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Abstract
We introduce layered automata, a subclass of alternating parity automata that generalises determ-
inistic automata. Assuming a consistency property, these automata are history deterministic and
0-1 probabilistic. We show that every omega-regular language is recognised by a unique minimal
consistent layered automaton, and that this canonical form can be computed in polynomial time
from every layered or deterministic automaton. We further establish that, for layered automata,
both consistency checking and inclusion testing can be performed in polynomial time. Much like
deterministic finite automata, minimal consistent layered automata admit a characterisation based
on congruences.
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1 Introduction

Automata over infinite words (ω-automata in the following) were first introduced by Büchi to
show the decidability of monadic second-order logic over (N, <) [10]. Since then, they have
found numerous applications in the verification and synthesis of reactive systems [16, 41, 33].

A key limitation of current ω-automata theory is the lack of minimal canonical models.
Minimisation is instrumental for practical applications, particularly when automata are
derived from specifications, like LTL formulas, through hierarchical translations. In this
process, each constructor in the specification corresponds to an operation on the automaton –
some of which necessitate a powerset construction. As we know from the case of finite words
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and trees, minimisation after each operation is key to efficient translations [31]. Minimisation
is also important for theory. One immediate example is learning algorithms for ω-regular
languages. More broadly, achieving polynomial-time minimisation indicates that we have
gained insights into the structural properties of acceptors. These insights may eventually
allow us to revisit long-standing open problems, for instance the index problem for tree
automata [18, 29].

Contrary to the case of automata over finite words, deterministic ω-automata do not have
minimal canonical models, as a language may admit several non-isomorphic deterministic
automata with a minimal number of states. Moreover, the minimisation problem is NP-
hard for all kinds of deterministic ω-automata expressive enough to recognise all ω-regular
languages [42, 11, 1]. While there are some canonical ways to represent ω-regular languages,
such as ω-semigroups or congruences, these representations are potentially exponentially
larger than deterministic parity automata, and furthermore, they cannot be used directly in
verification and synthesis applications.

History deterministic (HD) automata are non-deterministic automata for which the
non-determinism can be resolved on the fly. They were originally introduced under the name
of good for games [26]1, as they are exactly those automata which can be composed with
any game while preserving the winner. This property allows their use in applications in
verification and synthesis instead of deterministic automata. Every deterministic automaton
is history deterministic, but a history deterministic automaton can be exponentially smaller
than the smallest deterministic one [32]. History determinism has been generalised to
alternating ω-automata [17, 9]. Alternating history deterministic automata have the same
good compositionality properties making them suitable for applications in verification and
synthesis, while being even smaller than non-deterministic HD automata [8, Lemma 6].

Other types of automata that are actively studied are those in which the non-determinism
can be resolved randomly [5, 27, 39], or automata that compose faithfully with MDPs [25]. In
particular, 0-1 probabilistic automata are automata in which a random walk over an infinite
word is accepting with probability 1 if and only if the word belongs to the semantics of the
automaton; otherwise, it is rejecting with probability 1. Such automata are in particular
suitable for the study of MDPs [27].

In this work, we propose a new model of acceptors for ω-regular languages that we
call layered automata. Our starting point is the result of Abu Radi and Kupferman [2]
stating that (transition-based) history deterministic coBüchi automata can be minimised in
polynomial time and admit a canonical minimal representation. It has been further shown
that this canonical automaton can be described in a natural way using a congruence over
pairs of finite words [35]. However, HD coBüchi automata can only recognise a fragment of
ω-regular languages: those that are in the Σ0

2 level in the Borel hierarchy, or equivalently,
persistent properties in the Manna-Pnueli hierarchy [37].

The model of layered automata that we propose in this work can be seen as an extension
of the minimisation result of Abu Radi and Kupferman to all ω-regular languages. This
is in line with some recent works such as chains of coBüchi automata [23] and rerailing
automata [20] which we compare with in Section 3.6. Orthogonally, layered automata can
also be seen as a generalisation of the Zielonka tree of a Muller language [44] and of signature
automata for positional languages [14]. We provide ample evidence that layered automata
have good structural and algorithmic properties.

1 The related notion of good for trees automata was previously introduced in [34].
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A layered automaton is a collection of deterministic partial transition systems arranged in
a tree-like fashion (actually a forest). It can be interpreted as a description of an alternating
automaton with a restricted form of alternation. The alternating automaton uses the leaves
of this tree as states. For the transitions, one identifies the deepest layer on the path to
a given leaf such that the transition is defined on this layer. This yields a successor state
on this layer, and the transitions of the alternating automaton then go to all leaves in the
subtree below this successor state. The priority of the transitions is determined by the depth
of the layer, and they are nondeterministic if this depth is odd, and universal if it is even.

Contributions
We introduce layered automata, a formalism to represent all ω-regular languages. A layered
automaton can be understood as a representation of an alternating parity automaton with
some good structural properties. If a layered automaton satisfies an additional property of
consistency, then the associated alternating automaton is history deterministic.

Consistent layered automata combine the structure of both minimal history deterministic
coBüchi automata and Zielonka trees. They also encompass deterministic parity automata.
They possess several remarkable properties. Most notably, they admit a canonical minimal
form that is computable in polynomial time. This canonicity result can be stated as follows:

▶ Theorem 1. Every ω-regular language L can be recognised by a consistent layered automaton
AL such that every equivalent consistent layered automaton contains a subautomaton admitting
a surjective morphism to AL. Moreover, AL can be computed in polynomial time from any
given consistent layered automaton recognising L.

We detail further properties of layered automata.

Applicability. Consistent layered automata are representations of alternating parity auto-
mata that are guaranteed to be both history deterministic and 0-1 probabilistic (Propos-
itions 16 and 17). Therefore, consistent layered automata have the key properties that
make them suitable for applications in verification and synthesis. Moreover, they provide
an easy-to-check sufficient condition for HDness and being 0-1 probabilistic, as layered
automata are defined syntactically and checking consistency can be done in polynomial time
(Proposition 18).

As layered automata generalise minimal coBüchi automata, they can be exponentially
smaller than minimal deterministic parity automata [32].

Emptiness and inclusion of consistent layered automata can be done in polynomial time
(Propositions 19 and 20).

Canonicity, morphisms, and congruences. We show that every ω-regular language can
be recognised by a unique minimal consistent layered automaton. More precisely, we
show that for every ω-regular language L, there is a consistent layered automaton AL

that is normal, centralised and safe minimal and any layered automaton with these three
properties is isomorphic to AL (Theorem 21). Moreover, every consistent layered automaton
recognising L contains a subautomaton that admits a surjective morphism to AL (Theorem 27).
Furthermore, we provide a characterisation in terms of congruences for the minimal layered
automaton AL (Theorem 38). This characterisation is purely based on the language L, and
does not depend on a given representation as an automaton. To the best of our knowledge,
these are the first results of this type for an automaton model capable to recognise all
ω-regular languages and having the minimal form never bigger than deterministic parity
automata.

LICS 2026
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Minimisation in PTIME. We present an algorithm that, given a consistent layered auto-
maton A, computes in polynomial time the minimal layered automaton for L(A) (Theorem 27).
Since every deterministic parity automaton is trivially a consistent layered automaton, this
yields an efficient minimisation procedure transforming deterministic parity automata into
layered automata. This does not contradict the above-mentioned lower bounds on minimisa-
tion, as the resulting automaton is alternating.

Relation to other models. We provide some examples and indicate some results comparing
and relating layered automata to other models such as chains of coBüchi automata and
Zielonka trees. We also discuss how we can use layered automata to characterise important
properties of ω-regular languages, such as positionality, following [14]. While we leave a
more detailed study of all these relations as future work, our discussion shows that layered
automata have many interesting connections to various other well-established and more
recent formalisms from the theory of ω-regular languages.

Related work
As mentioned, the starting point of our work is the minimisation procedure for HD coBüchi
automata from Abu Radi and Kupferman [2]. By duality, this entails a minimisation
procedure for universal HD Büchi automata, and the notion of layered automata can be seen
as a natural extension to arbitrary parity indices that mixes nondeterministic and universal
branching. Layered automata are also inspired by signature and ε-complete automata
from [14, Sect. 3.3], as well as the minimisation procedure for them. The proof that all
layered automata are history deterministic generalises ideas from [32, Lemma 3]. The
congruence-based characterisation is an extension of the congruences for coBüchi automata
from [35, Sect 3], using conditions closely related to the priority mapping on finite words
defined in [7, Def 3.1,3.5].

