which we show
has the same computational power as CSPs of finitely bounded structures (Theorem 14).
In Section 6 we prove that Graph Isomorphism and Monotone Dualization are captured
by extensional ESO (up-to polynomial-time equivalence). We discuss the limitations of
the computational power of extensional ESO in Section 7, and in particular we prove that
extensional ESO is not NP-rich, unless E = NE (Corollary 20). We close with a series of
problems that are left open (Section 8).

2 Preliminaries

We assume basic familiarity with first-order logic and we follow standard notation from
model theory, as, e.g., in [37]. We also use standard notions from complexity theory.

2.1 (First-order) structures
Given a relational signature τ and a τ -structure A, we denote by RA the interpretation in A
of a relation symbol R ∈ τ . Also, we denote relational structures with letters A,B,C, . . . ,
and their domains by A,B,C, . . . . In this article, structures have non-empty domains.

If A and B are τ -structures, then a homomorphism from A to B is a map f : A →
B such that for all a1, . . . , ak ∈ A and R ∈ τ of arity k, if (a1, . . . , ak) ∈ RA, then
R(f(a1), . . . , f(ak)) ∈ RB We write A → B if there exists a homomorphism from A to
B, and we denote by CSP(B) the class of finite structures A such that A → B. Let C be a
class of finite τ -structures. We say that C is

closed under homomorphisms if for every B ∈ C, if B → A, then A ∈ C as well.
closed under inverse homomorphisms if for every B ∈ C, if A → B, then A ∈ C as well (i.e.,
the complement of C in the class of all finite τ -structures is closed under homomorphisms).

Note that CSP(B) is closed under inverse homomorphisms.

LICS 2026



20:6 On the Computational Power of Extensional ESO

If A and B are τ -structures with disjoint domains A and B, respectively, then the disjoint
union A + B is the τ -structure C with domain A ∪ B and the relation RC = RA ∪ RB for
every R ∈ τ . Note that CSP(B) is closed under disjoint unions, i.e., if A ∈ C and B ∈ C,
then A + B ∈ C.

For examples we will often use graphs and digraphs. Since this paper is deeply involved
with logic and finite model theory, we will think of digraphs as binary structures with
signature {E}, following and adapting standard notions from graph theory [18] to this setting.
In particular, given a digraph D, we call ED the edge set of D, and its elements we call edges
or arcs. Also, a graph is a digraph whose edge set is a symmetric relation, and an oriented
graph is a digraph whose edge set is an anti-symmetric relation. Given a positive integer n,
we denote by Kn the complete graph on n vertices, i.e., the graph with vertex set [n] and
edge set (i, j) where i ≠ j. A tournament is an oriented graph whose symmetric closure is
a complete graph, and an oriented path is an oriented graph whose symmetric closure is a
path. We denote by P⃗n the directed path on n vertices, i.e., the oriented path with vertex set
[n] and edges (i, i+ 1) for i ∈ [n− 1].

2.2 SNP and its fragments
Let τ be a finite set of relation symbols. An SNP τ -sentence (short for strict non-deterministic
polynomial-time) is a sentence of the form

∃R1, . . . , Rk∀x1, . . . , xn.ψ

where ψ is a quantifier free τ ∪ {R1, . . . , Rk}-formula. If the structure A satisfies the sentence
Ψ, we write A |= Ψ. We say that a class of finite τ -structures C is in SNP if there exists an
SNP τ -sentence Φ such that A |= Φ if and only if A ∈ C. Since the first-order part of an
SNP sentence is universal, the class of (finite) models of an SNP sentence is closed under
substructures.

A first-order τ -formula ϕ is called positive if it does not use the negation symbol ¬ (so
it just uses the logical symbols ∀,∃,∧,∨,=, variables and symbols from τ). The negation
of a positive formula is called negative; note that every negative formula is equivalent to a
formula in prenex conjunctive normal form where every atomic formula appears in negated
form, and all negation symbols are in front of atomic formulas; such formulas will also be
called negative.

Consider a first-order sentence ϕ in prenex conjunctive normal form without (positive)
literals of the form x = y. Let ψ be a clause of ϕ, and let C be the structure whose vertex set
is the set of variables appearing in ψ, and the interpretation of R ∈ τ consists of those tuples
x such that ψ contains the negative literal ¬R(x) (this structure is sometimes called the
canonical database of ψ). We say ψ is connected if C is connected, and that ϕ is connected
if every clause of ϕ is connected – notice that in particular, the notion of connectedness is
well-defined for negative first-order logic. Given an SNP τ -sentence Φ with first-order part ϕ
in conjunctive normal form (CNF), we say that Φ is

connected if ϕ is connected (so ϕ does not contain (positive) literals of the form x = y),
monotone if every symbol from τ ∪ {=} is negative in ϕ,
monadic if every existentially quantified symbol is monadic (i.e., unary), and
without equalities if ϕ does not use the equality symbol (so it just uses the logical symbols
∀,∃,∧,∨,¬, variables and symbols from τ).

Notice that for every SNP sentence Φ we may assume that it does not contain literals of
the form ¬(x = y); otherwise, we obtain an equivalent formula by deleting every such literal
and replacing each appearance of the variable y in the same clause by the variable x. Hence,
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in this paper we assume without loss of generality that if Φ is in monotone SNP, then it
is in SNP without equalities.3 Connected monotone SNP is closely related to CSPs in the
following sense.

▶ Theorem 3 (Corollary 1.4.12 in [13]). An SNP sentence Φ describes a problem of the form
CSP(A) for some (infinite) structure A if and only if Φ is equivalent to a connected monotone
SNP sentence.

2.3 Polynomial-time reductions
We consider three kinds of polynomial-time reductions which we specify now. We say that a
set L reduces in polynomial time to a set L′ if there is a polynomial-time computable function
f such that x ∈ L if and only if f(x) ∈ L′; we also say that f is a polynomial-time many-one
reduction. More generally, we say that there is a disjunctive polynomial-time reduction from
L to L′ if there is a polynomial-time computable function g which computes a set of queries
g(x) such that x ∈ L if and only if y ∈ L′ for some y ∈ g(x). Similarly, if g satisfies that
x ∈ L if and only if y ∈ L′ for all y ∈ g(x), we say that there is a conjunctive polynomial-time
reduction from L to L′. Finally, we say that there is a polynomial-time Turing-reduction
from L to L′, if there is a polynomial-time deterministic oracle machine M that accepts L
using L′ as an oracle. Clearly, if there exists a polynomial-time reduction from L to L′, then
there are also disjunctive and conjunctive polynomial-time reductions, and, in turn, if there
exists a disjunctive or a conjunctive polynomial-time reduction from L to L′, then there is
also a Turing-reduction from L to L′. We say that L and L′ are polynomial-time equivalent
(disjunctive-, conjunctive-, and Turing-equivalent, respectively) if there are polynomial-time
reductions (disjunctive-, conjunctive-, and Turing-reductions, respectively) from L to L′ and
from L′ to L. All of these notions of reducibility also exist in the variant with log-space
instead of polynomial-time; in this case we require the existence of a Turing machine which
has access to a (read-only) input tape, a (write-only) output tape, and a work tape whose size
is logarithmic in the size of the input. Note that any function which is log-space computable
in this sense is also polynomial-time computable.

3 Extensional ESO

The aim of this section is to present several families of computational problems considered in
the literature that are in extensional ESO. First, we formally define extensional ESO.

▶ Definition 4. An ESO τ -sentence Ψ is called extensional if for every existentially quantified
predicate R there is a distinct symbol R′ ∈ τ of the same arity such that Ψ contains a conjunct
∀x
(
R′(x̄) ⇒ R(x̄)

)
, and R′ does not appear anywhere else in Ψ. In this case we say that R

extends R′.

Actually, one can reinterpret extensional ESO as follows. Consider a signature σ which
is the disjoint union of two signatures τ1 and τ2, and let ϕ be a first-order σ-sentence. On
an input σ-structure, the task is to decide whether there is an extension A′ of A where
A′ |= ϕ and we are not allowed to modify the interpretation of symbols R ∈ τ1, i.e., A′ = A,
R(A′) = R(A) for each R ∈ τ1, and R(A) ⊆ R(A′) for each R ∈ τ2. Clearly, these problems
can be expressed with extensional ESO sentences.

