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—— Abstract

Chains of co-Biichi automata (COCOA) have recently been introduced as a new canonical represent-
ation of omega-regular languages. The co-Biichi automata in a chain assign each omega-word its
natural color, which depends only on the language itself and not on the chosen automaton repres-
entation. Automata in such a chain can be minimized in polynomial time and are good-for-games,
making this representation attractive for verification and reactive synthesis. However, in these
applications, specifications are usually given in linear temporal logic (LTL). To make COCOA useful,
an LTL specification must first be translated into the chain of automata. The only translation
currently known proceeds via deterministic parity automata (LTL —DPA — COCOA), where the
first step ignores natural colors and requires involved constructions due to Safra or Esparza et al.
This raises the question of whether, by exploiting the definition of the natural color of words, one
can avoid such constructions and obtain a direct translation from LTL to COCOA.

In this paper, we present a simple yet optimal translation from LTL to COCOA, as well as a
variant that translates LTL into DPA. The translation represents a new path from LTL to DPA
and exploits the definition of natural colors. It relies on standard operations on weak alternating
automata, the Miyano-Hayashi breakpoint construction, the subset construction, and simple graph
algorithms. Starting from weak alternating automata, the procedure also applies to specifications in
linear dynamic logic. The procedure runs in asymptotically optimal doubly exponential time and
produces automata of asymptotically optimal size.
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1 Introduction

Canonical forms play an important role in computer science. A typical canonical form is
born from an insight about the nature of objects it describes, leading to the development
of efficient algorithms manipulating the objects. In the context of finite words, the Myhill-
Nerode theorem about regular languages brought to life a canonical form of finite automata,
and led to efficient automata minimization and learning algorithms.
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Omega-regular languages do not possess a simple Myhill-Nerode-like characterization.
This led to the flourishing of canonical forms based on representing a language as a family
of automata over finite words [3, 15, 1, 14]. These models are based on the insight that
an omega-regular language can be characterized by the language of its ultimately-periodic
words (those of the form uwv®). As a result, these models operate on finite words of the form
u - v, which makes them a perfect fit for automata-learning tasks but ill-suited for classical
problems of model checking and synthesis. An alternative canonical representation that does
not assume words to be ultimately periodic, and hence is more conventional, was recently
introduced by Ehlers and Schewe in [5]. It is based on the notion of natural colors.

Natural colors assign colors to words based solely on an omega-regular language and
independently of its representation. This allows an omega-regular language L to be repres-
ented as a unique chain of co-Biichi languages L' O ... D L¥, where L is the set of words
whose natural color is greater or equal ¢, and k is the smallest number of colors in a parity
automaton recognizing L. By definition, a word belongs to L if and only if its natural color
wrt. L is even. Each co-Biichi language L’ can be represented by a canonical (and minimal)
transition-based history-deterministic co-Biichi automaton [19]. Thus, every omega-regular
language L has a unique representation as a chain of such co-Biichi automata (COCOA)
AL AR

The two distinguishing features of COCOA — (1) the chain representation with clearly
defined semantics, and (2) the minimality and history-determinism of automaton at each
level — can potentially be exploited to design better verification and synthesis algorithms.
For instance, COCOA were recently used to solve a reactive synthesis problem that previous
tools were unable to handle [4].

However, verification and synthesis problems are usually defined over system behavior
descriptions written in linear temporal logic (LTL). Therefore, to make COCOA useful to
verification and synthesis applications, one needs a procedure for translating LTL to COCOA.
Currently, the only known way to obtain COCOA from LTL formulas is by going through
deterministic parity word automata (DPA): LTL — DPA — COCOA [5]. Although the
second step is relatively simple, the first step represents a challenge. For instance, one can
first translate the LTL property to a nondeterministic Biichi automaton and then apply
Safra’s determinization construction [21]. However, it is well-known that implementing
Safra’s construction efficiently is challenging. Alternatively, one can use the LTL-to-DRA
translation of Esparza et al. [7] that aims to generate automata with a more regular structure
and is thus more amenable to efficient implementations. Nevertheless, in both cases, the
overall translation neglects the insight of natural colors in the main challenging step. This
observation raises the question “Is there a direct translation from LTL to COCOA?”.

