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Abstract
We introduce a complete equational theory for the fragment of quantum circuits generated by the
real Clifford gates plus the two-qubit controlled-Hadamard gate. That is, we give a simple set of
equalities between circuits of this fragment, and prove that any other true equation can be derived
from these. This is the first such completeness result for a finitely-generated, universal fragment of
quantum circuits, with no parameterized gates and no need for ancillas.
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1 Introduction

Quantum circuits form the basic language which is essentially at the core of quantum
computing. The role that they play in practice is sometimes compared to that of an assembly
language in classical computing. But formally, they are in fact the quantum equivalent of
boolean circuits. Like boolean circuits, they consist of a sequence of gates, which are applied
to some quantum data which is most often in the form of qubits, the quantum equivalent of
bits.

Quantum computing can a priori be realized on a variety of physical platforms with
various characteristics, and for now it is essentially impossible to predict what physical
implementation will turn out to be the best, neither is it clear whether one technology will
completely supplant the others; therefore, various different classes of quantum circuits are
a priori relevant to formalize and study. Even staying inside the most standard model of
quantum computing, where the data is encoded in qubits, several fragments of the language
of quantum circuits, corresponding to particular sets of elementary gates with which to build
the circuits, are relevant to consider. Some of them have received particular attention, such
as the well-known Clifford+T and Toffoli-Hadamard fragments. An essential characteristic
for a gate set is to be computationally universal, that is, to make it possible in principle to
implement any arbitrary quantum program, up to arbitrarily small error. One reason that
makes Clifford+T and Toffoli-Hadamard interesting is that they are universal while being
generated by a very small and simple set of gates – in addition to being possibly relevant for
promising implementations such as superconducting circuits.

A central task in quantum computing is to manipulate quantum circuits, and in particular
to transform circuits into equivalent ones that are better according to some criterion: this
has various practical applications such as optimization, satisfaction of hardware constraints,
error correction, or verification. A promising approach towards manipulation of quantum
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circuits is via graphical rewriting. In the recent years, several graphical languages for formal
manipulation of quantum circuits (and of other aspects of quantum processes) have been
introduced, such as the ZX-, ZW-, ZH-, and ZXW-calculi, among others [13, 20, 2, 17, 30].
A central question in the formalization of such languages is the completeness of their
equational theory, that is, the fact that the set of rewriting rules with which they are
equipped be powerful enough so that any semantically meaningful transformation can be
done. A related important question is to make the complete equational theory as simple
as possible, and if possible, to be finally able to prove that it is minimal in the sense that
all redundancies have been simplified out. There are now various complete equational
theories for graphical languages [24, 21, 25, 26, 36], some of which being minimal [15] or
near-minimal [36, 3, 4, 33, 34, 35].

The language of quantum circuits itself can be viewed as a graphical language, and finding
complete equational theories for it has its own added value compared to relying on external
auxiliary languages like the ZX-calculus. For instance, applying arbitrary ZX transformations
to a quantum circuit can produce a ZX-diagram from which it may be hard to get back a
quantum circuit [17, 14]. Although the question of finding a complete equational theory
for quantum circuits had been formulated in the early 2000’s [23, 27], the first complete
equational theory was found only a few years ago [12], followed by simplifications and a proof
of minimality [11, 10]. Those results are for the full language of quantum circuits in the
qubit setting. That is, the gate set is very simple but still contains a parameterized gate,
and the minimal equational theory is relatively simple but involves non-trivial computations
on the parameters.

In this paper, we introduce a complete equational theory for a finitely generated fragment
of quantum circuits, without parameterized gates, namely the fragment generated by real
Clifford gates – the Hadamard gate H, the Pauli Z gate, and the controlled-Z gate CZ –
together with the controlled Hadamard gate CH. We call this fragment Real-Clifford+CH.
This is a sub-fragment of Clifford+T, which contains Toffoli-Hadamard1 and therefore is
universal. To our knowledge, this is the first completeness result for a fragment of quantum
circuits generated by a finite gate set, without parameterized gates.

Similarly to [12], our result is based on a back-and-forth translation into an auxiliary
language for which a completeness result is known, namely a presentation of the matrix
group Un(Z[ 1√

2 ]) generated by one- and two-level matrices [18]. Those one- and two-level
matrices have a similar structure to the optical circuits used in [12].

Related works. In addition to the graphical languages mentioned, other languages for
quantum computing are equipped with complete equational theories [18, 16, 22]. The main
difference is that those languages are equipped with a control constructor (or an equivalent
construction) allowing one to express arbitrary multi-controlled gates, which means that they
are not finitely generated from a quantum circuit point of view.

Structure of the Paper. The paper is organized as follows: In Section 2, we formally
introduce Real-Clifford+CH quantum circuits and define some useful macros. In Section 3,
we introduce the equational theory that we will prove to be complete. In Section 4, we
state the completeness result upon which our result relies [18], and we adapt it so as to
be able to lift the completeness to quantum circuits. In Sections 5 and 6, we give some
additional insight about the proof of completeness. In Section 7, we prove the completeness
of our equational theory for circuits on 1 and 2 qubits. Finally, in Section 8, we prove the
completeness in the general case.

1 Except in the case of 3-qubit circuits without ancillas.
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Proof Summary. More into details, the overall logical structure of the proof is as follows.

We show that for n ≥ 3, the matrices represented by n-qubits real-Clifford+CH circuits
form a subgroup of U2n(Z[ 1√

2 ]) of index 4 (while for n = 2 they span the entire group
U4(Z[ 1√

2 ])). We give generators for this subgroup, which consist of pairs of one- and
two-level matrices (Section 4.1).
We slightly simplify the complete equational theory of [18] into that of Figure 7, in order
to save effort in the following steps (done in [9]).
We apply the Reidemeister-Schreier theorem for monoids introduced in [6], in order to
turn the presentation of U2n(Z[ 1√

2 ]) (given by the generators of [18] together with the
simplified complete equational theory) into a presentation of the subgroup, with the
generators that we have introduced (Section 4.2 and Appendix B, details in [9]).
We simplify the complete equational theory obtained (shown in [9]), into a more manage-
able one shown in Figure 8 (done in [9]).
From the equational theory of Figure 4, we prove some auxiliary equations on 1- and
2-qubit real-Clifford+CH circuits (given in [9], together with their derivations).
We prove that the equational theory of Figure 4 is complete for 1-qubit real-Clifford+CH
circuits, by means of a standard technique based on a normal form (Lemma 20).
We prove that the equational theory of Figure 4 is complete for 2-qubit real-Clifford+CH
circuits, by means of a back-and forth translation similar to that of [12], relying on
the presentation of U4(Z[ 1√

2 ]). The back-and-forth encoding technique yields a few
proof obligations (Lemmas 23 and 24), which we handle using the auxiliary equations
(Section 7.2 and [9]).
From the equational theory of Figure 4, using in particular an induction argument
(Lemma 19), we prove additional auxiliary equations on real-Clifford+CH circuits (given
in [9], together with their derivations).
We prove that the equational theory of Figure 4 is complete for n-qubit real-Clifford+CH
circuits, n ≥ 3, by means of a back-and forth translation similar to that of [12], relying on
the presentation of the corresponding subgroup of U2n(Z[ 1√

2 ]). Again, the back-and-forth
encoding technique yields a few proof obligations (Lemmas 32 and 33), which we handle
using the auxiliary equations (Section 8 and [9]).