3 We deviate from the notation from [30]: they call this fragment SNP without inequalities since they
assume negation normal form and we do not.

LICS 2026
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3.1 Surjective CSPs
Arguably, the most natural ESO sentence describing k-colourability has k unary quantified
predicates U1, . . . , Uk, and the first-order part states that every vertex belongs to exactly
one Ui, and that each Ui is an independent set. Such a sentence is not in extensional ESO,
but k-colourability can be expressed in extensional ESO as follows.

▶ Example 5 (k-colouring problem). Let E1 be a binary relational symbol. For every
positive integer k, denote by ϕk the universal {E1}-formula stating that (V ;E1) is a loopless
symmetric graph with no induced clique on k + 1 vertices Kk+1 and no induced K1 +K2
(the three-element graph which is formed as the disjoint union of an isolated vertex and an
edge). Hence, (V ;E1) |= ϕk if and only if (V ;E1) is a complete k-partite graph, i.e., there is
partition P of V with at most k parts such that there is an edge uv ∈ E1 if and only if u
and v lie in different parts of P . Now, consider the extensional ESO sentence

Φ := ∃E1
(
ϕk ∧ ∀x, y (E(x, y) ⇒ E1(x, y))

)
Then a graph (V ;E) satisfies Φ if and only if there is an edge set E1 ⊇ E such that (V ;E1)
is a complete k-partite graph. It thus follows that (V ;E) |= Φ if and only if (V ;E) is
k-colourable.

Let A and B be relational τ -structures. A full-homomorphism is a homomorphism
f : A → B such that for every r-ary relation symbol R and every r-tuple ā of A it is the
case that ā ∈ RA if and only if f(ā) ∈ RB. In the following, will assume that τ is finite. We
denote by CSPfull(B) the class of finite structure A that admit a full homomorphism to B.

It is straightforward to observe that A maps homomorphically to B if and only if there is
an extension A′ of A that admits a full-homomorphism to B. It was proved in [5] that for
every finite τ -structure B there is a finite set F of finite τ -structures such that CSPfull(B) is
the class of F-free finite structures, i.e., the class of all finite structures that do not contain
any substructure from F . In particular, there is a first-order sentence ϕ such that CSPfull(B)
coincides with the finite models of ϕ. Hence, if τ = {R1, . . . , Rk} is the signature of B, and
ϕ′ is obtained from ϕ by replacing each symbol Ri by R′

i, the CSP of B is described by the
extensional ESO sentence

∃R′
1, . . . , R

′
k

( ∧
R∈τ

∀x (R(x̄) ⇒ R′(x̄)) ∧ ϕ′).
Surjective CSPs are the variant of CSPs where the task is to decide whether there

exists a surjective homomorphism f : A → B from a given input structure A to a fixed
template structure B. Similarly as for CSPs one can show that for every finite structure B
the surjective CSP for B is in extensional ESO as follows. For a finite τ -structure B, let δB
denote the diagram of B, that is, the conjunctive quantifier-free formula whose variables xb
are indexed by elements b ∈ B and such that for each symbol R ∈ τ of arity r, the formula
δB contains the conjunct R(xb1 , . . . , xbr ) if (b1, . . . , br) ∈ R(B), and contains the conjunct
¬R(xb1 , . . . , xbr

) otherwise. We denote by δ′
B the existential sentence obtained from the

diagram δB by existentially quantifying each variable and replacing each occurrence of R ∈ τ

by R′. Now, using the arguments above, it follows that there is a surjective homomorphism
form A to B if and only if A satisfies the extensional ESO sentence

∃R′
1, . . . , R

′
k

( ∧
R∈τ

∀x(R(x̄) ⇒ R′(x̄)) ∧ ϕ′ ∧ δ′
B
)
.
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3.2 Graph Sandwich Problems
Graph Sandwich Problems were introduced by Golumbic, Kaplan, and Shamir in [33]. The
sandwich problem (SP) for a graph class C is the following computational problem. The input
is a pair of graphs ((V,E1), (V,E2)) where E1 ⊆ E2, and the task is to decide whether there
is an edge set E such that E1 ⊆ E ⊆ E2 and the graph (V,E) belongs to C. Equivalently,
the SP for C can receives as an input a triple (V,E,N) where V is a set of vertices, E is a
set of edges, and N is a set of non-edges. The task is to determine whether there is a graph
(V,E′) ∈ C such that E ⊆ E′ and E′ ∩N = ∅.

Considerable attention has been placed on the SP for F-free graphs for finite sets of
graphs F [1, 23, 24, 25]. In particular, for every such finite set F , there is a universal sentence
ϕ such that a {E}-structure G satisfies ϕ if and only if G is an F-free graph. Consider the
binary signature {E,N}, and let ϕ′ be the universal sentence obtained by replacing each
occurrence of E by E′, and every occurrence of ¬E by N ′. It is now straightforward to verify
that the SP for F-free graphs is described by the extensional ESO sentence

∃E′, N ′ ∀x, y
(
(E(x, y) ⇒ E′(x, y)) ∧ (N(x, y) ⇒ N ′(x, y))
∧ (N ′(x, y) ⇔ ¬E′(x, y)) ∧ ϕ′).

3.3 Orientation Completion Problems
An oriented graph is a digraph D = (V,A) with no symmetric pair of edges, i.e., there are
no x, y ∈ V such that (x, y) ∈ A and (y, x) ∈ A. Orientation completion problems were
introduced by Bang-Jensen, Huang, and Zhu [6]. Given a finite set of oriented graphs F , the
orientation completion to F-free graphs is the following. The input is a partially oriented
graph (G, A′), i.e., a graph G together with a set of edges A′ ⊆ E(G) such that (V (G), A′) is
an oriented graph. The task is to decide whether there exists an F-free orientation completion
of (G, A), i.e., an edge set A such that

A′ ⊆ A,
(G,A) is an oriented graph that does not embed any F ∈ F , and
the symmetric closure of A equals E(G).

Clearly, for every finite set of oriented graphs F there is a universal {A}-sentence ϕ that
describes the class of F-free oriented graphs. Hence, the F-free orientation problem is
captured by

∃A ∀x, y
(
(A′(x, y) ⇒ A(x, y)) ∧ ((A(x, y) ∨A(y, x)) ⇔ E(x, y)) ∧ ϕ

)
.

3.4 Constrained Topological Sorting
A topological sort of a directed acyclic graph D is a linear ordering < of D such that if
(x, y) ∈ E(D), then x < y. Constrained topological sorting problems (CTSs) arise in the
context of automata theory and regular languages [2]. These problems are described by a
regular language L; the input is a directed acyclic graph D whose vertices are labeled with
letters of some alphabet Σ and the task is to decide whether there exists a topological sort
of D where the word obtained by reading the label of the vertices according to the order <
belongs to the language L. Amarilli and Paperman conjecture that CTS for regular languages
exhibit an NL vs. NP-complete dichotomy [2, Conjecture 2.3]. By considering a slight
modification on the problem, they show that such a dichotomy holds for aperiodic regular
languages [2, Theorem 5.2]. Aperiodic regular languages correspond to regular languages
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expressible in first-order logic [48] where the signature consists of a unary relation symbol for
each letter of the alphabet Σ and a binary relation symbol s encoding the successor relation.
Clearly, the successor relation can be first-order defined from the order relation, e.g.,

s(x, y) := (x < y) ∧ (∀z. (x < z < y ⇒ (z = x ∨ z = y)).

Hence, for every aperiodic regular language L there is a first-order Σ ∪ {<}-sentence ϕ that
describes the language L. Therefore, the CTS for L is expressible in extensional ESO by

∃<
(
∀x, y(E(x, y) ⇒ x < y) ∧ ϕ

)
.

4 Extensional ESO and HerFO

Every problem in HerFO is polynomial-time equivalent to the complement of a problem
described by monadic extensional ESO. This follows from the following observation [15].

▶ Observation 6. Let ϕ := Q1x1 . . . Qnxn.ξ(x1, . . . , xn) be a first-order τ -formula, where
ξ is a quantifier-free formula. If ψ(x) is a first-order τ -formula, then there is a τ -formula
ϕψ such that a τ -structure A satisfies ϕψ if and only if the substructure of A with domain
{a ∈ A : A |= ψ(a)} satisfies ϕ. Namely,

ϕψ := Q1x1 . . . Qnxn

(∧
i∈U

ψ(xi) =⇒
∧
i∈E

ψ(xi) ∧ ξ(x1, . . . , xn)
)
,

where U (respectively, E) is the set of indices i ∈ {1, . . . , n} such that Qi is a universal
(respectively, existential) quantifier.

