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—— Abstract
We establish a connection between two results in the literature on probabilistic semantics: a
formulation of De Finetti’s theorem in the language of category theory due to Jacobs and Staton,
and the generic construction of the free exponential of Linear Logic by Melliés et al, that has
been instantiated in the model of probabilistic coherence spaces by Crubillé et al. The structural
proximity of these two constructions is manifest, but making this connection formal requires technical
developements on the relationship between the category of stochastic kernels and the category of
integrable cones, two well-known categories in probabilistic semantics. We then use this connection
to give a characterisation of the total elements of the probabilistic coherence space !Bool.
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Introduction

There have been (at least) two different approaches pursued very actively in recent years to mix
probability theory and category theory. The first one, around ideas from synthetic probability
theory, Markov categories... [2, 13, ...] looks at how to abstract the laws of probability
theory at the level of categories, with the goal of understanding probabilistic phenomena in
a more structural way. A standard endeavour here is to start with a concrete category that
arises from probability theory — such as the category of finite sets and stochastic matrices,
or the category Stoch of measurable spaces and stochastic kernels, to express a standard
theorem of probability theory using categorical language: functors, limits, adjunctions. . .,
and then to try to prove it abstractly in a category where the requirements from synthetic
probability theory hold, e.g. a Markov category.

The other approach has emerged from the field of programming languages semantics,
with the aim of finding categories that would be good models for programming languages
with probabilistic primitives, e.g. discrete or continuous probabilistic sampling, or Bayesian
reasoning. The main problem here is to make the structure needed to interpret probabilistic
primitives coexist with the other structural constraints of a model for a programming language:
cartesian closure for higher-order languages such as the simply typed lambda-calculus,
monoidal closure plus a well-behaved comonad for models of linear logic. .. Unfortunately,
the categories that appear naturally from probability theory (e.g. Stoch) are not cartesian
or monoidal closed, which has driven the construction of more involved categories as models
of higher-order probabilistic computation [19, 28, 8, ...].

In the present work, we are interested in how both these approaches deal with the notion
of exchangeability. On the one hand, several works in synthetic probability theory have
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developed categorical understandings of De Finetti’s theorem, a foundational result that
characterises the exchangeable infinite sequences of random variables on some measurable
space X. Here exchangeable means that the distribution of the sequence is invariant under
permutations of finite prefixes. An infinite list of independent, identically distributed random
variables (noted i.i.d.-sequence in the following) is obviously exchangeable. De Finetti’s
theorem says that, under some conditions on X, every infinite exchangeable list of X-valued
random variables can be written as a (unique) mizture of i.i.d.-sequences.!

On the other hand, exchangeability also appears as a crucial requirement for the expo-
nential comonad ! of Linear Logic, that represents data types that can be copied as many
times as necessary. These requirements imply indeed that for every A, !A is a commutative
comonoid, and this commutativity implies that !A should be understood as a exchangeable
infinite list of copies of A. In a symmetric monoidal closed category C taking !A to be the
free commutative comonoid over A, assuming that it exists for all A, automatically gives a
model of (multiplicative, intuitionnistic) Linear Logic: this class of models is called Lafont
models. In [24], a generic construction of the free exponential comonad of Linear Logic on a
monoidal category is developed as a way of unifying the construction done in several existing
concrete Lafont models of Linear Logic. An example of this construction, as proved in [3], is
the model called probabilistic coherence spaces (PCoh), a fully abstract [9] model of discrete
probabilistic PCF.

In the present paper, we build a close connection between the free exponential construction
of Lafont models, and the categorical formulations of De Finetti’s theorem [20, 25, 14]. To
do this, we take as ambient category the category of integrable cones, introduced by Ehrhard
and Geoffroy [8] as a model of continuous probabilistic PCF, and in which both Stoch and
PCoh can be embedded. The free exponential construction and the De Finetti construction
are structurally very similar, but connecting them formally requires taking a close look at
the relationship between Stoch and ICones: that constitutes the technical core of our work.
In the last part of our paper, we present an application of this connection to characterise the
total elements of !Bool — where Bool is the interpretation in PCoh of the Boolean type —
using the probability measures on the [0, 1] interval.

1  Exchangeability in monoidal categories

1.1 Categorical De Finetti theorems

Let us note as usual G for the Giry monad over the category Meas of measurable spaces, thus
GX is the set of probability distributions over X equipped with a structure of measurable
space. Under suitable conditions on X, De Finetti’s theorem says that if s is an exchangeable
sequence of X-valued random variables, then there exists a unique probability measure
1 € GGX such that the law of s—which is a probability measure on X“ the infinite product
of copies of X—is the mizture along u(da) of the law of i.i.d sequences, each of law o € GX.
Seen as a probabilistic process, it is the probability distribution of the sequence of elements
of X obtained by first sampling from p an element a@ € GX, and then sampling infinitely
often an element of X into the probability distribution a@ € Gz. Let’s look for instance at

! De Finetti did not prove the modern form of De Finetti’s theorem, since he did not accept the Kolmogorov
axiomatisation of probability theory—see for instance [1, 12]. But this theorem is named after him
because he proposed taking exchangeable sequences of Boolean random variables—definable in discrete
probability theory, where there was no controversy on the formalism—as a foundation for probability
theory on the continuous interval [0, 1].
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X =2:={0,1}: this result means that the probability measures on {0,1}* that verify the
exchangeability requirement are in bijection with the set of Bernoulli distributions, that may
be identified to the [0, 1] interval.

Jacobs and Staton presented in [20] a categorical De Finetti’s theorem. Their setting is
the category Stoch, where the objects are measurable spaces, and the morphisms are the
stochastic kernels; Stoch can be described as the Kleisli category of the Giry monad on
Meas, and the cartesian product on Meas gives rise to a symmetric monoidal product in
Stoch. Their formulation is based on the construction of a chain in Stoch, that they call
the draw-and-delete chain. For any measurable space X, the objects in this chain are the
M, (X)) — the spaces of multisets on X of size exactly n — that represent urns containing
n elements. The morphisms are the DD,, : M,, (X) — M,,_; (X) obtained by drawing at
random an element in the urn, and then removing it from the urn.

From a categorical point of view, this chain can also be built from the more primitive
discard chain, whose objects are the X®", and where the discard morphism d,, : X®n+1 —
X©®" arises from the fact that 1 is also the terminal object. We can then obtain the draw-
and-delete chain by observing that the M,, (X) are the equalisers of the symmetries on X®"
and lifting the discard chain to the level of equalisers.?

symm symm
) xe ) ¢ Ix®2 ()
€
Tedo pp, Tedh pp Tedz pp,

1 Mi(X) ——— My (X) +— =

The law of an exchangeable infinite sequence of random variables on X can then be seen
as a cone from 1 to the draw-and-delete chain: the morphism 1 — M,, (X) is the law of
the n first random variables of the sequence. The fact that the targets are the equalisers
of the symmetries corresponds to the exchangeability requirement. The formulation of De
Finetti’s theorem proposed by [20] is that GX should be the limit of the draw-and-delete
chain. In particular, the universal property applies to cones from 1, thus those arising from
exchangeable sequences of X-valued random variables, which corresponds to the usual De
Finetti theorem.

A less stratified formalisation of De Finetti’s theorem [25, 14] has also been proposed by
Perrone et al. This version requires the existence of the infinite product X“, axiomatised
categorically as the limit of the discard chain. Then instead of looking at the equalisers of
symmetries at each layer, Perrone et al’s formulation of De Finetti’s theorem is that GX
should be the equaliser of all finitely supported symmetries on X*:

finite symm

¢

G ——— X¥

While X% can always be defined as the infinite Cartesian product in Meas, its limit
characterisation in Stoch is a consequence of Kolmogorov’s extension theorem that does
not hold in general for measurable spaces—but holds for all standard Borel spaces, i.e. Polish
spaces equipped with their Borel o-algebra. This formalisation of De Finetti’s theorem has
been shown in [14] in the general setting of a Markov category with a number of additional
requirements, that hold in particular for the category SBS of standard Borel spaces.