Various representations of ω-regular languages admitting – in some sense – canonical
models exist in the literature. These include some algebraic approaches based on congruences,
as Arnold’s congruence [4], Wilke-algebras and ω-semigroups [43, 40], families of right
congruences [36, Def. 5], and families of DFAs [30, 3]. These objects have the significant
disadvantage that they can be exponentially larger than deterministic parity automata (it
is folklore that already for regular languages of finite words, the syntactic monoid can be
of size nn for the minimal DFA being of size n, see [28, Thm. 3] for a concrete example;
this exponential gap transfers to all the aforementioned formalisms). While their size is
incomparable with the size of a smallest deterministic parity automata (DPA) for a language,
they cannot directly be used in applications like verification or synthesis.

Another representation, taking the form of a specific DPA, is proposed in [7, Sect. 3].
There, the “precise DPA” of a language is defined as a product of deterministic Mealy
machines that are extracted directly from the language in terms of a coloring function.
However, the precise DPA can be exponentially larger than minimal DPA.

More recently, some canonical representations based on HD automata have been in-
troduced. In 2022, Ehlers and Schewe proposed to represent an ω-regular language as a
decreasing chain of coBüchi-recognisable languages [23]. Each of these languages can be
recognised by the minimal HD coBüchi automaton from Abu Radi and Kupferman [2],
leading to a canonical representation. This formalism has subsequently been studied under
the name COCOA [21, 22]. Minimal layered automata are clearly related to COCOA, but
there are some important differences. A key difference is that layered automata bring a direct
connection with alternating history deterministic automata – which are widely accepted as
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the class of ω-automata suitable for verification and synthesis. Notably, we conjecture that
canonical layered automata are minimal amongst all history deterministic alternating parity
automata (Conjecture 39). The size comparison between both models is somewhat subtle.
While COCOA can be smaller than layered automata, in order to obtain an HD automaton
from a COCOA, one must take a product of all its components [21]. We give a more detailed
comparison with COCOA in Section 3.6.

In 2025, Ehlers introduced rerailing automata [20, Def. 1] and shows that they can be
minimised efficiently. These are automata where each run is associated with a priority (the
minimal appearing infinitely often), and a word is accepted if the maximal priority of its
runs is even. Moreover, they must satisfy a semantic “rerailing property”, inspired from
the properties of minimal HD coBüchi automata. In [20, Sect. VI], rerailing automata are
shown to be usable in reactive synthesis, but their exact relation with HD automata is not
yet established.

The full version of this paper [13] contains all the proofs. It follows the same division
into sections, but the numbers of lemmas may differ.

2 Preliminaries

We let [d] = {1, . . . , d}, and we call the elements of [d] priorities. We use the variables x, y

to denote priorities. The (min) parity condition is the language over [d]ω given by:

Parity = {x1x2 · · · ∈ [d]ω | lim inf xi is even}.

Transition systems. A transition system over a set Σ is an edge-labelled directed graph
T = (Q, ∆), where ∆ ⊆ Q × Σ × Q. If (q, a, q′) ∈ ∆, we also write q

a−→ q′. It is complete if
for all q ∈ Q and a ∈ Σ, there is some (q, a, q′) ∈ ∆. It is deterministic if for every q ∈ Q and
a ∈ Σ there is at most one q′ such that (q, a, q′) ∈ ∆. We prefer to represent the transitions
of deterministic transition systems by a function δ : Q × Σ → Q ∪ {⊥}, where δ(q, a) = q′ if
(q, a, q′) ∈ ∆, and δ(q, a) = ⊥ if no such transition exists.

For a word w ∈ Σ∗ we write q
w−→ q′ if there is a path from q to q′ whose label is w, which

we call a run. We sometimes omit q′, writing just q
w−→, if q′ is irrelevant. We write q

w−→ ⊥
it there is no path with label w from q.

If T is a transition system over a product alphabet Σ × [d], by an abuse of notation we
call a run over w ∈ Σω any path having w as labels in the Σ-component. In this case, we
also say that a run is accepting if its sequence of [d]-labels satisfies the parity condition. We
write q

a:x−→ q′ if (q, (a, x), q′) ∈ T , and q
a:≥x−→ q′ if (q, (a, y), q′) ∈ T for some y ≥ x, similarly

for > x, etc. We write q
w:≥x−−−→ q′ if the minimal priority over the path is ≥ x, similarly for

> x, etc.
A morphism between two transition systems T = (Q, ∆), T ′ = (Q′, ∆′) over the same

set Σ is a function µ : Q → Q′ such that if (p, a, q) ∈ ∆ then (µ(p), a, µ(q)) ∈ ∆′. Note that
any run over w in T from p maps to a run over w in T ′ from µ(p).

Deterministic parity automata. A deterministic parity automaton is a transition system
A = (Q, ∆) over the set Σ × [d] with a designated initial state qinit ∈ Q; moreover from every
state and letter there should be a unique outgoing transition from this state on this letter.

A word w ∈ Σω is accepted by the automaton if the unique run over w satisfies the parity
condition. The language of the automaton is the set of words it accepts. A language is
ω-regular if it can be recognised by a deterministic parity automaton.

LICS 2026
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Simple by priorities alternating parity automata. In full generality, an alternating parity
automaton is given by a set of states together with a transition function of the form
δ : Q × Σ → Bool+(Q × [d]). In this work, all alternating automata are of a simpler
form, which we call simple by priorities alternating automata. These correspond to automata
where the current state and letter determine both which player chooses the next transition
and the priority of the transition.

A simple by priorities automaton is a complete transition system A = (Q, ∆) over the set
Σ × [d] with a designated initial state qinit ∈ Q, satisfying that for every q ∈ Q and a ∈ Σ all
a-transitions from q have the same priority. So there is x a priority of action a in q, meaning
that for all (q, (a, y), q′) ∈ ∆ we have y = x.

The semantics of a simple by priorities automaton is defined via game where the priority
of an action determines who makes the move. Given an input word w = a1a2 · · · ∈ Σω, we
define the game G(A, w) where two players, called Eve and Adam, build a run over w in A
as follows:

The initial position is the state q1 = qinit.
Suppose the current run constructed in a play ends in a state qi, and xi is the priority of
ai in qi. If xi is odd then Eve picks a transition qi

ai:xi−→ qi+1, otherwise Adam makes the
choice.
Eve wins if the constructed path is accepting.

We say that w is accepted by A if Eve has a winning strategy in the game G(A, w). Note
that, by determinacy of parity games [38], on the contrary Adam has a winning strategy.
The language recognised by A, written L(A), is the set of words it accepts. The language of
a state q ∈ Q is the language recognised by the automaton obtained by fixing q as the initial
state. We denote it L(A, q), or just L(q) if A is clear from the context.

Semantic determinism. An automaton A is semantically deterministic if whenever we
have p

a−→ q1 and p
a−→ q2 then L(A, q1) = L(A, q2). Equivalently, if p

a−→ q then
L(A, q) = a−1L(A, p).
▶ Remark 2. In a semantically deterministic automaton: if qinit

u−→ q then L(q) = u−1L =
{w ∈ Σω | uw ∈ L}.

Resolvers and history determinism. Consider a simple by priorities automaton A. A
resolver for Eve in A is a function σ : ({qinit} ∪ ∆+) × Σ → Q, satisfying that whenever a
run ρ ∈ ({qinit} ∪ ∆+) ends in a state q, and the priority of a in q is odd then q′ = σ(ρ, a) is
an a-successor of q, namely q

a−→ q′. A run is consistent with σ (also called a σ-run) if for
every prefix ρ · (q, (a, x), q′) with x odd, we have σ(ρ, a) = q′. The language accepted by an
Eve-resolver σ is

L(A, σ) = {w ∈ Σω | every σ-run over w is accepting}.