We will use the formula ϕψ from Observation 6 in the following lemma and in the proof
of Theorem 9.

▶ Lemma 7. Let ϕ be a first-order τ -formula. Then, Her(ϕ) and the complement of the
problem described by the monadic extensional (τ ∪ {S})-sentence Ψ are log-space equivalent,
where

Ψ := ∃S̄ (∀x.S(x) ⇒ S̄(x)) ∧ (∃y.¬S̄(y)) ∧ (¬ϕ)ψ

with ψ(x) = ¬S̄(x).

Proof. Notice that an expansion A′ := (A, S̄) of A satisfies the first-order part of Φ if and
only if SA ⊆ S̄A′ , A ̸⊆ S̄A′ , and A′ |= ϕψ. Hence, the log-space reduction from Her(ϕ) to
¬Ψ is straightforward: every τ -structure A is a (τ ∪ {S})-structure, and it thus follows
via Observation 6 and the definition of ϕψ that A |= ¬Ψ if and only if every non-empty
substructure of A satisfies ϕ, i.e., if and only if A ∈ Her(ϕ). The converse reduction follows
with similar arguments. Indeed, if A is a (τ ∪ {S})-structure, then A |= ¬Ψ if and only if
SA ≠ A and the substructure B of A with domain A \ SA models ¬Ψ. Similarly as above,
B |= ¬Ψ if and only if B hereditarily satisfies ϕ. Clearly, B can be computed from A in
polynomial-time, and thus ¬Ψ reduces in polynomial time (and in logarithmic space) to
Her(ϕ). ◀

Using the fact that the tractability problem for HerFO is undecidable [15] to conclude
that the tractability problem for extensional ESO is also undecidable (via Lemma 7).

▶ Corollary 8. The tractability problem for (monadic) extensional ESO is undecidable.
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4.1 HerFO captures extensional ESO
Now we see that for every problem in extensional ESO, there is a polynomial-time equivalent
problem in HerFO. That is, for every extensional ESO τ -sentence Ψ we propose a first-order
σ-formula ϕ such that ¬Ψ is polynomial-time equivalent to Her(ϕ). First note that ¬Ψ can
be viewed as a universal second-order sentence. The idea for one reduction is that given
a τ -structure A, we construct a σ-structure B such that every expansion of A is encoded
by some substructure of B, and every substructure of B either encodes an expansion of A,
or it trivially satisfies ϕ. We illustrate a construction of B in Figure 2. Naturally, we will
define ϕ in such a way that a substructure B′ of B encoding an expansion A′ of A satisfies
ϕ if and only if A′ satisfies the first-order part of ¬Ψ. Hence, we obtain a polynomial-time
reduction from ¬Ψ to Her(ϕ). For the remaining reduction we need to know how to handle
σ-structures that are not in the image of the previous construction. This will also be taken
care of by ϕ: we will include some clauses in ϕ that will allow us to find a substructure B1
of B such that B hereditarily satisfies ϕ if and only if B1 hereditarily satisfies ϕ, and B1 is
constructed (as before) from some τ -structure A. This will yield a polynomial-time reduction
from Her(ϕ) to ¬Ψ.

▶ Theorem 9. For every sentence Ψ in extensional ESO there exists a first-order formula ϕ
such that the problem described by ¬Ψ is log-space equivalent to Her(ϕ).

Proof. Let τ be the input signature of Ψ. We may assume that Ψ is of the form

∃R1, . . . , RnQ1x1 . . . Qmxm.ψ

for some quantifier-free prefix Q = (Q1 . . . Qm) and quantifier-free formula ψ in conjunctive
normal form. For each i ∈ [n] let R′

i be an ri-ary predicate in τ such that ψ contains the
clause R′

i(y1, . . . , yri) ⇒ Ri(y1, . . . , yri) where each yi is a universally quantified variable,
and the symbol R′ does not appear in any other clause of ψ. We denote by τ ′ the subset of
τ consisting of R′

i for every i ∈ [n].
We first consider the trivial cases where either all finite structures satisfy Ψ, or no finite

structure satisfies Ψ. In the former case, we may pick ϕ to be the formula that is always false,
and in the latter, we pick the formula that is always true. Then we have a trivial reduction
from Her(ϕ) to ¬Ψ and vice versa.

Let ρ be the signature that contains τ , a unary symbol D, two binary symbols E and <,
and for each i ∈ [n] a symbol Si of arity ri + 1 (as we will see below, these symbols Si will
encode the existentially quantified symbol Ri). Let ϕ be the formula (ϕ1∨ϕ2)∧ϕ3∧ϕ4∧ϕ5∧ϕ6
defined as follows.
1. We define ϕ1 as follows: first, let χ := ¬(Q1x1 . . . Qmxm.ψ) and δ(x) := D(x); secondly,

let χ′ := χδ (see Observation 6); finally, let ϕ1 be the formula obtained from χ′ by
replacing occurrences of Ri(y1, . . . , yr) by ∀z.¬Si(y1, . . . , yr, z). It will also be convenient
to denote by ϕ′

1(x1, . . . , xm) the formula where the bounded variables x1, . . . , xm are now
free variables (but the universally quantified variables z remain bounded).

2. Let ϕ2 be the formula stating that there is some y such that for all x1, . . . , xm the formulas
¬E(x1, y) and ¬Si(x1, . . . , xri

, y) hold for all i ∈ [n].
3. Let ϕ3 be the formula that asserts that if Si(x, y) holds, then y does not appear in any

other tuple of the structure.
4. Let ϕ4 be the formula stating that if E(x, y) holds, then D(x) and D(y) hold.
5. Let ϕ5 be the formula stating that the in-degree and out-degree of every vertex with

respect to the relation E is at most 1.
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6. Let ϕ6 be the formula stating that < is a strict linear order on the subset D such that
there is at most one edge (of E) going backwards with respect to <, i.e.,

∀x, y, z, w ∈ D
(
(x < y ∧ z < w ∧ E(y, x) ∧ E(w, z)) ⇒ (x = z ∧ y = w)

)
.

We claim that ¬Ψ and Her(ϕ) are polynomial-time equivalent.

Forward reduction. For the polynomial-time reduction from ¬Ψ to Her(ϕ) consider a finite
τ -structure A with domain A = {a0, . . . , aℓ−1}. We first construct an auxiliary structure F
with domain

A× {0} ∪Ar1 × {1} ∪ · · · ∪Arn × {n}

such that
the map a 7→ (a, 0) is an isomorphism between A and the (τ \τ ′)-reduct of the substructure
of F with domain A× {0},
D(x) holds for every x ∈ A× {0},
E((ai−1, 0), (ai, 0)) holds for every i ∈ [ℓ] (where indices are modulo ℓ),
(ai, 0) < (aj , 0) if and only if i < j, for every i, j ∈ {0, . . . , ℓ− 1},
Si((aj1 , 0), . . . , (ajri

, 0), (aj1 , . . . , ajri
, i)) holds for all i ∈ [n] and all aj1 , . . . , ajri

∈ A, and
no other relations hold in F.

Now, we consider the substructure B of F with domain

B := {(a, 0) | a ∈ A} ∪ {(a, i) | A |= ¬R′
i(a)}.