2 In our diagrams, we will systematically omit the canonical isomorphism X = X ® 1.
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1.2 The free exponential layered construction

Starting from a symmetric monoidal category C, there are several possible axiomatisations
for C to be able to model the exponential modality of Linear Logic, thus to be a model
of (Intuitionistic) Linear Logic — see [23] for a survey on this. The most demanding one,
proposed by Lafont, consists in requiring the existence of the free commutative comonoid
generated by A-noted !A—for every object A of the category. When it is the case, ! can be
extended into a comonad that verifies all requirements for a categorical model of Linear
Logic. A layered construction is given in [24] for the free exponential modality, that applies
to many—but not all- known Lafont models of linear logic. Firstly, it asks for the existence,
for every A, of the free copointed object (Ao, w : Ae — 1) over 1 generated by A, where 1 is
the monoidal unit. Secondly, it requires the existence of the equalisers of the symmetries on
A,®" for every n. This leads to the approzimations chain:

symm Symim
1 w (A? Ae Qw i(@?A??‘xw“.
Tedo 1Ted; 1€ds
1 AST AS?

As proved in [24], the limit of this chain—when it exists, and when moreover both the
equalisers of symmetries and the chain limit commute with the tensor product—is the free
commutative comonoid generated by A, and thus gives a Lafont model of Linear Logic. It has
been proved in [3] by this method that the exponential modality of probabilistic coherence
spaces is indeed the free one.

1.3 Our contributions in the present paper

From a formal point of view, there is a striking similarity between the draw-and-delete chain

from Section 1.1 and the approximations chain of Section 1.2, that reflects the fact that the

question of exchangeability — and how to manage symmetries between different copies of a

resource — is fundamental in Linear Logic semantics. Technically, the only difference between

the two chain constructions is that 1 is not required to be the terminal object in the free
exponential construction from [24], and accordingly X®" in the draw-and-delete chain is
replaced by X,%" in the construction of the approximations chain.

A natural place to explore this connection is the category of integrable cones (ICones) [8]
because both the category of stochastic kernels and the category of probabilistic coherent
spaces can be faithfully embedded there. Let’s write [-]5®® and [-]¥©°™ for those respective
embeddings. We can sum up the main contributions of our work as:

1. We show that for every standard Borel space X, GX is the free commutative comonoid
generated by X in the category Stoch(SBS) — the full sub-category of Stoch whose
objects are standard Borel spaces.

2. We show that in ICones the draw-and-delete chain from the De Finetti formulation can
be built over the image [X ]]StOCh of any standard Borel space X; that the approximations
chain from the free exponential construction can be built over the image [[.A]]PCOh of
any probabilistic coherence space A; and that these chains have indeed for limit there
[6X]5%°" and [1A]TC°" respectively. In order to prove that [GX]5*°" is the limit of
the draw-and-delete chain in ICones, we first show that the faithful functor from Stoch
to ICones preserves both the tensor product and connected limits, which is a relevant
result in itself, and also the more technically involved part of our work.
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3. A countable set X can be represented both as a discrete measurable space in Stoch, and
as a probabilistic coherence space in PCoh, thus both chains exist with respect to X in
the category ICones. For such an X, we build a chain morphism that by the universal
property of the limit gives rise to a canonical monomorphism [GX]5*" & [1X]FPC°,
that can be understood as mapping any measure in GX a promotion in !X . That is the
central result in our paper: it says that the (laws of) infinite sequences of exchangeable
random variables on X can be seen as elements of ! X.

K—\ o
I
n+1 { !
1o e Moy (X) e Mg (X) e e
1 4 X®n ® () v x®ntl () :
1-- X®n X®n+l<7... |
I I I
! l EIy
I I I
v o (X)®m@m X |
Lo e (Xa) B (X )®H |
0 + +~ }
1-- |

Xgn X§n+1 — ...
\‘\ I}

4. Finally, we show that for any discrete countable space X, all total elements — in the sense
of the theory of probabilistic coherence spaces with totality [7, Appendix A] in !X are in
the image of this morphism GX —!X, thus that the total elements in !X are ezactly the
probabilistic miztures of promotions.

2 Exchangeability in monoidal categories

In this section, we fix C any symmetric monoidal category, and we abstract the common
pattern in the two chain constructions of Section 1 by defining generic draw-and-delete chains
from any 1-copointed object. Then, we show at this level of generality that morphisms
between 1-copointed objects can be lifted to chain-morphisms between the corresponding
draw-and-delete chains, and finally we use this general framework to build in PCoh a chain
morphism from the De Finetti chain to the approximations chain.

2.1 Draw-and-Delete chains in a generic category

We will consider 1-copointed objects in C, i.e. pairs (A,w : A — 1). We first define what is
a free copointed object generated by A.

» Definition 1. Let A an object in C. A free copointed object generated by A is a copointed
object (B,w) equipped with a morphism ng : B — A, such that for any copointed object
(C,u) and morphism ne : C — A, there exists a unique morphism of co-pointed object
f:(Cu) = (B,w) such that nc =npo f:

B

AN

When it exists, we note Ao the free copointed object generated by A.

» Remark 2. Observe that if C has cartesian products, A, is simply A & 1. On the other
hand, if 1 is also the terminal object — as for instance in Stoch — the free copointed object
generated by A is simply (4, A — 1), where A — 1 is the unique morphism from A to 1.

LICS 2026
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Given any co-pointed object (A, w), we can define the draw-and-delete chain generated by A
as long as for every n € N, the equaliser of all symmetries on A®™ exists.

» Definition 3. Let A = (A,w: A — 1) a 1-copointed object in C. We say that a draw-
and-delete (DD) chain can be built over A when for every n € N, the equaliser of the n!
symmetries over A™ exists. When it is the case, we note;/\dn (A) for this equaliser, and we

call draw-and-delete morphism the unique morphism DDﬁ given by:

A9 A®n+1

A®" @
eqﬂT eqn+1T
M, (A) — Mt (A)
DD,

We call draw-and-delete chain over A the chain:
DDA DD DDZ
11— M (A) +—— Ms (A) +— ...

» Example 4. The draw-and-delete chain built by Jacobs and Staton in [20] — that we’ll
call in the following the De Finetti chain, and note DDP¥ — is an instance of our generic
construction of draw-and-delete chains, by taking C = Stoch, and as copointed object
(X, _:X — 1). In any category C which is a model of intuitionistic multiplicative Linear
Logic such that moreover the exponential is built using the layered construction of [24], the
approximations chain for A there is an instance of our draw-and-delete chain, by taking as
copointed object A, the free copointed object over A.

As mentioned earlier, the layered construction of [24] asks for commutation of the
equalisers with the monoidal product. We spell out what it means below:

» Definition 5. Let A be an object in C, such that for every n, the equaliser (M,, (A), eq,, :
M., (A) = A®™) of the symmetries over A®™ exists. We say that the equalisers of symmetries
commute with the tensor product when VY in C, ¥Yn € N:

(M, (A @Y, eq, @Y : M, (A) @Y — A®" QYY)

is the equaliser of the {c @Y | o a symmetry on A®™} — where by abuse of notation we note
Y for the morphism idy .

We now formally state the central result of [24], i.e. that — under some conditions on
commutativity of limits and monoidal products — the limit of the draw-and-delete chain over
A, is the free comonoid over A.

» Theorem 6 (from [24]). Let A be an object in C such that:

1. the free copointed object Ay generated by A exists,

2. Vn € N, the equaliser of symmetries on A®™ exists and commutes with the tensor product,

3. the limit (1A, poo,n 1A — M, (A)) of the draw-and-delete chain generated by Ao exists,
and moreover it commutes with the tensor product — in the sense where for any B in C,
(IA® B, poon @ B:!A® B = M,, (A) @ B)en is a limit cone for the chain DD+ @ B,

then 'A is the free commutative comonoid generated by A.

Any morphism of copointed object A — B induces a chain morphism between the draw-
and-delete chains generated by A and B respectively — when these chains exist. We present
the construction in Definition 7 and Proposition 8 below.
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» Definition 7. Let A1, Ay two objects of C, such that their respective equalisers of symmetries
exist. Let o : Ay — As a morphism. Using the fact that a® o eqgdt : M,, (A1) — A,®m
equalises all symmetries over As®", we define M., (&) for the unique morphism such that:

A
edp’ on
./\/ln (Al) A\@na) A2®n
Teq2
Mz (@) M, (As)

When « is also a morphism of copointed objects A; — Ay, the (M, (a))nen form a chain
morphism from the draw and delete chain on A; to the draw and delete chain on A,. We
prove this using the uniqueness property that comes from the definition of the M,, (o). The
proof, which is a standard application of a universal property, can be found in [4].