2 Real-Clifford+CH Quantum Circuits

2.1 The PROP of Real-Clifford+CH Quantum Circuits
We consider the real-Clifford+CH fragment of quantum circuits, without ancillas, generated
by the following gate set:{

H , , ,
H

}
(A)

Following [12, 11, 10], we give a rigorous formalization to Real-Clifford+CH quantum circuits
by using the structure of PROP, which originates from category theory [29, 37] but can be
viewed purely as an algebraic structure [8]. We start by defining raw circuits [12], which
are the terms freely built from the generators of (A), the empty circuit , the one-qubit
identity , and the swap , by means of the sequential composition ◦ and the parallel
composition ⊗:

LICS 2026
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▶ Definition 1. The set QCraw of raw Real-Clifford+CH circuits is inductively defined as
follows:

: 0→ 0 : 1→ 1 H : 1→ 1 : 1→ 1 : 2→ 2
H

: 2→ 2

: 2→ 2 C1 : n→ n C2 : n→ n

C2 ◦ C1 : n→ n

C1 : n1 → n1 C2 : n2 → n2

C1 ⊗ C2 : n1+n2 → n1+n2

▶ Definition 2. The PROP of Real-Clifford+CH circuits, denoted by QC, is obtained by
taking the quotient of QCraw by the axioms of PROP, shown in Figure 1.

idk ◦ C = C = C ◦ idk

C = C = C

(a)

(C3 ◦ C2) ◦ C1 = C3 ◦ (C2 ◦ C1)

C1 C2 C3 = C1 C2 C3

(b)

⊗ C = C = C ⊗

C
= C =

C

(c)

σk ◦ (C ⊗ ) = ( ⊗ C) ◦ σk

C =
C

(f)

(C1 ⊗ C2) ⊗ C3 = C1 ⊗ (C2 ⊗ C3)

C1

C2

C3

=

C1

C2

C3

(d)

(C2 ◦ C1) ⊗ (C4 ◦ C3) = (C2 ⊗ C4) ◦ (C1 ⊗ C3)

C1 C2

C3 C4

=
C1 C2

C3 C4

(e)

◦ = ⊗

=
(g)

where id0 = and idk+1 = idk ⊗ , and σ0 := , σk+1 := ( ⊗ idk) ◦ ( ⊗ σk).

Figure 1 Axioms of PROP.

Roughly speaking, Equations (a)–(e) are the axioms needed to guarantee that two circuits
with the same graphical representation are actually equal, and that the length of the wires
does not matter (for instance, H = H = H ). Equations (f) and (g) additionally
give us the property that the circuits are defined up to deformation.
▶ Remark 3. The structure obtained by quotienting QCraw only by Equations (a)–(e) is
called a PRO. Depending on the context, it may be more relevant to model quantum circuits
as a PRO rather than a PROP (for instance when considering implementations where the
swap gate is costly), or vice-versa. Note that our completeness result can be straightforwardly
adapted to the PRO setup by simply adding Equations (f) and (g) to the complete equational
theory of Figure 4. Moreover, Equation (f) actually does not need to be parameterized by an

= (f1)
H

=
H

(f2) = (f3) H =
H

(f4)

Figure 2 Alternative equations to Equation (f).
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arbitrary circuit C: it is sufficient to only assume it for the generators, that is, Equation (f)
can be replaced by the equations of Figure 2, since it can be recovered from them in the
presence of the other axioms of PROP. Moreover, Equation (g) actually follows from the
other equations.2 Thus, there are only four equations to add to the complete equational
theory in order to adapt it to the PRO setting.
▶ Remark 4. The other standard real Clifford gates can be recovered from those of (A) (see
Figure 3). Note also that the swap gate can be expressed from the generators of (A) (see
Equation (8)).

▶ Definition 5 (Semantics). For any n-qubit circuit C, let JCK : C{0,1}n → C{0,1}n be the
semantics of C inductively defined as

JC2 ◦ C1K = JC2K ◦ JC1K

JC1 ⊗ C2K = JC1K⊗ JC2K

J K = 1 7→ 1

J K = |x⟩ 7→ |x⟩

J K = |x, y⟩ 7→ |y, x⟩

J K = |x⟩ 7→ (−1)x |x⟩

J H K = |x⟩ 7→ |0⟩+ (−1)x |1⟩√
2

q y
= |x, y⟩ 7→ (−1)xy |x, y⟩

s

H

{
= |x, y⟩ 7→

|0, y⟩ 7→ |0, y⟩

|1, y⟩ 7→ |1,0⟩+(−1)y|1,1⟩√
2

▶ Remark 6. Strictly speaking, J·K is defined on raw circuits. However, one can check that it
is preserved by the equations of Figure 1, so that it is well-defined on (non-raw) circuits.

2.2 Shortcuts
We now define several shortcuts that will be useful in the rest of the paper, some of which
corresponding to standard gates. Note that from a formal point of view, all circuits drawn
throughout the paper are still considered as being composed only of gates from (A), the
shortcuts being only a convenient way to represent particular circuits.

First, we will use CNOTs, as well as standard variants of the gates, which are defined in
Figure 3.

Second, it will be particularly useful to consider a change-of-basis matrix which diagonal-
izes H into Z: we will use the following one:3

P := RY ( π
4 )Z = e−i π

8 SHTHS =
(

cos( π
8 ) sin( π

8 )
sin( π

8 ) − cos( π
8 )

)
.

One can check that P 2 = I and PZP = H. Note that P cannot be represented by a
real-Clifford+CH circuit, since it is not in the group Un(Z[ 1√

2 ]). However, one has

P ⊗ P = 1
2
√

2


√

2 + 1 1 1
√

2− 1
1 −

√
2− 1

√
2− 1 −1

1
√

2− 1 −
√

2− 1 −1√
2− 1 −1 −1

√
2 + 1



2 Indeed, (1)
=

H H

H H (f2)
=

H

H H

H

(8)
=

H

H

H

H

H

H

H

H

H

H

H

HH

H

H

H

(1)(4)
= .

3 where H, Z, S, T and RY are the matrices corresponding to the standard gates: H =
q

H
y

=
1√
2

(
1 1
1 −1

)
, Z = J K =

(
1 0
0 −1

)
, S = ( 1 0

0 i ), T =
( 1 0

0 ei π
4

)
, and RY (θ) =

(
cos( θ

2 ) − sin( θ
2 )

sin( θ
2 ) cos( θ

2 )

)
.
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:= H H :=
H H

H
:=

H
:=

:= := := :=

H
:=

H

H
:=

H
:= :=

Figure 3 Standard one- and two-qubit gates, defined as shortcuts.

which is in that group, and can be represented by a real-Clifford+CH circuit. We draw this
shortcut with a slight dashed line in order to keep track of the fact that it is actually defined
using two-qubit gates:

P

P
:=

H

H

H

H

H

H

It will also be useful to represent a pair of P gates acting on non-adjacent qubits:

P

P

:=

P

P

Finally, similarly to [12], another particularly useful class of shortcuts is multi-controlled
gates.

On the one hand, we will use multi-controlled Z and H gates. Note that for n ≥ 3, one
cannot represent an n-qubit multi-controlled Z or H gate as an n-qubit real-Clifford+CH
circuit.4 However, one can represent an (n−1)-qubit multi-controlled Z or H gate tensored
with the 1-qubit identity.

On the other hand, we will also use multi-controlled ZX and XZ gates (where ZX and
XZ are just the product of the Z and X gates in both order), which do not have such a
restriction.

The definition is by mutual induction as follows. Note that we draw multi-controlled Z

and H gates using a small dashed box, in order to keep track of the fact that the shortcut
actually uses one more qubit than the multi-controlled gate itself.5

▶ Definition 7 (Multi-Controlled Z, H, ZX and XZ Gates). The base cases are as follows:

:= := :=

H
:=

H
H := H ZX := XZ :=

4 This is due to the fact that it has determinant −1 and that we are only working with real matrices. See
also Section 4.

5 For the multi-controlled Z gate, one can interpret the dashed box as representing a 1-qubit −I gate,
and our drawing as representing a multi-controlled −I gate. Similarly, one can see the multi-controlled
H tensored by the identity as being a multi-controlled H ⊗ I gate.
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and the recursive steps are as follows:

≥ 1
{

:=

ZX XZ

H

≥ 2
{

:=

P

P

P

P

ZX

≥ 0
{

:=

H H XZ

≥ 0
{

:=

HH

Note that semantically, XZ = −ZX. This motivates the following notations: for
a ∈ {0, 1},

(-1)aZX

:=


ZX

if a = 0

XZ

if a = 1
(-1)aXZ

:=


XZ

if a = 0

ZX

if a = 1

Additionally, it will be useful to consider multi-controlled gates acting on non-adjacent
qubits or where the target qubits are not at the end (note that we have already used such
notations in the inductive definition above). Similarly to the P ⊗P gate, these are defined by
conjugating with swaps. For instance:

:= :=

:= =

H
:=

H

Note that since circuits are defined up to the topological rules, we do not need to specify the
exact network of swaps to put on each side of the multi-controllled gate, but only the overall
permutation that they realize. The only possible ambiguity could be in the ordering of the
controls: by convention, we always take the permutation that preserves the vertical order of
the controls.