Clearly, B can be computed from A in polynomial time and logarithmic space – we provide
an illustration of this construction in Figure 2. We have to argue that A |= ¬Ψ if and only
if all substructures of B satisfy ϕ. Note that B satisfies ϕ3, ϕ4, ϕ5, and ϕ6 by construction.
Since ϕ3 ∧ϕ4 ∧ϕ5 ∧ϕ6 is a universal sentence, all substructures of B satisfy ϕ3 ∧ϕ4 ∧ϕ5 ∧ϕ6.
Now, suppose that a substructure B′ of B does not contain (ai, 0) for some i ∈ {0, . . . , ℓ− 1}.
First consider the case that (aj , 0) ∈ B′ for some j ∈ {0, . . . , ℓ − 1}. It follows that B′

satisfies ϕ2, because the vertex (ak, 0) where k is the first index i′ from i, i+ 1, . . . , j (where
indices are modulo ℓ) such that (ai′ , 0) belongs to the domain of B′ provides a witness for
the existentially quantified variable y in ϕ2 (the conjuncts ¬Si(x1, . . . , xri

, y) are satisfied
by (ak, 0) because no element from A× {0} is the last coordinate of some tuple in SB

i ). If
B′ ∩ (A × {0}) = ∅, then any element b ∈ B′ is a witness for the existentially quantified
variable y in ϕ2. This proves that if A × {0} ̸⊆ B′, then B′ satisfies ϕ2. Conversely, if
A× {0} ⊆ B′, then B′ does not satisfy ϕ2. Therefore, we have to argue that A |= ¬Ψ if and
only if all substructures B′ of B with A× {0} ⊆ B′ satisfy ϕ1.

To see this, consider the following mapping e from substructures B′ of B with A×{0} ⊆ B′

to expansions of A. For such a B′, let C := e(B′) be the expansion of A where Ri(x1, . . . , xri
)

holds if (x1, . . . , xri , i) ̸∈ B′, equivalently, if ¬Si((x1, 0), . . . , (xri , 0), y) holds in B′ for all
y ∈ B′. It is straightforward to verify that e is injective. Since B′ is a substructure of B, then
C satisfies the clause R′(x̄) ⇒ R(x̄) for every R ∈ τ . Moreover, the image of e is exactly the
set of expansions of A that satisfy R′(x̄) ⇒ R(x̄) for every R ∈ τ . Hence, we regard e as a
bijection between substructures of B containing A× {0} and the expansions of A satisfying
R′(x̄) ⇒ R(x̄) for every R ∈ τ .

It follows from the definition of ϕ1 and of C that for every aj1 , . . . , ajm
∈ A

C |= ¬ψ(aj1 , . . . , ajm) if and only if B′ |= ϕ′
1((aj1 , 0), . . . , (ajm , 0)).
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Then, since A× {0} ⊆ B′, it follows that B′ |= ϕ1 if and only if C |= ¬(Q1x1 . . . Qmxm.ψ).
Therefore, if A |= ¬Ψ and B′ is a substructure of B with A × {0} ⊆ B′, then C |=
¬(Q1x1 . . . Qmxm.ψ) and thus B′ |= ¬ϕ1. This implies that if A |= ¬Ψ, then B ∈ Her(ϕ).
Conversely, suppose A |= Ψ, and let C be an {R1, . . . , Rn}-expansion of A such that C |=
Q1x1 . . . Qmxm.ψ. In particular, C satisfies R′(x̄) ⇒ R(x̄). Hence, there is a substructure B′

of B such that e(B′) = C. By the previous arguments we conclude that B′ |= ¬ϕ1, and since
A × {0} ⊆ B′, we see that B′ |= ¬ϕ2, and so B′ |= ¬ϕ. Therefore, A |= ¬Ψ if and only if
B ∈ Her(ϕ), and since B can be constructed in logarithmic space from A, we have a log-space
reduction from ¬Ψ to Her(ϕ).

Backward reduction. We now present a log-space reduction from Her(ϕ) to ¬Ψ. Recall
that there are structures D and F such that D |= Ψ and F |= ¬Ψ – we fix D and F for this
reduction. Let B be a finite ρ-structure. If B does not satisfy ϕ3 ∧ ϕ4 ∧ ϕ5 ∧ ϕ6, then the
reduction returns D. Otherwise, let X ⊆ B be the set of elements x for which there is no w
such that Si(w, x) holds for some i ∈ [n]. In particular, for every element b in B \X, there
is some tuple w such that B |= Si(w, b) for some i ∈ [n], and since B satisfies ϕ3, it follows
that every element of B that belongs to some tuple of E belongs to X. Also, since B satisfies
ϕ5, the {E}-reduct of the substructure X of B with domain X is a disjoint union of directed
paths and directed cycles. Similarly as above, one can note that if there is no directed cycle,
then all substructures of B satisfy ϕ2, and hence B hereditarily satisfies ϕ. In this case, the
reduction returns the fixed τ -structure F that does not model Ψ. Otherwise, let X1, . . . , Xk

be the subsets of X inducing a directed cycle in the {E}-reduct of X. We claim that k = 1.
First note that if x ∈ Xi for some i ∈ [k], then B |= D(x), because B satisfies ϕ4. Hence,
the union

⋃
i∈[k] Xi ⊆ D is linearly ordered by <, because B satisfies ϕ6. Moreover, ϕ6 also

guarantees that there is at most one edge going backwards, i.e., an edge (y, x) ∈ E such that
x < y. Clearly, for every linearly ordered directed cycle Xi there is at least one edge going
backwards, and so k = 1. We construct a τ -structure A with domain X1 as follows.

We start from the substructure of B with domain X1.
For every i ∈ {1, . . . , n}, add (x1, . . . , xri

) to the relation R′
i whenever there is no y ∈ B

such that Si(x1, . . . , xri , y).
Finally, A is the τ -reduct of the resulting structure.

Clearly, A can be computed from B in logarithmic space. Now, we argue that A |= ¬Ψ if and
only if every substructure of B satisfies ϕ. Since B |= ϕ3 ∧ ϕ4 ∧ ϕ5 ∧ ϕ6 and ϕ3 ∧ ϕ4 ∧ ϕ5 ∧ ϕ6
is a universal sentence, we have to argue that A |= ¬Ψ if and only if every substructure of B
satisfies ϕ1 ∨ ϕ2. Similarly as above, notice that a substructure B′ of B satisfies ϕ2 if and
only if B′ ∩X is not X1.

Let B1 be the substructure of B with vertex set (B \ X) ∪ X1. As explained above,
B ∈ Her(ϕ) if and only if all substructures B′

1 of B1 with X1 ⊆ B′
1 satisfy ϕ1. Similarly as

above, we define a mapping e from substructures of B1 containing X1 to expansions of A
satisfying R′(x̄) ⇒ R(x̄). In this case, e(B′

1) is the expansion of A where Ri(x1, . . . , xri
)

holds whenever there is no y ∈ B′
1 such that Si(x1, . . . , xri , y). Notice that in this case, the

mapping e is surjective but need not be injective. However, it follows with similar arguments
as before that B′

1 |= ϕ1 if and only if e(B′
1) |= ¬(Q1x1 . . . Qmxm.ψ). We thus conclude (via

the mapping e) that B1 contains a structure that does not model ϕ1 if and only if A has
an expansion that satisfies Q1x1 . . . Qmxm.ψ. It now follows that A |= ¬Ψ if and only if
B ∈ Her(ψ). Thus, Her(ϕ) reduces in logarithmic space to ¬Ψ. ◀

Figure 2 illustrates one of the polynomial-time reductions from Theorem 9.
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Figure 2 Let R be a binary and U ′ be a unary relation symbol. Consider an extensional ESO
{R, U ′}-formula Φ of the form ∃U∀x((U ′(x) ⇒ U(x)) ∧ ϕ) where ϕ is a first-order {R, U}-formula.
On the left, we depict an {R, U ′}-structure where the interpretation of U ′ is indicated by black
vertices, and the interpretation of R is indicated by undirected edges. On the right, we depict
the structure B with signature {R, D, E, <, SU }, where DB is indicated by the vertices inside the
rectangle, EB is indicated by bended dashed directed edges, <B is the strict left-to-right linear order
on A × {0}, and the interpretation of SU is indicated by straight dotted arcs. Notice that every
substructure B′ of B either does not contain a directed E-cycle, or it encodes an expansion of A by
a unary predicate U where U(x) if and only if B′ |= ¬∃y.SU (x, y). Moreover, this expansion satisfies
the clause ∀x(U ′(x) ⇒ U(x)). We use these facts in the proof of Theorem 9.

▶ Theorem 10. The following classes have the same computational power up to log-space
equivalence, i.e., for every problem P in any of the following classes, there exists a log-space
equivalent problem in each of the other ones.

Monadic extensional ESO,
extensional ESO, and
complements of problems in HerFO.