» Proposition 8. Let A; = (A, w;) and Ay = (Ay,wy) two copointed objects. Let ov: Ay —
Ay a morphism of copointed objects, i.e. o : Ay — Ag is such that wi = wq o a. Then
the (M, (@))nen form a chain morphism between the corresponding draw-and-delete chains
i.e. the diagram below commutes for all n € N:

DD/
My (Ar) ——— My (A1)

M (@) | [ Mt (@)

My, (Ag) ——— M1 (Az)
DD/

As a corollary of Proposition 8, when A, exists, and the draw-and-delete chain over A, is
well defined, then this chain can be considered as free among all the draw-and-delete chains
built over A, in the sense that there is a chain morphism from any other draw and delete
chain over A to the approximations one. This applies in particular to the approximations
chain built for the layered construction of the free exponential, in any model of LL where
this construction goes through, for instance PCoh.

2.2 Exchangeability diagram for X

As said in the introduction, the categorical variant of De Finetti theorem proposed by Jacobs
and Staton [20] consists in asking GX to be the limit of the draw-and-delete chain build
over the free copointed object Xo = (X,(_) : X — 1). We now present the categorical
formulation of De Finetti theorem due to [14], that uses finitely supported symmetries on
the infinite monoidal product X¢. Let us first define the infinite monoidal product over any
copointed object in an arbitrary symmetric monoidal category.

» Definition 9. Let A = (A, w) a copointed object. We call the delete chain over A the

RN
chain (A®n+1 ATEw, A®™)en. When this chain has a limit, we say that the infinite tensor
product over A exists, and we note it (A, 72 : A" — A®").

R Rn
For every N € N, A” is also the limit of the truncated delete chain (A®"+1 A Tew, A®™M) SN

We use this observation to define the finitely supported symmetries.

» Notation 10. We note S, for the set of bijections {1,...,n} — {1,...,n}. For A an
object in C, and o € S, by abuse of notation we note also o for the corresponding symmetry

33:.7
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on A®™. Moreover, for m > n, we note o™ for the bijections on {1,...,m} which behaves
as o on {1,...,n}, and as the identity on {n +1,...,m}.

» Definition 11. Let A = (A, w) a copointed object such that the infinite tensor product over
A exists. For N €N, and o € Sy, we note & for the unique morphism AY A given by
the cone on the truncated delete chain (o™ o Wén CAY A®™),~n. The finitely supported

symmetries on A are all the &, for some finite permutation o.
The categorical De Finetti theorem proved in [25, 14] consists in the fact that for every X in
SBS, GX is the equaliser of all finitely supported symmetries on X¢ in Stoch(SBS).

2.3 Connecting the two categorical De Finetti theorems

In this section, we prove that the two categorical presentations of De Finetti’s theorem are
actually equivalent.

» Proposition 12. Let Z Iy X% 4 cone on the exchangeability diagram for X. Then for
everyn € N, 71';(” of : Z — X" equalises all symmetries. We note (w%(nOf)T 2 Z = M, (X)
for the unique mediating morphism obtained using the universal property for M, (X):

7 f Xw Dﬁnit. sSupp. symm.
|

13, o) lngn

+

My (X) —— X" 7

symm.

(wX,on'

Moreover (Z,Z My (X))nen s a cone on the draw-and-delete chain.

Now, we show how to transform any cone on the draw and delete chain into an equaliser
of the finitely supported symmetries on X“. The first step consists in observing that there is
a chain morphism from the draw-and-delete chain to the delete chain.

» Notation 13. Let (Z ELR M., (X))nen a cone on the draw and delete chain. We note f¢
for the morphism Z — X% obtained from this cone using the universal property of X% on

(z M X®™) — which can be easily seen to be a cone on the delete chain:

X o®n @R Xw
e 1. Ce N
C(LLT Teqn+1 i Jfe

» Proposition 14. Let (Z I, M (X))nen @ cone on the draw and delete chain. Then
fY 1 Z = X% equalises all finitely supported symmetries on X*.

As an immediate consequence of Propositions 12 and 14, we obtain the equivalence of the
two formulations of De Finetti theorem. By proving parametrized variants of Propositions 12
and 14 — see [4] — we can also prove that commutation with tensor product for one of the
exchangeability diagrams also induces commutation with the tensor product for the other.
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» Theorem 15. In any symmetric monoidal category (C,®,1), for any 1-copointed object
X = (X,w: X — 1) such that:
1. the draw-and-delete chain can be built over X ;

2. the delete chain 1 + X + X®2 ... built over X has a limit.

The draw-and-delete chain has a limit (L,p, : L — M, (X)) in C if and only if the
equaliser L' of all finitely supported symmetries on X% exists, and when it is the case L = L.
If moreover both the equalisers of symmetries on X®™ and the limit X of the delete chain
commute with the tensor product, then it holds that whenever the limit of one of the two
diagrams commutes with the tensor product, the other commutes too.

2.4 Application to Stoch

Jacobs and Staton in [20] showed the existence in Stoch of the draw-and-delete chain for
X = 2. 3 As we state in Proposition 16 below, the construction can actually be done
similarly for any standard Borel space X, by taking some additional care for measurability
checks; the proof can be found in [4].

» Proposition 16. For a standard Borel space X, the draw-and-delete chain over the copointed
object (X, : X — 1) — that we call the De Finetti chain — can be built in Stoch. Moreover,
the equaliser of the symmetries on A® commutes with the tensor product.

The existence of the infinite tensorial product X* in Stoch(SBS) was shown in [17] to
be a consequence of Kolmogorov’s extension theorem. As said in the introduction, Perrone et
al showed in [25, 14]* that GX is the limit of the symmetries on X* when taking as ambient
category Stoch(SBS), where the objects are Standard Borel spaces, and the morphisms are
stochastic kernels. Our Theorem 15 thus shows that we can transfer this De Finetti result in
Stoch(SBS) to extend the stratified formulation of Jacobs and Staton to every standard
Borel space X— since we’ve shown in Proposition 16 that the draw-and-delete chain over
(X,_: X — 1) could indeed always be built. As a consequence, GX is the limit of the
draw-and-delete chain over X in Stoch(SBS).

We are interested in a slightly stronger parametrized version, namely that GX ® Y is the
limit of the chain DDPY @ Y: our goal is to be able to apply Theorem 6 to prove that GX is
moreover the free commutative comonoid over X. It was proved in [17] that the limit of the
delete chain commutes with the tensor product, and we proved in Proposition 16 that also
the equalisers in Stoch(SBS) commutes with the tensor product. From there, we only have
to show a stronger, parametrized variant of [25, 14] result that GX is the equalisers of the
finitely supported, i.e. that this equaliser also commutes with the tensor product:

» Proposition 17.° Let X,Y be standard Borel spaces. Then GX @Y is the equaliser in

Stoch(SBS) of the X“ Y 2O xe g Y, for all finitely supported symmetries o.

In a later work, Staton and Summers [29] extended the draw-and-delete formulation of De Finetti’s
theorem to the category of compact conver Hausdorff spaces, equipped with the Radon monad. Any
second-countable compact convex Hausdorff space is Polish, but the two classes are incomparable
The existence of a decomposition through GX — X% for any morphism Z — X% that equalises
the symmetries is shown in [14] in a general framework of Markov categories— with some additional
requirements, while the unicity of the decomposition is shown specifically for Stoch(SBS) in [25].
We’ve been made aware at a late stage before publication that this parametrized De Finetti theorem
was already proved in [15], Corollary 4.5, in a general categorical setting. Our proof seems to be a
concrete instantiation of theirs.

33:9
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Proof sketch. The proof given in [14] of their categorical De Finetti theorem — GX as the
equaliser of all finitely supported symmetries on X“ — is in the language of general Markov
categories, and uses heavily the idea of conditional expectations. We didn’t try to adapt
their proof to show commutation of equaliser with monoidal product, and instead find it
simpler here to do a more direct proof in Stoch of our parametrized version of De Finetti
theorem. For this, we use crucially the notion of weak convergence of measures in SBS, and
a caracterisation, presented in [22] — of the representation measure in G(GX) from De Finetti
theorem as weak limit of a sequence of simpler empirical measures. The full proof can be
found in [4]. <

We have now everything we need to apply the layered construction of the free commutative
comonoid from [24] to the category Stoch(SBS), and we can thus conclude that GX is the
free commutative commonoid generated by X.

» Theorem 18. For any standard Borel space X, the De Finetti DD-chain over X has
GX as limit, and this limit commutes with the tensor product. Moreover, GX is the free
commutative commonoid over X.