LICS 2026
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Moreover, we will also consider multi-controlled gates with negative controls (that is, with
respect to |0⟩ instead of |1⟩), which we denote using the usual notation of white controls.
These are defined by conjugating with the X gate:

:=

Going further, we also define parameterized controls, whose color depends on a boolean
parameter:

a :=


if a = 0

if a = 1

Finally, we denote series of parametrized controls as follows, mimicking the notation used
in [12]: for any x = x1...xk ∈ {0, 1}k,

Λx :=
x1

xk

3 Equational Theory

The set QC of equations that we claim to be complete is given in Figure 4. We write
QC ⊢ C1 = C2 when C1 and C2 can be transformed into one another by means of these
equations.6

Equations (1)–(10) and (12)–(15) are relatively standard. Equations (16) and (17) also
express a well-known property, namely that a positively-controlled circuit commutes with a
negatively-controlled one. Equation (11) essentially also expresses this property, but from
the point of view of the eigenbasis of H: reasoning from a purely semantic point of view, one
could informally write

H

H H

H
=

H H

P P
=

H H

P P
=

P P

which makes the commutation clearly appear. Finally, Equation (18) says that the top part

of
P

P
indeed behaves as a P gate (see Figure 5), and Equation (19) partly witnesses the

fact that the shortcut behaves as if it did not touch the bottom qubit.
▶ Proposition 8 (Soundness). For any circuits C1, C2 ∈ QC,

if QC ⊢ C1 = C2 then JC1K = JC2K.

Proof. The semantics is compositional, therefore it suffices to check for each equation that
both sides have the same semantics. This can be done by direct computation for Equations (1)
to (18), and by a straightforward induction for Equation (19). ◀

4 Auxiliary Language

This paper relies essentially on a result of [18] which gives a presentation (that is, a set
of generators together with a complete equational theory) of the group UN (Z[ 1√

2 ]) of N -
dimensional unitary matrices with entries in Z[ 1√

2 ]. Similarly to [12], we will turn that

6 That is, QC ⊢ · = · is the smallest congruence on circuits which satisfies the equations of Figure 5.
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H H = (1)

= (2)

( H )8 = (3)

= (4)

HH
= (5)

= (6)

HH
=

H
(7)

=
H

H

H

H

H

H
(8)

= (9)

H
=

H
(10)

H

H H

H
=

H

H H

H
(11)

= (12)

H

=
H

(13)

H H

=
H H

(14)

H H H H

= (15)

HH

=
H H

(16)

HH

H =
H H

H (17)

H

H

H

H

H

H

= H

H

H

H

H

H

H (18)

=

 n ≥ 5 (19)

Figure 4 Complete equational theory for real-Clifford+CH quantum circuits. Equation (19) is an
equation schema, consisting of an equation on n qubits for each n ≥ 5. Equations (6), (7), (14)–(17),
and (19) use shortcuts, defined in Section 2.2.

ZX

=
ZX

(14)
ZX ZX

= (15)
P

P = H

P

P (18)

Figure 5 Some equations of Figure 4, written with more shortcuts.
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(−1)2
[a] ≈ ε (a1)

X2
[a,b] ≈ ε (a2)

(−1)[a](−1)[b] ≈ (−1)[b](−1)[a] (b1)
(−1)[a]X[b,c] ≈ X[b,c](−1)[a] (b2)

X[a,b]X[c,d] ≈ X[c,d]X[a,b] (b3)

(−1)[a]X[a,b] ≈ X[a,b](−1)[b] (c1)
X[b,c]X[a,b] ≈ X[a,b]X[a,c] (c2)
X[a,c]X[b,c] ≈ X[b,c]X[a,b] (c3)

H2
[a,b] ≈ ε (a3)

(−1)[a]H[b,c] ≈ H[b,c](−1)[a] (b4)
X[a,b]H[c,d] ≈ H[c,d]X[a,b] (b5)
H[a,b]H[c,d] ≈ H[c,d]H[a,b] (b6)

H[b,c]X[a,b] ≈ X[a,b]H[a,c] (c4)
H[a,c]X[b,c] ≈ X[b,c]H[a,b] (c5)

(−1)[a](−1)[b]H[a,b] ≈ H[a,b](−1)[a](−1)[b] (d1)
(−1)[b]H[a,b] ≈ H[a,b]X[a,b] (d2)

(H[c,d]H[a,c]H[b,d])4 ≈ H[a,b]H[c,d] (d3)
(H[a,c]H[b,d]H[a,b]H[a,c]H[b,d]X[c,e]X[d,f ])3 ≈ H[c,e]H[d,f ]H[e,f ]H[c,e]H[d,f ]X[c,e]X[d,f ] (d4)

X[c,b] ≈ X[b,c] (e1) H[c,b] ≈ X[b,c]H[b,c]X[b,c] (e2)

Figure 6 The complete equational theory given in [18]. In each equation, all the indices must be
distinct. In Equations (e1) and (e2), we require b < c, and in all other equations, the two indices of
each H or X must be in increasing order.

complete equational theory into one for quantum circuits by means of a back-and-forth
encoding. However, contrary to the situation in [12], the set of matrices represented by
real-Clifford+CH circuits is not exactly UN (Z[ 1√

2 ]), but a subgroup of it that we need first
to characterize.

4.1 Expressiveness of Real-Clifford+CH Circuits
First, recall the relevant generating set for UN (Z[ 1√

2 ]), made of what are called 1- and 2-level
matrices:

▶ Definition 9 ([1, 18]). Let M be an m×m matrix, let m < N , and let 0 ≤ a1, ..., am ≤ N−1.
An m-level matrix of type M is the N ×N matrix M[a1,...,am] defined by

(M[a1,...,am])i,j =
{

Mi′,j′ if i = ai′ and j = aj′

δi,j otherwise.

▶ Proposition 10 ([1]). For N ≥ 1, a matrix belongs to the group UN (Z[ 1√
2 ]) if and only if

it can be expressed as a product of generators from

GN :=
{

(−1)[a], X[a,b], H[a,b]
∣∣ a, b ∈ {0, ..., N − 1}, a ̸= b

}
.

We can now state the completeness result of [18]:

▶ Definition 11. The free monoid generated by GN (i.e. the monoid of words over GN )
is denoted by G∗

N . The empty word is denoted by ϵ. The matrix associated with a word
w = G1G2...Gk ∈ G∗

N is called its semantics, and denoted by JwK := G1 ·G2 · ... ·Gk.
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(−1)2
[0] ≈ ε (a1*)

X2
[a,b] ≈ ε (a2)

(−1)[0](−1)[1] ≈ (−1)[1](−1)[0] (b1*)

(−1)[a]X[a,b] ≈ X[a,b](−1)[b] (c1)

H2
[a,b] ≈ ε (a3)

(−1)[1]H[0,2] ≈ H[0,2](−1)[1] (b4*)
H[0,1]H[2,3] ≈ H[2,3]H[0,1] (b6*)

H[a,c]X[b,c] ≈ X[b,c]H[a,b] (c5)

(−1)[b]H[a,b] ≈ H[a,b]X[a,b] (d2)

H[0,1]H[0,2]H[1,3]H[0,1](−1)[0](−1)[1]H[0,2]H[1,3] ≈
H[0,2]H[1,3]H[0,1](−1)[0](−1)[1]H[0,2]H[1,3]H[0,1]

(d3*)

H[0,1]H[0,2]H[1,3]H[0,4]H[1,5]H[0,1](−1)[0](−1)[1]H[0,4]H[1,5]H[0,2]H[1,3] ≈
H[0,2]H[1,3]H[0,4]H[1,5]H[0,1](−1)[0](−1)[1]H[0,4]H[1,5]H[0,2]H[1,3]H[0,1]

(d4*)

H[c,b]X[b,c] ≈ X[b,c]H[b,c] (e2*)

Figure 7 Simpler equational theory, equivalent to that of Figure 6. In each equation, all the
indices must be distinct but are not required to be in a particular order.

We denote by ≈ the smallest congruence satisfying the equations of Figure 6. That is,
for any two words w1, w2 ∈ G∗

N , one has w1 ≈ w2 iff w1 and w2 can be transformed into one
another using the equations of Figure 6.

▶ Theorem 12 (Soundness and Completeness of ≈ for G∗
N [18]). Let w1, w2 ∈ G∗

N . Then
Jw1K = Jw2K if and only if w1 ≈ w2.