Note that we always have L(A, σ) ⊆ L(A). We say that the Eve-resolver σ is valid if
L(A, σ) = L(A). We define symmetrically resolvers for Adam and their languages (note that
if τ is an Adam-resolver, then L(A, τ) ⊇ L(A)). For two fixed resolvers σ and τ for Eve and
Adam, respectively, every word admits a unique run that is consistent with both σ and τ .
We write L(A, σ, τ) for the set of words for which this run is accepting.

An alternating automaton is history deterministic (HD) if both Eve and Adam have valid
resolvers. That is, if there are resolvers σ and τ for Eve and Adam such that

L(A) = L(A, σ) = L(A, τ) = L(A, σ, τ).
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3 Layered automata

In this section we introduce layered automata, the central notion of this paper. We develop
their definition in two stages: the syntactic structure of layered automata (Section 3.1), and
the language they recognise via an associated alternating parity automaton (Section 3.2).
Thanks to the structure of a layered automaton the associated automaton is guaranteed to
be simple by priorities.

Next, we introduce uniform semantic determinism, a slightly stronger notion than semantic
determinism. Semantic determinism is a necessary condition for an automaton to be HD.
For layered automata, uniform semantic determinism yields two significant consequences:
the associated alternating automaton is both history deterministic and 0-1 probabilistic
(Propositions 16 and 17).

Our main technical tool, presented in Section 3.3, is a characterisation of acceptance
by layered automata that does not rely on alternation. For this we introduce a notion of
consistency, which characterises uniform semantic determinism. For layered automata, we
can test consistency in polynomial time (Proposition 18). Furthermore, for consistent layered
automata, emptiness and language inclusion are decidable in polynomial time (Propositions 19
and 20).

3.1 Syntactic definition of layered automata

A layered automaton A is a tuple of deterministic transition systems T1, . . . , Td together with
morphisms µx : Tx+1 → Tx, for 1 ≤ x < d. Additionally, we require that T1 is complete, has
a distinguished initial state qinit in T1, and all states of T1 are reachable from qinit.2 Below we
introduce some notions allowing to talk about the structure of layered automata, and give
some intuition behind it.

We say that Tx is the x-th layer of the automaton. We use Qx to denote the set of
states of Tx, which we refer to as x-states. We assume Q1, . . . , Qd pairwise disjoint. We let
δx : Qx × Σ → Qx ∪ {⊥} be the (partial) transition function of Tx (which is required to be
total for T1). We write p

a−→x q to emphasize that a transition is taken in the x-th layer
of the automaton. Sometimes we write Qx+1 for x some layer; we assume that this is the
empty set when x = d.

We write Q≥x for the union of Qx, . . . , Qd, so Q≥1 is the union of all the sets of states.
For every x, we define µ̂x : Q≥x → Qx by

µ̂x(q) = q, for q ∈ Qx ; and
µ̂x(q) = µx(µx+1(. . . µy−1(q) . . . )), for q ∈ Qy, y > x

For a state q, let layer(q) be the layer x such that q ∈ Qx. For a pair (q, a) of a state
and a letter, let layer(q, a) be the biggest layer x such that δx(µ̂x(q), a) is defined. Observe
that layer(q, a) is always defined as T1 is complete.

We say that p is an ancestor of q if µ̂x(q) = p, for x = layer(p). Given q, p ∈ Q≥x, we
write q ∼x p if µ̂x(q) = µ̂x(p) and we let [q]x = µ̂−1

x (µ̂x(q)). A state q ∈ Q≥1 is a leaf state if
it is not an image of any µx.

2 The choice of starting at index 1 (instead of for instance 0) is arbitrary. It has been chosen so that
layered automata with two layers correspond to the well understood class of HD coBüchi automata.

LICS 2026
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The forest of a layered automaton. We can view a layered automaton as a forest with
nodes Q≥1. Each state in T1 is the root of a tree, a node q ∈ Qx+1 has µx(q) ∈ Qx as the
parent. The levels of this forest are labelled from 1 (roots) to d.

In this way, layer(q) is the level of q in this forest. The function µ̂x(q) designates the
ancestor at level x of a node q ∈ Q≥x. We have that q ∼x p if p and q have the same ancestor
at level x. Equivalently, [q]x is the set of nodes of the subtree rooted at the ancestor of q at
level x. As expected, leaf states are the states that are leaves in this forest. Observe that
more than one level can have leave states.

▶ Example 3. In Figure 1 shows a layered automaton represented as tree. Each transition
system constitutes a level of the tree. The morphisms µx, corresponding to the parent
relation, are represented as dotted arrows.

In this example, all leaf states are on the same layer. Figure 4 (Section 6, Example 33)
shows a layered automaton with leaf states at different layers.

r

p q

p1 q1 q2

T1

T2

T3

µ1

µ2

a, b, c

a, b

c

a, b

b

a

c

b

a

c

b

Figure 1 A layered automaton represented as a tree.

3.2 Semantics via alternating parity automata
We now define acceptance for layered automata by associating to each layered automaton A
an alternating automaton [[A]], called the semantics of A; the language of A is defined as the
language of [[A]]. The tree structure of A constrains the transitions of [[A]] to be simple by
priorities. With this semantics in place, we introduce uniform semantic determinism, a slight
strengthening of semantic determinism. This property ensures, that all leaf states with the
same ancestor in layer 1 accept the same languag – a constraint we later characterise via
consistency (Section 3.3).

For a given layered automaton A its semantics automaton [[A]] is a simple by priorities
alternating parity automaton defined as follows. The states Q are the leaf states of A. The
initial state is any leaf state q with µ̂1(q) = qinit the initial state in T1.3 The transitions are

∆ =
{

(q, a, x, q′) ∈ Q × Σ × [d] × Q | x = layer(q, a), and
µ̂x(q) a−→ µ̂x(q′) in Tx

}
.

3 Formally, this defines a family of automata. In general, these automata are not necessarily equivalent.
However, for the automata considered in this paper (see notion of uniformly SD and consistency below),
the choice of initial state is irrelevant.
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Intuitively, when the automaton is in a leaf q and is given a letter a it looks at layer(q, a) = x,
that is, the largest x such that the transition µ̂x(q) a−→x p is defined. There is a transition
from q to every leaf q′ ∈ µ̂−1

x (p). All these transitions have priority x. If x is odd, Eve
chooses a leaf under p, otherwise it is Adam. In this case, we sometimes write q

a:x−→ [q′]x.
In the following, we focus almost exclusively on layered automata such that [[A]] is

semantically deterministic. We actually work with a slightly stronger property.

▶ Definition 4. A layered automaton A is uniformly semantically deterministic if for every
pair of leaf states p ∼1 q we have L([[A]], p) = L([[A]], q).

In Proposition 18 we show that we can check in polynomial time if a given layered
automaton is uniformly semantically deterministic.
▶ Remark 5. If A is uniformly semantically deterministic then T1 admits a morphism into
the automaton of residuals of L = L([[A]]): the transition system with states the sets u−1L

and transitions u−1L
a−→ (ua)−1L. We rely here on our assumption that all states in T1 are

reachable from qinit.

▶ Example 6. In Figure 2, we show the alternating parity automaton corresponding to the
layered automaton of Figure 1. It recognises the language

L = Words with finitely many cc and infinitely many aa.

The states are the leaves of the tree. Whenever a letter c is seen from state p1, priority 1
is produced, and Eve can choose to go to any state. Whenever a letter a is seen from state
q1, priority 2 is produced, and Adam can choose to go to q1 or q2. The rest of transitions
produce priority 3, and correspond to the transitions at level 3 in the layered automaton.

p1 q1 q2

∀
∃

c : 1
a : 2

b : 3

a : 3

c : 3

b : 3

a : 3

c : 3

b : 3

Figure 2 Alternating parity automaton for the layered automaton of Figure 1.

Deterministic parity automata as layered automata. Deterministic automata can be seen
as a special case of layered automata. Consider a deterministic parity automaton B. For
every priority x, let B≥x be the transition system obtained by restricting B to transitions with
priorities ≥ x. Let A be the layered automaton with transition systems Tx = {x} × B≥x and
morphisms µx((x+1, q)) = (x, q) for all priorities x and states q. (Note that the x-component
is just added for obtaining disjointness of the sets Qx.) It is direct to check that [[A]] = B.