Proof. This statement is an immediate consequence of the fact that monadic extensional
ESO is a fragment of extensional ESO, of Lemma 7, and of Theorem 9. ◀

5 Monotone extensional SNP

Naturally, extensional SNP is the fragment of extensional ESO sentences whose first-order
part is universal. Equivalently, an SNP sentence Ψ with first-order part ψ in conjunctive
normal form is extensional if and only if for every existentially quantified symbol R there is
a distinct symbol R′ ∈ R such that ψ contains the clause R′(x) ⇒ R(x), and R′ does not
appear in any other clause of ψ.

5.1 Monotone extensional SNP and CSPs
Given a finite relational signature τ and a first-order τ -sentence ϕ, we denote by CSP(ϕ)
the class of finite τ -structures A for which there is a τ -structure B such that B |= ϕ and
A → B. There are first-order sentences such that CSP(ϕ) is undecidable.4 Nonetheless,
if one restricts to a universal sentence ϕ, then CSP(ϕ) is in NP. Indeed, suppose that for
input A there is a structure B such that A → B and B |= ϕ. Since ϕ is universal, it follows

4 To see this, suppose for contradiction that CSP(ϕ) is decidable for every first-order formula ϕ. Notice
that the structure A with one-element domain and empty interpretation of every R ∈ τ belongs to
CSP(ϕ) if and only if there is a non-empty model of ϕ. Hence, given a first-order formula ϕ we can
check whether A ∈ CSP(ϕ) to decide whether ϕ is satisfied in a non-empty structure, contradicting the
undecidablility of first-order logic [19].
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that any substructure of B also models ϕ, and thus, by guessing a structure on at most |A|
vertices, one can verify in polynomial time whether A ∈ CSP(ϕ). We propose the following
characterization of monotone extensional SNP.

First, we introduce some definitions. Consider a τ -structure A. We say that two
distinct vertices a, b ∈ A are twins if for every R ∈ τ of arity r, for (a1, . . . , ar) ∈ Ar

and every i ∈ [r], it is the case that (a1, . . . , ai−1, a, ai+1, . . . , ar) ∈ RA if and only if
(a1, . . . , ai−1, b, ai+1, . . . , ar) ∈ RA. We say that a structure B is a blow-up of a structure A
if A is a substructure of B, and every b ∈ B \A has a twin a in A. We extend this definition
to a class of structures C: the blow-up C∗ of C consists of all finite blow-ups of structures
A ∈ C. In the full version of this paper, we show that if C if finitely bounded, then C∗ is
finitely bounded [16, Lemma 5.1]; we use this in the following proof.

▶ Theorem 11. For a class C of relational structures with finite signature, the following
statements are equivalent.

C is in monotone extensional SNP.
There is a universal sentence ϕ such that C = CSP(ϕ).

Proof. Let τ be a finite relational signature and let C be a class of finite τ -structures. First,
suppose that there is a monotone extensional SNP τ -sentence Φ describing the class C. Let
σ be the signature containing exactly the existentially quantified symbols from Φ and let
τ ′ ⊆ τ be the signature that contains the symbols R′ that are extended by some R ∈ σ. Let
ν ∧ ψ be the first-order part of Φ where ν is the conjunction of the clauses R′ ⇒ R for every
R ∈ σ and ψ is a universal (σ ∪ τ \ τ ′)-formula. Let ψ′ be the τ -formula obtained from ψ by
replacing each existentially quantified symbol R by R′. We claim that a finite τ -structure A
satisfies Φ if and only if A ∈ CSP(ψ′).

Let B be an expansion of A witnessing that A satisfies Φ. Consider the structure A′ with
domain A where RA′ = RA for every R ∈ τ \ τ ′, and where (R′)A′ = RB for every R′ ∈ τ ′.
Clearly, A′ |= ψ′ because B |= ψ, and since B |= ν, it follows that the identity on A defines a
homomorphism A → A′, and thus A ∈ CSP(ψ′).

Conversely, suppose that A ∈ CSP(ψ′), and let B be a model of ψ′ such that A → B.
Since ψ′ is a universal sentence, we may assume without loss of generality that B is a finite
structure. Moreover, since Φ is in monotone extensional SNP, it is preserved under inverse
homomorphisms (see, e.g., Theorem 3). Thus, in order to show that A satisfies Φ, it suffices
to show that every finite structure B that models ψ′ also models Φ. This is immediate:
consider the σ ∪ τ -expansion B′ of B where there interpretation of each R ∈ σ coincides with
the interpretation of R′ in B; clearly, B′ |= ν, and since B |= ψ′, it follows that B′ |= ψ. This
proves that the first item implies the second one.

Now, suppose that the second itemized statement holds, and let B be the class of finite
structures that model ϕ. Again, since ϕ is a universal τ -sentence, a τ -structure A belongs to
CSP(ϕ) if and only if there is a structure B ∈ B such that A → B. In particular, every blow-up
B∗ of a structure B ∈ B belongs to CSP(ϕ) (see [16, Section 5.1]). In turn, this implies that
a structure A belongs to CSP(ϕ) if and only if there is an injective homomorphism f : A → B
for some structure B ∈ B∗. Let ψ′ be a universal τ -sentence without equalities that defines
B∗ (see [16, Lemma 5.1]). Consider a signature σ containing a relation symbol R∗ for each
R ∈ τ , and the formula ψ obtained from ψ′ by replacing each occurrence of a symbol R ∈ τ

by R∗. Finally, let Ψ be the SNP τ -sentence with existentially quantified symbols from
σ and first-order part ν ∧ ψ, where ν is the conjunction of clauses R ⇒ R∗ ranging over
R ∈ τ . Similarly as above one can notice that a finite structure A satisfies Φ if and only if
A ∈ CSP(ϕ): every B ∈ B∗ satisfies Ψ (indeed, define an expansion of B satisfying ν ∧ ψ

LICS 2026



20:16 On the Computational Power of Extensional ESO

by letting R∗ = R for each R∗ ∈ σ), and since Ψ is in monotone SNP, we conclude that
every structure A in CSP(ϕ) satisfies Ψ. Conversely, if B satisfies Φ, then by considering the
structure B′ where RB′ = (R∗)B for each R ∈ τ , we obtain a structure B′ that satisfies ϕ,
and such that B → B′. Clearly, Φ is in monotone extensional SNP, and therefore, the second
itemized statement implies the first one. ◀

Recall from the introduction that a class of finite structures is finitely bounded if there is
a finite set F of structures such that a finite structure A belongs to C if and only if it does
not embed any structure from F . We call the elements of such a set F bounds of C. We also
say that a structure B is finitely bounded if and only if the class of finite structures that
embed into B is finitely bounded. Note that CSPs of finitely bounded structures are in NP.

▶ Corollary 12. Let S be a relational structure in a finite signature. If S is finitely bounded,
then CSP(S) is in monotone extensional SNP. Moreover, if S has a finite set of connected
bounds, then CSP(S) is in monotone connected extensional SNP.

Proof. Since S is finitely bounded, there is a universal sentence ϕ such that a finite structure
models ϕ if and only if A embeds into S. Clearly, CSP(S) ⊆ CSP(ϕ). We briefly argue that
this inclusion is actually an equality. Let B be a model of ϕ such that there is homomorphism
f : A → B. Since ϕ is universal, it follows that the substructure B′ of B with vertex set f [A]
is a finite model of ϕ such that A → B′. We can conclude that A ∈ CSP(S), because B′

is a finite structure satisfying ϕ, so B′ embeds into S, and thus A → S. The claim of the
corollary now follows from Theorem 11. Finally, the moreover statement follows analogously
by noticing that the construction of the formula ϕ from [16, Lemma 5.1] satisfies that if the
finite bounds of C are connected, then ϕ is a connected universal formula defining C∗. ◀

5.2 CSPs of finitely bounded structures
Corollary 12 asserts that CSPs of finitely bounded structures are in monotone extensional
SNP. However, there are monotone extensional SNP sentences that do not describe the CSP
of a finitely bounded structure, because the class of finite models of such a sentence need
not be preserved under disjoint unions. In this section we show that nonetheless, CSPs of
finitely bounded structures capture the computational power of monotone extensional SNP,
up to polynomial-time conjunctive-equivalence.

Theorem 3 guarantees that every monotone connected extensional SNP sentence Φ
describes the CSP of some structure. Moreover, it follows from the proof of Theorem 11 that
Φ describes the CSP of a finitely bounded structure.