The second question tackled in this paper concerns the problem of translating from LTL
to DPA. Modern approaches to reactive synthesis and probabilistic verification often reduce
to solving parity games [20, 16, 13], and hence translate from LTL to DPA as an integral part.
Experience from reactive synthesis [10] shows that current approaches to this translation still
constitute a bottleneck, indicating a need for further research. We hence ask whether natural
colors can enable a conceptually simpler translation LTL — DPA, which in turn could enable
efficient implementations.

In this paper, we describe a simple yet optimal translation from LTL to COCOA, and a
variant that translates into DPA. Our translation procedure starts from weak alternating
automata, hence it can also translate formulas in linear dynamic logic (LDL) [9, 8] which
subsumes LTL. The procedure uses simple operations on weak alternating automata, Miyano-
Hayashi’s breakpoint construction [17], the subset construction, and easy graph algorithms.
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The translation works in asymptotically optimal doubly exponential time. The procedure
constitutes a novel path for translating from LTL/LDL to COCOA and DPA, avoiding
detours to Safra [21] and Esparza et al [7]. We now describe ideas behind the new approach.

LDL — COCOA

We translate a given LDL formula into a weak alternating automaton A and its dual
A using standard constructions [18, 8]. We then apply the Miyano-Hayashi breakpoint
construction [17] to eliminate universal transitions, and obtain two nondeterministic Biichi
automata, called obligation graphs: G4 with language L(A) and G ; with language w
Using simple operations on alternating automata and Miyano-Hayashi’s construction, we
construct a machine that tracks the current suffix language wrt. L(.A). States of this suffix-
language-tracking machine (SLTM) are labelled by the vertices of obligation graphs G4 and
G ;1 that are reachable by prefixes whose suffix language matches the one tracked by the
current SLTM state. The SLTM with its special labelling enables the construction of the first
level A! of the COCOA for L(A), using the product operation, the subset construction, and
simple graph analysis. This construction relies on floating automata [6], which are simple
looping (safety) automata synchronized with the SLTM. They are a convenient replacement
for co-Biichi automata, and can be translated back and forth in polynomial time. Once the
level-1 floating automaton is constructed, the construction of level-2 uses a similar procedure
except that it starts from the level-1 floating automaton. Each such floating automaton
can be constructed in time 220(”), where n is the number of states in A, and translated in
polynomial time into a history-deterministic co-Biichi automaton, then minimized-canonized
using the effective procedure of [19]. Since the number of levels of COCOA is at most 20(%),
this yields an overall 22 _time procedure for translating from LDL to COCOA.

LDL — DPA

The procedure to translate LDL into DPA reuses the floating automata constructed by the
LDL-to-COCOA procedure. The DPA simulates these floating automata in parallel and tries
to follow the automaton on the deepest level possible. Each DPA state is a state of some
floating automaton and each DPA transition is colored with the index of the deepest-level
floating automaton that can take that transition assuming it starts from the state of the DPA.
Fach floating automata constructed by the LDL-to-COCOA procedure has 227 states,
there are at most 2°(™ levels in the COCOA, so the constructed DPA has at most 927
states.

2 Preliminaries

Let N = {0,1,...} denote the set of natural numbers including 0. We assume that the reader
is familiar with LTL; its formulas are built over atomic propositions using the standard
Boolean operators and the temporal operators U and X, as well as the derived operators
G and F. Familiarity with LDL is not required. Satisfaction of LDL and LTL formulas is
defined wrt. infinite words in ¥, where ¥ = 247 is the alphabet over atomic propositions
AP. The set of models of an LTL/LDL formula ¢ is denoted by L(y).

2.1 Weak alternating automata

A useful automaton model for representing LDL/LTL specifications on a more technical level
are weak alternating automata.
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Given a set of propositions P, let BT (P) denote the set of positive Boolean formulas built
from P using conjunction and disjunction.

A weak alternating Biichi automaton is a tuple A = (%, @, qo, 0, F') where ¥ is an alphabet,
Q is a finite set of states, § : Q x X — BT(Q) is a transition function, qo is an initial state,
and F C @ is a set of accepting states. The prefix “weak” in the name means that the
automaton has a total preorder 2 on states @) which satisfies: (i) for every ¢, z, ¢ where ¢’
appears in 0(q,x): ¢ 2 ¢', and (ii) states equivalent wrt. 2 are either all accepting or all
rejecting (not in F). Intuitively, an alternating automaton is weak if in every of its strongly
connected components (when ignoring edge labels), either all states are accepting, or all
states are rejecting.

We do not define the semantics of alternating automata, as it is not needed in the paper.
The following result follows from the proof of Thm.2 in [8].

