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Abstract
Metropolis–Hastings (MH) is a foundational Markov chain Monte Carlo (MCMC) algorithm. In
this paper, we ask whether it is possible to formulate and analyse MH in terms of categorical
probability, using a recent involutive framework for MH-type procedures as a concrete case study.
We show how basic MCMC concepts such as invariance and reversibility can be formulated in Markov
categories, and how one part of the MH kernel can be analysed using standard CD categories. To
go further, we then study enrichments of CD categories over commutative monoids. This gives
an expressive setting for reasoning abstractly about a range of important probabilistic concepts,
including substochastic kernels, finite and σ-finite measures, absolute continuity, singular measures,
and Lebesgue decompositions. Using these tools, we give synthetic necessary and sufficient conditions
for a general MH-type sampler to be reversible with respect to a given target distribution.
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1 Introduction

Markov kernels are a fundamental concept in probability theory. Recall that a Markov kernel
P : X → Y encodes a family of probability distributions P (x, dy) on the space Y indexed by
points x ∈ X . Recent work on copy-discard (CD) categories and Markov categories [7, 11] has
sought to develop a synthetic framework for reasoning about systems of Markov kernels and
their unnormalised counterparts algebraically. This approach has been applied successfully
to a number of classical results from probability and statistics, yielding streamlined and more
conceptual proofs than traditional measure-theoretic arguments [14, 29, 11, 27].

In applied settings, Markov kernels are often regarded as “stochastic functions” and
used to model conditional probability distributions, which in turn have a huge number of
applications in computational statistics, machine learning, and computer science generally.
It is therefore natural to ask: to what extent are Markov and CD categories ready for
reasoning about contemporary methodology in these domains? Are they usable “as-is”, or are
additional structures or concepts needed to handle the complexities of modern algorithms?
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32:2 A Categorical Account of the Metropolis–Hastings Algorithm

We consider this question in the context of Markov chain Monte Carlo (MCMC) methods,
and specifically the Metropolis–Hastings (MH) algorithm [26, 21], which is a foundational tool
for sampling from complex probability distributions. We focus on a recent line of work which
studies MH through the lens of involutions [28, 2, 16, 17, 9], building on earlier foundational
work [35, 19]. This perspective has already lead to a range of new methodology of interest to
computational statistics practitioners [5, 25, 38].

A major contribution to the involutive approach is the framework of [2]. This considers a
Markov kernel ΠMH : E → E defined

ΠMH(ξ,dξ′) := α(ξ) δϕ(ξ)(dξ′) + (1 − α(ξ)) δξ(dξ′), (1)

where α : E → [0, 1] is a measurable function regarded as an acceptance probability, ϕ : E → E
is a measurable involution (i.e. ϕ = ϕ−1), and δ is the Dirac delta. Intuitively, given an
input ξ, this kernel transitions to ϕ(ξ) with probability α(ξ), and otherwise remains at ξ. By
combining ΠMH with a suitable state-space augmentation (see Section 2.4), it is shown in [2]
that a very wide variety of MH-type algorithms can be recovered as special cases (see also
Appendix B for two examples).

The main theoretical result of [2] is their Theorem 3, which gives sufficient conditions
under which ΠMH is reversible with respect to a given target distribution. Reversibility
in turn constitutes a key correctness guarantee for many MCMC algorithms. We state
a summarised version of this result as follows (see Appendix A for our measure theory
terminology and notation):

▶ Theorem 1. Suppose µ is a finite measure on a measurable space E, and ϕ : E → E is a
measurable involution. Then there exists a measurable S ⊆ E such that the restriction µ|S
and its pushforward µ|ϕS are equivalent as measures, and µ|Sc and its pushforward µ|ϕSc are
singular. The kernel ΠMH (1) above is then µ|S-reversible if

α(ξ) =
{
α(ϕ(ξ)) r(ξ) if ξ ∈ S,
0 otherwise.

(2)

where r := dµ|ϕ
S

dµ|S
denotes the Radon–Nikodym derivative.

Summary of main results

Given the important implications of Theorem 1 for MH-type procedures, it serves as a natural
test case for the applicability of categorical probability. Our goal in this paper is to obtain
this result synthetically using Markov and CD categories. For this, we find that three levels
of structure are needed:

In Section 2, we use Markov categories to formulate generic aspects of MCMC algorithms,
such as invariance, reversibility and state-space augmentation.
In Section 3, we use CD categories to reason about the first summand in (1): we prove
reversibility of this term, and recover part of the condition (2).
However, to study the entire kernel ΠMH, we need additional structure: for example, we
need a way to “add” morphisms, and we need a way to reason about decompositions of
morphisms into disjoint “parts”. In Section 4, we therefore consider an enriched extension
of CD categories. This allows us to provide a synthetic generalisation of Theorem 1 in
the form of Theorems 52 and 68 below.
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The appendix contains some additional background and proofs, as well as two additional
examples of MCMC-related techniques (the systematic-scan Gibbs sampler, and importance
sampling) within categorical probability, which may be of interest to practitioners.

We believe these results are interesting in their own right, as they involve arguments that
are both more conceptual and more general than their measure-theoretic counterparts. We
also hope our work illustrates how categorical tools may be used to analyse contemporary
methodology in computational statistics and machine learning more generally.

Technical contributions
In order to consider the full MH kernel ΠMH, we study CD categories enriched over commut-
ative monoids, which provides a minimal structure for reasoning about addition of morphisms.
This enrichment is expressive, and permits formulating and proving results about abstract
versions of the following important concepts from measure theory:

Substochastic kernels and probabilities (i.e. values in [0, 1]).
Finite and σ-finite kernels.
Pointwise absolute continuity between kernels.
Singular measures and Lebesgue decompositions.

The enrichment combines well with string diagrams, allowing for straightforward graphical
reasoning. It also integrates naturally with existing categorical approaches to probabilistic
choice: when suitable coproducts exist, the subcategory of normalised morphisms carries the
structure of a distributive Markov category [1], relating our “algebraic” treatment of convex
combinations to the “sampling” perspective.

Importantly, we show that these tools are not merely descriptive, but may be used to
obtain interesting results about probabilistic concepts. In the context of Theorem 1, this
enrichment allows us to reason about decompositions of µ into parts supported on S and Sc,
and to obtain the condition (2) via purely algebraic arguments. It also supplies a converse
to Theorem 1, which was not given in [2], and permits a straightforward extension to the
historically more complex skew-reversible setting (Corollary 54). We believe these results
suggest this enrichment may be useful in applications beyond MCMC also.

2 MCMC foundations in Markov categories

2.1 Recap: Markov categories
We first recall the fundamentals of Markov categories, which will allow us to formulate
key Markov chain concepts such as reversibility and invariance. We will assume familiarity
with basic definitions from category theory and monoidal categories, as well as string
diagrams [22, 32]. For readers unfamiliar with this material, we give some further details
and references in Appendix C.

▶ Definition 2. A Markov category is a symmetric monoidal category (C,⊗, I) where each
object X in C is equipped with a commutative comonoid structure (copyX ,delX ). In string
diagrams, we denote copyX and delX respectively as

X
X

X X

and

LICS 2026



32:4 A Categorical Account of the Metropolis–Hastings Algorithm

These morphisms satisfy certain compatibility conditions with the monoidal structure (see
Definition 73 in the Appendix), and the following requirement for all P : X → Y in C:

P =

X X

(3)

▶ Example 3. For the purposes of obtaining Theorem 1, the most important example of a
Markov category is the category Stoch. The objects of this category are measurable spaces,
and the morphisms P : X → Y are Markov kernels, namely functions P : X × ΣY → [0, 1]
such that each function x 7→ P (x,A) is measurable and each function A 7→ P (x,A) is a
probability measure. Composition is given by the Chapman–Kolmogorov equation:

(Q ◦ P )(x,B) :=
∫
P (x, dy)Q(y,B)

and may be regarded as sequential composition of Markov kernels. The monoidal unit I is
the singleton measurable space {∗}, and the monoidal product X ⊗ Y is given by the usual
product of measurable spaces. The monoidal product of morphisms is defined as:

(R⊗Q)((x, y), A×B) := R(x,A)Q(y,B), (4)

which may be regarded as parallel composition. The remaining structure of Stoch is given
in Example 75 in the Appendix.