Minimal HD coBüchi automata. A nondeterministic coBüchi automaton is a parity auto-
maton (in the classical sense) using priorities {1, 2}. In [32] Kuperberg and Skrzypczak
showed that history deterministic coBüchi automata can be pruned not only into semantically
deterministic, but also into safe deterministic automata at the same time. The later property
meaning that the non-deterministic choices only appear in transitions carrying priority 1.
Such automata are simple by priorities automata with priorities {1, 2} as for every q ∈ Q

and a ∈ Σ there is at most one transition q
a:2−→ q′.
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It is easy to see that every HD coBüchi automaton can be made 1-saturated, meaning
that whenever q

a:1−→ p, then q
a:1−→ p′ for all p′ with L(p′) = L(p).

We can observe that if B be a semantically deterministic, safe deterministic, 1-saturated
coBüchi automaton then there is a layered automaton A such that [[A]] = B. We take T1
to be the automaton of residuals of B and T2 = B≥2, with µ1(q) = L(q). Abu Radi and
Kupferman showed that HD coBüchi automata can be minimised in polynomial time. This
minimisation is a special case of the minimisation of layered automata presented here.

3.3 Semantics via safe languages
This section offers a more direct approach to defining the language of a layered automaton.
We introduce a restriction called consistency directly on layered automata, which we prove
equivalent to uniform semantic determinism. We show that for consistent automata, we
can characterise the language of [[A]] through an acceptance condition that does not rely on
alternation. The new acceptance condition closely parallels the natural color of words [23]
and the acceptance mechanisms of rerailing automata [20], as discussed further in Section 3.6.

Safe languages. The x-safe language of a state q ∈ Q≥x is

Lx(q) = {w ∈ Σ∗ ∪ Σω | the is a run over w from µ̂x(q) in Tx}.

That is, Lx(q) are the words on which there is a path from the ancestor of q at level x. Note
that by completeness of T1 we have L1(q) = Σ∗ ∪ Σω for every state q. When we need to
specify the automaton A, we write LA

x (q).

▶ Example 7. For the layered automaton of Figure 1, we have

L2(q) = Words without the factor cc,

L3(q2) = Words without the factors cc and aa.

The following equivalences relate the words labelling paths with no priority < x in [[A]]
and x-safe languages. Recall that we write w:≥x−−−→ if the minimal priority on this path is ≥ x.
We have w ∈ Lx(q) when:

there is a path µ̂x(q) w−→x in Tx, or
there is a path [q]x

w:≥x−−−→ in [[A]], or
there is no path [q]x

w−−→ in [[A]] seeing a priority < x.

▶ Definition 8. Consider a layered automaton A. A word w ∈ Σω is ultimately safe in layer
x if there is a decomposition uw′ = w and a state p on layer x such that qinit

u−→1 µ̂1(p) and
w′ ∈ Lx(p).

▶ Definition 9. A word w ∈ Σω is accepted by A if the maximal layer in which w is
ultimately safe is even. If it is odd then w is rejected by A.

We aim at making a link between acceptance by A and acceptance by [[A]]. For this we
need to define strong acceptance and consistency.

Strong acceptance. We say that w ∈ Σω is strongly accepted by p if p is on some even
layer x, w ∈ Lx(p), and for every decomposition w = uw′, there is no p′ ∈ Qx+1 with
µ̂x(p) u−→x µ̂x(p′) and w′ ∈ Lx+1(p′). The notion of w being strongly rejected is defined
similarly but for x odd.
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▶ Example 10. In the layered automaton from Figure 1, any word containing infinitely many
factors cc’s is strongly rejected by the state r ∈ Q1. The state q ∈ Q2 strongly accepts the
words that contain no factor cc and infinitely many factors aa. Finally, the states on layer 3
strongly reject the words in their safe languages.

The next lemma gives some intuition behind this notion.

▶ Lemma 11. Let A be a layered automaton, p a leaf state. If a word w is strongly accepted
by µ̂x(p), for some even x, then w ∈ L([[A]], p). Analogously, if w is strongly rejected by
µ̂x(p), for some odd x, then w ̸∈ L([[A]], p)

Proof. Every run over w from p produces the priority x infinitely often (regardless of the
strategies of Eve and Adam). Indeed, since w ∈ Lx(p), only priorities ≥ x can appear on a
run over w from p. Every such a run must produce priority x infinitely often, as otherwise
there would be a decomposition of the form p

u−−→ q
w′:>x−−−−→. ◀

In the other direction, if [[A]] accepts a word then its suffix is strongly accepted from an
appropriate state.

▶ Lemma 12. If A accepts w then there is a decomposition uw′ = w and a state p on some
even layer x such that qinit

u−→1 µ̂1(p) and w′ is strongly accepted from p.

Proof. Consider the maximal layer x where w is ultimately safe, which is even as w is accepted.
By definition, we have a decomposition uw′ = w, with a state p, a path qinit

u−→1 µ̂1(p), and
w′ ∈ Lx(p). It is direct to check that w′ is strongly accepted from p, because otherwise x

would not be the maximal layer where w is ultimately safe. ◀

A priori, a word can be both strongly accepted by some state, and strongly rejected by a
different state. We forbid this by imposing an extra condition called consistency, defined
below.

Consistency. We say that a layered automaton A is consistent if there is no pair of states
p, p′ ∈ Q≥1 with µ̂1(p) = µ̂1(p′), and a word w ∈ Σω such that w is strongly accepted by p

and w is strongly rejected by p′.
As stated below, this notion is equivalent to uniform semantic determinism of [[A]].
We state the key result saying that the semantics via alternating parity automata and

via strong acceptance coincide for consistent layered automata. The proof, which requires
introducing longest suffix resolvers in [[A]], can be found in the full version of this paper [13].

▶ Theorem 13. Let A be a consistent layered automaton. A word w ∈ Σω is accepted by A
if and only if w ∈ L([[A]]). Moreover, [[A]] is uniformly semantically deterministic.

▶ Corollary 14. A layered automaton is consistent if and only if it is uniformly semantic
deterministic.

Indeed, the left to right implication is given by the theorem above. The other direction
follows from the definitions and Lemma 11.

▶ Corollary 15. Let A be a consistent layered automaton and let w ∈ Σω. The following are
equivalent:

w ∈ L([[A]]),
w is accepted by A,
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There is a decomposition uw′ = w and a state p such that qinit
u−→1 µ̂1(p) and p strongly

accepts w′, and
There is no decomposition uw′ = w and a state p such that qinit

u−→1 µ̂1(p) and p strongly
rejects w′.

3.4 Layered automata are history deterministic and 0-1 probabilistic
It turns out that the structure of a layered automaton guarantees interesting properties
of [[A]].

▶ Proposition 16. For every consistent layered automaton A, the alternating parity auto-
maton [[A]] is history deterministic.

We say that a simple by priorities parity automaton A is a 0-1 probabilistic automaton if
for every random walk ρ over a word w ∈ Σω starting in qinit, it holds:

Pr(ρ is accepting ) = 1 ⇐⇒ w ∈ L(A), and
Pr(ρ is accepting ) = 0 ⇐⇒ w /∈ L(A).

We note that 0-1 probabilistic automata are good for MDPs in the sense of [25] See [6, 27]
for related notions.

▶ Proposition 17. For every consistent layered automaton A, the alternating parity auto-
maton [[A]] is a 0-1 probabilistic automaton.

These two propositions rely on the notion of longest suffix resolvers and how these
resolvers interact with the layered structure.

3.5 Some decision procedures in PTIME
Layered automata exhibit strong algorithmic properties. In this section, we show that
determining whether a given layered automaton is consistent is decidable in polynomial time
and that for consistent layered automata, both emptiness and language inclusion are also
decidable in polynomial time. These algorithms exploit the strong acceptance characterisation
of accepted languages.

▶ Proposition 18. It is decidable in polynomial time whether a given layered automaton is
consistent.

The algorithm checks if there is a pair p, p′ ∈ Q≥1 conflicting with the definition of consistency,
that is, µ̂1(p) = µ̂1(p′) and there is a word w strongly accepted by p and strongly rejected
by p′. The algorithm constructs a generalised Büchi game whose positions are pairs of states
of the automaton. One player attempts to find a word w that is both strongly accepted by p

and strongly rejected by p′, thereby witnessing an inconsistency. The opponent tries to show
that no such inconsistency exists. Since generalised Büchi games are decidable in polynomial
time, the consistency check itself is decidable in polynomial time.