» Fact 1 ([8]). Every LDL (and hence LTL) formula v can be translated into a weak
alternating Biichi automaton recognizing the models of v with O(|y)|) states and a transition
function of size 2°0U0¥D in time 2v0WI¥D,

This paper assumes that the transition functions of alternating automata do not use
pathologically large Boolean formulas, and the alphabet size is at most linearly exponential
in the number of automaton states; this holds for automata obtained by translation from
LDL.

» Assumption. We consider only weak alternating automata with n states over alphabets
satisfying the following condition: there exists a function B(n) € 20(n) - depending only on
n, such that the size of the alphabet and the size of each Boolean formula in the transition
function are bounded by B(n).

» Lemma 2. Under the above assumptions, the size of the transition function of a weak
alternating automaton with n states is at most 20

2.2 Automata DPA, NBA, NCA, HD-NCA

We explicitly define nondeterministic automata with transition- and state-based acceptance
to keep the definition of alternating automata relatively simple.

A nondeterministic parity automaton is a tuple A = (£,Q,Qo,0, ) where ¥ is an
alphabet, @ is a set of states, Q¢ C @ are initial states, and 6 C Q x X X @ is a transition
relation. In automata with transition-based parity acceptance, the function « : § — N maps
transitions to colors, while with state-based parity acceptance, o : Q — N maps states to
colors.

A path of A is a (finite or infinite) sequence of transitions © = (g1, %1, g2)(q2, 2, 43) - - -
where (g;,%;,¢i4+1) € 0 for all ¢ € {1,...,|n|} when = is finite and for all # > 1 when = is
infinite. A run of A on an infinite word gz ... is an infinite path (qo, zo, q1)(q1,21,92) - - .
that starts in an initial state gy € Qo; a word might have one run, several runs, or no runs at
all. The color sequence of a run (qo, o, q1)(g1, 1, G2) - . . is the sequence c;cy . . ., where, for all
i, ¢; = a(q;) in the case of state-based automata and ¢; = a(q;, x4, gi+1) for transition-based
automata. A run is accepting if the minimal color appearing infinitely often in the color
sequence is even (min-even acceptance). A word is accepted if it has an accepting run. The
language of A is the set of words accepted by A.

Biichi automata are defined by restricting the image of « to the two colors {0,1}; in this
case, instead of o, we use F' C ¢ (or F C @), and call transitions (or states) in F accepting.
Then, a run is accepting if and only if an accepting transition (or state) is visited infinitely
often. Similarly, in co-Biichi automata, the function « is restricted to the two colors {1,2};
then, a run is accepting if and only if eventually only accepting transitions/states are visited.
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An automaton is deterministic if |Qo] = 1 and for every ¢ € Q,z € X: |{(¢q,2,¢) :
(Q7x7q1) € 6}| =1

A nondeterministic parity automaton A is history-deterministic (also called good-for-
games) if there exists a strategy function A : ¥* — @ such that for every word zgz; ...
accepted by A, the sequence (qo, 70, q1)(q1,21,q2) - .., where ¢; = A(xq ... z;_1) for all i > 0,
is an accepting run of A4 on the word.

An automaton A = (%, Q, Qo, 0, &) can be associated with the following directed graph
(Q,—): ¢ — ¢ if and only if there is « such that ¢’ € §(q,z). An SCC (strongly connected
component) of A is an SCC of the associated graph (@, —). An SCC is mazimal if it cannot
be extended without losing the property of being strongly connected.

For automata types, we use standard abbreviations: DPA, NBA, NCA, and we add “t”
to highlight transition-based acceptance (e.g. HD-tNCA).

2.3 Canonical co-Biichi automata

Recall that deterministic and nondeterministic co-Biichi automata have the same expressive
power. A language is co-Biichi if there is an NCA recognizing the language. Size-wise,
HD-tNCAs are exponentially more succinet than tDCAs [11]. HD-tNCAs also admit a
canonical form, introduced in [19]. Automata in this canonical form are the smallest in the
class of HD-tNCAs.

» Fact 3 ([19]). Any HD-tNCA can be transformed into the canonical form in polynomial
time.