Morphisms π : I → X out of the monoidal unit I are regarded as having “no input” and
appear in string diagrams as follows:

π

X

A morphism ϕ : X → Y is deterministic [11, Definition 10.1] if

=
ϕ

ϕ ϕ

Y Y

X

Y Y

X

(5)

▶ Example 4. In Stoch, since I is the singleton space, a Markov kernel µ : I → X encodes
a single probability measure on X , which we will denote simply as µ(dx). Likewise, every
measurable function ϕ : X → Y gives rise to a deterministic Markov kernel Φ : X → Y
defined as

Φ(x, dy) := δϕ(x)(dy), (6)

where δ is the Dirac delta. We will often identify Φ and ϕ in what follows. This recovers the
concept of pushforwards from measure theory: recall that the pushforward of a measure µ on
X by a measurable function ϕ : X → Y is the distribution µϕ on Y with µϕ(B) := µ(ϕ−1(B)).
In Stoch, this is just the composition µϕ = ϕ ◦ µ, where here the right-hand ϕ is regarded
as a deterministic Markov kernel as in (6).
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The following concept is fundamental in Bayesian statistics and machine learning, and
will be useful for us in formulating state space augmentation in Section 2.4.

▶ Definition 5 (Page 9, [7]). Let P : X → Y and π : I → X be morphisms in a Markov
category C. Then P † : Y → X is a Bayesian inverse of P with respect to π if

=

π

P

X E

π

P

X E

P †

(7)

To explain the term “Bayesian inverse”, note that in Stoch the left-hand side of (7) is a
Markov kernel we may sample from via

X ∼ π(dx) Y ∼ P (X,dy) return (X,Y ).

The equation (7) then says that P †(y,dx) is the conditional distribution of X given Y = y,
which is equivalently the posterior distribution of X obtained via Bayes’ theorem.

2.2 Invariance and reversibility
Among the most fundamental concepts from Markov chain theory are invariance and
reversibility. In the context of MCMC, these constitute key correctness properties that ensure
an algorithm targets the intended distribution. We now show how these concepts can be
formulated in Markov categories.

▶ Definition 6. Let µ : I → X and P : X → X be morphisms in a Markov category C. We
say that P is µ-invariant if P ◦ µ = µ. We say that P is µ-reversible if

=

µ

P

X X

µ

P

X X

(8)

Equivalently, this says that the left-hand side of (8) is invariant with respect to the swap
isomorphism X ⊗ X

∼=−→ X ⊗ X , or that P is its own Bayesian inverse with respect to µ.

▶ Example 7. Consider Definition 6 with C = Stoch. Here, X becomes a measurable
space, µ a probability measure on X , and P : X → X a Markov kernel. Then P is µ-
invariant if and only if

∫
µ(dx)P (x,A) = µ(A) for every measurable A ⊆ X , recovering the

usual definition of invariance, as observed by [27, Section 2.4]. Intuitively, invariance says
that if a Markov chain with transition kernel P is initialised with distribution µ, then its
marginal distribution will remain µ at all time steps afterwards. Likewise, (8) says that∫

A
µ(dx)P (x,B) =

∫
B
µ(dx′)P (x′, A) for all measurable A,B ⊆ X , or more colloquially

µ(dx)P (x, dx′) = µ(dx′)P (x′,dx).

This recovers the classical detailed balance condition from Markov chain theory, as observed
by [13, Remark 4.1.11]. Intuitively, detailed balance says that if a Markov chain with
transition kernel P is initialised with distribution µ, then the joint distribution of any two
consecutive states is invariant under swapping them.

LICS 2026
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Invariance is usually the fundamental correctness property sought for MCMC algorithms,
since it ensures that the Markov chain will converge to the desired distribution under mild
conditions regardless of its initial state [30]. Reversibility is a sufficient condition for invariance
that is often convenient to verify in practice. Markov categories are very well-suited for
reasoning about these concepts, as the following result illustrates.

▶ Proposition 8. Let µ : I → X and P,Q : X → X be morphisms in a Markov category C.
If both P and Q are µ-invariant, then so is P ◦Q. Likewise, if P is µ-reversible, then it is
also µ-invariant.

Proof. For the first claim, by the definition of invariance, we have that P ◦Q◦µ = P ◦µ = µ.
For the second claim, observe that:

µ

P

X

=

µ

P

X

=

µ

P

X

=

µ

X

=
µ

X

where the second step uses reversibility, and the others use the basic Markov category axioms
(see Appendix C). ◀

It is well known by MCMC practitioners that invariance does not imply reversibility in
general. However, this does hold for involutions, where recall ϕ : X → X is an involution if
ϕ ◦ ϕ = idX .

▶ Proposition 9. Let µ : I → X and ϕ : X → X be morphisms in a Markov category C,
where ϕ is a deterministic involution. If ϕ is µ-invariant, then it is µ-reversible.

Proof. If ϕ is µ-invariant, then we have the following

ϕ

µ

= ϕ

µ

ϕ

ϕ
=

µ

ϕ

ϕ

=

µ

ϕ

X X X X X X X X

(9)

where the first step uses the involution property, the second uses determinism, and the third
uses invariance. ◀

▶ Remark 10. The assumption of determinism in Proposition 9 is redundant in many
practical settings. This is because an involution is by definition an isomorphism, and for the
class of positive Markov categories [11, Definition 11.22], every isomorphism is necessarily
deterministic [11, Remark 11.28]. Many Markov categories arising in practice are positive,
including Stoch [11, Example 11.25].

2.3 Skew-reversibility
Reversible Markov chains often exhibit a diffusive “random walk” behaviour, and reversible
MCMC algorithms can often perform poorly in practice as a result [10]. To address this, a
variety of generalised notions of reversibility have been considered in the MCMC literature,
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including lifting [6, 10] and skew-reversibility [37, 31, 34]. These all admit related formulations
in terms of an involution acting on the state space. Recently, [3, Definition 2.4] gave a
general notion of (π, s)-reversibility which subsumes these previous concepts, but at the cost
of introducing heavier measure-theoretic machinery. We show how these concepts can be
streamlined considerably in the context of Markov categories. Later on, this will yield a
straightforward extension of our synthetic version of Theorem 1 to the skew-reversible setting
(Corollary 54).

▶ Definition 11. Let π : I → X and s, P : X → X be morphisms in a Markov category C,
where s is a deterministic involution that is π-invariant. We say that P is (π, s)-reversible if
the following equality holds:

=

π

P

s

π

P

sX X
X X

(10)

▶ Example 12. In C = Stoch, in terms of measure theory, (10) says:

π(dx)P (x, dy) = π(dy) (s ◦ P ◦ s)(y,dx)

which recovers the definition of (π, s)-reversibility given in [3, Definition 2.4] (see also [2,
Proposition 3, conclusion (c)]).