Note that contrary to [18], we have not a priori required that a < b in X[a,b] or H[a,b], hence
the additional conditions in the caption of Figure 6, and the fact that Equations (e1) and (e2)
are here considered as axioms, whereas in [18] they were just shortcut definitions.

We can now express the parity conditions needed to characterize the matrix group spanned
by real-Clifford+CH circuits:

▶ Lemma 13. Given any A ∈ UN (Z[ 1√
2 ]), the parity of the number of generators of the form

H[a,b] (resp. of the form (−1)[a] or X[a,b]) in an arbitrary decomposition of A as a product
of generators from GN only depends on A.

Proof. By Theorem 12, any two decompositions of A as a product of generators from GN

can be transformed into one another using the equations of Figure 6. One can check that all
those equations preserve both the parity of the number of generators of the form H[a,b], and
the parity of the number of generators of the form (−1)[a] or X[a,b]. ◀

In the following, the parity of the number of H[a,b] in an arbitrary decomposition of A will
be called the H-parity of A, and the parity of the total number of (−1)[a] and X[a,b] in such
a decomposition will be called the ZX-parity of A.
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▶ Proposition 14. For N ≥ 1, a matrix belongs to the group UN (Z[ 1√
2 ]) and has even ZX-

and H-parities if and only if it can be expressed as a product of generators from

PN :=
{(

(−1)[a](−1)[c]
)

,
(
(−1)[a]X[c,d]

)
,
(
X[a,b]X[c,d]

)
,
(
H[a,b]H[c,d]

)
∣∣∣ a, b, c, d ∈ {0, ..., n− 1}, a ̸= b ∧ c ̸= d

}
.

Proof. The algorithm given in [18] for decomposing a given element of UN (Z[ 1√
2 ]) into a

product of generators of PN can be slightly modified so that its output just consists of a
sequence of H[a,b] followed by a sequence of (−1)[a] and X[a,b] (the modified algorithm is
described in Appendix A). By Lemma 13, these two sequences are of even length, so we can
group the generators by pairs in each. Finally, it remains to get rid of the pairs of the form(
X[c,d](−1)[a]

)
by noticing that this is semantically equivalent to

(
(−1)[a]X[c,d]

)
if a /∈ {c, d},

to
(
(−1)[d]X[c,d]

)
if a = c, and to

(
(−1)[c]X[c,d]

)
if a = d. ◀

▶ Lemma 15. For n = 2, the set of matrices that can be represented by an n-qubit real-
Clifford+CH circuit is exactly U2n(Z[ 1√

2 ]). For n ≥ 3, it is the subset of U2n(Z[ 1√
2 ]) consisting

of the matrices with even ZX- and H-parities.

Proof. First, it is clear from the definition of the semantics that any real-Clifford+CH circuit
represents an element of U2n(Z[ 1√

2 ]).
For n = 2, we need to show that any element of U4(Z[ 1√

2 ]) can be represented by a
real-Clifford+CH circuit. To do so, it suffices to give for every generator of G4 a circuit with
corresponding semantics. This is done in Definition 22.

For n ≥ 3, similarly, it suffices to express each generator of P2n as a real-Clifford+CH
circuit. This is done in Definition 28. ◀

4.2 A Complete Equational Theory for P∗
N

Thus, for n ≥ 3, the matrices represented by n-qubit real-Clifford+CH circuits form a
subgroup of U2n(Z[ 1√

2 ]) of index 4.
Although we are talking about groups, note that in the following we will essentially

only work with the monoid structure. Indeed, this does not fundamentally change the
presentations since all inverses are easy to express from the original generators, and makes
more sense from a quantum circuit point of view.

There is a standard technique for obtaining a complete equational theory for a subgroup
when one is known for the whole group, based on the Reidemeister-Schreier theorem [31, 32].
This theorem has been adapted to monoids in [6] and used for obtaining complete equational
theories for 2-qubit Clifford+T [6] and 3-qubit Clifford+CS [7] quantum circuits. One
drawback of this technique is that it often leads to a combinatorial explosion that makes
it computationally costly, even in relatively simple cases. This is the reason that the
completeness result of [7] is limited to 3 qubit, whereas the presentation of the underlying
matrix group is a priori valid in arbitrary dimension.

Rather than trying to obtain a complete equational theory for real-Clifford+CH quantum
circuits directly by applying the Reidemeister-Schreier theorem to the equational theory
of [18], we adopt an alternative approach in two steps:

first, we use the Reidemeister-Schreier theorem to obtain a presentation of the submonoid
of UN (Z[ 1√

2 ]) generated by PN

then we use a back-and-forth encoding similar to that of [12] in order to turn this
presentation into a complete equational theory for real-Clifford+CH circuits.
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Additionally, we perform some simplifications of the equational theories before and after
each step. In particular, we start by slightly simplifying the equational theory of [18]; the
simplified complete equational theory is shown in Figure 7.

▶ Proposition 16 (Soundness and Completeness of the Equational Theory of Figure 7 w.r.t. ≈).
For any w1, w2 ∈ G∗

N , one has w1 ≈ w2 if and only if w1 and w2 can be transformed into
one another using the equations of Figure 7. In other words, ≈ is the smallest congruence
satisfying the relations of Figure 7.

Proof. One can check that the equations of Figure 7 are semantically sound. Hence, by
Theorem 12, they can be derived from those of Figure 6. Conversely, it remains to prove
that the equations of Figure 6 can be derived from those of Figure 7. This is done in [9]. ◀

A few details about how we use the Reidemeister-Schreier theorem are given in Appendix B.
The full details, including the raw complete equational theory obtained by applying the
Reidemeister-Schreier theorem, are given in [9]. Note that the equational theory contains
many equations, which are not necessarily well-suited for the next step which is to translate
them using the decoding function defined in Section 8; hence, before proceeding to the
back-and-forth encoding, we simplify this equational theory into a smaller one, shown in
Figure 8. The equational theory of Figure 8 is actually not the simplest possible from the
point of view of a human reader (although much simpler than the raw one produced by the
Reidemeister-Schreier theorem), but is optimized so as to ease the decoding step.

This gives us the following completeness result:

▶ Definition 17. The free monoid generated by PN (i.e. the monoid of words over PN )
is denoted by P∗

N . The empty word is denoted by ϵ. The matrix associated with a word
w = P1P2...Pk ∈ P∗

N is called its semantics, and denoted by JwK := P1 · P2 · ... · Pk.
We denote by ≈ the smallest congruence satisfying the equations of Figure 8. That is,

for any two words w1, w2 ∈ P∗
N , one has w1 ≈ w2 iff w1 and w2 can be transformed into one

another using the equations of Figure 8.

▶ Theorem 18 (Soundness and Completeness of ≈ for P∗
N ). Let w1, w2 ∈ P∗

N with N ≥ 8.
Then Jw1K = Jw2K if and only if w1 ≈ w2.

Proof. To prove the soundness, it suffices to check that all the equations of Figure 8 preserve
the semantics. The proof of completeness is given in [9]. ◀

5 Auxiliary Equations/Properties of Multi-Controlled Gates

Similarly to [12], the complete equational theory for Real-Clifford+CH circuits that we would
obtain naively by the back-and-forth encoding technique described in Sections 7 and 8 consists
mainly of equations involving a large (possibly unbounded) number of multi-controlled gates.
One of the main contributions of this paper is to derive those equations from the much
simpler equational theory shown in Figure 4. To do so, we rely on auxiliary equations, that
we derive from those of Figure 4 in [9]. Note that like in [12], a key role is played by basic
properties of multi-controlled gates.