2.4 Canonical chain representation (COCOA)

We start by defining a few helpful notions. Let Suffix : 2%x ©* — 2" be a function mapping
a language L C 3¢ and a finite word p € ¥* to {w € ¥ | p-w € L}, i.e., the suffiz language
of L for p. For brevity, we may write L*“#(p) instead of Suffix(L, p). The set of all suffix
languages of L is denoted by L*“#. We write p; ~p p» when L (p;) = L¥ (py); the
relation ~, is called right-congruence relation. A finite word u € ¥* preserves the suffix
language of p wrt. L if L% (p-u) = L*#(p). For an infinite word w = wowy ... and an

infinite set J C N of positions j; < j2 < ..., we call a word w’ the result of a suffiz-language-
preserving injection into w at J if it is of the form w’ = wy...w;, —1u1wj, ... w5, _1u2W), . . .,
where, for every i, the finite word u; preserves the suflix language of wy ... wj,—1 wrt. L.

Note that, because J is infinite, a suffix-language-preserving injection into a word w € L may
result in w’ € L, and vice versa. For instance, consider the language L(FGa) over ¥ = {a,a}
and its word a“: the word (aa)® is the result of a suffix-language-preserving injection into a*
at positions J = {1,2,3,...} and (aa)* ¢ L(FGa). We write w’ € SLII(LL,’w), or SLII(LJ’M) w’,
when w' is the result of a suffix-language-preserving injection into w at positions J, and we
may omit L, J, w when they are clear from the context.

The canonical chain-of-co-Biichi-automata representation (COCOA) of an omega-regular
language L is the unique sequence of canonical HD-tNCAs (A!, . .., A¥) where each automaton
A’ is defined through its language L inductively: let L° = X, then for all 4:

L for even i

L' = {we L' | ¥J.3SLILf , w's w' € L7 N {L for odd ¢ ] },

and k > 0 is the largest number such that L* is non-empty (k = 0 means that the automaton
sequence is empty). The number k + 1 defines the number of colors of the COCOA. The
natural color of a word w wrt. L is the maximal index of an automaton in the chain accepting
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the word, it is 0 when A! rejects w or the chain is empty. Ehlers and Schewe [5] showed that
every omega-regular language has a unique COCOA, and that a word w belongs to L if and
only if the natural color of w wrt. L is even (max-even acceptance).

We elaborate on the definition. First, observe that every COCOA (A, ..., AF) forms a
chain of shrinking languages: L' O ... D L¥, where L! = L(A?) for every i. Second, each
language L°V°" ? is obtained by removing from L*~! every L-word that, for some J, cannot
be flipped into an L-word of L*~! via the SLII operation. Dually, each L°94? is obtained
by removing from L*~! every L-word that, for some .J, cannot be flipped into an L-word of
Li~'. Thus, even levels remove certain negative words, whereas odd levels remove certain
positive words.

» Example 4. In the following examples, we do not explicitly define the individual automata
of COCOA but rather their languages. Ezample 1: Consider the safety language L(Ga) over
the alphabet ¥ = 2{2}. Tts COCOA consists of a single automaton A" with L(A') = L(F-a).
Indeed, for every w € L(A') and suffix index set J C N, we take the SLII w’ = w to exhibit
w’ € L. Note that for the original language L(Ga), only insertions of the form a* are suffix-
language-preserving, implying that no other word can be added to L(A') = L(F-a). Every
word w € L(Ga) has natural color 0. Ezample 2: Consider the language L(FGa). Its COCOA
(A, A?) has L(A') = ¥¢ and L(A?) = L(FGa), justified as follows. For any prefix p, the
suffix language of L(FGa) after reading p equals L(FGa), hence inserting anything preserves

the suffix language. In particular, we can insert a, yielding the SLIT w’ € L(FGa) regardless of
w, thus L(A') = X%, The case of A? is straightforward. Ezample 3: Consider the language
L(GFa — GFb) over ¥ = 2{®}: it has the COCOA (A!, A?) with L(A') = L(FG-b) and
L(A?) = L(FG-a A FG-b), justified as follows. The language L(A') must contain every
word from L(GFa A FG-b) and all L-words that can be turned into an L-word by the SLIT
operation for every given J. Since the original language is liveness LTL, inserting anything
is suffix-language-preserving. Then is not hard to see that L(A') = L(FG-b). The language
L(A?) is the result of removing L-words from L(A') for which there exists J such that
no SLII at J results in a word in L N L(A'). We leave it as an exercise to show that
L(A?) = L(FG—a A FG=b). Example 4: Finally, the language L(GFa — (GFb A FGe)) over
¥ = 2{e:be} has the COCOA (A', A2, A3, A*) with L(A') = ¥, L(A?) = L(FG-a V FGc),
L(A3) = L(FGc A FG-b), and L(A*) = L(FGc A FG—b A FG—a).
» Fact 5 ([5]). Every weak alternating automaton A with n states can be translated into the
COCOA recognizing L(A) with 200 levels and 227" states in total, in time 927"
The proof idea is to translate a given weak alternating automaton into deterministic parity
automaton using standard constructions [21, 7], then use the polynomial-time algorithm
of [5] to translate the DPA into HD-tNCAs of the languages of individual COCOA levels.
The following fact states that the languages of individual COCOA levels are insensitive
to congruent-prefix replacement.