By a similar argument as Proposition 8, (π, s)-reversibility implies π-invariance, which
explains its usefulness for MCMC. It is also clear that ordinary π-reversibility is the special
case of (π, idX )-reversibility. Interestingly, the following result shows we can also define
(π, s)-reversibility as a special case of π-reversibility, and recovers several results on this topic
in the MCMC literature (e.g. [3, Proposition 2.5], [34, Equation (3)], [2, Corollary 2]).

▶ Proposition 13. With π, s, and P as in Definition 11, the following are equivalent:
(1) P is (π, s)-reversible.
(2) P ◦ s is π-reversible.
(3) s ◦ P is π-reversible.
(4) P = Q ◦ s = s ◦R for some π-reversible Q,R : X → X .

Proof. (1) ⇔ (2): Consider the following equalities:

π

=s

P

π

s P

π

s

P=

s

s

π

s

P

=

X X
X X

X X

X X

LICS 2026
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The first step always holds by Proposition 9, and the third because s is an involution. The
middle step holds if and only if P is (π, s)-reversible, as can be seen by applying s to both
left-hand wires and using the involution property. Likewise, the left- and right-hand sides
are equal precisely when P ◦ s is π-reversible, which gives the statement.
(1) ⇔ (3) follows by a similar argument.
(2) ⇔ (4) ⇔ (3) now follows by taking Q := P ◦ s and R := s ◦ P . ◀

2.4 Reversibility via augmented state spaces
Given a target distribution on a space X , a common MCMC technique is to consider a target
on an augmented space E that is related to X , but simpler to work with. Although widely
used, augmentation techniques are often presented on a case-by-case basis for specific choices
of the components involved. However, Markov categories permit a unified explanation of
these techniques as follows.

▶ Proposition 14. Let π : I → X be a morphism in a Markov category C. Suppose we have
a composition in C as follows:

X E E X .R P R†

(11)

If R† is a Bayesian inverse of R with respect to π, and P is (R◦π)-reversible (resp. invariant),
then (11) is π-reversible (resp. invariant)

Proof. We show the reversibility statement; the invariance statement follows similarly. By
basic string diagram manipulations:

π

=P

π

PR†

R† R†

R

==

π

P

R† R†

R
R

π

R

P

R†

X X X X X X X X

where the first and third steps use the definition of a Bayesian inverse (Definition 5), and the
second uses reversibility of P . ◀

In the context of involutive MH, Andrieu et. al. [2] combine state space augmentation
with their kernel (1) to recover a wide variety of existing MCMC algorithms. The scheme
they consider involves introducing auxiliary random variables taking values in a space Z,
so that the augmented space has the form E = X ⊗ Z. The following result captures their
approach in the setting of Markov categories.

▶ Corollary 15. Let π : I → X , Q : X → Z, and P : X ⊗ Z → X ⊗ Z be morphisms in a
Markov category C, and denote:

µ

X Z
:=

π

Q

X Z

Q

P

X

X

:=Π

X

X

(12)

If P is µ-reversible, then Π is π-reversible.
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Proof. By defining

X

Q

X Z

X Z

X
:=R

X Z

X

:=R†

X Z

X

(13)

we have µ = R ◦ π and Π = R† ◦ P ◦ R. It is straightforward to check that R† is a
Bayesian inverse of R with respect to π, and so the result follows from Proposition 14, with
E = X ⊗ Z. ◀

▶ Example 16. When C = Stoch, and given an input x ∈ X , a sampling procedure for (12)
may be read off as follows:

Z ∼ Q(x, dz) (X ′, Z ′) ∼ P ((x, Z), (dx′,dz′)) return X ′.

When P is the kernel ΠMH defined in (1), this recovers the augmentation scheme from [2,
Algorithm 1]. In turn, by choosing Z and the involution ϕ in ΠMH appropriately, [2] show
this recovers a wide variety of existing MH-type algorithms used in practice (see Appendix B
for two well-known examples).

3 The first Metropolis term in CD categories

While Markov kernels are the ultimate object of interest in many computational statistics
applications, it is often useful to consider intermediate constructions involving kernels that
are not necessarily normalised. For example, to show reversibility of the MH kernel (1), the
authors of [2] initially consider just its first summand, i.e.

α(ξ) δϕ(ξ)(dξ′), (14)

which does not necessarily integrate to one. Later, they combine this with the second
summand to show reversibility of the full Markov kernel. We therefore move from Markov
categories to the more general setting of copy-discard (CD) categories [7], which permit the
consideration of unnormalised kernels like (14).

3.1 Recap: CD categories
CD categories are essentially just Markov categories without the requirement that (3) holds.
More formally:

▶ Definition 17 ([7]). A copy-discard (CD) category is a symmetric monoidal category
(C,⊗, I) where all objects are equipped commutative comonoid structure (copyX ,delX ) that
is suitably compatible with the monoidal structure (see Definition 71 in the Appendix).

▶ Example 18. Given measurable spaces X and Y , a kernel is a function K : X ×ΣY → [0,∞]
such that each x 7→ K(x,A) is a measurable function and each A 7→ K(x,A) is a measure. In
other words, a kernel is a Markov kernel that need not integrate to one. Measurable spaces
and kernels form a category Kern, with composition and identities defined analogously to
Stoch (Example 3). (Some care is required to show that composition in Kern is associative;
see Appendix D.1 for details.) However, Kern is not a CD category in an obvious way,
since Fubini’s theorem does not hold for general kernels, and so (4) no longer defines a

LICS 2026



32:10 A Categorical Account of the Metropolis–Hastings Algorithm

monoidal product in this setting [33, Section 1.2]. A solution is to consider s-finite kernels
instead [33] (see also Remark 72 for why σ-finiteness is not used). Recall that a kernel K is
s-finite if it can be written as a countable sum K =

∑∞
n=1 Ki where each kernel Kn satisfies

supx∈X Kn(x,Y) < ∞ [23, Page 56]. It is shown in [7, Example 7.2] that measurable spaces
and s-finite kernels form a CD category that we denote by sfKern, with its CD structure
defined analogously to Stoch (Example 3).

▶ Remark 19. The axiom (3) that distinguishes CD categories from Markov categories may
be regarded as a normalisation condition. For example, in sfKern, this condition holds for
K : X → Y if and only if K(x,Y) = 1 for all x ∈ X . Accordingly, in a general CD category,
we say that morphisms satisfying (3) are normalised.1 Given any CD category C, the objects
of C and its normalised morphisms form a Markov category that we call Cnrm [7, Section 7].

In a CD category, morphisms of the form w : X → I play a special role. Following [7,
Section 7], we refer to these morphisms as effects, and depict them in string diagrams as

w

X
▶ Example 20. Effects in sfKern correspond to nonnegative measurable functions [7,
Example 7.2]. Explicitly, since I ∼= {∗} is the singleton space (Example 18), a function
w : X × ΣI → [0,∞] is a kernel if and only if x 7→ w(x, I) is measurable. In what follows,
we will identify an effect with its corresponding measurable function to streamline notation
(so w(x, I) becomes simply w(x)).

Effects recover Radon–Nikodym derivatives from measure theory. This is made precise via
the following definition, which is a special case of the likelihoods considered by [7, Definition
8.1].

▶ Definition 21. Let C be a CD category, and let π, µ : I → X and r : X → I be morphisms
in C. We call r a Radon–Nikodym derivative of π with respect to µ and write r = dπ

dµ if

=
µ

r

X

π

X
(15)

▶ Example 22. Consider Definition 21 in the case of sfKern. The condition (15) holds if
and only if π(A) =

∫
A
r(x)µ(dx) for all measurable A ⊆ X . This says precisely that r is a

Radon–Nikodym derivative of π with respect to µ in the usual measure-theoretic sense.