Note that in the proof of completeness, we essentially prove the completeness for n-qubit
circuits, for each n separately. Therefore, we can instead reason by induction on n (the base
cases being given by Lemmas 20 and 25), which does not change the way that the proof
of completeness itself is done, but is useful for proving auxiliary equations. This can be
reformulated as the fact that we can use the following lemma:
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(
(−1)[a](−1)[a]

)
≈ ϵ (20)(

(−1)[a](−1)[b]
)
≈

(
(−1)[b](−1)[a]

)
(21)(

(−1)[a](−1)[b]
) (

(−1)[b](−1)[c]
)
≈

(
(−1)[a](−1)[c]

)
(22)(

(−1)[a](−1)[a+1]
)
≈

(
(−1)[a]X[a,a+1]

) (
(−1)[a]X[a,a+1]

)
(23)(

(−1)[a]X[a,a+1]
) (

(−1)[a+1]X[a+1,a+2]
) (

(−1)[a]X[a,a+1]
)
≈

(
(−1)[a+1]X[a+1,a+2]

) (
(−1)[a]X[a,a+1]

) (
(−1)[a+1]X[a+1,a+2]

)
(24)(

(−1)[a]X[a,c]
)
≈

(
(−1)[a+1]X[a,a+1]

) (
(−1)[a+1]X[a+1,c]

) (
(−1)[a]X[a,a+1]

)
a+1<c, c−a odd (25)(

(−1)[c]X[a,c]
)
≈

(
(−1)[a+1]X[a,a+1]

) (
(−1)[c]X[a+1,c]

) (
(−1)[a]X[a,a+1]

)
a+1<c, c−a odd (26)(

(−1)[a]X[a,c]
)
≈

(
(−1)[c−1]X[c−1,c]

) (
(−1)[a]X[a,c−1]

) (
(−1)[c]X[c−1,c]

)
a+1<c, c−a even (27)(

(−1)[c]X[a,c]
)
≈

(
(−1)[c−1]X[c−1,c]

) (
(−1)[c−1]X[a,c−1]

) (
(−1)[c]X[c−1,c]

)
a+1<c, c−a even (28)(

(−1)[a]X[a,a+1]
) (

(−1)[a+1]X[a,a+1]
)
≈ ϵ (29)(

(−1)[c]X[a,b]
)
≈

(
(−1)[c](−1)[a]

) (
(−1)[a]X[a,b]

)
c ̸= a, b (30)(

(−1)[a+1](−1)[c]
) (

(−1)[a]X[a,a+1]
)
≈

(
(−1)[a]X[a,a+1]

) (
(−1)[a](−1)[c]

)
c ̸= a, a+1 (31)(

(−1)[a]X[a,a+1]
) (

(−1)[b]X[b,b+1]
)
≈

(
(−1)[b]X[b,b+1]

) (
(−1)[a]X[a,a+1]

)
a+1 < b (32)(

(−1)[b]X[a,b]
)
≈

(
(−1)[b]X[b,a]

)
(33)(

X[a,b]X[c,d]
)
≈

(
(−1)[a]X[a,b]

) (
(−1)[b]X[c,d]

)
(34)(

H[a,b]H[c,d]
)
≈ Σa,b,c,d ◦

(
H[0,1]H[3,2]

)
◦ Σ′

a,b,c,d see caption (35)(
H[a,b]H[c,d]

)
≈ W1 see caption (36)(

H[a,b]H[c,d]
)
≈ W2 see caption (37)(

(−1)[a]X[a,a+1]
) (

H[0,1]H[3,2]
)
≈

(
H[0,1]H[3,2]

) (
(−1)[a]X[a,a+1]

)
a ≥ 4 (38)(

(−1)[0](−1)[1]
) (

H[0,1]H[3,2]
)
≈

(
H[0,1]H[3,2]

) (
(−1)[0](−1)[1]

)
(39)(

(−1)[3](−1)[4]
) (

H[0,1]H[3,2]
)
≈

(
H[0,1]H[3,2]

) (
(−1)[3](−1)[4]

) (
(−1)[2]X[2,3]

)
(40)(

H[0,1]H[3,2]
) (

H[0,1]H[3,2]
)
≈ ϵ (41)(

H[a,b]H[e,f ]
) (

H[e,f ]H[c,d]
)
≈

(
H[a,b]H[c,d]

)
see caption (42)(

H[0,1]H[3,2]
) (

H[3,2]H[4,5]
)
≈

(
X[0,3]X[1,2]

) (
H[3,2]H[4,5]

) (
X[0,3]X[1,2]

)
(43)(

X[0,3]X[1,2]
) (

H[0,1]H[3,2]
)
≈

(
H[0,1]H[3,2]

) (
X[0,3]X[1,2]

)
(44)

(
H[0,1]H[7,6]

) (
H[0,3]H[1,2]

) (
H[0,1]H[7,6]

) (
(−1)[0](−1)[1]

) (
H[0,3]H[1,2]

)
≈ (45)(

H[0,3]H[1,2]
) (

(−1)[0](−1)[1]
) (

H[0,1]H[7,6]
) (

H[0,3]H[1,2]
) (

H[0,1]H[7,6]
)

(
H[0,1]H[7,6]

) (
H[0,3]H[1,2]

) (
H[3,4]H[2,5]

) (
H[3,2]H[4,5]

) (
H[7,6]H[4,5]

) (
(−1)[2](−1)[3]

) (
H[3,4]H[2,5]

) (
H[0,3]H[1,2]

)
≈ (46)(

H[0,3]H[1,2]
) (

H[3,4]H[2,5]
) (

(−1)[2](−1)[3]
) (

H[7,6]H[4,5]
) (

H[3,2]H[4,5]
) (

H[3,4]H[2,5]
) (

H[0,3]H[1,2]
) (

H[0,1]H[7,6]
)

Figure 8 Complete equational theory for P∗
N , valid for N ≥ 8. In Equation (36), we require

that the tuple (Gn(a), Gn(b), Gn(c), Gn(d)) be of the form (x0y0z, x1y0z, x0y1z, x1y1z) for some
bitstrings x, y, z; in Equation (37), we require that it be of the form (x0y0z, x0y1z, x1y0z, x1y1z);
and in Equation (35), we require that it be in neither of these two forms. Σa,b,c,d and Σ′

a,b,c,d are
defined in Definition 28. In Equation (42), we require that |{a, b, c, d}| ≤ 3 and that e < f be the
two smallest elements of {0, ..., 2n − 1} \ {a, b, c, d}. The right-hand sides of Equations (36) and (37)
are words specifically tailored to behave well with respect to decoding (cf. how those equations are
treated in the proof of Lemma 33 given in [9]); they are defined in Appendix C.
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▶ Lemma 19 (Induction Hypothesis for the Proof of Completeness). For any real-Clifford+CH
circuits C1, C2, if JC1K = JC2K then QC ⊢ ( ⊗ C1) = ( ⊗ C2) and QC ⊢ (C1 ⊗ ) =
(C2 ⊗ ).

6 The Category of Sequentialized Circuits

As we have said, the proof of completeness is based on a back-and-forth translation, similar
to that of [12], between the PROP of real-Clifford+CH circuits and the monoids G∗

N and P∗
N .

However, real-Clifford+CH circuits have a richer structure: they form not only a monoid
(for every particular number of qubits) – which corresponds to Equations (a) and (b) of
Figure 1 – but they also satisfy the other coherence relations of a PROP. Hence, we cannot
directly encode circuits into words since those relations would not be preserved and therefore
the encoding would be ill-defined. Instead, we use what we call sequentialized circuits, that
is, elements of the category QCseq of raw circuits quotiented only by Equations (a) and (b).

The PROP QC of usual real-Clifford+CH circuits is recovered by quotienting by the
remaining topological rules, namely Equations (c)–(g).7 Given a sequentialized circuit
C ∈ QCseq, we denote by |C| its image by the canonical projection onto QC. Conversely,
any circuit C ∈ QC has several representants C ′ in QCseq, satisfying |C ′| = C.

We are now ready to prove the main result of the paper. We proceed as follows: first, we
prove the completeness for 1-qubit circuits, which is easy to do by using a normal form, in
Section 7.1; then we prove the completeness for 2-qubit circuits by means of a back-and-forth
encoding into G∗

4 , in Section 7.2. Finally, we prove the completeness for circuits on n ≥ 3
qubits by means of a back-and-forth encoding into P∗

2n , in Section 8. Note that while the
encoding function needs to be defined on sequentialized circuits, the decoding function can
be defined directly into the PROP QC.

7 One- and Two-Qubit Completeness

7.1 One-Qubit Completeness
▶ Lemma 20 (1-Qubit Completeness). For any 1-qubit quantum circuits C1, C2 over { H , },
if JC1K = JC2K then QC ⊢ C1 = C2.

Proof. We say that a 1-qubit circuit is in normal form if it is of the form

( H )k or H ◦ ( H )k

where k ∈ {0, ..., 7}.
One can check by direct computation that if two circuits in normal form have the same

semantics then they are equal. Thus, it remains to prove that any 1-qubit circuit can be put
in normal form.