▶ Proposition 19. Given a consistent layered automaton A, we can check in polynomial
time whether L(A) = ∅.

Since we assume that all states in T1 are reachable, L(A) ̸= ∅ if and only if there is some
state p0 ∈ Q≥1 in an even layer that strongly accepts some word. Once again the algorithm
is to construct a game where the first player gives a word and tries to show that it is strongly
accepted, and the second player aims to show that it is not. The game is a Büchi game this
time.
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▶ Proposition 20. Given two consistent layered automaton A and A′, we can check in
polynomial time whether L(A) ⊆ L(A′).

This time we reduce this problem to solving a Rabin game of polynomial size and with 3
Rabin pairs. This allows to conclude, as solving Rabin games with a fixed number of Rabin
pairs can be done in polynomial time (see e.g. [24, Thm. 3.1]).

3.6 Connections and comparison with other models
In this section, we discuss how layered automata relate to other models from the literature.
Sometimes we refer to the minimal layered automaton for a language, which we introduce
in Section 4. We leave for future work a thorough analysis on the size of layered automata
compared to other representations of ω-regular languages; we include here just some remarks
on this matter.

Deterministic, HD coBüchi, and alternating automata. Consistent layered automata
are never larger than deterministic automata, though they can be exponentially smaller,
as demonstrated for HD coBüchi automata [32, Thm. 1]. Indeed, minimal HD coBüchi
automata are a special case of layered automata. By contrast, layered automata can be
doubly exponentially larger than alternating parity automata. This double exponential gap
occurs even for automata over finite words [15, Thm. 5.3] and extends to consistent layered
automata since the first layer requires at least as many states as there are residuals of the
language.

Muller languages. The reader familiar with Zielonka trees [44] and their parity automata [19,
12] may have noticed close resemblances between layered automata and these notions. Indeed,
it is not difficult to see that the Zielonka tree of a Muller language L can be taken as the tree
of a layered automaton recognising L. In this case, the associated alternating automaton [[A]]
is deterministic by pruning. Any such pruning produces the deterministic parity automaton
of the Zielonka tree for the language L. We refer to [12, Section 4] for definitions on Muller
languages and the parity automaton of a Zielonka tree.

Positional languages. In 2024, Casares and Ohlmann characterised which ω-regular lan-
guages are positional, that is, languages L such that the existential player can always play
optimally using positional strategies in games with winning condition L [14]. In this char-
acterisation, they use so-called signature automata. It turns out that signature automata
are just layered automata with extra properties that ensure positionality (point (2) in [14,
Thm. 3.1]).

Chains of coBüchi automata (COCOA). In [23], Ehlers and Schewe propose to represent
an ω-regular language by a decreasing sequence of coBüchi languages L1 ⊇ L2 ⊇ · · · ⊇ Ld,4
where Lx are the words that are not at home at level x − 1 (we refer to [23, Def. 1, Thm. 7]
for definitions5). A word w is in the language L represented by the chain if the maximal
index x such that w ∈ Lx is even.

4 The definitions in [23] use 0 as minimal color, whereas we use 1 as minimal layer. As mentioned in [23],
the definitions can easily be adapted to the setting with 1 as minimal color.

5 We believe that in [23, Thm. 7] it should read “i.e., w is not at home in color i − 1”.
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It is straightforward to obtain a COCOA representation from a consistent layered auto-
maton. For every layer x define an HD coBüchi automata from the transition system Tx

by interpreting the existing transitions as 2-transitions of the coBüchi automaton, and for
all missing transitions adding 1-transitions to all states of the corresponding residual class.
Therefore, the size of a COCOA representation of a language is never bigger than the size
of the minimal layered automaton for that language. But the minimal layered automaton
may be exponentially larger than the minimal COCOA for a language, as illustrated by an
example in the full version of this paper [13].

Since COCOA represent languages as Boolean combinations of coBüchi automata, it is
not surprising that they can be smaller than representations by a single automaton. However,
applying COCOA in practice requires constructing a history deterministic automaton from it,
which is achieved by taking a product of all constituent coBüchi automata [21]. Consequently,
the resulting alternating parity automaton may be exponentially larger than those obtained
from layered automata. In the full version of the paper [13] we demonstrate this phenomenon
with a prefix-independent language (having a single residual), showing that the exponential
blow-up is inherent to the product construction itself, not merely an artifact of handling
multiple residuals.

One of the central definitions in [23] is the natural color of a word w with respect to a
language L. We believe that the natural color is visible in the minimal layered automaton
for L, namely it coincides with the maximal layer x in which w is ultimately safe.

Rerailing automata. In 2025, Ehlers introduced rerailing automata [20], a kind of automata
with specific semantics: a word is accepted if the maximal priority over all its runs is even.
Moreover, they must satisfy a semantic “rerailing property”, inspired from the properties of
minimal HD coBüchi automata. (We refer to [20] for precise definitions.)

We believe that a consistent layered automaton A can be transformed into a rerailing
automaton by further saturating [[A]]. More precisely, whenever there is a transition p

a:x−→ [q]x,
we can add transitions p

a:y−→ [q]y for all y < x without changing the language recognised by
the automaton. The automaton obtained in this way has the rerailing property. Moreover, a
word is accepted by A if and only if it is accepted with the semantics of rerailing automata
after saturation.

For the other direction, it is unclear to us if rerailing automata are layered, or even simply
HD alternating. However, it may be the case that the minimal rerailing automaton of a
language and its minimal layered automaton are essentially the same object.

4 A canonical minimal layered automaton

Each ω-regular language admits a unique minimal consistent layered automaton, characterised
by three properties: normality, centrality, and safe minimality. These properties extend
those of minimal HD coBüchi automata [2] and are formally defined below.

▶ Theorem 21. Let A and B be two equivalent consistent layered automata that are normal,
central and safe minimal. Then, A and B are isomorphic (as layered automata).

Two layered automata A, B are isomorphic if there is a bijective function between their
states that preserves both the structure of the transition systems and the tree structure.
That is, a function φ : A → B such that the restriction to each layer Tx is an isomorphism
of transition systems and preserving the child relation given by the morphisms µx. (See
Section 5.1 for further definitions on morphisms of layered automata.)
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4.1 Normality, centrality and safe minimality

We define the three properties that identify minimal consistent layered automata.

▶ Definition 22. A layered automaton is in normal form if for all x ≥ 2 and q ∈ Qx the
following two properties hold.
N1 If q

u−→x q′ for some u ∈ Σ∗ then q′ v−→x q for some v ∈ Σ+.
N2 For all p ∈ µ−1

x (q), there is some u for which q
u−→x is defined in Tx but p

u−→x+1 ⊥ in
Tx+1.

Being in normal form ensures that there are no evidently useless transitions, and moreover
the priorities of transitions in [[A]] cannot be lowered without modifying the recognised
language. The first property means that each Tx, for x ≥ 2, is a union of non-trivial SCCs.
This can be achieved just by removing transitions changing the SCC. A removal of such
a transition leads to its priority being lowered to x − 1 in [[A]]. This does not change the
accepted language, as such a transition cannot appear infinitely often on a run without some
other transition of priority ≤ x − 1 appearing infinitely often too.

The second property says that the safe languages of children are always strictly included
in the safe language of the parent. Otherwise, the SCC of p does not strongly accept/reject
anything. In the semantics automaton the property means that if p

a:≥x−→, then there is u and
a run p

u:x−−→ from p producing x as minimal priority.

An x-SCC of a layered automaton is just an SCC of Tx. The next property requires that
no x-SCC can be simulated by another one. We define this formally below.

▶ Definition 23. For x ≥ 2, and p, q ∈ Qx we define p ≼x q when p ∼x−1 q (that is
µx−1(q) = µx−1(p)), and Lx(p) ⊆ Lx(q).

▶ Definition 24. A layered automaton is centralised if for every x ≥ 2 and for all states
p, q ∈ Qx, if p ≼x q then p, q are in the same x-SCC.

Intuitively, if p ≼x q are in different x-SCCs, then the x-SCC of p and all its descendants
can be removed. Because p ≼x q, this removal does not change anything about words being
strongly accepted/rejected in the parent SCC of p and q. Therefore, such states can be
removed without changing the language of the automaton.