▶ Remark 23. In Section 2, we gave definitions of determinism, invariance, and reversibility in
the setting of Markov categories. In what follows, we will import these concepts directly into
the setting of CD categories, noting that they continue to make sense without the assumption
that all morphisms are normalised. For example, when we speak of a deterministic morphism
in a CD category, we simply mean that the equation (5) holds.2 We will also import
Propositions 9 and 13, whose proofs do not require normalisation either.

1 [7, Definition 3.2] refers to such morphisms as causal.
2 [12] describes such a morphism as copyable, and defines “deterministic” to mean both copyable and

normalised.
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3.2 The first summand of Metropolis–Hastings
Recall that our overall goal is to understand when ΠMH defined in (1) is reversible with
respect to a given target measure µ. In the proof given by Andrieu et al. [2, Theorem
3], considerable effort is spent showing µ-reversibility of the first summand (14). Their
argument requires manipulating chains of integrals that do not necessarily shed light on the
key underlying structure at play.

CD categories allow us to reason about the summand (14) in a more conceptual way. In
string diagrams, this kernel may be written as follows:

α

E

ϕ

E

(16)

CD categories also admit the following extension of Proposition 9. Notice this requires
Radon–Nikodym derivatives (Definition 21), and so is not directly available in the Markov
category setting.

▶ Proposition 24. Suppose µ : I → E and ϕ : E → E are morphisms in a CD category C,
where ϕ is a deterministic involution. If a Radon–Nikodym derivative r = d(ϕ◦µ)

dµ exists, then

µ

ϕ
r

µ

=

E
E

ϕ

E
E

(17)

In other words, ϕ is µ-reversible “up to a correction factor of r”.

Proof. This follows by the same argument as in (9), but now using the Radon–Nikodym
derivative r in the third step. ◀

We can now give necessary and sufficient conditions for reversibility of the summand (14)
entirely in terms of string diagrams.

▶ Theorem 25. Suppose µ : I → E, ϕ : E → E, and α, r : E → I are morphisms in a CD
category C, where ϕ is a deterministic involution and r = d(ϕ◦µ)

dµ . Then (16) is µ-reversible
if and only if

µ

α =

E

µ

ϕ

r

E
α

(18)

LICS 2026
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Proof. By basic string diagram manipulations, (16) is µ-reversible if and only ϕ is reversible
with respect to the left-hand side of (18). By Proposition 9, this holds if and only if ϕ leaves
this morphism invariant, namely:

µ

α= ϕ

E

µ

α

E

(19)

By postcomposing both sides of (17) with α⊗ idE , Proposition 24 now shows that (19) is
equivalent to (18). ◀

4 Semiadditive CD categories

In the previous section, we considered the first summand of the Metropolis–Hastings kernel
(1). However, we did not have a way to reason about the full kernel ΠMH. One obvious
difficulty is that ΠMH is written as a sum of two morphisms, which is not something we can
express in a general CD category. It is also unclear how to express other concepts required
for Theorem 1, such as the rejection probability 1 − α(X ), or the decomposition of E into a
region S on which the target and its pushforward under ϕ are equivalent measures.

To proceed, we therefore consider a natural enrichment [24] of CD categories. Specifically,
we consider CD categories whose hom-sets C(X ,Y) are equipped with the structure of a
commutative monoid, which allows us to reason about “sums” of morphisms in an abstract
way. Enrichment over commutative monoids arises naturally in a range of categorical settings.
Previous work [18, 36] has used this enrichment to model summation of processes in classical
probabilistic and quantum settings. Related enrichments have also appeared in the context
of effectus theory, which considers enrichment over partial commutative monoids [8], as well
as in cartesian differential categories [4], which may be characterised as skew enriched over
commutative monoids [15]. In this work, we show that this simple enrichment captures a
surprising number of concepts from classical probability theory, allowing us to reason about
the full MH kernel and to give a self-contained reversibility proof that recovers Theorem 1 in
sfKern. The enrichment also interacts well with string diagrams, enabling intuitive graphical
reasoning (see Remark 28).

4.1 Basic definitions
Recall that a commutative monoid is a set M equipped with a commutative and associative
binary operation, and a distinguished unit element. In other words, a commutative monoid
is an abelian group without the requirement of inverses. Standard examples include (N,+, 0)
and (N,×, 1), the natural numbers under addition and multiplication respectively. A ho-
momorphism between commutative monoids M and M′ is a function φ : M → M′ that
preserves the binary operation and unit element. Commutative monoids and homomorphisms
together form a category called CMon.

▶ Definition 26. A CMon-enrichment of a category C is a choice of commutative monoid
structure (+, 0) for each hom-set C(X ,Y) that makes composition of morphisms bilinear as
follows:

P ◦ 0 = 0 P ◦ (Q+R) = P ◦Q+ P ◦R
0 ◦ P = 0 (Q+R) ◦ P = Q ◦ P +R ◦ P.

(20)
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When C has a monoidal product ⊗, we say that a CMon-enrichment is monoidal if the
monoidal product is also bilinear:

P ⊗ 0 = 0 P ⊗ (Q+R) = (P ⊗Q) + (P ⊗R)
0 ⊗ P = 0 (Q+R) ⊗ P = (Q⊗ P ) + (R⊗ P ).

(21)

Here the morphisms in (20) and (21) range over all choices that make the expressions
typecheck. Note also that we are using the same symbols + and 0 to denote the addition
operation and zero maps across different hom-sets.

We are especially interested in CMon-enrichments of CD categories. This leads to the
following definition.

▶ Definition 27. A CD category is semiadditive3 if it is equipped with a monoidal CMon-
enrichment.

We emphasise that for what follows, CMon-enrichment is the only additional structure
we will require beyond that of a vanilla CD category. In particular, all the definitions and
results below make sense without additional machinery beyond this.
▶ Remark 28. The combination of (20) and (21) has a useful interpretation in terms of
string diagrams. The conditions involving zero maps mean that zero maps annihilate string
diagrams: if any morphism of a string diagram is zero, then the entire diagram is also zero,
regardless of the other morphisms it contains. The remaining additivity conditions mean that
if we are given two string diagrams that are identical apart from one specific subdiagram,
then their sum can be computed by replacing that subdiagram with the sum of those two
subdiagrams. For example:

R

P

S
Q

Y Z

X

+
T

P

Q

Y Z

X

=

P

Q

Y Z

X

S

R
T+

U

Y

U

Y

U
U

U

where here the dashed boxes indicate the subdiagrams that differ. This provides a convenient
tool for reasoning about semiadditive CD categories that we will make use of below.

Categories of kernels (Example 18) admit natural enrichments over commutative monoids
as follows.

▶ Proposition 29. Let X and Y be measurable spaces, and define the zero kernel 0 : X → Y
and the sum P +Q : X → Y of kernels P,Q : X → Y respectively as follows:

0(x,dy) := 0
(P +Q)(x,dy) := P (x,dy) +Q(x,dy).

This constitutes a CMon-enrichment of Kern, and a monoidal CMon-enrichment of
sfKern (so in particular sfKern is semiadditive).

3 Note that our terminology does not imply the existence of biproducts, as is sometimes the case in the
literature.
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Proof. This follows straightforwardly by checking the commutative monoid axioms and the
compatibility conditions (20) and (21). The key point is that kernels take values in [0,∞],
which itself is a commutative monoid under addition. ◀

▶ Remark 30. Let C be a CD category. As observed by [12, Section 3.1], for any object X ,
the effects C(X , I) obtain an additional commutative monoid structure (∗, 1). Specifically,
the operation ∗ is defined for effects v, w : X → I as

X

v w

:=
v w

∗

X X

and the unit is given by the deletion map, which will write suggestively in what follows as

1 := delX : X → I. (22)

(Note that, as for + and 0 above, we do not denote the dependence of ∗ and 1 on X explicitly.)
In sfKern, the effect v ∗ w corresponds to the pointwise multiplication of the nonnegative
functions associated to v and w (Example 20).