Proof sketch. Though [24] is primarily interested by models of (intuitionnistic) linear logic,
thus symmetric monoidal closed categories, the layered construction for the free commutative
comonoid is proved there for any symmetric monoidal category, and as a consequence can be
applied to Stoch(SBS). Since 1 is a terminal object in Stoch, the unique morphism X — 1
is the free copointed object over X. We proved in Proposition 16 that the equalisers of
symmetrie ox X ®" exists and commute with the tensor product, and we obtain by combining
Theorem 17 and Proposition 15 that the limit of the draw-and-delete chain generated by
X — 1 exists and commute with the tensor product, thus all conditions are met. |

3 Draw and delete chains in probabilistic coherence spaces

Probabilistic coherence spaces (PCS), originally introduced by Girard [18], have been de-
veloped as a model of linear logic by Danos and Ehrhard [5]. As mentioned earlier, it was
shown in [3] that the layered construction of the free exponential works in PCoh, equipping
it with the structure of a Lafont model of Linear LogicS.

The category PCoh of probabilistic coherence spaces contains as a full subcategory
SubStoch=¥, the category of discrete countable measurable spaces, and sub-stochastic
kernels between them. There are thus two DD chains of interest in the category PCoh.
The first one is obtained by applying the embedding Stoch=* < PCoh to the De Finetti
chain over a discrete countable space X, while the second one is the DD-chain built over the
free copointed object A & 1 for any PCS A, which as seen before is the one of the layered
construction for the exponential !A.

3.1 Probabilistic coherence spaces

We give a very brief overview of the category PCoh, only designed to give the reader some
intuitions. In our proofs in Appendix, we need more formal definitions, that can be found
there.

5 this free ! moreover coincides with the exponential defined earlier in [5]
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» Notation 19. Let us fit W a countable set. If u,v € (R>o)", we note (u,v) := >, oy Ua -
€ (R>g) U{+o00}. For AC (R>)", we note AL := {u € (Rso)"W | Vv € A4, (v,u) < 1}.

A probabilistic coherence space consists in a subset of the non-negative cone of a countable

dimensional vector space RIXI. It must verify a number of requirements, the most important
being the closure under bi-orthogonality — where two vectors with non-negative coefficients x

and y are considered orthogonal when (x,y) < 1.

» Definition 20. A probabilistic coherence space (PCS) is a pair X = (|X|,P (X)),
where P (X) C (Rxo)! X! such that P (X)"" = P(X), and moreover Va € |X|, cx(a) :=
SUP,ep(x) Ua 8 such that 0 < cx(a) < +oo. We call elements of X the z € P (X), and web
of X the set |X|. A PCS morphism between X and Y is a matriz f € (Rso) XY such that
forallz e P(X), f-xz € P (Y), where - is the usual product between the matrix f and the
column vector x. We note PCoh for the category that has PCSs as objects, PCS morphisms
as morphisms, and matricial product as composition.

PCoh has the structure of a model of linear logic; we give below some of the construc-
tions,that correspond to the cartesian and symmetric monoidal products. More details can
be found in [5].

» Definition 21 (Model of Multiplicative Additive Linear Logic ). Let X,Y be two PCS. We
define X &Y, X Y respectively as:

X &Y= [X|U[Y],  IX®Y|=|X|xY],
P(X&Y):={z € Rs0) ¥ |2 x) € P(X), 2y € P(YV)},
PX®Y)={r@y|zeP(X),yeP¥)},

where | X| U |Y| is the disjoint union of | X| and |Y|, and for x € (Rso) X! and y € (Rs¢)!"!
respectively, x @y € (Rso)! XXVl s defined as (z ® Y)(a,b) = Ta - Yo, for (a,b) € | X| x [Y].

For X1, X5 two PCSs, X; & X, is the cartesian product of X; and X5. The projections
morphisms are the m; : X7 & Xo — X; for i € {1,2}, defined as (m;)q,p := da,p for a €
| X1 U|Xa|, b € |X;] — here § is the Kronecker symbol, i.e. 4, = 1 if a = b, and 0 otherwise.

» Example 22. The monoidal unit of the symmetric monoidal structure defined on PCoh
in [5] is the PCS 1, defined by |1| = {}, and P (1) := {z € (R>0)*} | 2, € [0,1]} ~ [0, 1].
The monoidal unit of PCoh is not a terminal object. PCoh has also a terminal object, 0,
whose web is empty, and whose set of elements is 0, the unique vector in Rgo .

» Definition 23. For X a discrete countable space, we define the PCS XPCoh .= (X {p €
R)Z(O | > eex Pz < 1}). For a morphism k € SubStoch=“(X,Y), we define kPCP ¢
PCoh(XPCeh yPCoh) 45 the transition matriz associated with the sub-stochastic kernel k.
In particular, we note Bool := 2PC°h — for 2 = {01}, to highlight that it is the natural
semantics of the Boolean datatype.

XPCoh are exactly the sub-probability distributions over X:

Observe that the elements of
this construction was already used to interpret the PCF-data type Nat in [9]. Definition 23
defines a full and faithful functor SubStoch=* < PCoh. It is moreover easy to check
that it is strong monoidal; in particular, observe that the the monoidal unit of Stoch (the
singleton space) is sent to the monoidal unit of PCoh from Example 22. This functor
also preserves small limits — the proof can be found in [4] — and the combined functor

Stoch=* — SubStoch=* — PCoh preserves small connected limits.
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3.2 The layered construction in probabilistic coherence spaces

We present here briefly — following [3] — how the layered construction for the free exponential
plays out in PCoh. The monoidal 1 is not terminal in PCoh, thus it is not possible anymore
to take as in Stoch the free copointed object as (X, X — 1) with a unique X — 1. Rather,
since PCoh has cartesian products, the free copointed object generated by any PCS A is
Ae=(A&1l,m: A&1—1).

» Notation 24. Consistently with Section 2, we note (M.,, (A), eq,, : My, (A) — A®™) for the
equaliser of the symmetries over AS™ in PCoh. When talking about the set of all multisets
over a set X, we write M5 (X).

An equalizer of the symmetries on (A & 1)®™ have been computed in [3]: we recall it below:

» Proposition 25 (from [3]). Let A be a PCS. Let us define the PCS M,, (A) as
Set
My, (A)] == ME(JA]), and P (M, (A) = {z € Ry M) | eq 2 € AP} where
(Gn) p,(ar,.san) = O jar,.an)- Then eq, is a PCS morphism from M, (A) to A®™, and
(M, (A), eq,) is an equalizer of the symmetries on A®™.

Applying Proposition 25 to PCSs of the form A & 1, we see that |M,, (A) & 1| ={P|v €
M (|A])}, where 7 is a notation to mean the multiset of size n over |A & 1| = |A] U {*}
obtained from a multiset vof size < n by adding as many % as necessary. By abuse of notation,
we will identify in the following |M,, (A) & 1| and Mt (| A]).

» Lemma 26 (From [3]). The draw-and-delete morphisms over the copointed object (A&1,ms :
A& 1 — A) are the DDy, : M1 (A& 1) = M, (A& 1) given by (DDy,),, = 0,0, for
pe ML (JA]) and v € MES(JA]).

From Proposition 25 and Lemma 26, a concrete expression for A — the free commutative
comonoid over A — can be computed as the limit of the approximations chain.

» Proposition 27 (From [3]). For a PCS A, the PCS A is specified by: |\A] is the set of
all finite multisets over |A|, and P (1A) = {2' | z € P (A)}1+, where o' is the promotion of
x € P(A), defined as x![al,wa"] = [Li<icn Ta;- The limit morphisms pe n MA — (A& 1)%"
are defined as (poon)py = Opu-

We can observe that !4 is built as the bi-orthogonality closure of all the promotions of elements
in A. For instance, for an element x in 2PC°h seen as a (sub)-probability distribution over
{t,f}, its promotion z' should be understood as a program of type Bool that can be called
several times, and at each call returns a sample drawn independently in the probability
distribution . Promotions are enough to interpret probabilistic PCF into PCoh, but the
biorthogonality closure enforces the existence of more elements in !Bool than just promotions:
we’ll investigate the nature of those elements that are not promotions in the last section.

3.3 Connecting the De Finetti construction and the free exponential
construction in PCoh.

For a countable discrete space X in Stoch=*, the image of X, by the embedding Stoch=* —
PCoh is not isomorphic as copointed object to the free copointed object generated by XFCoh
in PCoh, which is (XTC°h & 1, m,). Observe that this does not contradict our result that
Stoch=* — PCoh preserves connected limits, because the free copointed object is a non-
connected limit.
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It means that two different draw-and-delete chains can be built over XFC°h: the one
generated by (X,)PC°P and the one generated by (XFPCoh), = (XPCoh & 1 m,). Since
Stoch=“ — PCoh preserves connected limits and is strong monoidal, the draw-and-delete
chain over (X.)PCOh is simply the image of DD in PCoh, that we will call the PCoh-De
Finetti chain. By our Proposition 8, there exists a chain morphism from this chain to the
draw-and-delete chain generated by the free copointed object XPCeh & 1. We compute a
concrete expression of this chain morphism in Proposition 29 below.