Finally, on each layer we can perform a similar minimisation construction as for finite
automata by merging states with the same safe language (or the same language on layer 1).
We define by induction on x the relation p ≈x q, for p, q ∈ Q≥x:

p ≈1 q iff L(p) = L(q), and

p ≈x q iff p ≈x−1 q and Lx(p) = Lx(q) (for x > 1).

Recall that q ∼x p if q, p ∈ Q≥x have the same ancestor at layer x in A.

▶ Definition 25. A layered automaton is safe minimal when for all x ≥ 1 and states p, q ∈ Qx:
if p ≈x q then p = q,

The three properties normal, safe minimal, and centralised characterise minimal layered
automata (as stated in Theorem 21).
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4.2 Central sequences
The proof of Theorem 21 relies on the notion of a central sequence of a state p – a finite
word that uniquely identifies p. This concept extends the synchronising property from [14,
Sect. 4.2.2] and the notion of central sequence for coBüchi automata from the full version
of [35]. The three properties defined in the previous subsection ensure that every state has a
central sequence.

Let A be a layered automaton and p ∈ Qx an x-state. We say that zp ∈ Σ+ is a central
sequence for p if:

p
zp−→x p in Tx;

for all q ∈ Qx with q ∼x−1 p, either q
zp−→x p or q

zp−→x ⊥;
for all q′ ∈ Qx+1 with q′ ∼x−1 p we have q′ zp−→x+1 ⊥.

In [[A]], this means that p
zp:x−−−→ [p]x, and that from any other state q in [p]x−1, either

q
zp:x−−−→ [p]x or q

zp:<x−−−−→, meaning zp produces a priority < x. Observe that the third condition
is needed to ensure that the runs in question do not have priority > x.

▶ Lemma 26. Let A be a normal, centralised and safe minimal layered automaton. Then,
for every x ≥ 2, every state p ∈ Qx admits a central sequence.

Based on central sequences, the proof of Theorem 21 constructs an isomorphism φ between
A and B layer by layer. It roughly works as follows. On layer 1 the transition systems of
A and B are just residual equivalence for L, so they are isomorphic. Let p be a state of A
with parent r. We already have defined the isomorphism for the layer of r. Take a central
sequence zp, and let q be a state reached in B by reading zp from some child of φ(r). The
main part of the proof then shows that q can be taken as image of p.

5 Minimisation in polynomial time

This section presents a polynomial time minimisation procedure for consistent layered
automata. More precisely, the procedure constructs the unique minimal layered automaton
appearing in Theorem 21. The procedure establishes that every consistent layered automaton
contains a subautomaton admiting a surjective morphism into this minimal automaton,
thereby proving canonicity. We formalise these notions through morphisms of layered
automata, which we introduce in Section 5.1.

▶ Theorem 27. Let A be a consistent layered automaton. We can build in polynomial time
an equivalent consistent layered automaton AL that is normal, central and safe minimal.

Moreover, A contains a subautomaton6 that admits a surjective strong morphism to AL.
In particular, AL has no more states nor leaf states than A.

Together with Theorem 21, this gives us minimality and canonicity of normal, central
and safe minimal consistent layered automata as stated in Theorem 1.

5.1 Morphisms of layered automata
A morphism between two layered automata A and A′ is a function φ : Q≥1 → Q′

≥1 preserving
both the structure of the transition systems and the ancestor relation in the tree representation.
That is:

6 We note that this subautomaton may not be consistent.



A. Casares, C. Löding, and I. Walukiewicz 24:17

φ(qinit) = q′
init,

if q
a−→x q′ in Tx, then φ(q) a−→y φ(q′) in T ′

y , for y = layer(φ(q)), and
if p is an ancestor of q in A, then φ(p) is an ancestor of φ(q) in A′.

We say that φ is a strong morphism if moreover it preserves the absence of transitions, that
is: if q

a−→x ⊥ then φ(q) a−→y ⊥, for y = layer(φ(q)).
Note that, while states may change layer via φ, some rigidity is imposed by the conditions.

Notably, if q ∈ Qx is sent to T ′
y , then all states reachable from q in Tx are also sent to the

layer y. In particular, due to our reachability assumption, all states in T1 are sent to T ′
1 .

A layered automaton A′ is a subautomaton of A if there exists an injective morphism
φ : A′ → A.

Note that A′ may be obtained not just by removing states from some layers in A, but
also by moving some SCCs from one layer to another.

A morphism of layered automata φ is an isomorphism if it is bijective and φ−1 is also
a morphism. Note that in this case it is strong, and it preserves layers, that is, φ|Qx

is an
isomorphism of transition systems from Tx to T ′

x.

5.2 Transformations on layered automata
The proof of Theorem 27 proceeds by transforming a given consistent layered automaton
A through successive operations. The first establishes normality by ensuring properties N1
and N2: we separate SCCs to ensure N1, then apply a lowering operation to ensure N2.
Subsequently, we quotient through the ≈x relation to obtain safe minimality, and finally
we centralise the result. Crucially, when applied in this order, these operations preserve
already-established properties. Each of these operations is computable in polynomial time.

5.2.1 Separating SCCs
In order to ensure property N1 we separate every Tx into disconnected, non-trivial SCCs. Let
us fix x > 1 and suppose that in Tx there is a transition p

a−→x q of Tx, such that the two
states are not in the same SCC. The operation is simply to remove the transition p

a−→x q

from Tx and all transitions mapping to it via µ̂x in Ty for y > x. We also remove trivial
SCCs that may have been generated (states in Ty with no outgoing transition) until there
are no such states in the result. Let us denote the resulting automaton Asep.

▶ Lemma 28. Let A be a consistent layered automaton. Then, Asep is consistent. Moreover,
L(Asep) = L(A), and Asep is a subautomaton of A.

After applying this operation we remove at least one transition. So, by repeating
this operation at most |Q≥1|2 times, we obtain an equivalent consistent subautomaton
satisfying N1.

5.2.2 Lowering
Assume A satisfies property N1. If N2 fails for a state q at level x, then q has a child p such
that whenever q

u−→x is defined, we also have p
u−→x+1 defined for all u ∈ Σ∗. Let Sx+1 be

the SCC of p in Tx+1 and Sx the SCC of q = µx(p) in Tx. We call Sx covered by Sx+1 if
for every p′ ∈ Sx+1 and every transition µx(p′) a−→x, there is also a transition p′ a−→x+1.
When looking at [[A]] this means that states mapping to Sx+1 have no outgoing transitions
of priority x. Our goal is to eliminate such covered SCCs.
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Figure 3 Illustration of the lowering operation for establishing N2 from Example 29.

To understand the lowering operation, recall the forest representation of layered automata
(page 8). The operation replaces the subforest rooted at nodes Sx (layer x) with the subforest
rooted at nodes of layer x + 2 that map to Sx+1. More precisely, for each y ≥ x + 2, define Sy

as the part of Ty induced by states mapping to Sx+1: {p ∈ Ty : µ̂x+1(p) ∈ Sx+1}. Similarly,
for y ≥ x, define Zy as the part of Ty mapping to Sx: {p ∈ Q≥x : µ̂x(p) ∈ Sx}. The new
layered automaton Alow is obtained by replacing Zy with Sy+2:

T low
y =

{
(Ty − Zy) ∪ Sy+2 y ≥ x,

Ty otherwise.

▶ Example 29. Consider the example automaton shown on the left-hand side in Figure 3.
Say we pick Sx = {p2} and Sx+1 = {p3}. Note that Sx is covered by Sx+1. The result is
shown on the right-hand side of Figure 3. The parent relation is preserved for all states
except for the ones in Sx+2, which is S4 = {p4, q4} in this case.

▶ Lemma 30. Let A be a consistent layered automaton satisfying N1. Then, Alow is
consistent, and satisfies N1. Moreover, L(Alow) = L(A), and Alow is a subautomaton of A.

It can be verified that each lowering operation removes entire SCCs, so it preserves
property N1. When there are no covered SCCs we obtain an equivalent subautomaton in
normal form, namely, satisfying both N1 and N2. Finding a covered SCC and removing it
can clearly be done in PTIME, so the whole normalization procedure can be done in PTIME
too.