When C is semiadditive, effects C(X , I) become a commutative semiring (i.e. a ring
without additive inverses): their “addition” structure is obtained from the CMon-enrichment
(+, 0), and their “multiplication” structure is obtained from (∗, 1) just defined. The semiring
axioms can be shown diagrammatically using Remark 28: for example, we obtain 0 ∗ w = 0
because zero maps annihilate general morphisms, and the distributive law w ∗ (v + u) =
(w ∗ v) + (w ∗ u) holds because

+=w

v u
+ w v uw

X
X X

▶ Remark 31. Also as noted by [12, Section 3.1], in a CD category C, the monoid of effects
C(X , I) acts on the hom-sets C(X ,Y). Specifically, given an effect w : X → I and a
morphism P : X → Y, we obtain a new morphism

w · P :=

Y

X

w

Y

X

P
(23)

For example, the first MH term (16) may be expressed in terms of this action as α · ϕ. In
the case of sfKern, it is straightforward to check that the morphism w ·K is kernel given by

(w · P )(x, dy) = w(x)P (x, dy),

and so we think of w · P as being given by P reweighted according to w on the input side.
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▶ Remark 32. It is a standard fact that a commutative monoid M admits a canonical preorder
(i.e. a reflexive and transitive relation) ≤ defined by a ≤ b if there exists c ∈ M such that
a+ c = b. This extends to the morphisms of every CMon-enriched category C accordingly.
It is also easy to check that this preorder is preserved by pre- and post-composition: if
P ≤ Q, then R ◦ P ◦ S ≤ R ◦Q ◦ S for all compatibly typed morphisms R and S. From the
perspective of enriched category theory, this means that every CMon-enriched category is
also enriched over the category of preorders.

When C is monoidally CMon-enriched, this preorder is also compatible with the monoidal
product: if P ≤ Q, then some basic manipulations show that R⊗ P ⊗ S ≤ R⊗Q⊗ S holds
for all morphisms R and S. It follows that the induced enrichment over preorders is also
monoidal in this case.
▶ Remark 33. For a small number of results below, we will consider CMon-enrichments
that satisfy certain additional compatibility conditions. For completeness, we give a list here
(which can be skipped on a first reading). We will say that:

C is zero-sum-free if P +Q = 0 implies P = Q = 0;
C is zero-monic if 1 ◦ P = 0 implies P = 0 (where recall from (22) that 1 = del);
C has no zero divisors if P ⊗Q = 0 implies P = 0 or Q = 0.

Note that the last two conditions need additional structure (e.g. a CD category) to make
sense. The zero-monic condition was previously introduced in the context of effectus theory
[8, Definition 31].

It is straightforward to check that being zero-sum-free is equivalent to 0 being a bottom
element with respect to the preorder from Remark 32. In other words, P ≤ 0 implies P = 0.
Some basic manipulations show that sfKern satisfies all three of these requirements, and
Kern satisfies the first two.

4.2 Substochasticity, probabilities, and convex combinations
Semiadditive CD categories admit the following abstract definition of substochastic kernels
and probabilities. Moreover, using the formalism from Remarks 30 and 32, this mirrors
notationally the usual definitions from classical probability theory.

▶ Definition 34. Let P : X → Y be a morphism in a semiadditive CD category C. Then P

is substochastic if it holds that

1 ◦ P ≤ 1, (24)

where recall that 1 = delY denotes the multiplicative unit in the commutative monoid of
effects (Remark 30). A probability is defined as a substochastic effect.

▶ Remark 35. Since idI = delI = 1 in a CD category (Definition 71), a probability is
equivalently an effect α : X → I with α ≤ 1. By Remark 32, this in turn means equivalently
that there exists some effect αc : X → I such that

α+ αc = 1.

Note that since + is commutative, αc is also a probability.

▶ Example 36. Recall from Example 20 that effects in sfKern correspond to nonnegative
measurable functions. Given P : X → Y in sfKern, it is straightforward to check that
the effect 1 ◦ P corresponds to the measurable function x 7→ P (x,Y), and that 1 ◦ P ≤ 1
if and only if P (x,Y) ≤ 1 holds for all x ∈ X . In this way we recover the usual notion
of a substochastic kernel. Likewise, a probability α : X → I in sfKern corresponds to a
measurable function X → [0, 1], as the name suggests.
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▶ Remark 37. Using probabilities, we can express convex combinations of morphisms in a
semiadditive CD category. Specifically, given a probability α : X → I, we may regard the
morphism α · P + αc · Q as an abstract convex combination of P,Q : X → Y, where the
action · is defined in (23). In string diagrams, this may be written as

+α αc

Y

X X

Y

P Q
(25)

Intuitively, here P is weighted by α, while Q is weighted by αc. In sfKern, by Remark 31,
this corresponds to the kernel

α(x)P (x, dy) + (1 − α(x)) Q(x,dy), (26)

which recovers the usual notion of convex combinations of kernels.
Before proceeding we note the following structural result that will be useful for us below.

▶ Proposition 38. Let C be a semiadditive CD category. Then the objects and substochastic
morphisms of C form a CD category, with its CD category structure inherited from C.

Proof. We first show substochasticity is preserved by composition. Let P : X → Y and
Q : Y → Z be substochastic. Hence 1 ◦Q ≤ 1, and so precomposing both sides by P gives

1 ◦Q ◦ P ≤ 1 ◦ P ≤ 1

by Remark 32, where we use substochasticity of P in the second step. A similar argument
(also using Remark 32) shows that substochastic morphisms are closed under monoidal
products also.

Next, observe that every normalised (Remark 19) morphism R : X → Y (see [7, Defini-
tion 2.3]) in C by definition satisfies 1 ◦R = 1 (since recall we defined 1 = del in Remark 30).
Since ≤ is reflexive, every normalised morphism R is therefore substochastic. It is also
standard to show that the structure morphisms of a CD category are all normalised, i.e.,
identities, copy and delete maps, and the symmetric monoidal structure maps [7, Section 7].
In this way, the required CD category structure is inherited from C. ◀

4.2.1 Aside: connection with distributive Markov categories
Statisticians are trained automatically to associate a convex combination like (26) with a
sampling procedure as follows:

B ∼ flip(α(x)) Y ∼ P (x, dy) Y ′ ∼ Q(x, dy) return Y if B = 1 else Y ′ (27)

Here flip(a) denotes a Bernoulli distribution (i.e. a coin toss) with success probability a.
However, while this makes sense in sfKern, it is not clear how to interpret (27) semantically
inside a general semiadditive CD category, since in general these do not supply morphisms
corresponding to flip or the “if-else” term here.

On the other hand, [1, Definition 2] recently introduced distributive Markov categories,
which are Markov categories equipped with coproducts that distribute over the monoidal
product (see Appendix D.2), and which do provide such morphisms in a canonical way.
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However, since effects in Markov categories are always trivial, distributive Markov categories
in general do not supply morphisms corresponding to individual probability values such as
α : X → I. In turn, this means they cannot be used to interpret convex combinations like
(26) directly.

For our goal of proving Theorem 1, it is sufficient to work entirely in semiadditive CD
categories, as we do below. However, for general probability theory, it seems useful to have a
setting that supports both these perspectives. This is provided by the following result, which
we prove in Appendix D.2.