» Notation 28. For X any set, and p a finite multiset of elements of X, we note m(u) for
the multinomial coefficient of u, defined as the number of enumeration of u, i.e. the number
of different n-uples (aq,...,an) such that u = lay,...,ay).

» Proposition 29. For X a discrete countable measurable space, the unique morphism of
copointed object o := (XEPCoR) — XPCoh & 1 induces a canonical chain morphism:

(Mn (a) : MSCoh (XPCoh)) N M};’Coh (XPCOh & 1))n€N

rom the PCoh-De Finetti chain to the approximations DD' chain over X PCoh that can be
pp )
concr etely ETPT essed as:

My, (@) pp = m(p —v) if v C p, 0 otherwise..

Proof sketch. First observe that a = (XFPCoh (_)PCoh) . xPCoh _, xyPCoh ¢ 1 where
(_)PCoh stands for the image under Stoch=* — PCoh of the unique morphim X — 1 in
Stoch. The (M,, (a))nen can be computed by combining: their definitions as the unique
morphisms that make some diagram commutes in Definition 7, and the concrete description

of the equaliser of n! symmetries in PCoh in Proposition 25. <

Summing up, we have shown in Proposition 29 that we can formally connect in PCoh
the PCoh-De Finetti DD-chain for X and the layered chain for building the free exponential
IXPCoh  However, it is not known whether the PCoh-De Finetti chain has a limit even for
X = 2, so it seems complicated to have a version of De Finetti’s theorem in PCoh. This
is why in the following we will work with ICones [8], the conservative extension of PCoh
designed to deal with continuous data types. The intuition is that since the limit of the De
Finetti chain in Stoch is the non-discrete space [0, 1], the limit of the ICones-De Finetti
chain for X = 2 should be the interpretation of the continuous data type [0, 1].

4 Integrable cones

In this Section, we present the category of integrable cones ICones as defined in [8]. Tt is a

model of intuitionistic linear logic where it is possible to interpret a higher-order language

with continuous probabilistic primitives, and which is a conservative extension of PCoh.

The long-term hope of designing an extension of PCoh to deal with continuous probabilities

was to obtain continuous counterparts to the full-abstraction results for discrete probabilistic

higher-order languages [9, 10] that hold in PCoh, but this is however still an open problem.
All the definitions and results presented in this Section comes from [8].

4.1 The three categorical layers

This definition is done via three successive layers, each a refinement of the previous one:
Cones, MCones and finally ICones. Cones manages the algebraic and order structure;
it can be thought as an extension of PCoh that allows for web-less, uncountable spaces.
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MCones ensures that measurability at ground types is preserved, and ICones adds a notion
of integration on all objects required to interpret languages with call-by-value evaluation
strategy. There are canonical fully faithful functors PCoh — Cones, M Cones, ICones.
There are also canonical faithful functors SubStoch — Cones, M Cones, but those are
not full. The additional constraints on ICones equip it with a fully faithful functor
SubStoch(SBS) — ICones.

The category Cones

» Definition 30 ([8], Cone). A4 cone C is an Rx-semimodule such that:
1. forall z1,20,y € C, x1 +y=a0+y = x1 = X2, and
2. forallzy,20 €C, 1 +20=0 = 21 =25 =0;
together with a function |-|c : C' — Ry called its norm satisfying:
Homogeneity: for all x € C and X € Rxy, |Az|c = Mz|c
Separation: for allz € C, |z|jc =0 = =0
Triangle inequality: for all z,y € C, |z + y| < |z|c + |y|
Positivity: for all z,y € C, |z| < |z + |
Continuity: |-|¢ is w-continuous, with respect to the partial order < defined by x <c y
when A2’ € C, x + 2’ = .

We denote by BC = {z € C' | |z|c < 1} the unit ball of C. The cone axioms make BC
convex, down-closed and w-closed (the order <¢ allows to use the notion of w-continuity
coming from domain theory). Cones morphisms are linear and w-continuous functions
between cones, that moreover preserve the unit ball:

» Definition 31 ([8]). If P and Q are cones, a cone morphism f: P — Q is a linear and
w-continuous function P — Q, which moreover is 1-bounded, i.e. sends the unit ball of P
into the unit ball of Q.

The category Cones has cones as objects and cone morphisms as morphisms.

The category M Cones

The category MCones of measurable cones is a refinement of Cones, designed to enforce
that morphisms behave well with respect to measurability at ground types.

MCones is parameterised by the choice of ar, an essentially small” full subcategory
of Meas that we’ll call arity category, closed under cartesian products and containing the
one-point measurable space, that we note 0. In the following, we will always take ar to be
the category SBS of standard Borel spaces. SBS is indeed essentially small, since between
any two uncountable standard Borel spaces there is a measurable isomorphism (see e.g. [21],
Theorem 15.6).

» Definition 32. A measurable cone is a cone C' equipped for each object R of ar with a set
of R-tests M% C Homge( R, (Homcones(C, R>0)), satisfying:
Measurability: for all R € ar, m € Mg and x € BC, m(-,z) € Meas(R,[0,1])
Composability: for all R, S € ar, m € Mg and ¢ € ar(S, R), m(p(-),) € Mg
Separation: for all z,y € C, Ym € Mgy, m(z) =m(y) = xz=y
Respect of the norm: for all x € C, |z = sup,,e pmp\0 %

7 The construction in [8] is done with a small category ar. This hypothesis can be relaxed to essentially
small, see [4].
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A measurable R-path on C' is a function f: R — C such that

1. B(R) is bounded in C, and moreover

2. for every object S of ar, and all tests m € MY, the function (s,r € Sx R) — m(s, B(r)) €
Meas(S x R,Rx).

We note Path(R, C) for the set of all measurable R-paths on C.

The category MCones has measurable cones as objects and as morphisms the f €
Cones(P, Q) that preserve the measurability of paths i.e. VS € Path(R,P), fof €
Path(R, Q).

There is a canonical way to make the space of finite measure over any measurable space
into a measurable cone.

» Definition 33. Let (X,Xx) a measurable space. We note XC°S for the cone whose
underlying space is FMeas (X)), the algebraic operations +,- are defined pointwise, the norm
as |p| = p(X). We note XMCones for the measurable cone with X o7 as underlying cone,
and whose measurability tests are:

Mg ={fv:(a,n) €dxFMeas(X) — u(U) | U € Zx}.

We can moreover extend (-)MCoRes in q faithful functor SubStoch — MCones by defining
fMCones .— (1, ¢ FMeas(X) + f.(1) € FMeas(Y)) for f a sub-stochastic kernel X —Y .

For X,Y € ar, the morphisms f in MCones(XMCenes yMCones) ¢gincide with the meas-
urable functions GX — GS'Y that moreover are linear — where G=! is the Panangaden
monad [27], the analogue of the Giry monad G for the sub-probability distributions. If X
is a countable discrete measurable space, the linearity constraint implies that f is entirely
described by its value on Dirac distributions: in other terms f is the push-forward of a
sub-stochastic kernel X — Y. It is however not always the case when considering an arbitrary
X, thus the embedding SubStoch(ar) — MCones is not full.

The category ICones

An integrable cone is a measurable cone C' such that every measurable path R — C can be
integrated with respect to any finite measure on R, producing an element in C.

» Definition 34. Let C' be a measurable cone, R € ar, §: R — C' a measurable path and
w € FMeas(R), the set of finite measures over R. An integral of 8 over u is an element
z € C such that Vm € M§, m(z) = [ m(B(r))u(dr). By the axioms on the measurability
tests of C, such an integral is unique: we note it fcﬁdp, or sometimes fTCGRﬁ(r) ~p(dr). A
measurable cone C' is integrable if any measurable R-path on C is integrable over any finite
measure on R.

The category ICones has integrable cones as objects and as morphisms the f €
MCones(P, Q) that preserve integrals i.e. for every measurable path 8 : R — P and

jt € FMeas(P), f (fpﬁdu) = f9(f o B) du.