5.2.3 Safe minimisation
The safe minimisation operation corresponds to a quotient operation on each layer. Namely,
we replace each state p on layer x by [p]≈x , the equivalence class of p with respect to the ≈x

relation. We call the resulting automaton Asmin. It can be shown that Asmin is a consistent
layered automaton equivalent to A, and that it is normal if A is normal. Moreover, the
function φ : A → Asmin mapping a state p on level x to its equivalence class [p]≈x

is a strong
morphism, which is clearly surjective.

▶ Lemma 31. Let A be a normal and consistent layered automaton. Then, Asmin is safe
minimal, normal, and consistent. Moreover, L(A) = L(Asmin), and A admits a surjective
strong morphism to Asmin.

Observe that ≈x equivalence can be computed in PTIME as it amounts to language equival-
ence between two states in a deterministic safety automaton. Hence, the safe minimisation
operation can be done in PTIME.
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5.2.4 Centralisation
We now describe how to make an automaton centralised while preserving normalisation and
safe minimality. It makes sense to write S1 ≼x S2 for two SCCs on layer x. This is because
if there is some state in S1 that is ≼x-smaller than some state in S2 then every state in
S1 is ≼x-smaller than some state in S2. The centralisation operation removes from each
level x all the x-SCCs that are not ≼x-maximal, as well as their descendants in the forest
representation. We call Actl the resulting automaton.

▶ Lemma 32. Let A be a safe minimal, normal, and consistent layered automaton. Then,
Actl is also safe minimal, normal and consistent. Moreover, L(Actl) = L(A), and Actl is a
subautomaton of A.

Every application of the centralisation operation removes some states. When the operation
cannot be applied anymore, after at most |Q≥1| steps, we get an equivalent automaton that
is centralised while still being normal, safe minimal, and consistent.

5.3 Summing up the proof of Theorem 27
Applying the polynomial-time transformations presented in the previous subsection, we
obtain an automaton AL that is normal, central and safe minimal, which proves the first part
of Theorem 27. We show the second part of this theorem, that is, that the initial automaton
A contains a subautomaton admitting a surjective strong morphism to AL.

The above construction took 3 steps, producing the following sequence of automata:

A ⇝ Anormal
φ−→ AsafeMin ⇝ Acentral = AL.

Moreover, we have proven that these automata satisfy the following relations:
Anormal is a subautomaton of A,
Anormal admits a surjective strong morphism to AsafeMin.
Acentral is a subautomaton of AsafeMin obtained by removing subtrees of at levels ≥ 2 of
the latter automaton.

It can be shown that A′ = φ−1(Acentral) is a layered automaton that is a subautomaton of
Anormal. Hence, also a subautomaton of A. Since φ is a strong morphism its restriction to
A′ is also strong. Moreover, φ is surjective, as A′ is the preimage of φ. This concludes the
proof of Theorem 27.

6 Congruence-based characterisation

In this section, we provide an alternative characterisation of minimal layered automata
based on congruences over tuples of finite words. This approach yields a direct, algebraic
construction of the canonical minimal layered automaton for any ω-regular language. The
congruence-based perspective complements the syntactic minimisation procedure presented
in Section 5 and offers additional insight into the structure of layered automata through the
lens of equivalences on sequences of finite words. For example, the maximal length of such
sequences reflects the parity index of the language.

6.1 Definition of the congruence
Fix an ω-regular language L. As states on layer x we use classes of an equivalence relation
≡L over x-tuples u = (u1, . . . , ux) ∈ (Σ∗)x of finite words. The relation ≡L can be seen as a
single equivalence relation over the set of all finite tuples (of length at least one) of finite
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[ε]≡L

[(ε, a)]≡L
[(ε, bb)]≡L

[(ε, ab)]≡L

[(ε, a, a)]≡L
[(ε, bb, b)]≡L

a, b

b a

a b

bb a

Figure 4 Congruence automaton from Example 33.

words over Σ, in which equivalent tuples must have the same length. We will use notation like
(u, ux+1) for (u1, . . . , ux) for readability. We consider two operations on such finite tuples:
Concatenation: We define u · ux+1 := (u1, . . . , ux−1, uxux+1) as concatenation with a word

ux+1 ∈ Σ∗ in the last component. For x = 1 the resulting tuple is (u1u2). We use this
operation for defining the transition relation on the individual layers.

Merging: Merging the last two components of (u1, . . . , ux, ux+1) is the operation of removing
the last component and concatenating it to the second last component, resulting in the
tuple (u1, . . . , uxux+1). We use this operation for the morphism from layer x + 1 to layer
x.

Before going into the formal definitions, let us look an example to get an intuition for the
notions that we are going to define.

▶ Example 33. For Σ = {a, b} let L ⊆ Σω consist of those words in which aba occurs finitely
often, and a and b both occur infinitely often. The layered automaton constructed from
equivalence classes of ≡L is shown in Figure 4. The language is prefix independent, so there
is only one class on layer 1, and ε is used as representative in the first components.

Layer 2 is composed of equivalence classes of tuples of size 2. These are classes of tuples
that are not equivalent to ⊥, in symbols (u1, u2) ̸≡L ⊥. These are tuples such that there
is w ∈ Σ+ with u1(u2w)ω ∈ L. The tuples for which no such extension exists are declared
equivalent to ⊥. So for our L we have (u1, u2) ≡L ⊥ iff u2 contains aba. We can now consider
the safe language for each tuple: the set of finite words that can be appended to the last
component without making the tuple ⊥. On layer 2 our equivalence merges 2-tuples that
have the same safe languages. In our example, this results in three classes on layer 2 that
track the prefixes of aba, namely [(ε, ε)]≡L

, [(ε, a)]≡L
, [(ε, ab)]≡L

. In consequence, on layer 2
we obtain a transition system that avoids the factor aba. Importantly, the representative
(ε, bb) is used for the class [(ε, ε)]≡L

. The intuitive reason is that bb is a word ensuring the
following: concatenating it to any tuple (on layer 2) results in a tuple that is either ⊥ or
equivalent to (ε, bb). So in that sense, bb in the second component points to a unique class.
This is captured by our definition of a pointed tuple, which is used for selecting those classes
that are used as states.

Layer 3 is responsible for checking that infinitely many a’s and b’s occur, so words that
contain only one of the two letters have to be safe on layer 3 (and are thus rejected because
3 is odd). Note that there is no state on layer 3 that maps to [(ε, ab)]≡L

on layer 2. The
reason is that if [(ε, ab)]≡L

occurs infinitely often in a safe run on layer 2, then the word has
to contain infinitely many a’s and b’s, so there is nothing to check on layer 3 in this case.
Our definition of ⊥ for tuples (u1, u2, u3) of length 3 captures this by considering only words
w ∈ Σ+ that close a loop on the class of (u1, u2), written as (u1, u2u3w) ≡L (u1, u2).
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We now proceed with the formal definitions, which generalise the definitions for the coBüchi
case on pairs of words from [35].7

Bottom, safe language, and equivalence. Let u = (u1, . . . , ux), v = (v1, . . . , vx) be tuples
of length x ≥ 1 of finite words. For x = 1 we use the standard right congruence u ∼L v

if uw ∈ L ⇔ vw ∈ L for all w ∈ Σω. We define (u1) ̸≡L ⊥ for all u1, and (u1) ≡L (v1) iff
u1 ∼L v1. For tuples of length at least two, let

(u, ux+1) ≡L ⊥ if u · ux+1 ≡L ⊥, or

∀w ∈ Σ+ : u · ux+1w ≡L u ⇒ [u1 · · · ux(ux+1w)ω ∈ L ⇔ x even].

Note that the looping part ux+1w is non-empty because w is non-empty. For an infinite
word w ∈ Σω we define (u, w) ̸≡L ⊥ if (u, v) ̸≡L ⊥ for all prefixes v of w. The safe language
of a tuple is:

Ls((u, ux+1)) := {w ∈ Σ∗ ∪ Σω | (u, ux+1w) ̸≡L ⊥}.

Based on that, let

(u, ux+1) ≡L (v, vx+1) if u · ux+1 ≡L v · vx+1, and
Ls((u, ux+1)) = Ls((v, vx+1))

This is residual equivalence w.r.t. the safe language together with the condition that the
tuples map to the same class on the previous layer. The class of a tuple is written [u]≡L

.