Note that a 1-qubit circuit is just a sequence of H and gates. By repeatedly applying
Equations (1) and (2), we can ensure that it does not contain two consecutive identical gates.
That is, it alternates between H and , or in other words, it is of one of the following
three forms:

( H )k
H ◦ ( H )k ( H )k ◦

7 More precisely, by quotienting by the variants of Equations (c)–(g) obtained by projecting the two sides
of each equation according to the canonical projection QCraw → QCraw/{(a), (b)}.
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By applying Equation (3) ⌊k
8 ⌋ times, we can ensure that k ∈ {0, ..., 7}. Thus, if the circuit is

in one of the first two forms, then it is in normal form. If it is of the third form, then we do
the following transformations:

( H )k ◦ (3)= ( H )k ◦ ◦ ( H )8

= ◦ ( H )k ◦ ( H )8

(2)(1)= ◦ ( H )8−k

(2)= H ◦ ( H )8−k−1

which gives us a circuit in normal form. ◀

7.2 Two-Qubit Completeness
▶ Definition 21 (2-Qubit Encoding). Let E : QC(2)

seq → G∗
4 be defined as follows: for any

2-qubit sequentialized circuit C, let E(C) = E0,0(C), where Ek,ℓ is defined on any m-qubit
sequentialized circuit satisfying k + m + ℓ = 2, inductively as follows:

Ek,ℓ(C1 ⊗ C2) = Ek+n1,ℓ(C2) ◦ Ek,ℓ+n2(C1), where C1 (resp. C2) is acting on n1 (resp.
n2) qubits;
Ek,ℓ(C2 ◦ C1) = Ek,ℓ(C2) ◦ Ek,ℓ(C1);

and for the generators:

Ek,ℓ( ) = ϵ,
Ek,ℓ( ) = ϵ,
E0,0( ) = X[1,2],

E1,0( ) = (−1)[1](−1)[3],
E0,1( ) = (−1)[2](−1)[3],
E0,0( ) = (−1)[3],

E1,0( H ) = H[0,1]H[2,3],
E0,1( H ) = H[0,2]H[1,3],
E0,0(

H
) = H[2,3].

▶ Definition 22 (2-Qubit Decoding). Let D : G∗
4 → QC(2) be the monoid homomorphism

defined as follows on the generators:
D((−1)[0]) = ,
D((−1)[1]) = ,
D((−1)[2]) = ,
D((−1)[3]) = ,

D(X[2,3]) = D(X[3,2]) = ,

D(X[0,1]) = D(X[1,0]) = ,

D(X[0,2]) = D(X[2,0]) = ,

D(X[1,3]) = D(X[3,1]) = ,
D(X[1,2]) = D(X[2,1]) = ,

D(X[0,3]) = D(X[3,0]) = ,

D(H[2,3]) =
H

,

D(H[0,1]) =
H

,

D(H[0,2]) = H ,

D(H[1,3]) = H ,

D(H[3,2]) =
H

,

D(H[1,0]) =
H

,

D(H[2,0]) = H ,

D(H[3,1]) = H ,

D(H[2,1]) =
H

,

D(H[0,3]) =
H

,

D(H[1,2]) = H ,

D(H[3,0]) =
H

.
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▶ Lemma 23. For any 2-qubit circuit C, and any sequentialized circuit C ′ such that |C ′| = C,

QC ⊢ D(E(C ′)) = C.

Proof. The proof is done by structural induction in [9]. ◀

▶ Lemma 24. For any words w1, w2 ∈ G∗
4 ,

if w1 ≈ w2 then QC ⊢ D(w1) = D(w2).

Proof. By Proposition 16, it suffices to prove that for each rule of Figure 7, of the form
w1 ≈ w2 where w1, w2 ∈ G∗

4 , and for any two words w0, w3 ∈ G∗
4 , one has QC ⊢ D(w0w1w3) =

D(w0w2w3). Since D is a monoid homomorphism, it suffices to prove that QC ⊢ D(w1) =
D(w2). This is done in [9]. Note that since we are only working in dimension 4, we do not
need to treat Equation (d4*). ◀

▶ Lemma 25 (2-Qubit Completeness). For any 2-qubit real-Clifford+CH quantum circuits
C1, C2,

if JC1K = JC2K then QC ⊢ C1 = C2.

Proof. Let C ′
1, C ′

2 be representatives in QC(2)
seq of respectively C1 and C2, so that |C ′

1| = C1
and |C ′

2| = C2. Since JC1K = JC2K and the encoding preserves the semantics, one has
JE(C ′

1)K = JE(C ′
1)K. Hence, by Theorem 12, we have E(C ′

1) ≈ E(C ′
2). By Lemma 24,

this implies that QC ⊢ D(E(C ′
1)) = D(E(C ′

2)). In turn, by Lemma 23, this implies that
QC ⊢ C1 = C2. ◀

8 Completeness in the General Case

To define the back-and-forth encoding between n-qubits circuits and the elements of P2n

which represent 2n-dimensional matrices, it will be handful, like in [12], to encode the integers
0, ..., 2n − 1 as n-length bitstrings, by using not the usual binary encoding but rather the
Gray code, which has the advantage that the encodings of two consecutive integers always
differ by exactly one bit:

▶ Definition 26 (Gray Code [12]). The n-bit Gray code of an integer k ∈ {0, ..., 2n − 1} is
the word Gn(k) ∈ {0, 1}n, inductively defined by G0(0) = ϵ and

Gn(k) =
{

0Gn−1(k) if k < 2n−1,
1Gn−1(2n − 1− k) if k ≥ 2n−1.

One can easily check that Gn : {0, ..., 2n − 1} → {0, 1}n is a bijection.

▶ Definition 27 (Encoding). For any n ≥ 3, let E : QCseq → P∗
2n be defined as follows:

for any n-qubit sequentialized circuit C, let E(C) = E0,0(C), where Ek,ℓ is defined on any
m-qubit sequentialized circuit satisfying k + m + ℓ = n, inductively as follows (where the
order of the products is left unspecified since it does not matter in the proof):

Ek,ℓ(C1 ⊗ C2) = Ek+n1,ℓ(C2) ◦ Ek,ℓ+n2(C1), where C1 (resp. C2) is acting on n1 (resp.
n2) qubits;
Ek,ℓ(C2 ◦ C1) = Ek,ℓ(C2) ◦ Ek,ℓ(C1);
Ek,ℓ( ) = ϵ;
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Ek,ℓ( ) = ϵ;
if ℓ ≥ 1, then

Ek,ℓ( ) =
∏

x∈{0,1}k

y∈{0,1}ℓ−1

(
(−1)[G−1

n (x10y)](−1)[G−1
n (x11y)]

)
;

Ek,ℓ( ) =
∏

x∈{0,1}k

y∈{0,1}ℓ−1

(
(−1)[G−1

n (x110y)](−1)[G−1
n (x111y)]

)
;

Ek,ℓ( H ) =
∏

x∈{0,1}k

y∈{0,1}ℓ−1

(
H[G−1

n (x00y),G−1
n (x10y)]H[G−1

n (x01y),G−1
n (x11y)]

)
;

Ek,ℓ(
H

) =
∏

x∈{0,1}k

y∈{0,1}ℓ−1

(
H[G−1

n (x100y),G−1
n (x110y)]H[G−1

n (x101y),G−1
n (x111y)]

)
;

and if ℓ = 0 (note that because of the condition k + m + ℓ = n, we necessarily have k ≥ 1 in
this case), then

Ek,0( ) =
∏

x∈{0,1}k−1

(
(−1)[G−1

n (0x1)](−1)[G−1
n (1x1)]

)
;

Ek,0( ) =
∏

x∈{0,1}k−1

(
(−1)[G−1

n (0x11)](−1)[G−1
n (1x11)]

)
;

Ek,0( H ) =
∏

x∈{0,1}k−1

(
H[G−1

n (0x0),G−1
n (0x1)]H[G−1

n (1x0),G−1
n (1x1)]

)
;

Ek,0(
H

) =
∏

x∈{0,1}k−1

(
H[G−1

n (0x10),G−1
n (0x11)]H[G−1

n (1x10),G−1
n (1x11)]

)
;

finally, for any ℓ ≥ 0,

Ek,ℓ( ) = Ek,ℓ( ) ◦
∏

x∈{0,1}k

y∈{0,1}ℓ

(
(−1)[G−1

n (x11y)]X[G−1
n (x10y),G−1

n (x11y)]

)
◦

∏
x∈{0,1}k

y∈{0,1}ℓ

(
(−1)[G−1

n (x01y)]X[G−1
n (x01y),G−1

n (x11y)]

)
◦

∏
x∈{0,1}k

y∈{0,1}ℓ

(
(−1)[G−1

n (x11y)]X[G−1
n (x10y),G−1

n (x11y)]

)
.