» Example 35. A simple example of integrable cone is the cone 1 of non-negative reals, that
will be the unit of the monoidal product. Addition and scalar multiplication are as usual, and
|A| = A. For R € ar, there is only one R-test: the function ((r,z) € R x R>g — x € Rx¢).
There, integration in the sense of ICones coincides with integration in the sense of measurable
spaces: let e € ar, u € FMeas(e), and v € Path(e,1). Then 7 : e = R>¢ is a measurable
(and integrable) function, and fl Y(t) - p(dt) = [~(t) - p(dt).
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For any measurable space X, XMCones ig an integrable cone — that we will thus note

also XICones Tg understand the notion of integration on this cone, observe first that the
measurable paths R — XMCones are exactly the bounded kernels from R to X.

Then we can see that integrating a path consists in pushing-forward the corresponding
kernel.

» Lemma 36. Let R € ar, X any measurable space.
The measurable 1-bounded paths v : R — XMCones gre exactly the morphisms in
SubStoch(R, X), and for p a sub-probability measure on R, f;MeaS(X) v-dp = v (1), where

Yy 18 the usual push-forward lifting of the kernel .

As a corollary of Lemma 36 — by considering the measurable path v := (z € X — {2} €
XMCones) _ we see that for X € ar, the morphisms XMCones _, yMCones that preserves
integrals are exactly the push-forward of sub-stochastic kernels in X — Y. It means that
the embedding SubStoch(ar) - MCones can be decomposed as (ICones — MCones) o
(SubStoch(ar) — ICones), where (ICones — MCones) is the obvious forgetful functor,
and moreover (SubStoch(ar) — ICones) is fully faithful.

4.2 Monoidal product of integrable cones

The monoidal structure on ICones is defined abstractly in [8]. The tensor product bifunctor
is built by first defining concretely an internal Hom A — B, and then using some adjoint
functor theorem to show the existence of a left-adjoint for —. This construction is the
one presented in Eilenberg-Kelly [11], to obtain a (symmetric) tensor product starting from
a (symmetric) closed category (C,—o): it consists in proving that for every object A, the
functor (A — _) is a right adjoint, and that moreover it is an internal adjunction, in the
sense that it is witnessed by an isomorphism between internal Hom in the category ICones.

4.3 Embedding probabilistic coherent spaces into integrable cones

As shown in [8] there exists also a full and faithful functor, that moreover is strong monoidal
ic : PCoh — ICones. ic is compatible with the other inclusions functors we presented, in the
sense that SubStoch=* < SubStoch <> ICones = SubStoch=“ <> PCoh — ICones.
Besides, the functor ¢ := PCoh <% ICones — Cones is again fully faithful.

Intuitively, we build a cone from a PCS X by extending the set of X-elements by scalar
multiplication, and choosing the norm in such a way that P (X) becomes exactly the unit
ball of the cone. The measurability structure is obtained by using the elements of P (X )L as
measurability tests for paths.

» Definition 37. For X a PCS, we define X©°PS as the cone:
1
XOomes .— {N.z; AERsg |2 €P(X)}; || xcones = Inf{A > 0| T e P(X)}.

We note XMCones for the object in MCones that has X ©°PS as underlying cone, and as
Cones
measurability tests: MX" = {(,2'); 2 e P(X)"}.

For any PCS X, XMCones j5 an integrable cone, that we will thus note also X1€°nes Moreover
we can extend Definition 37 into functors ¢ : PCoh — Cones and ic : PCoh — ICones by
defining for f € PCoh(X,Y), c(f) = ic(f) = (z € XCones py fg ¢ yMCones)

» Theorem 38 ([8]). Both ¢ and ic are full and faithful functors, and ic is strong monoidal.
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5 De Finetti theorems in integrable cones

Recall that in Section 3, we proved that from a countable discrete space X, we were able
to generate two draw-and-delete chains from XPC°h: the PCoh De Finetti chain, and the
approximations chain for |XPC°h The fact that no limit is known for the PCoh-De Finetti
chain stopped us going further. Our goal now is to overcome this roadblock by going from
PCoh to ICones, where all limits exist.
To use the structural proximity of the draw-and-delete chains to deduce a formal connec-
tion between GX and !XFC°h this way, however, we need to prove that:
1. the ICones-De Finetti draw-and-delete chain is indeed the image by Stoch(ar) —
ICones of the Stoch-De Finetti chain, and that its limit is indeed GX'C°"®S and that
2. the ICones approximation chain over X1€°7es js indeed the image by the embedding
PCoh — ICones of the approximation chain for | XPC°h and that (1XFCeh)ICones jq
indeed its limit.
In the present Section, we tackle (1), by proving that Stoch(ar) — ICones is strong
monoidal and preserves connected limits. We will tackle (2) in the next Section 6.

5.1 The embedding SubStoch(ar) — ICones is strong monoidal.

Recall that a functor F' : C — D between two symmetric monoidal categories is strong
symmetric monoidal when for every pair of objects A, B in C, there exists an isomorphisms
FA® FB ~ F(A® B) natural in A and B, and that moreover respects the coherences and
symmetries.

» Theorem 39. C': SubStoch(ar) — ICones is a strong monoidal functor.

Proof sketch. It has been shown in [8] (Theorem 7.9) that for any X,Y € ar, there is an
ICones-isomorphism FMeas(X Xap Y) ~ FMeas X ® FMeasY', which is natural in X in Y
(in ar). This isomorphism is defined by composing several isomorphisms built in the course
of the proof of the monoidality of the category ICones. It seems likely that their proof could
be adapted to show that this isomorphism is still natural (in SubStoch(ar)) when seen as
FMeas(X ®gubStoch(ar) Y) ~ FMeas X ® FMeas Y.

In [4], we follow another approach to prove that SubStoch(ar) — ICones is symmetric
strong monoidal: we highlight how the adjunction (_ ® A) 4 (A — _) lead to a universal
property for ®, and prove that the universal property for FMeas X ® FMeasY holds for
FMeas(X x4,Y'). That implies the existence of a natural isomorphism FMeas(X ®substoch(ar)
Y) ~ FMeas X ® FMeasY, and it can be also easily deduced from the universal property
that it preserves coherences and symmetries. |

» Remark 40. It would not be possible to have the analogue of Theorem 39 for the larger
category Cones instead of ICones. There are two reasons for this:
first, to the best of our knoweldge, the existence of a monoidal product ® in Cones —
that would be left adjoint to the internal Hom functor — has not been investigated in the
literature. It is not immediate how the arguments in [8] could be adapted from ICones to
Cones: for instance, [8] uses the ICones measurability tests to show that the hypothesis
of the Special Adjoint Functor Theorem (SAFT) are met.
Second, even assuming the existence of such a monoidal product on Cones, the functor
Stoch(ar) — Cones could not be strong monoidal. Indeed, as said above, the strong
monoidality of this functor boils down to the universal property of the tensor product
FMeas X ® FMeas Y holding for the cone FMeas(X X, Y). This is not true in Cones; to
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highlight what happens there, let us spell out this universal property: for any cone C, for
any g : FMeas X,FMeasY — C bilinear and Scott-continuous (but with no constraints
on measurability or integrability), it would require the existence of a unigue Cones
morphism h : FMeas(X Xa, Y) — C such that for any finite measures a,b on X and
Y respectively, g(a,b) = h(a x b). What breaks in Cones is the unicity part, because
unlike in ICones it isn’t the case that any Cones morphism h : FMeas(X X, Y) — C'is
uniquely specified by its values on the product measures of shape a xb. A counter-example
can be found in [4].

5.2 Preservation of limits from Stoch(ar) to ICones

It is rather easy to prove that the forgetful functor Stoch(ar) — SubStoch(ar) is a
parametric right adjoint, thus preserves all small connected limits — see [4] for more details.
Next, we show a convenient feature of the category Cones with respect to limits preservation:

» Lemma 41. Let D : I — Cones a diagram. (L 25 D;) is a limit cone of D if and only if
any cone on D with source 1 can be factorised uniquely through L. As a consequence, for
any category C, if F': C — Cones is a functor such that

1. there exists C1 in C such that FC1 =1 and

2. the F-action on morphisms is bijective C(Cq, A) = Cones(1, F'A) for every object A,
then F preserves all small limits.

As a corollary of Lemma 41, the functor SubStoch(ar) — Cones preserve small limits.
We now look at how lifting this result to ICones.

For this, we first prove that the forgetful functor ICones — Cones lifts all small limits,
i.e. that any diagram D that has a Cones-limit L when forgotten into Cones has also a
limit L’ in ICones, and that moreover we have a concrete description of its measurability
structure. Let us note ZCOHES,ZMCOMS for the image of A in ICones under the relevant
forgetful functors.