▶ Corollary 13. Every monotone connected extensional SNP sentence Φ describes a problem
of the form CSP(B) for some finitely bounded structure B.

In the full version of this paper [16], we include some results regarding the connected
fragment of monotone extensional SNP. In particular, we show that every finite domain
CSP is described by a monotone connected extensional SNP sentence [16, Corollary B.4],
and we leave as an open question whether for every finitely bounded structure B, there is a
monotone connected extensional SNP sentence describing CSP(B). We also show that for
every finitely bounded CSP there is a polynomial-time equivalent problem described by a
monotone connected extensional SNP sentence [16, Lemma B.1]; we use this fact in our next
proof.
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▶ Theorem 14. The following classes have the same computational power up to polynomial-
time conjunctive-equivalence, i.e., for every problem P in any of the following classes, there
are polynomial-time conjunctive-equivalent problems in each of the other ones.

Monotone extensional SNP.
Monotone connected extensional SNP.
CSPs of finitely bounded structures.

Moreover, the last two classes have the same computational power up to log-space equivalence.

Proof. It follows form Corollary 13 that every problem in the second itemized class belongs
to the third one. It follows from Corollary 12 that if B is a finitely bounded structure, then
CSP(B) is in monotone extensional SNP. By [16, Lemma B.1]; we see that if CSP(B) is in
monotone extensional SNP, then there is a monotone connected extensional SNP sentence Φ
which is log-space equivalent to CSP(B). This proves that the “moreover” statement holds.
Clearly, every problem in the second itemized class belongs to the first itemized class of
problems. Finally, by [16, Lemma B.1]; we know that for every monotone extensional SNP
sentence Φ there is a polynomial-time conjunctive-equivalent monotone extensional SNP. ◀

6 Candidate NP-intermediate problems in extensional ESO

Here we consider the well-known computational problems of Graph Isomorphism [34] and
Monotone Dualization [27]. Both of these problems are in NP and the question whether
these problems are in P has been open for more than 50 years, which makes them natural
candidate NP-intermediate problems (see, for instance, the Wikipedia entry for candidate
NP-intermediate problems). We show that for each of these problems there is an extensional
ESO sentence Φ such that Φ is polynomial-time equivalent to the corresponding problem.

6.1 Graph Isomorphism
The graph isomorphism problem (GI) is one of the most studied problems in algorithmic
graph theory (see, e.g., [34] for an overview on this problem). One of the major breakthroughs
in this area is the quasipolynomial-time algorithm presented by Babai [4]. Despite intensive
research over the past decades, the complexity of the graph isomorphism problem remains
one of the problems in NP that is not known to be in P, and thus, it is considered a candidate
NP-intermediate problem.

It is well known that the graph isomorphism problem is polynomial-time equivalent to the
graph isomorphism completion problem. The latter takes as an input a pair of graphs (G,H)
and a partial function f ′ : U ⊆ G → H, and the task is to decide if there is an isomorphism
f : G → H such that f|U = f ′. We now show that the graph isomorphism completion problem
is in extensional ESO.

Let U1 and U2 be unary relation symbols, E a binary relation symbol, and I and I ′ binary
relation symbols that will encode isomorphisms and partial isomorphisms, respectively. Here,
the input signature is τ := {U1, U2, E, I

′}. Let ISO(I) be a first-order {U1, U2, E}-formula
stating that I defines an isomorphism from the graph with vertices in U1 to the graph with
vertex set U2, e.g.,

ISO(I) := ∀x, y (I(x, y) ⇒ U1(x) ∧ U2(x))
∧ ∀x, y, z

(
(I(x, y) ∧ I(x, z) ⇒ y = z)

∧ (I(y, z) ∧ I(y, z) ⇒ x = y)
)

∧ ∀x∃y
(
(U1(x) ⇒ I(x, y)) ∧ (U2(x) ⇒ I(y, x))

)
∧ ∀x1, x2, y1, y2

(
(E(x1, y1) ∧ I(x1, x2) ∧ I(y1, y2)) ⇒ E(y1, y2)

)
.
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Hence, if ϕ is a first-order {U1, U2, E}-sentence stating that E is a symmetric irreflexive
relation that connects only vertices within U1 or within U2, we get that Graph Isomorphism
Completion can be expressed by the extensional ESO sentence

Ψ := ∃I. ∀x, y
(
(I ′(x, y) ⇒ I(x, y)) ∧ Iso(I) ∧ ϕ

)
.

Clearly, every GI completion instance X can be encoded as a τ -structure A such that A |= Ψ
if and only if X is a yes-instance. Also notice that if an input τ -structure A is such that I ′

does not define a partial isomorphism from the graph with vertex set U1(A) to the graph
with vertex set U2(A), then A ̸|= Ψ. In this way, we obtain a polynomial-time equivalence
between the graph isomorphism completion problem and deciding Ψ.

6.2 Monotone Dualization
We assume basic familiarity with propositional logic (see, e.g., [26, Section 2]). Our present-
ation of the monotone dualization problem is similar to the presentation given in [27],
and we refer to that survey for a detailed exposition. The dual of a boolean function
f : {0, 1}n → {0, 1} is the function fd(x1, . . . , xn) := f̄(x̄1, . . . , x̄n). In particular, if ϕ is a
CNF formula representing f (where the constant 0 is represented by an empty clause, and
the constant 1 is represented by an empty set of clauses), then the dual fd of f can be
easily obtained by interchanging the symbols ∧ and ∨. Computing the CNF of the dual of
a boolean function f presented in CNF traces back to the middle of the last century (see,
e.g., [44]), and it is one of few problems whose complexity remains unclassified [27].

A boolean function f : {0, 1}n → {0, 1} is monotone if f(x̄) ≤ f(ȳ) whenever xi ≤ yi for
each argument i ∈ [n]. Equivalently, a boolean function is monotone if it can be represented
by a boolean formula ϕ in CNF with no negative literals.

Monotone Dual
Input: Functions f and g represented by formulas ϕ and ψ in CNF without negative

literals.
Question: If g the dual of f?

Clearly, this problem is in coNP: if there is an evaluation v1, . . . , vx of the variables
x1, . . . , xn such that ϕd(v1, . . . , vn) is true, and ψ(v1, . . . , vn) is false, then g is not the dual
of f (here, ϕd is the boolean formula in DNF obtained by swapping the symbols ∧ and ∨ in
ϕ). This problem can be solved in quasi-polynomial time [32], and according to [27] is has
been open for over 40 years now, whether it can be solved in polynomial time. We construct
an extensional ESO sentence Φ such that deciding Φ is polynomial-time equivalent to the
complement of Monotone Dual, i.e., deciding whether g and f are not duals.

To begin with, we will consider a boolean formula ϕ in CNF or DNF, and without negative
literals, empty clauses, and empty monomials. We will encode such formulas as structures
F (ϕ) with the binary signature {C,EQ} as follows. The vertices are occurrences of variables
(i.e., for each clause c and each variable x in c, there is a vertex vx,c), and the interpretations
of C and EQ are equivalence relations where

each class of C consists of all occurrences of a variable appearing in the same clause, and
each class of EQ consists of the occurrences of the same variable.

In symbols, (vx,c, vy,c′) ∈ C iff c = c′, and (vx,c, vy,c′) ∈ EQ iff x = y. In particular, if ϕ is in
CNF and ϕd is the dual DNF formula, then F (ϕ) = F (ϕd). Also, for every {C,EQ}-structure
A where C and EQ are equivalence relations, there is a monotone CNF formula ϕ such that
F (ϕ) = A = F (ϕd).
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We now consider a unary predicate U1 that will encode an evaluation of the variables in
the formula ϕ. In order for U1 to encode a valid evaluation we must impose the first-order
restriction stating that if (x, y) ∈ EQ, then x ∈ U1 if and only if y ∈ U1 (i.e., different
occurrence of the same variable must receive the same value). So let δ be the (universal)
first-order {U1, C,EQ}-sentence stating that C and EQ are equivalence relations and that
U1 is preserved by the relation EQ in the sense explained above. Clearly, structures that
satisfy δ are in one-to-one correspondence with evaluations of formulas in CNF (and in DNF)
without negative literals, empty clauses, and empty monomials.