» Fact 6 ([5]). Given an omega-reqular language L, let L* be the language of the £th level of
the COCOA for L. For any pair of prefizes p1,p2: p1 ~r D2 implies p1 ~re pa.

Proof. This fact can also be seen from Corollary 9 of [5]. Our proof is by induction on ¢; for
¢ =0, where L = X*_ the claim holds trivially.

Suppose the claim holds for L¢~!, and consider L*. Fix prefixes p, ps s.t. p1 ~1, p2. By
the inductive hypothesis, p; ~r¢-1 p2. We need to show that p; ~p¢ pa. Given a suffix word
s € X% such that w; = py -s € L?, we need to prove that wy = py-s € L’ (the other direction
is symmetric). Thus, we show (f): VJ.EISLII{JJJW)w’2 e LNL", where L is L for even ¢ and
L for odd £.
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-a *
0
—a a
Figure 1 The SLTM for the language of ¢ = G(a — X—a) A (GFa — GFb). State so encodes L(¢y),

s1 — L(—a A @), and sz — the empty language. It is also the SLTM for L(—¢): so encodes L(—¢), s1
— L(aV —y), and s2 — X¢.

Fix an index set J. Let J’ be the subset of J starting from the earliest index greater
than |p1|. Since pys € L*, by definition there exists an SLII(LJ,wl)wi € LN L', In this SLII
w} = p1§’, no injection occurs into py, all injections are done into s. We have:

pis’ € L PEE pos’ € L.

p1s’ € L1 Prrggipe pas’ € L1,

Therefore, wh = pos’ € SLII(LJ’W), which proves (). Hence ws = pos € LY, implying
P1 ~pe P2 <

3 Translating Weak Alternating Automata into COCOA

This section describes our main result: a translation from weak alternating Biichi automata
to COCOA. Since tracking suffix languages is deeply ingrained into the definition of COCOA
levels, we start by defining suffix-language tracking machines. Such machines will help us to
build the checker for the condition VJ.HSLH(LJM) w' s w' € LN L(GY), where G* is a tNBA
for L for even £ and for L for odd £. We then introduce floating automata as a representation
of individual COCOA levels. Such automata have suffix-language tracking embedded in their
definition. We then introduce graph labelling that embeds the suffix-language tracking into
G, and finally define the construction to connect all these objects together.

3.1 Suffix-language-tracking machines (aka right-congruence automata)

Consider an omega-regular language L over an alphabet 3. Recall that L*“/ denotes the
set of suffix languages of L and L*“¥(p) denotes the suffix language of L after reading
a finite prefix p.

The suffiz-language-tracking machine (SLTM) for L, also called right-congruence auto-
maton [2], is the machine M = (X, S, sq,6°) with the set of states S = L*“#, the initial state
so = L, the transition function 6° : S x ¥ — S satisfying for every state s and prefix p:
5% (s0,p) = L*¥(p), where we overload the one-letter-successor function 6% to accept finite
prefixes. Note that for every pair of prefixes py,pa: p1 ~r p2 < 0°(s0,p1) = (50, p2)-
For a language represented as a weak alternating automaton, the SLTM has at most a
doubly exponential number of states, due to existence of a deterministic (parity, Rabin, etc.)
automaton recognizing the language with a doubly exponential number of states. Figure 1
gives an example of an SLTM.

The paper [2] describes a simple polynomial-time algorithm to compute a machine that
is isomorphic to the SLTM for L(D) where D is a deterministic automaton of one of the
standard types (Biichi, parity, etc.). The algorithm relies on the ability to check the language
equivalence of two deterministic automata, which can be done in polynomial time. This
algorithm is straightforward to adapt to allow for weak alternating automata as input,
where the equivalence check of two weak alternating automata can be implemented using
complementation, conjunction, and nonemptiness check. The time complexity is doubly
exponential, due to the doubly exponential worst-case number of states in SLTMs.