» Proposition 42. The forgetful functors ICones — gones lifts all small limits. For D is
-—GCones

a small diagram in ICones, and C = (L,g; : L — D; ) is a limit cone in Cones over
—=Cones

D , we note C for the lifting of C' along ICones — Cones. Moreover, it holds that:

1. a map v: R — L is a measurable path on L7 if and only if every map g; o~y : R — D; is
a measurable path;

2. for such a measurable path v : R — L%, and u € FMeas(R), fé ~v-du can be characterised

as the unique element such that for every 1, gi(fé ~v-dp) = f}?i gi oy - du.

Proposition 42 tells us that starting from a limit cone L of a diagram D in SubStoch(ar),
we can thus build two cones on D'Cones: the first one is the cone CTC°"s given by the
functor SubStoch(ar) — ICones. The second one is the cone (CC°"%)? obtained using
that CC°nes is a limit on DC°"es — since SubStoch(ar) — Cones preserve limits — and thus
by Proposition 42 we can lift it into a limit cone (C©°7es)< on DICones Using the concrete

CCones)

description of the measurability structure on ( < we proved as part of Proposition 42,

we can prove — see [4] — that these two cones are actually isomorphic, and consequently that

CICones i 4 limit cone on DICones,

» Theorem 43. SubStoch(ar) — ICones preserves all small limits.

By combining Theorem 43 with preservation of small connected limits by the embedding
Stoch(ar) — SubStoch(ar), we can conclude that Stoch(ar) — ICones preserves all
small connected limits.
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5.3 De Finetti theorems

Combining Theorem 39 and Theorem 43, we see that the delete chains, the draw-and-delete
chains, and their respective limits are preserved from Stoch(ar) to ICones. From there,
we obtain a central technical contribution of our work, which is that the two categorical
formulations of De Finetti’s theorem hold in the category of integrable cones (when starting
from X in the ar category)®.

» Theorem 44 (De Finetti theorems in ICones). Let X be a standard Borel space in the
category ar. In the category ICones:

1. (Xw)ICones js the limit of the delete chain:

ICones dllCones

d
1 0 XICones XICones ® XICones e

thus we’ll note (X1COnes)w for (Xw)ICones,
2. (MStoch (x))ICones s 4he equaliser of symmetries on (X1Cones)@n,
3. (GX)ICones s the equaliser of all finitely supported symmetries on (X*)
4. GXTComes s the limit of the draw and delete chain built from (XTComes (_)ICones .
XICones - 1)

ICones

6 Characterising the total elements in ! XPCoh

In this last part, we combine our results from Sections 2 and 5 to investigate what are
the elements of PCS !XPCoh for any countable discrete measurable space X. It is non
trivial to describe those: indeed !XFC°P can be defined either as a categorical limit with
the layered construction of the free exponential, or with the original definition of ! in [5] as
the bi-orthogonality closure of the set of all the promotions of elements in XF€°h, None of
these descriptions gives us a direct and exhaustive description of ! XPCeh elements .

» Remark 45. There is also a characterisation due to Ehrhard and Geoffroy [8] of the
bi-orthogonality closure: it is closure by finite convex sum, and by downward closure and
w-continuity for the pointwise order. But it is nonetheless difficult to understand which kind
of elements can be obtained by combining the downward closure and the Scott continuity.

6.1 Measures on GX live in ! XPC°h a5 mixture of promotions

In this section, we use our De Finetti theorems in ICones — Theorem 44 — to buld a
monomorphism ¢ : GXICones _ (1 xPCoh)ICones fq ayery countable discrete measurable
space X. Moreover, we will show that ¢ sends all probability measures in G(GX) to continuous
miztures of promotions in P (!XPC°h) — recall from Definition 27 that for any PCS A, the
promotions in P (1A4) are the z', for z € P (A), that generate P (!4) by biorthogonality.

6.1.1 The limit of the approximations DD' chains are preserved by
embedding into ICones.

We have seen that for any countable discrete measurable space X, ! XPCoh ig the limit

in PCoh of the draw-and-delete chain DD!XPCO,, generated by the free copointed object

(1XPCoh) =1 xPCoh & 1. Recall that PCoh — ICones is strong monoidal — Theorem 38.

8 There is no hope to have this result for all objects in ICones, since that would imply De Finetti
theorems in Stoch for any measurable space.
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This embedding moreover preserves cartesian products, thus the image in ICones of DD!choh
coincides with the ICones-DD-chain generated by (!.XFCoh)ICones g 1
step consists in looking at whether (!X FCoh)ICones
limits of approximations DD'-chains are preserved along PCoh — ICones.

In this direction, we can first prove that all small limits are preserved along PCoh —
Cones.

The natural next
is the limit of this chain, i.e. whether

» Lemma 46. c: PCoh — Cones preserves all small limits.

Proof. Since the embedding PCoh — Cones is fully faithful and sends the PCoh monoidal
unit to the ICones monoidal unit, we can deduce from Lemma 41 that all limits in PCoh
are preserved in Cones. <

It’s however surprisingly difficult to extend this general limit preservation result to ICones —
it remains at this time an open question. The approximations chain DD' have however a
sufficiently regular shape to avoid the difficulties that appear in the general case.

» Proposition 47. Let X be any PCS. The limit of DD'; is preserved by ic : PCoh —
ICones.

Proof sketch. Recall that the approximations chain generated by a PCS X is the DD-
chain DD!X generated by the copointed object X — X & 1, and its limit cone in PCoh is
(1X 2= M, (X)). We are going to make use again of the fact — Proposition 42 — that
ICones — Cones lifts limits. Since the limits of the approximations chain is preserved
in Cones, we can lift it from Cones to ICones, and we obtain a limit cone there on
ic(DDYy) : (1XC0res) s ic (M,, (X)))nen, with a description of (1XC°"e8)< measurability
behaviour given in Proposition 42. The non-automatic part, that can be found in [4], consists
in proving that the Cones-identity on !X ©°?¢ hecomes a monomorphism from (!X €nes)< to
ic (1X). For this, we need to use the actual shape of the limit cone (1.X, poo pn, !X — M, (X))
on the chain DD!X7 that we recalled in Proposition 27. |

6.1.2 Sending measures on GX into ! XFCoh

As we proved in Proposition 29, there is a chain morphism in PCoh — thus also in ICones
— from the De Finetti chain to the DD-chain of the layered construction. Our De Finetti
Theorem 44 for integrable cones tells us that GX1€°mes ig a limit of the De Finetti DD-chain
in ICones, and we can thus exploit this chain morphism to obtain a canonical ICones
morphism between the respective limits of these DD-chains.

» Proposition 48. We can define a ICones monomorphism ¢ : GX'C°meS _, (1xPCoh)ICones

by

(!XPCoh)ICones

o) = ][EQX (r € GX s (FPOORY) . p(dr),

~ where rPC° s the element in P (XFCR) defined as (rPC°P), :=r(z), and (rPC°®)" is its
promotion in P (!XPCOh) C (IxPCehICones - Noreouer 1 is the unique morphism such that:

gXICOnes
N ‘
1 1 XICones) M, (XICones?)H .
l DD l DDPF l Dy 4,

1 X ICones g 1) Ms (XICOHeS & 1) PERN i
A (!XPCOh)ICOHeS
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Proof sketch. Theorem 44 gives us the existence of ¢, and then we use the commuting
diagram to find its expression. For this, we use the fact that we have access to concrete
expressions for the limit morphisms mulnom[n] : GX — M,, (X) that have been made explicit
in [20]; and the limit morphisms puo,, !XT — M,, (XPC°R & 1) in Proposition 27. <

» Example 49. Let us first consider a Dirac probability measure {r}!, with r € [0,1]. From
the viewpoint of exchangeable sequence of random variables — via De Finetti Theorem—it
corresponds to an i.i.d. sequence of Bernouilli distributions of parameter r. Then ¢({r}!)
is the promotion of the Boolean program that is true with probability » and false with
probability (1 — r).

Suppose now that we start from any sub-probability measure p on [0,1]. From the
viewpoint of exchangeable sequence of random variables, it corresponds to a mixture along p
of i.i.d. sequences of Bernouilli distributions. We can understand ¢(x) as the interpretation
of a program that first samples a r in [0, 1] according to p, and then each time a new boolean
is asked of it, returns true with probability » and (1 — r) otherwise. Such a program could be
written for instance in a variant of the call-by-push-value language with I = [0, 1] as ground
type?: M := let x = sample(y) in !x.