▶ Proposition 39. Let C be a semiadditive CD category with an initial object and binary
coproducts whose inclusions are normalised and deterministic. Then these coproducts equip
Cnrm (Remark 19) with the structure of a distributive Markov category.

4.3 Cancellative and finite morphisms
In this subsection we build up to the definition of a finitely cancellative CD category
(Definition 46), which we require for the converse part of Theorem 52 below. To begin, it is
often useful to know that a commutative monoid M is cancellative. This property says that
if P + Q = P + R holds in M, then also Q = R. Unfortunately, due to the possibility of
obtaining infinite mass, kernels are not cancellative in general. For example, if P (x,A) = ∞
for all x and A, then P + Q = P for any Q. This motivates the following elementwise
definition instead:

▶ Definition 40. Let P : X → Y be a morphism in a category C equipped with a CMon-
enrichment. We say that P is cancellative if for all Q,R : X → Y such that P +Q = P +R,
it holds that Q = R.

Note that we define this purely in terms of a CMon-enrichment (not a CD structure). It
therefore applies to the category Kern (Example 18) as well as to sfKern.

The following basic result holds for cancellative morphisms in any CMon-enriched
category.

▶ Proposition 41. Let P,Q : X → Y be morphisms in a CMon-enriched category C. If
P ≤ Q and Q is cancellative, then so is P .

Proof. By assumption, there is some R : X → Y such that P + R = Q. If we have
P + S = P + T for some S, T : X → Y, then

Q+ S = (P +R) + S = (P +R) + T = Q+ T,

and so S = T by cancellativity of Q. ◀

For kernels, cancellativity recovers the notion of σ-finiteness. Recall that a measure µ on
a measurable space X is σ-finite if there exists disjoint measurable A1, A2, . . . ⊆ X such that
X =

⋃∞
n=1 An and each µ(An) < ∞. The following result is proven in Appendix D.3.

▶ Proposition 42. Let K : X → Y be a kernel (i.e. a morphism in Kern). If K is pointwise
σ-finite (i.e. each K(x,dy) is σ-finite), then K is cancellative. The converse holds if all
singleton subsets of X are measurable.

The following basic result would be tedious to show in terms of σ-finiteness, but is
straightforward in terms of cancellativity.
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▶ Proposition 43. Cancellative morphisms in a CMon-enriched category are preserved
under composition with isomorphisms.
Proof. Let P : X → Y be cancellative, and let φ : W → X and ψ : Y → Z be isomorphisms.
Suppose Q,R : W → Z satisfy

ψ ◦ P ◦ φ+Q = ψ ◦ P ◦ φ+R.

Bilinearity of composition (Definition 26) implies that

P + ψ−1 ◦Q ◦ φ−1 = P + ψ−1 ◦R ◦ φ−1,

and hence ψ−1 ◦Q ◦φ−1 = ψ−1 ◦R ◦φ−1 by cancellativity of P . Applying ψ and φ on either
side then gives Q = R. ◀

A closely related notion to cancellativity is finiteness. Our terminology here is motivated
by the case of kernels (see Proposition 45 below, proven in Appendix D.3.2).
▶ Definition 44. A morphism P : X → Y in a semiadditive CD category C is finite if the
effect 1 ◦ P is cancellative.
▶ Proposition 45. Let P : X → Y be a kernel (i.e. a morphism in Kern). Then P is finite
if and only if P (x,Y) < ∞ for all x ∈ X .

In Kern (and hence sfKern), it is clear that finiteness implies cancellativity (i.e. σ-
finiteness) by Proposition 42. It is therefore natural to ask whether this relationship holds
generally. We conjecture that it does not always hold, and so introduce the following definition
to capture the cases where it does.
▶ Definition 46. A semiadditive CD category C is finitely cancellative if all finite morphisms
in C are cancellative.

Finiteness interacts with substochasticity in a natural way, as the following result shows.
▶ Proposition 47. Let P : X → Y and Q : Y → Z be morphisms in a semiadditive CD
category C. If P is finite and Q is substochastic, then Q ◦ P is finite.
Proof. By substochasticity of Q and Remark 32, we have 1 ◦Q ◦P ≤ 1 ◦P . Since P is finite,
the right-hand side is cancellative. By Proposition 41, the left-hand side is also cancellative,
so Q ◦ P is finite. ◀

▶ Remark 48. Let µ : I → X and P,Q : X → Y be morphisms in a CD category C.
Following [7, Definition 5.1], we will say that P = Q µ-almost everywhere if

µ

P =

µ

Q

X Y X Y

(28)

Notice that this equation makes sense in any CD category. However, [7] consider this
specifically in the context of Markov categories (or affine CD categories in their terminology).
One of their reasons for this is that, in sfKern, the condition (28) does not necessarily imply
(for example) that

P (x,A) = Q(x,A) for µ-almost all x ∈ X , (29)

since pathologies can arise if µ is infinite. However, (29) does follow from (28) if µ is σ-finite.
Accordingly, we will allow ourselves to consider the equation in full generality, knowing we
can recover the expected meaning in sfKern by restricting to a cancellative µ.
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4.4 The full MH kernel
Semiadditive CD categories allow us to reason about the full MH kernel ΠMH from (1),
rather than just its first term. For this, simply observe that ΠMH is a convex combination of
two kernels: one that applies the involution ϕ, and the identity kernel that leaves the input
unchanged. Accordingly, suppose ϕ : E → E is a deterministic involution and α : E → I is a
probability in a semiadditive CD category C. The following morphism in C then constitutes
an abstract version of ΠMH:

PMH := α · ϕ+ αc · idE .

In string diagrams, this is as follows:

+α ϕ

E

E

αc

E

E

:=PMH

E

E

(30)

▶ Example 49. Take C := sfKern, and suppose ϕ is obtained by lifting an involutive
measurable function to a deterministic kernel δϕ(ξ)(dξ′) as in (6), where δ is the Dirac delta.
Likewise, the identity idE in sfKern becomes the kernel δξ(dξ′). By Remark 37, we may
therefore write

PMH(ξ,dξ′) = α(ξ) δϕ(ξ)(dξ′) + (1 − α(ξ)) δξ(dξ′),

which recovers the original MH kernel (1) exactly.

We want to give conditions for our abstract MH kernel PMH to be reversible. For this
we require the following two results, which relate reversibility of a sum to reversibility of its
summands.

▶ Proposition 50. Let µ : I → X and P,Q : X → X be morphisms in a semiadditive CD
category C. If P and Q and are µ-reversible, then so is P +Q.

Proof. If P and Q are µ-reversible, then

=

µ

P + Q

X X

µ

P

X X

µ

Q

X X

+ =

µ

P

X X

µ

Q

X X

+ =

µ

P + Q

X X

(31)

The first and third steps use Remark 28, and the second uses reversibility of P and Q. ◀

▶ Proposition 51. Let µ : I → X and P,Q : X → X be morphisms in a finitely cancellative
semiadditive CD category C, where µ is finite and Q is substochastic. If P +Q and Q are
both µ-reversible, then so is P .
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Proof. Suppose P +Q and Q are µ-reversible. Then similar to (31), we have

µ

X X

=

µ

P + Q

X X

P + Q

µ

P

X X

µ

Q

X X

+ =

=

µ

P

X X

µ

Q

X X

+

µ

P

X X

µ

Q

X X

+=

where we use reversibility of P + Q in the first step, and reversibility of Q in the second.
But now the summand involving Q is a composition of a finite morphism (namely µ) and
a substochastic morphism (using Proposition 38), and is therefore finite by Proposition 47.
Since C is finitely cancellative, we may cancel this summand on both sides to obtain
reversibility of P . ◀

We can now give necessary and sufficient conditions for reversibility of the full MH kernel
PMH from (30) in a finitely cancellative semiadditive CD category.