▶ Definition 28 (Decoding). For any n ≥ 3, let D : P∗
2n → QC be the monoid homomorphism

defined as follows on the generators:

Case of
(
(−1)[a](−1)[b]

)
For any a ∈ {0, ..., 2n − 1}, we define

D((−1)[a](−1)[a]) := ( )⊗n.

For any a ∈ {0, ..., 2n − 2}, we define

D
(
(−1)[a](−1)[a+1]

)
:=

Λx

Λy
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where β ∈ {0, 1}, x ∈ {0, 1}k, and y ∈ {0, 1}n−k−1 are such that Gn(a) = xβy and
Gn(a + 1) = xβ̄y.8

If a ≤ b, then we define9

D
(
(−1)[a](−1)[b]

)
:=

b−1←−∏
k=a

D
(
(−1)[k](−1)[k+1]

)
where we use the notations

m←−∏
k=n

Ck := Cm ◦ · · · ◦ Cn and
m−→∏

k=n

Ck := Cn ◦ · · · ◦ Cm, with by

convention the products being the identity if they are empty (i.e. if m < n).
Finally, if a > b, we define D

(
(−1)[a](−1)[b]

)
:= D

(
(−1)[b](−1)[a]

)
.

Case of
(
(−1)[c]X[a,b]

)
For any a ∈ {0, ..., 2n − 2}, we define

D
(
(−1)[a]X[a,a+1]

)
:=

Λx

Λy

(-1)βXZ , D
(
(−1)[a+1]X[a,a+1]

)
:=

Λx

Λy

(-1)βZX

where β ∈ {0, 1}, x ∈ {0, 1}k, and y ∈ {0, 1}n−k−1 are such that Gn(a) = xβy and
Gn(a + 1) = xβ̄y.
If a < b, then we define inductively on b− a (using the previous case as base case):

if b− a is odd, D
(
(−1)[a]X[a,b]

)
:=

D
(
(−1)[a+1]X[a,a+1]

)
◦D

(
(−1)[a+1]X[a+1,b]

)
◦D

(
(−1)[a]X[a,a+1]

)
and D

(
(−1)[b]X[a,b]

)
:=

D
(
(−1)[a+1]X[a,a+1]

)
◦D

(
(−1)[b]X[a+1,b]

)
◦D

(
(−1)[a]X[a,a+1]

)
;

if b− a is even, D
(
(−1)[a]X[a,b]

)
:=

D
(
(−1)[b−1]X[b−1,b]

)
◦D

(
(−1)[a]X[a,b−1]

)
◦D

(
(−1)[b]X[b−1,b]

)
and D

(
(−1)[b]X[a,b]

)
:=

D
(
(−1)[b−1]X[b−1,b]

)
◦D

(
(−1)[b−1]X[a,b−1]

)
◦D

(
(−1)[b]X[b−1,b]

)
.

If a > b, then we define

D
(
(−1)[a]X[a,b]

)
:= D

(
(−1)[a]X[b,a]

)
,

D
(
(−1)[b]X[a,b]

)
:= D

(
(−1)[b]X[b,a]

)
.

Finally, if c ̸= a, b, then we define10

D
(
(−1)[c]X[a,b]

)
:= D

(
(−1)[c](−1)[a]

)
◦D

(
(−1)[a]X[a,b]

)
.

8 β, x, y necessarily exist by the properties of the Gray code.
9 Note that the definition is consistent in the cases where b = a and b = a + 1.
10 Note that since D

(
(−1)[a](−1)[a]

)
is defined as the identity, the equality is still true if a = c or a = d.
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Case of
(
X[a,b]X[c,d]

)
For any a, b, c, d with a ̸= b and c ̸= d, we define

D
(
X[a,b]X[c,d]

)
:= D

(
(−1)[a]X[a,b]

)
◦D

(
(−1)[b]X[c,d]

)
.

Case of
(
H[a,b]H[c,d]

)
If there exist x, y, z such that Gn(a) = x0y0z, Gn(b) = x1y0z, Gn(c) = x0y1z, and
Gn(d) = x1y1z, then we define

D
(
H[a,b]H[c,d]

)
:=

Λx

Λz

H

Λy .

If there exist x, y, z such that Gn(a) = x0y0z, Gn(b) = x0y1z, Gn(c) = x1y0z, and
Gn(d) = x1y1z, then we define

D
(
H[a,b]H[c,d]

)
:=

Λx

Λz

H

Λy .

In the other cases where |{a, b, c, d}| = 4, we define:

D
(
H[a,b]H[c,d]

)
:= D(Σa,b,c,d) ◦

H

◦D(Σ′
a,b,c,d)

where Σa,b,c,d and Σ′
a,b,c,d are words over PN , not containing any generators of the

form
(
H[e,f ]H[g,h]

)
, such that

r
Σ′

a,b,c,d

z
= JΣa,b,c,dK−1, and either JΣa,b,c,dK = σ or

JΣa,b,c,dK = σ ◦
q
(−1)[µ]

y
, where µ /∈ {0, 1, 3, 2} and σ is a permutation matrix mapping

respectively |0⟩ , |1⟩ , |3⟩ , |2⟩ to |a⟩ , |b⟩ , |c⟩ , |d⟩.

Note that the precise definitions of Σa,b,c,d and Σ′
a,b,c,d do not matter in the proof.

Nonetheless, an example of possible definitions is given in [9].
Finally, if |{a, b, c, d}| < 4, then we define D

(
H[a,b]H[c,d]

)
:= D

(
H[a,b]H[e,f ]

)
◦

D
(
H[e,f ]H[c,d]

)
, where e, f with e < f are the two smallest elements of {0, ..., 2n −

1} \ {a, b, c, d}.
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▶ Lemma 29. For any bitstrings x ∈ {0, 1}k and y ∈ {0, 1}ℓ with k, ℓ ≥ 0 and k + ℓ = n− 1,

QC ⊢ D
(

(−1)[G−1
n (x0y)](−1)[G−1

n (x1y)]

)
=

Λx

Λy

Proof. The proof is given in [9]. ◀

▶ Lemma 30. For any bitstrings x ∈ {0, 1}k and y ∈ {0, 1}ℓ with k, ℓ ≥ 0 and k + ℓ = n− 1,

QC ⊢ D
(

(−1)[G−1
n (x0y)]X[G−1

n (x0y),G−1
n (x1y)]

)
=

Λx

Λy

XZ

QC ⊢ D
(

(−1)[G−1
n (x1y)]X[G−1

n (x0y),G−1
n (x1y)]

)
=

Λx

Λy

ZX

Proof. The proof is given in [9]. ◀

▶ Lemma 31. For any n-qubit circuit C ∈ QC, any C ′ ∈ QCseq such that |C ′| = C, and
any k, ℓ such that k + n + ℓ ≥ 3,

QC ⊢ D(Ek,ℓ(C ′)) = idk ⊗ C ⊗ idℓ.

Proof. The proof is by structural induction, and the base cases rely on elementary properties
of multi-controlled gates. The details are given in [9]. ◀

▶ Lemma 32. For any n-qubit circuit C ∈ QC with n ≥ 3, and any C ′ ∈ QCseq such that
|C ′| = C,

QC ⊢ D(E(C ′)) = C.

Proof. This follows directly from Lemma 31. ◀

▶ Lemma 33. For any w1, w2 ∈ P∗
2n with n ≥ 3,

if w1 ≈ w2 then QC ⊢ D(w1) = D(w2).

Proof. It suffices to prove that for each rule of Figure 8, of the form w1 = w2 where
w1, w2 ∈ G∗

2n , and for any two words w0, w3 ∈ G∗
2n , one has QC ⊢ D(w0w1w3) = D(w0w2w3).