▶ Example 34. Let L = parity(1, 2, . . . , d). Then, the tuples that are ≡L ⊥ are those that
have length > d or that contain x in some component of index > x. Therefore, for every
length x ∈ {1, . . . , d}, there are exactly two equivalence classes: [(ε, 1, 2, . . . , x − 1)]≡L

≡L ⊥,
and [(ε, . . . , ε)]≡L

̸≡L ⊥.

The following lemma shows that ≡L is a congruence w.r.t. to the operations that we
consider on tuples (and hence ≡L is preserved under arbitrary sequences of such operations).

▶ Lemma 35. Let u, v ∈ (Σ∗)x, a ∈ Σ, ux+1, vx+1 ∈ Σ∗. Then
1. u ≡L v ⇒ u · a ≡L v · a,
2. (u, ux+1) ≡L (v, vx+1) ⇒ u · ux+1 ≡L v · vx+1, and
3. u ≡L v ⇒ (u, ε) ≡L (v, ε).

Pointed. We now proceed with the definition of pointed tuples, which are used to select
those classes of ≡L that are actually used in the definition of the minimal automaton A≡L

.
The definition of pointed is made such that it allows us to construct central sequences for
the classes that contain pointed tuples. Consider a tuple (u, ux+1) ̸≡L ⊥. It can be seen as
the tuple that is reached from (u, ε) by reading ux+1. The parent of (u, ε) on level x is u.
We now say that (u, ux+1) is pointed, if reading ux+1 from any x + 1-tuple (v, vx+1) that

7 In [35] for the coBüchi case all states of the congruence automaton are classes of length 2 tuples. With
our definitions here applied to the coBüchi case, there might also be states that are classes of tuples
of length 1. This flexibility of tuple length actually makes the definition simpler because it avoids a
special treatment of ε as in [35].
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has [u]≡L
as parent on layer x, results in a tuple (v, vx+1ux+1) that is either ⊥ or equivalent

to (u, ux+1). In other words, ux+1 uniquely points to the class of (u, ux+1) when starting
from a child of [u]≡L

.
Formally, all tuples of length 1 are pointed, and (u, ux+1) ̸≡L ⊥ is pointed if u is pointed

and for all pointed v and all vx+1 with v · vx+1 ≡L u:

if (v, vx+1ux+1) ̸≡L ⊥ then (v, vx+1ux+1) ≡L (u, ux+1).

▶ Example 36. Consider the alphabet Σ = {a, b, c} and the language of all ω-words that
contain at least one of the letters only finitely often. This language is prefix independent,
so the first layer has only one class, and we only need to consider ε in the first component.
Further, (ε, u2) ≡L ⊥ iff u2 contains all letters, and (ε, u2) ≡L (ε, v2) if the same letters
occur in u2 and v2. All tuples of length more than 2 are ⊥. For the automaton, we only
need the classes [(ε, ab)]≡L

, [(ε, ac)]≡L
, and [(ε, bc)]≡L

, which respectively check that c, b,
or a occur finitely often. And these are precisely the classes that contain pointed tuples.
Consider, for example, (ε, ab). Appending ab to any tuple of length 2 either leads to a tuple
that is ⊥ or to a tuple than contains only a and b in the second component, and hence is
equivalent to (ε, ab). Whereas (ε, a) is not pointed because, for example (ε, aba) is not ⊥
and not equivalent to (ε, a).

We show that for ω-regular languages, the number of ≡L-classes is finite. The first part
of the proof shows that on each layer (for each fixed length of the tuples), there are finitely
many ≡L-classes (using the fact that L can be accepted by a finite automaton). The second
part shows that there are only finitely many layers that contain classes that are different
from ⊥. For tuples of length x that are not ⊥, the proof constructs nested loops in a DPA
for L that are alternating between rejecting and accepting. This bounds the length of these
tuples to the parity index of the language.

▶ Lemma 37. If L is ω-regular, then ≡L has finite index over (Σ∗)x for all x ≥ 1. If L is
accepted by a DPA with priorities in [1, d], then u ≡L ⊥ for all u ∈ (Σ∗)d+1 (and hence also
for all longer tuples).

6.2 The automaton A≡L

Let d be maximal such that there exists u ∈ (Σ∗)d with u ̸≡L ⊥. By Lemma 37 this is the
minimal d such that L is accepted by a [1, d]-DPA. The x-th layer of A≡L

consist of the
equivalence classes of the pointed tuples of dimension x, the transitions corresponding to
concatenation in the last component. The morphism from layer x+1 to layer x is obtained by
merging the last two components. And the initial state is, as usual, the class of the empty word.
Formally, we define the layered automaton A≡L

= (q≡L
0 , T ≡L

1 , µ≡L
1 , . . . , T ≡L

d−1, µ≡L

d−1, T ≡L

d ) by
T ≡L

x = (Q≡L
x , δ≡L

x ) with
Q≡L

x = {[u]≡L
| u ∈ (Σ∗)x pointed}

δ≡L
x ([u]≡L

, a) =
{

[u · a]≡L
if u · a ̸≡L ⊥

undefined else.

q≡L
0 = [ε]≡L

µ≡L
x : Q≡L

x+1 → Q≡L
x with µ≡L

x ([(u, ux+1)]≡L
) = [u · ux+1]≡L

.
Note that in the definition of δ≡L

x and µ≡L
x the result is independent of the chosen repres-

entative by Lemma 35(1) and (2). Moreover, one can show that if u is pointed then u · a is
pointed or u · a ≡L ⊥. Further, a direct application of the definitions shows that µ≡L

x is a
morphism. So A≡L

is a layered automaton. The main result of this section is:
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▶ Theorem 38. Let L be an ω-regular language. Then A≡L
is the minimal layered automaton

for L.

For the proof that A≡L
accepts L, the main part of the work is to show that the restriction to

pointed classes is sufficient for accepting the correct language. For the minimality proof, one
establishes the properties from Theorem 21 for A≡L

. The properties N1 and safe minimality
are easy consequences of the definitions. The main part of the proof shows how to construct
central sequences for the states of A≡L

, which heavily relies on the definition of pointed.
Having central sequences one can easily establish N2 and centralisation. Complete argument
appears in the full version of the paper [13].

7 Conclusions

We have introduced layered automata, a model merging and generalising minimal HD
coBüchi automata and Zielonka trees. This model provides canonical representations for
ω-regular languages. We have characterised these representations via machine-independent
congruences over tuples of finite words. Beyond this foundational characterisation, consistent
layered automata exhibit strong algorithmic properties. Emptiness and inclusion testing
are in PTIME for consistent layered automata. Furthermore, consistent layered automata
can be minimised in PTIME, and the result is never bigger than the smallest equivalent
deterministic automaton. These properties make consistent layered automata an attractive
model of acceptors for ω-regular languages as they have good algorithmic properties and at
the same time are both history deterministic and 0-1 probabilistic.

While we establish that canonical layered automata are minimal within the class of
consistent layered automata (Theorem 1), we conjecture they are also minimal among all
alternating history deterministic automata.

▶ Conjecture 39. Let B be a history deterministic alternating parity automaton. Then, there
is an equivalent layered automaton A such that [[A]] has no more states than B.

In particular, the minimal layered automaton of a language is minimal among all history
deterministic alternating parity automata.8

If true, this conjecture would establish that layered automata provide a canonical and
algorithmically efficient representation for all history deterministic automata.

Other future directions. Naturally, there are many aspects of the theory of layered automata
itself that remain to be developed. More generally, we believe that layered automata
offer a promising framework for broader practical and theoretical applications. A natural
first direction is to provide efficient constructions for Boolean operations on languages
and direct translations from logical formalisms such as Linear Temporal Logic to layered
automata. A second avenue is to build the minimal layered automaton directly from
COCOA representations using techniques from [21], thereby circumventing the full product
construction discussed in Section 3.6. Finally, we envision applying layered automata to
passive and active learning of omega-regular languages, extending the passive learning results
for coBüchi automata [35].

8 We have a draft of a proof for Conjecture 39 for the case of 2 priorities (Büchi and coBüchi automata).
That is, the minimal HD coBüchi automaton from Abu Radi and Kupferman [2] is minimal among all
HD alternating coBüchi automata.
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