Consider the following first-order {U1, C,EQ}-sentences

trueC :=∀x∃y (C(x, y) ∧ U1(y)), and
trueD :=∃x∀y (C(x, y) ⇒ U1(y)).

Observe that if ϕ is a monotone CNF formula with variables X, then an evaluation e : X →
{0, 1} makes ϕ true if and only if the structure (F (ϕ), U1), for U1 := e−1(1), satisfies trueC.
Similarly, e makes the dual formula ϕd in DNF true if and only if (F (ϕ), U1) |= trueD. In
fact, the {U1, C,EQ}-expansions of F (ϕ) that satisfy trueC (resp. trueD) are in one-to-one
correspondence with the satisfying evaluations of ϕ (resp. of ϕd).

To obtain an extensional ESO sentence that is polynomial-time equivalent to the problem
Monotone Dual, we need three more unary symbols Uf , Ug, and U ′

1. Let ρ be a first-order
sentence stating the following:

the interpretations of Uf and Ug are total and disjoint, i.e., every vertex belongs to
exactly one of Uf and Ug,
if a pair of vertices x and y are connected by an edge in C, then x and y both belong to
Uf or both to Ug, and
for each vertex x ∈ Uf there is a vertex y ∈ Ug such that xy ∈ EQ, and vice versa.

Given a pair of CNF formulas ϕ and ψ on the same set of variables without negative literals
and empty clauses, we construct a structure F (ϕ, ψ) with signature {Uf , Ug, U ′

1, C,EQ} as
follows. This structure is obtained from the disjoint union F (ϕ) + F (ψ) where we colour
the vertices in F (ϕ) with Uf and the vertices in F (ψ) with Ug, the interpretation of U ′

1 is
empty, and we modify the interpretation of EQ by connecting all pairs of vertices x and
y that represent the same variable (in particular, EQ(F (ϕ)) ∪ EQ(F (ψ)) ⊆ EQ(F (ϕ, ψ))).
Clearly, F (ϕ, ψ) |= ρ ∧ δ.

Finally, for X ∈ {C, D} and h ∈ {f, g}, we denote by trueX(Uh) the restriction of trueX

to the substructure with domain Uh (which can be written as a first-order sentence with
symbols in {C,EQ,U1, Uh}). With these sentences we define the extensional ESO sentence

Γ := ∃U1
(
(U ′

1 ⇒ U1)∧ ρ ∧ δ

∧
(
(trueD(Uf ) ∧ ¬trueC(Ug))
∨ (¬trueD(Uf ) ∧ trueC(Ug))

)
.

A structure of the form F (ϕ, ψ) satisfies Γ if and only if there is an evaluation of the variables
that make exactly one of ϕd or ψ true, and the other one false. Therefore, on an input (ϕ, ψ)
to Monotone Dual, where ϕ and ψ are formulas CNF formulas without negative literals and
empty clauses that represent the Boolean functions f and g, respectively, we have that g is
not the dual of f if and only if F (ϕ, ψ) satisfies Γ. This gives us a polynomial-time reduction
from Monotone Dual to deciding ¬Γ.

Now we show that conversely, deciding ¬Γ reduces in polynomial time to Monotone Dual.
First, fix a pair of formulas ϕX and ψX in monotone CNF over the same set of variable such
that ψX is not the dual of ϕX . The reduction works as follows. Given a {U ′

1, Uf , Ug, C,EQ}-
structure A we first first verify whether A |= ρ ∧ δ, and if not, the reduction returns the pair
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(ϕX , ψX). Otherwise, we construct ϕ and ψ as follows. The variables of ϕ and of ψ are the
EQ-equivalence classes, and for each C-equivalence class Y in Uf (A) (resp. in Ug(A)) we add
a clause in ϕ (resp. in ψ) containing the EQ-equivalence classes that intersect Y . Finally,
if some vertex v is colored with U ′

1, then we remove all clauses from ϕ and ψ that contain
v. It readily follows from the arguments above that A |= Γ if and only if ϕ is not the dual
of ψ. Hence, the reduction that maps A to (ϕX , ψX) if A ̸|= δ ∧ ρ, and to (ϕ, ψ) otherwise,
is a polynomial-time reduction from deciding ¬Γ to the Monotone Dual problem. Both
reductions together show that Monotone Dual is polynomial-time equivalent to deciding ¬Γ.

6.3 A conjecture
We have seen that surjective finite-domain CSPs (Section 3.1) and CSPs of finitely bounded
structures (Corollary 12) are expressible in ESO. Moreover, we proved that extensional
ESO has the same computational power as HerFO (Theorem 10), and so, the tractability
meta-problem for extensional ESO is undecidable (Corollary 8). Finally, we argued in this
section that extensional ESO can express problems that are polynomial-time equivalent to
Graph Isomorphism, and to the complement of Monotone Dualization. These observations
make us believe that the following is true.

▶ Conjecture 15. There is an extensional ESO sentence Φ such that deciding Φ is NP-
intermediate.

7 Limitations of the computational power

In this section we show that extensional ESO is not NP-rich (unless E = NE). To do so, we
study disjunctive self-reducibility; a notion in computational complexity that traces back
to [45, 46].

7.1 Disjunctive self-reducible sets
Intuitively speaking, a set L is disjunctive self-reducible if deciding whether x belongs to L
reduces to deciding if one of polynomially-many “smaller” instances than x belongs to L. A
typical example of a disjunctive self-reducible set is SAT: a boolean formula ϕ(x1, . . . , xn) is
satisfiable if and only if at ϕ(0, x2, . . . , xn) and ϕ(1, x2, . . . , xn) is satisfiable. This concept
has played a major role in the complexity theory literature on the class NP, see, e.g., [3, 36].

Let us formally define disjunctive self-reducible sets (also see also [45, 46]).

▶ Definition 16 (disjunctive self-reducibility). A polynomial-time computable partial order <
on {0, 1}∗ is OK if and only if there is a polynomial p such that

every strictly decreasing chain x1 < · · · < xn of words from {0, 1}∗ is shorter than p(xn),
i.e., n ≤ p(xn).
for all x, y ∈ {0, 1}∗, x < y implies |x| ≤ p(|y|).

A set L ⊆ {0, 1}∗ is self-reducible if there are an OK partial order < on {0, 1}∗ and a
deterministic polynomial-time oracle machine M that accepts L and asks its oracle queries
about words smaller than the input x, i.e., on input x, if M asks a query to its oracle for
L about y, then y < x. We say that L is disjunctive self-reducible if on every input x the
machine M either

decides whether x ∈ L without calling the oracle, or
computes queries x1, . . . , xn ∈ {0, 1}∗ strictly smaller than x (with respect to <) such that

x ∈ L if and only if {x1, . . . , xn} ∩ L ̸= ∅.
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Clearly, every set in P is disjunctive self-reducible, and it follows from [39] that every
disjunctive self-reducible set is in NP.

▶ Lemma 17. If a class of structures C is expressible in extensional ESO, then C is disjunctive
self-reducible. In particular, CSPs of finitely bounded structures are disjunctive-self-reducible.

Proof. We prove the claim for the case that Φ has one existentially quantified relation symbol
R of arity r – the general case follows with similar arguments. Let R′ be the input symbol
such that Φ contains the clause R′(x) ⇒ R(x) and R′ does not appear in any other clause
of Φ. Given an input τ -structure A we first test whether the expansion A′ with RA′ = R′

satisfies the first-order part of Φ. If yes, we accept, and otherwise we return the structures
obtained from A by adding one new tuple to the interpretation of R′. It is clear that the
order B < A if A = B, SA = SB for every S ∈ τ \ {R′}, and (R′)A′ ⊆ (R′)B′ is an OK poset
witnessing that the previous reduction is a disjunctive self-reduction. ◀

7.2 Promise problems
Several NP-complete problems become tractable given a strong enough promise. For instance,
k-colourability is decidable in polynomial time, given the promise that the input graph G is
perfect, i.e., the chromatic number of H equals the largest complete subgraph of H for every
induced subgraph H of G. Hence, to decide whether G is k-colourable it suffices to verify
whether G is Kk+1-free, which is clearly in P. In this example, the promise is even verifiable
in polynomial-time [22], but this need not be the case in general. A prominent example
being the problem positive 1-in-3 SAT, which is tractable given the promise that the input
formula ϕ either has a 1-in-3 solution, or does not even have a not-all-equal solution [20].
In contrast, some problems remain hard even given some non-trivial promise. A typical
example is 3-colourability which is NP-hard given the promise that the input graph G is
either 3-colourable or not even 5-colourable [9].