Since D is a monoid homomorphism, it suffices to prove that QC ⊢ D(w1) = D(w2). This is
done in [9]. ◀

▶ Theorem 34 (Completeness). For any circuits C1, C2 ∈ QC,

if JC1K = JC2K then QC ⊢ C1 = C2.
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Proof. Let C1, C2 be n-qubit circuits such that JC1K = JC2K.
If n = 0, then the result is trivial since is the only 0-qubit circuit. If n = 1 or n = 2,

then the result is given by Lemmas 20 and 25 respectively.
If n ≥ 3, let C ′

1, C ′
2 be representatives in QCseq of respectively C1 and C2, so that

|C ′
1| = C1 and |C ′

2| = C2. Since JC1K = JC2K and the encoding preserves the semantics, one
has JE(C ′

1)K = JE(C ′
1)K. Hence, by Theorem 18, we have E(C ′

1) ≈ E(C ′
2). By Lemma 33,

this implies that QC ⊢ D(E(C ′
1)) = D(E(C ′

2)). In turn, by Lemma 32, this implies that
QC ⊢ C1 = C2. ◀

9 Conclusion and Perspectives

We have introduced a complete equational theory for unitary quantum circuits over the

gate set
{

H , , ,
H

}
. To our knowledge, this is the second universal fragment of

unitary quantum circuits to be given a complete axiomatization, and the first which is finitely
generated. One can note the relative similarity between our complete equational theory
and that of [10], which is proved to be minimal: both equational theories are composed
of a few simple equations on at most 3 qubits, plus an equation schema consisting of one
equation for each number of qubits; in both cases, the equation schema has a trivial semantic
interpretation, and its meaning comes from the fact that the multi-controlled gate is expressed
as a macro built from 1- and 2- qubit gates. A difference between our equational theory and
that of [10] is that since we are working in a discrete setting, ours does not require working
with continuous parameters.

An obvious follow-up question for future work is whether the unbounded equation schema
of Equation (19) is actually necessary, or can be derived from a finite number of equations.
In the second case, one would have to find a derivation of it; in the first case, one would have
to find an argument to show its necessity. Note that the necessity argument used in [10] does
not apply to our case.

Our result is for unitary circuits, without ancillas. One could proceed in the same
way as in [11] to extend the equational theory and its completeness to circuits with qubit
initializations, ancillas, and qubit discarding (i.e. trace-out). If Equation (19) turned out to
be necessary in the unitary case, then another open question would be whether it can be
derived in the presence of ancillas, similarly to what is done in [11, 10].

Another open problem is to find complete equational theories for other relevant fragments
of quantum circuits. In particular, one could a priori proceed in the same way as we do
in this paper in order to obtain complete equational theories for the Toffoli-Hadamard
and Clifford+CS fragments, relying on the corresponding matrix group presentations given
respectively in [28] and [5]. Doing the same for Clifford+T would require first to extend the
presentation of [19] to arbitrary dimension.
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A Modified Exact Synthesis Algorithm

Algorithm 1 Exact synthesis for UN (Z[ 1√
2 ]) (cf. [18]).

Input: An element A of UN (Z[ 1√
2 ])

Output: A sequence W1, . . . , Wℓ of words over GN such that Wℓ · · ·W1A = I

1: B ← A

2: for j ← N − 1, N − 2, . . . , 0 do
3: k ← lde(Bej) ▷ See [18] for the definition of lde
4: while k > 0 do
5: Let i1 be the least integer such that

√
2k

B[i1, j] ≡ 1 (mod 2) or ≡ 1+
√

2 (mod 2)
6: Let i2 be the least integer > i1 such that

√
2k

B[i2, j] ≡
√

2k
B[i1, j] (mod 2) ▷

See [1] for the existence of i1 and i2
7: W← H[i1,i2]
8: Output W
9: B ←WB, k ← lde(Bej)

10: end while
11: end for ▷ lde(Bej) = 0 for all j, therefore B is now a permutation matrix
12: for j ← N − 1, N − 2, . . . , 0 do
13: v ← Bej

14: if v ̸= ej then
15: There are a ≤ j and τ ∈ {0, 1} such that v = (−1)τ ea.
16: if a = j then W← (−1)τ

[a]
17: if a < j then W← X[a,j](−1)τ

[a]
18: Output W
19: B ←WB

20: end if
21: end for

B Sketch of the Reidemeister-Schreier Theorem for Monoids

We denote by U even
N (Z[ 1√

2 ]) the submonoid (or subgroup) of UN (Z[ 1√
2 ]) consisting of the

matrices with even H- and ZX-parities.

In order to apply the Reidemeister-Schreier theorem for monoids described in [6] (Section
4.2), it suffices to provide the following elements:

a set C, consisting of a representative of each of the four cosets of U even
N (Z[ 1√

2 ]) as a
subgroup of UN (Z[ 1√

2 ]), the representative of U even
N (Z[ 1√

2 ]) itself being necessarily the
identity I

a function f : PN → G∗
N (where G∗

N denotes the free monoid generated by GN ) preserving
the semantics
a function h : C × GN → P∗

N × C such that for any (c, g), if (p, c′) = h(c, g) then
JcgK = Jpc′K.
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Then, let h∗∗ : C × G∗
N → P∗

N × C be the function defined by h∗∗(c0, x1...xk) = (w1 · ... ·
wk, ck), where h(ci−1, xi) = (wi, ci) for all i = 1, ..., k. The Reidemeister-Schreier theorem for
monoids stated in [6] tells us that the equational theory consisting of the following equations
is complete:
(a) for every x ∈ PN , an equation x ≈ v, where v is such that h∗∗(I, f(x)) = (v, c) (note

that in this case, the preservation of the semantics implies that c = I)
(b) for every equation of Figure 7, of the form w ≈ w′, and every c ∈ C, an equation v ≈ v′,

where v, v′ are such that h∗∗(c, w) = (v, c′) and h∗∗(c, w′) = (v′, c′′) (note that in this
case, the preservation of the semantics implies that c′ = c′′).

C Definition of the right-hand sides of Equations (36) and (37)

W1 :=

 m+ℓ←−∏
j=m+1

En−j−2,j( )

 ◦
m−1←−∏

j=0
En−j−2,j( ) ◦ En−j−3,j+1( )

 ◦ En−2,0( )◦

 n−3←−∏
j=k+ℓ

E1−zj

j,n−j−2( )

 ◦
k+ℓ−1←−∏

j=k

E1−yj

j,n−j−2( )

 ◦
k−1←−∏

j=0
E1−xj

j,n−j−2( )

 ◦ (
H[0,1]H[3,2]

)
◦

k−1−→∏
j=0
E1−xj

j,n−j−2( )

 ◦
k+ℓ−1−→∏

j=k

E1−yj

j,n−j−2( )

 ◦
 n−3−→∏

j=k+ℓ

E1−zj

j,n−j−2( )

 ◦

En−2,0( ) ◦

m−1−→∏
j=0

En−j−3,j+1( ) ◦ En−j−2,j( )

 ◦
 m+ℓ−→∏

j=m+1
En−j−2,j( )



W2 :=

 m+ℓ←−∏
j=m+1

En−j−2,j( )

 ◦
m−1←−∏

j=0
En−j−2,j( ) ◦ En−j−3,j+1( )

 ◦
 n−3←−∏

j=k+ℓ

E1−zj

j,n−j−2( )

 ◦
k+ℓ−1←−∏

j=k

E1−yj

j,n−j−2( )

 ◦
k−1←−∏

j=0
E1−xj

j,n−j−2( )

 ◦ (
H[0,1]H[3,2]

)
◦

k−1−→∏
j=0
E1−xj

j,n−j−2( )

 ◦
k+ℓ−1−→∏

j=k

E1−yj

j,n−j−2( )

 ◦
 n−3−→∏

j=k+ℓ

E1−zj

j,n−j−2( )

 ◦
m−1−→∏

j=0
En−j−3,j+1( ) ◦ En−j−2,j( )

 ◦
 m+ℓ−→∏

j=m+1
En−j−2,j( )


where the notations

←−∏
and
−→∏

are introduced in Definition 28, and E1−x
k,ℓ ( ) is a shortcut

defined as follows (where the order of the product is left unspecified):

E1−x
k,ℓ ( ) :=



ϵ if x = 1

Ek,ℓ( ) ◦
∏

x∈{0,1}k

y∈{0,1}ℓ

(
(−1)[G−1

n (x1y)]X[G−1
n (x0y),G−1

n (x1y)]

)
if x = 0.
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