▶ Theorem 52. Let C be a finitely cancellative semiadditive CD category, and suppose
µ : I → E is finite
ϕ : E → E is a deterministic involution
α : E → I is a probability
r = d(ϕ◦µ)

dµ is a Radon–Nikodym derivative.
Then PMH defined in (30) is µ-reversible if and only if the following “balancing condition”
holds:

α = (α ◦ ϕ) ∗ r µ-almost everywhere. (32)

Proof. By the definition of ∗ (Remark 30) and µ-almost everywhere (Remark 48), the
balancing condition (32) becomes precisely (18). From Theorem 25, it follows that the first
summand α ·ϕ of PMH is µ-reversible if and only if the balancing condition holds. The second
summand αc · idE is always µ-reversible, as can be seen from inspection of its string diagram
in (30). By Proposition 38, it is also substochastic, since αc is a probability (Remark 35).
The result now follows by Propositions 50 and 51. ◀

Instantiating this result in sfKern now yields the following:

▶ Corollary 53. Suppose µ is a finite measure on a measurable space E, and ϕ : E → E is a
measurable involution such the pushforward measure µϕ is absolutely continuous with respect
to µ. Then the MH kernel ΠMH defined in (1) is µ-reversible if and only if

α(ξ) = α(ϕ(ξ)) r(ξ) for µ-almost all ξ ∈ E, (33)

where r := dµϕ

dµ denotes the Radon–Nikodym derivative.
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Proof. We apply Theorem 52 with C := sfKern. In this setting µ becomes an finite measure
on a measurable space E (Proposition 45), and µ-reversibility corresponds to the usual
measure-theoretic notion of reversibility (Example 7). Any choice of involutive measurable
function ϕ : E → E lifts to become a determinsitic involutive kernel, and α and r correspond
to measurable functions E → [0, 1] and E → [0,∞] respectively (Examples 36 and 20). The
condition r = d(ϕ◦µ)

dµ says that r is a Radon–Nikodym derivative in the usual measure-
theoretic sense (Example 22). The morphism PMH becomes ΠMH (Example 49), while the
balancing condition becomes (33) (Remarks 30 and 48), which gives the result. ◀

Corollary 53 fully recovers Theorem 1 in the case that µ and µϕ are both absolutely
continuous with respect to each other (which ensures the Radon–Nikodym derivative r exists).
It also supplies a converse statement, which was not given in [2]. In Section 4.5 below, we
show how we may also reason about absolute continuity within semiadditive CD categories,
thereby recovering the rest of Theorem 1 as well.

4.4.1 Extension to skew-reversibility
We can combine Theorem 52 with our earlier Proposition 13 (see also Remark 23) to obtain
necessary and sufficient conditions for the more complex property of skew-reversibility
(Section 2.3). Consider the morphism s ◦ PMH obtained by postcomposing our MH kernel
with an involution s : E → E . From bilinearity of composition, we have

s ◦ PMH = s ◦ (α · ϕ+ αc · idE) = α · (s ◦ ϕ) + αc · (s ◦ idE),

where the second step is easy to check using string diagrams. In the context of sfKern, this
recovers the following MH-like kernel considered by [2, Section 4]:

ΠsMH(ξ,dξ′) := α(ξ) δs(ϕ(ξ))(dξ′) + (1 − α(ξ)) δs(ξ)(dξ′). (34)

When s is µ-invariant, Proposition 13 implies that PMH is (µ, s)-reversible if and only if PMH
is µ-reversible. Together with Theorem 52, this gives directly the following:

▶ Corollary 54. Given the setup of Corollary 53, suppose we also have a measurable involution
s : E → E that is µ-invariant. Then ΠsMH is (µ, s)-reversible if and only if the balancing
condition (33) holds.

Combined with our results on absolute continuity in Section 4.5 below, this gives a more
streamlined and more general version of [2, Proposition 3(c)], which gives sufficient conditions
for ΠsMH to be reversible but does not supply a converse statement.

4.5 Absolute continuity
From Remark 32, the hom-sets of a CMon-enriched category C admit a preorder ≤. They
also admit a separate preorder related to absolute continuity. Recall that a measure ν is
absolutely continuous with respect to another measure µ if µ(A) = 0 implies ν(A) = 0.
Intuitively, this says that ν assigns mass only to regions where µ does. When both are
absolutely continuous with respect to each other, they are said to be equivalent. The following
extends these ideas to arbitrary morphisms in a CMon-enriched category.

▶ Definition 55. Let P,Q : X → Y be morphisms in a CMon-enriched category C. We
write P ≪ Q if for all compatible morphisms R and S in C we have

S ◦Q ◦R = 0 =⇒ S ◦ P ◦R = 0. (35)

We write P ≡ Q if both P ≪ Q and Q ≪ P hold.
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Note that this does not require a CD structure: only a CMon-enrichment. In particular,
we can ask what happens when C = Kern (Example 18). This is answered by the following
result, proven in Section D.4.1 of the Appendix.

▶ Proposition 56. Let P,Q : X → Y be kernels (i.e. morphisms in Kern). Then P ≪ Q

if and only if P (x,dy) is absolutely continuous with respect to Q(x,dy) for all x ∈ X .
Accordingly, P ≡ Q if and only if P (x,dy) and Q(x,dy) are equivalent as measures for all
x ∈ X .

It is straightforward to check that ≪ is reflexive and transitive and is therefore a preorder.
As for ≤ in Remark 32, it also induces an enrichment of C over preorders, as the following
result shows. We omit the proof, which is immediate from Definition 55.

▶ Proposition 57. ≪ is preserved by pre- and post-composition.

The next two results establish basic facts about the preorder ≪. Proposition 58 shows
that it has 0 as the unique bottom element, and Proposition 59 shows it is a less informative
preorder than ≤ in many cases of interest.

▶ Proposition 58. It holds that 0 ≪ P for every morphism P . Also, if P ≪ 0, then P = 0.

Proof. We have directly from (20) that S ◦ 0 ◦R = 0 for all compatible morphisms R and S.
This immediately gives the first claim. If P ≪ 0, then also S ◦ P ◦R = 0 for all compatible
R and S. Taking R and S to be identities shows P = 0, which gives the second claim. ◀

▶ Proposition 59. Let C be a CMon-enriched category. If C is zero-sum-free (Remark 33),
then P ≤ Q implies P ≪ Q.

Proof. Suppose P ≤ Q, and S ◦Q ◦R = 0. Then S ◦ P ◦R ≤ S ◦Q ◦R by Remark 32, and
so S ◦ P ◦R = 0 since C is zero-sum-free. ◀

A distinct notion of absolute continuity was previously introduced by [13, Definition
2.2.1] for Markov categories. Their definition applies to morphisms with potentially different
domains: given P : X → Y and Q : Z → Y, they say that P is absolutely continuous with
respect to Q if Q-almost sure equality implies P -almost sure equality (where their notion
of almost sure equality is an extension of (28); see [13, Definition 2.1.1]). In Stoch, this
becomes:

Q(z,A) = 0 for all z ∈ Z =⇒ P (x,A) = 0 for all x ∈ X .

Note that this is not a “pointwise” condition, even when X = Z, and as such is generally
distinct from the concept we consider (cf. Proposition 56 above). However, when X = Z = I,
the following result shows that their notion implies ours under mild assumptions on C. See
Section D.4.2 of the Appendix for the proof.