A general framework for studying hard promises was introduced in [47]. Formally, a
(decidable) promise problem is a pair of decidable sets (Q,R) where Q is the promise, and
R is the property that needs to be decided given the promise Q. A deterministic Turing
machine M solves the promise problem (Q,R) if for every input x the following holds

if x ∈ Q, then M accepts x if and only if x ∈ R.

In this case, we say that the language L accepted by M is a solution to (Q,R). In particular,
notice that R and Q ∩R are solutions to (Q,R). Going back to our previous examples, if
Q is the class of perfect graphs, and R the class of k-colourable graphs, then the class of
Kk+1-free graphs is a polynomial-time solution to (Q,R).

A promise problem (Q,R) is in P if (Q,R) has a solution L in P, and (Q,R) is NP-hard
if every solution to (Q,R) is NP-hard. Note that for every promise problem (Q,R), we have
that R is a solution to (Q,R), and hence if R is in P, then (Q,R) is in P. A promise problem
(Q,R) is polynomial-time Turing-reducible5 to a promise problem (S, T ) if for every solution
A of (S, T ) there is a solution B of (Q,T ) such that B is polynomial-time Turing-reducible
to A. Notice that if L is a decidable set, then the only solution to ({0, 1}∗, L) is L, and
hence, we say that a set L is polynomial-time Turing-reducible to a promise problem (Q,R)
if ({0, 1}∗, L) is polynomial-time Turing-reducible to (Q,R).

5 Many-one, disjunctive, and conjunctive reductions are defined analogously, but are not needed for this
paper.
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Natural promise problems trace back to at least 1984, and they arise in the context of
public-key cryptography [28]. Given a decidable set L ⊆ Σ∗, for some finite alphabet Σ, the
natural promise problem for L is the promise problem

(L× (Σ∗ \ L) + (Σ∗ \ L) × L, L× Σ∗) .

That is, an instance to the problem is a pair (x, y), the promise is that exactly one of x or
y belongs to L, and the property to decide is whether x ∈ L. Clearly, the natural promise
problem for L is at most as hard as L, and thus, if L is in P then L and the natural promise
problem for L are trivially polynomial-time equivalent. In [28], the authors prove that the
natural promise problem for SAT is NP-hard, and it follows from [47] that L and its natural
promise problem are polynomial-time Turing-equivalent for every NP-complete set L. In
particular, it follows from the finite domain dichotomy conjecture [21, 49] that every finite
domain CSP is polynomial-time Turing-equivalent to its natural promise problem – this will
also follow from our next theorem without using the finite domain dichotomy. The graph
isomorphism problem (which is not known to belong to P and most likely not NP-complete)
is polynomial-time equivalent to its natural promise problem [47].

▶ Theorem 18. For every L in any of the following classes, the natural promise problem for
L is polynomial-time Turing equivalent to L.

CSPs of finitely bounded structures.
Monotone extensional SNP.
Extensional ESO.

Proof. Every disjunctive self-reducible is a polynomial-time Turing-equivalent to its natural
promise problem [47, Theorem 3]. The claim follows via Lemmas 17 and 21, which assert
that any such problem L is disjunctive self-reducible. ◀

7.3 Failure of NP-richness

It follows from results in [47] that there are problems in NP which are not polynomial-time
disjunctive-equivalent to any disjunctive self-reducible set, unless E = NE.

▶ Theorem 19 (essentially in [47]). The class of disjunctive self-reducible sets is not disjunctive
NP-rich, unless E = NE.

Proof. Theorem 3 in [47] asserts that if L is disjunctive self-reducible, then the natural
promise problem for L is polynomial-time Turing-equivalent to L, and Theorem 4 in [47]
asserts that the property “L and the natural promise problem for L are polynomial-time
Turing equivalent” is preserved under polynomial time disjunctive-equivalence. Finally,
Theorem 7 in [47] guarantees that if E ̸= NE, then there is a set L ∈ NP \ P such that
the natural promise problem for L is in P, i.e., L and its natural promise problem are not
polynomial-time Turing-equivalent. ◀

▶ Corollary 20. None of the following classes is NP-rich, unless E = NE.
CSPs of finitely bounded structures.
Monotone extensional SNP.
Extensional ESO.
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7.4 NP-intermediate disjunctive self-reducible sets
We conclude this section by showing that, even though disjunctive-self reducible sets do not
have the full computational power of NP, they still capture NP-intermediate problems. To
do so, we consider the following family of disjunctive self-reducible sets.

▶ Lemma 21. Let τ be a finite relational signature and F a (not necessarily finite) class of
finite τ -structures. If F is in P, then the class of structures A that contain some substructure
F from F is disjunctive self-reducible.

Proof. Given an input structure A, we first test whether A ∈ F . If yes, we accept, otherwise,
we return the substructures obtained from A by removing exactly one element from the
domain. Here, the order A < B defined by A being a substructure of B is clearly an OK
poset (Definition 16) for which the previous reduction is a disjunctive self-reduction. ◀

For our next result we will use a construction of coNP-intermediate CSPs from Bodirsky
and Grohe [14] which uses the following set of tournaments. The Henson set is the set T of
tournaments Tn defined for positive integer n ≥ 5 as follows. The vertex set of Tn is [n] and
it contains the edges

(1, n),
(i, i+ 1) for i ∈ [n− 1], and
(j, i) for j > i+ 1 and (j, i) ̸= (n, 1).

It is straightforward to observe that, for any fixed (possibly infinite) set of tournaments
F (such as T ), the class of oriented graphs that do not embed any tournament from F is
of the form CSP(BF ) for some countably infinite structure BF (we may even choose BF to
be homogeneous). In the concrete situation of the class T defined above, CSP(BT ) is an
example of coNP-complete CSP (see, e.g., [13, Proposition 13.3.1]).

▶ Theorem 22. There is no P- versus NP-complete dichotomy for disjunctive self-reducible
sets.

Proof. We use that there exists a subset T0 of the Henson set T such that there exists a
linear-time Turing machine G computing a function g : N → N (where the input to G is
represented in unary) with

T0 = {Tn | g(n) is even},
CSP(BT0) is not in P and not coNP-hard, unless P = coNP [14].

Clearly, T0 is in P: given an input digraph D verify whether g(|D|) is even (if not, reject),
and if this is the case, verify whether D belongs to the Henson set T – which is even in
first-order logic [15]. Since CSP(BT0) is the class of T0-free loopless oriented graphs, it
follows from Lemma 21 that CSP(BT0) is disjunctive self-reducible. Note that this implies
the unconditional non-dichotomy result stated in the theorem: if P = NP, then there is
no dichotomy, and if P is different from NP, then there are NP-intermediate disjunctive
self-reducible sets. ◀

8 Conclusion and Open Problems

We proved that the complement of every problem in extensional ESO is polynomial-time
equivalent to a problem in HerFO, and vice versa (Theorem 10). We also showed that there
are problems in NP that are not polynomial-time equivalent to problems in Extensional ESO,
unless NE=E (Corollary 20). In particular, this shows that in order to prove that there are
NP-intermediate finitely bounded CSPs, we need a different approach than proving that this
class is NP-rich, because Extensional ESO captures finitely bounded CSPs.

LICS 2026



20:24 On the Computational Power of Extensional ESO

Besides Conjecture 15, a number of open problems are left for future research.
1. Is every disjunctive self-reducible set polynomial-time equivalent to an extensional ESO

sentence (see Figure 1)?
2. Is every problem in extensional ESO polynomial-time equivalent to a finitely bounded

CSP (see Figure 1)?
3. Are there NP-intermediate CSPs of finitely bounded structures (assuming P ̸= NP)?
4. Is there a finitely bounded structure A such that CSP(A) is polynomial-time equivalent

to GI?
5. Is every CSP of a finitely bounded structure in connected monotone extensional SNP?

(Compare with Corollary 13 and the moreover statement in Theorem 14).
6. Is it true that if A is a reduct of a finitely bounded homogeneous structure, then CSP(A)

is disjunctive self-reducible?
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