Not all cliques in e.g. !Bool can be seen as the image by ¢ of some probability measure on
[0,1]: to build one counter-example, we can use the closure of the !Bool cliques by downward
closure, as illustrated below.

» Example 50. Let’s look now at a variation M’ of the program M of Example 49, where
at each call the program refuses to answer with probability 0 < p < 1: this could be
written as M’ := let = sample(u) in !(x ®P Q), where BP represent a p-biased probabilistic
choice, and © a non-terminating program. We expect the interpretation of M’ to be
([M])m == (p2rd™) . [M]),y, for any multiset m over {t,f}, but this [A’] cannot be written
as a mixture of promotions.

Example 50 illustrates the existence of computationally meaningful elements of ! XFC°h that
cannot be built from a finite measure on GX, because they have some kind of divergent

IXPCoh are the image of

behaviour. We could now ask whether all non-divergent elements in
a probability measure on GX. To do that, the first step is to precise what is a non-divergent
element of | XPC°P: it will means a total element, in the sense of the probabilistic coherence

spaces with totality from [7].

6.2 Totality in probabilistic coherence spaces

The model of probabilistic coherence spaces with totality was introduced by Ehrhard et
al [6, 7] as a refinement of PCoh. The first step consists in introducing a strict orthogonality
relation, which strengthens the one from Notation 19: for X a PCS, and U C P (X), we
note UL = {u € (P(X))* | (x,u) = 1}, where (, ) is the scalar product introduced in
Notation 19, and P (X)" is the dual of P (X) for the (lax) orthogonality from Notation 19.

» Definition 51. A probabilistic coherence space with totality (PCST) is a pair (X, T(X))
where X is a PCS and T(X) C P (X) satisfies T(X)11 = T(X).

9 A discrete probabilistic variant of call-by-push-value has been interpreted in PCoh in [10]. A natural
extension would be a model of probabilistic call-by-push-value with continuous data types (e.g.[0, 1]) in
ICones. It has not been done formally yet, to the best of our knowledge.
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» Example 52. We can equip the PCS Bool with the structure of a PCST by taking
T(Bool) := {z | zy + 2¢ = 1}. The total elements of Bool are thus the proper probability
distributions on 2.

T(X) is called the set of total elements, and is designed to contain only those elements
that never induce additional non-termination, no matter in which context we put them.
We note PCoht for the category where objects are PCST, and morphisms are those PCS
morphisms that preserve the total elements. In [6], a refinement of the linear logic structure
of PCoh is built, in such a way that the forgetful functor PCoht — PCoh preserve the
structure of LL model (monoidal product, cartesian products, exponential ...). We recall
below the definition of ! in PCoht: the set of total elements in ! A is generated — by double
orthogonality closure — from the promotions of total elements in A:

» Definition 53 (Exponential with Totality). For X = (A, T(A)) a PCST, !X = (1A4,{z' | z €
T(A)}).

6.3 Integrable cone of total elements

From any PCST X7 = (X, TX), we define its cone of total elements /'/V?, that lives in the
category ICones. This cone consists of the smallest sub-cone of ic(X) that contains all the
(images by ic) of the total elements in X' , and inherits its structure of integrable cone from
ic (X). An important observation here is that for a PCST X7 its cone of total elements can
possibly be outside the full subcategory ic(PCoh) of ICones, even though it is a sub-cone
of a PCS. That is because cones in ic(PCoh) have a very peculiar shape — notably they
have a countable basis compatible with the order, the norm, and that also determines the
measurability paths — which is not necessarily inherited by all their sub-cones.

» Proposition 54 (Totality Cone of a PCST). Let X1 = (X, TX) be a PCST. We build an
object XT in ICones as the sub-cone of (X)Icones with underlying set: {\-u|ueTX,\€
R>o}. — and that inherits all algebraic and measurability structures of (X)) We note
nclre : XT _, xICones for the inclusion morphism in ICones.

Proof sketch. We need to check that ﬁ, equipped with the cone structure and measurability
tests inherited from ic X' is indeed an integrable cone. The proof can be found in the
appendix. |

It can be shown that for a measurable path v: R — AT such that v(R) CTX, and for

T
a probability measure, fg ~v-du € TX. It means that in the particular case where we know
that v : R — XT reaches only proper total elements in T X, taking the integral of v over

a measure p into the cone of total elements should be understood as taking a continuous
convex combination, or mizture of total elements.

» Example 55. The totality cone of the PCST Bool of Example 52 is simply (Bool)!€ones,
It is however not always the case that the totality cone of a PCST X7 = (X, TX) coincides
with (X)"C°"°%; that’s because not all elements 2 € X' can necessarily be written as a total

element scaled by some factor. In particular, we will see later that it is not the case for
'Bool.

» Proposition 56. Let X a countable discrete space.
There exists a unique morphism vpe : GXTCO™®S 5 (1IXPCoh) guch that inclpe o tre = ¢,

where 1 : GXTCOR — (1XxPCohyICones 4o iho morphism we built in Proposition 48.
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Proof sketch. It is enough to prove that ¢ sends any probability measure u € (GX)ICones o

(!XPCoh)ICones

a total element in P (1XPC°P). This can be deduced from ¢(p) = f, 2o (regX —
(rPCem)) . u(dr) — see Proposition 48. <

6.4 Total elements in !Bool are mixtures of promotions

We just proved in Proposition 56 that for X a countable discrete space, probability measures
in GX — or equivalently exchangeable sequences of X-valued random variable — are sent by ¢
to total elements of 1XPCeh  Ag highlighted before, all total promotions are reached this
way; more precisely they are the image of Dirac measures. More generally, any (continuous)
convex combination of promotions — i.e. glCX'X (r = (rPC°M)YY . dy — is reached by ¢. We are

now going to conclude our work by proving that we caracterise this way all total elements of
!XPCOh.

Our first step in this direction is a combinatorial lemma on total elements y of ! XFCoh:
the valuation y,, for a multiset 14 of size n can be deduced of the valuations of y for multisets

of size n — 1:

» Lemma 57. Let u € TIXPCOM  Then for every multiset over X, it holds that Uy =
2zex Utla))-

Let us now define the family of morphisms
fn = Mn (71—1) . (Mn (XICOnes) N Mn (XICones & 1))n€N

where 7 is the left projection morphism XT1Cones & 1 — XxICones  Ag 7 is not a copointed
object morphism from (XICones (_)ICones . ylIComes _, 1) o (xICones) _ (xICones &
1,72), Theorem 8 does not apply, and indeed the f,, are not a chain morphism from the
De Finetti DD-chain to the approximants DD-chain. However, we can recover a cone from
IXPCoh t the ICones-De Finetti DD-chain, by precomposing the (f,,) by the morphisms
Poon ©inclpe : (!)ﬁah) - M, (XICO“ES), that sends a total element of | XFCoh first to
the larger cone of all | XPCP elements, and then to each of the M,, (X Icones) by the limit

morphisms poo’n!(!XPCOh)ICOHes - Mn (XICones).

» Lemma 58. The family (my)nen = fn © poon © inclpc : (IXPCR) — M, (XTCones)
forms a cone on the De Finetti draw-and-delete chain in ICones.

Since by our De Finetti theorem in ICones — Theorem 44— GXTCones ig 3 limit of the
ICones De Finetti DD-chain, we can deduce from Lemma 58 a unique mediating morphism
o1 1XPCoh _, G xTCones,

» Theorem 59. For any X countable discrete space, | XPCoh gnd GXICones gre jsomorphic,
and thus the total elements of | XFTCOM qre exactly the continuous miztures of promotions.

Proof sketch. The proof consists in showing that o : | XPCoh — GXPCoh and the morphism

—_—
vre s GXICOPes _y | XPCoh from Lemma 56 are inverse of one another. <

7 Future Work

The natural next step would be to try to prove that the exponential comonad ! in ICones
can indeed be obtained by Mellies et al’s layered construction of the free exponential. That
would allow to connect GX and !X for any X in the category ar, instead of only for countable
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discrete spaces. Another direction would be to extend this connection to other flavours of
De Finetti theorems, e.g. to establish bridges between the quantum categorical De Finetti
theorem from [29, 16] and LL models for quantum computations [26]. Again another direction
would be to explore what flavours of continuous probabilistic calculus can be interpreted
into PCoh, starting from the fact that we now know that the datatype [0,1] = G2 can be
interpreted in !Bool.
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