▶ Proposition 60. Let C be a semiadditive CD category that is zero-monic and has no
zero divisors (Remark 33). If µ, ν : I → X are morphisms in C such that ν is absolutely
continuous with respect to µ in the sense of [13, Definition 2.2.1], then ν ≪ µ in our sense.

4.6 Lebesgue decompositions
A fundamental concept in measure theory is the notion of a Lebesgue decomposition. Given
measures ν and µ on the same measurable space, recall that a Lebesgue decomposition of
ν with respect to µ is an expression of the form ν = νac + νs, where νac is a measure that
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is absolutely continuous with respect to µ, and νs is another measure that is singular with
respect to µ. Here singular means there exists a measurable set S such that νs(S) = 0
and µ(Sc) = 0. Intuitively, νs and µ assign mass to disjoint regions of the space. It is
a classical result that a Lebesgue decomposition always exists whenever ν and µ are σ-
finite [20, Section 32]. We now establish an abstract version of this concept in the setting of
CMon-enriched categories.

▶ Definition 61. Let C be a CMon-enriched category. A meet of morphisms P,Q : X → Y
in C is a greatest lower bound of P and Q with respect to the preorder ≪.

Meets do not need always need to exist. Moreover, when they do, they are usually not
unique, since ≪ is only a preorder.

▶ Proposition 62. Meets are preserved by pre- and post-composition with isomorphisms.

Proof. Suppose R is a meet of P and Q. Given compatible isomorphisms φ and ψ, Proposi-
tion 57 immediately gives that ψ ◦R ◦ φ is a lower bound of ψ ◦ P ◦ φ and ψ ◦Q ◦ φ with
respect to ≪. Now suppose that S is some other lower bound. Then ψ−1 ◦S ◦φ−1 is a lower
bound of P and Q, and so ψ−1 ◦ S ◦ φ−1 ≪ R. Proposition 57 then gives S ≪ ψ ◦R ◦ φ as
required. ◀

Meets allow us to capture the notion of singular measures abstractly via the following
definition. Proposition 64 then shows that this recovers the usual measure-theoretic notion
of singularity in the case of kernels (see Section D.4.3 of the Appendix for the proof).

▶ Definition 63. Given morphisms P,Q : X → Y in a CMon-enriched category C, we write
P ⊥ Q if 0 is a meet of P and Q.

▶ Proposition 64. Suppose P,Q : X → Y are kernels (i.e. morphisms in Kern). If P (x, dy)
and Q(x,dy) are singular for all x ∈ X , then P ⊥ Q. The converse also holds when all
singleton subsets of X are measurable, and P and Q are pointwise σ-finite.

The following result shows that ⊥ and ≪ interact as measure-theoretic intuitions (in
terms of “assigning mass”) would suggest.

▶ Proposition 65. If P ≪ Q and Q ⊥ R, then P ⊥ R.

Proof. If we have S with S ≪ P and S ≪ R, then S ≪ Q also, and so S = 0 since 0 is a
meet of Q and R. ◀

The preceding definitions now allow us to give an abstract version of the notion of a
Lebesgue decomposition in a CMon-enriched category as follows.

▶ Definition 66. Let P,Q : X → Y be morphisms in a CMon-enriched category C. A
Q-decomposition of P is a pair of morphisms Pac, Ps : X → Y such that

P = Pac + Ps,
Pac is a meet of P and Q,
Ps ⊥ Q.

The following result shows that this definition recovers the classical notion of a Lebesgue
decomposition in the case of kernels. See Section D.4.4 of the Appendix for the proof.

▶ Proposition 67. Suppose P,Q, Pac, Ps : X → Y are kernels (i.e. morphisms in Kern). If
P (x,dy) = Pac(x,dy) + Ps(x,dy) is a Lebesgue decomposition with respect to Q(x,dy) for
all x ∈ X , then (Pac, Ps) is a Q-decomposition of P . The converse holds when all singleton
subsets of X are measurable, and Pac and Ps are pointwise σ-finite.

LICS 2026



32:24 A Categorical Account of the Metropolis–Hastings Algorithm

4.6.1 Completing Theorem 1
We now wish to complete the proof of Theorem 1 using the tools developed above. It remains
to show the first part of this result, which involves a decomposition of the target measure
µ according to an involution ϕ. Lebesgue decompositions capture this abstractly via the
following result.

▶ Theorem 68. Let C be a zero-sum-free CMon-enriched category. Let P : X → Y
and ϕ : Y → Y be morphisms in C, where ϕ is an involution, and suppose (Pac, Ps) is a
(ϕ ◦ P )-decomposition of P . Then we have both of the following:
(1) Pac ≡ ϕ ◦ Pac
(2) Ps ⊥ ϕ ◦ Ps

Proof. (1) By Proposition 62, ϕ ◦ Pac is a meet of ϕ ◦ P and P = ϕ ◦ ϕ ◦ P . Since (Pac, Ps)
is a (ϕ ◦ P )-decomposition, we also have Pac ≪ ϕ ◦ P (by definition) and Pac ≪ P (by
Proposition 59, since Pac ≤ P ). The meet property then implies Pac ≪ ϕ ◦ Pac, which
establishes one direction of (1). The other direction follows from Proposition 57, which gives

ϕ ◦ Pac ≪ ϕ ◦ ϕ ◦ Pac = Pac

and hence ϕ ◦ Pac ≡ Pac as required.
(2) Suppose R ≪ Ps and R ≪ ϕ ◦ Ps. Since Ps ≤ P , we have Ps ≪ P and hence

ϕ ◦ Ps ≪ ϕ ◦ P by Propositions 59 and 57 respectively. It follows that R ≪ ϕ ◦ P . But now
since 0 is a meet of Ps and ϕ ◦ P , we therefore have R ≪ 0 as required. ◀

Instantiating this result in sfKern now gives the remaining part of Theorem 1:

▶ Corollary 69. Suppose µ is a σ-finite measure on E, and ϕ : E → E is a measurable
involution. Then there exists a measurable S ⊆ E such that the restriction µ|S and its
pushforward µ|ϕS are equivalent, and µ|Sc and its pushforward µ|ϕSc are singular.

Proof. Since µ and µϕ are both σ-finite measures, there exists a µϕ-decomposition µ =
µac + µs [20, Section 32, Theorem C]. Regarding these as morphisms in sfKern, Theorem 68
gives µac ≡ µϕ

ac and µs ⊥ µϕ
s , and Proposition 65 gives µac ⊥ µs. This shows µac and µϕ

ac are
equivalent (Proposition 56) and µs and µϕ

s are singular (Proposition 64). Similarly, µac and
µs are singular, which by definition just says there is a measurable S ⊆ E with µac(Sc) = 0
and µs(S) = 0, and hence µac = µ|S and µs = µ|Sc as required. ◀

5 Conclusion and future work

In this work we developed an enrichment of CD categories over commutative monoids,
providing a minimal setting for reasoning about sums of morphisms, and used it to study the
involutive MH framework of [2]. This gave a purely algebraic derivation of their “balancing
condition” in Theorem 1, together with a converse result and an immediate extension to the
skew-reversible setting.

An interesting direction for future work is to give general conditions under which Lebesgue
decompositions exist in this setting, rather than only isolating the properties that such
decompositions ought to satisfy. This appears to require a suitable version of the Radon–
Nikodym theorem, which we conjecture may be attainable by assuming that the preorder ≤
induced by the enrichment is complete. We also expect that making this precise will involve
an explicit notion of predicates, suggesting an interesting connection with effectus theory [8],
which we leave to future work.
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