39:7

LICS 2026



39:8

A Naturally-Colored Translation from LTL to Parity and COCOA

» Fact 7 (follows from [2]). Given a weak alternating automaton A with n states, one can
O(n O(n
compute in time 22 “ & machine with 22°™ states that is isomorphic to the SLTM for L(A).

Proof idea. For completeness, we describe the algorithm adapted from [2, Section 15]. Fix a
weak alternating automaton A = (%, Q, qo, §, F'), where § : Q x ¥ — BT(Q). We compute
the following machine M = (X, Q% ¢5,6%). Each state is encoded as a formula from B*(Q).
The initial state is g5 = go. The set of states Q° and the transition structure §° are grown
incrementally starting from Q° = {go} and the empty §°. As long as the current set Q°
contains a state ¢ that for some letter 2 has no successor in §°, do the following.

Define the candidate successor state 1. by substituting in ¢ every proposition g with the

formula (g, z).

Check if the candidate state 1. is language equivalent to some state v already present in

Q®. This can be done by checking language nonemptiness of the alternating automaton

starting from the state (. A =) V (=) A ¢). This automaton can be computed using

simple and-or operations on alternating automata, because the automata for . and ¥
are weak and hence their complementation is done by dualizing.

If such 9 exists in Q°, set §°(p, ) = 1. Otherwise, add 1. to Q° and set §° (i, ) = 1),.
The correctness of the computed machine M follows from two claims: (1) all suffix languages
are considered, and (2) the machine has no two different states representing the same suffix
language. The second claim is ensured due to the check before adding a new state. The first
claim follows from the property of alternating automata: for every state ¢ € Q and letter
z, Suffix(L(Ay), z) = 6(g, z)[substitution], where the substitution operation replaces each
proposition ¢’ with L(Ag ), A with N, and V with U, and A, denotes the automaton starting
from q. The time complexity is dominated by the number of states in the SLTM. <

Finally, let us observe that the SLTMs for a language L and its complement L are
isomorphic and their corresponding states are complementation of each other.

3.2 Floating automata

Given an SLTM M = (X, S, 59, 6°) for some omega-regular language, a deterministic floating
automaton (DfA) is a tuple F = (X, Q, 0, f) that consists of an alphabet X, a set of states @,
a partial transition function 6 : QQ x ¥ — @), and a labelling function f : @ — S that satisfies
f(8(q,z)) = 6%(f(q), ), for every ¢ € Q and x € . Thus, every state of F is labelled by a
single state of the SLTM, and the labelling is consistent with the SLTM’s behaviour. Note
that DfAs have no initial state; their runs will later be defined with the aid of the SLTM.

A path of F on a finite or infinite (suffix) word w = x122 ... is a finite or infinite sequence
of transitions 7 = (q1, 21, ¢2)(q2, T2, ¢3) . . . satisfying g;11 = §(q;, z;) for every i € {1,..., |w|}
for finite paths and for all ¢ > 1 otherwise. Sometimes we omit the letters x; and write the
path as ¢1g2 . ... A word may induce no path, a single path, or multiple paths depending on
the choice of the initial path state.

Given a finite or infinite word w = z122 .. ., suppose there is a moment m € {1,..., |w|}
(for finite w) or m > 1 (when w is infinite) and a path (gm, Tm, Gm+1)(@m+1, Tmt1, Gmt2) - - -
on the suffix z,,Z,,41 ... starting in state q,, such that f(g,) = 0°(s0,%1 ... Zm_1); this
path is called a run of the DfA for the original word. The length of a run is the length of
the path; it is either the infinity or |[w| —m + 1. A word can have several runs, due to the
different possible choices of the moment m and the initial path state.

A DfA F accepts an infinite word x5 ... if it has an infinite run for it. Intuitively, a
word is accepted by F if there is a finite run in the SLTM that ends at some moment m in
some state s, then the run jumps into a state of F labelled with s, and evolves in F forever.
The language L(F) is the set of accepted infinite words.
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The definition of nondeterministic floating automata (NfA) is derived from that of DfAs

in the standard way, using a transition relation 6 C @ x X x @) instead of a transition function.

Observe that we can always remove transient states and transitions (those that do not
belong to any SCC) from a floating automaton without changing its language. Thus, a
floating automaton can be viewed as a collection of disjoint maximal SCCs.

Figure 4 shows example DfAs wrt. the SLTM in Figure 1 (the DfAs in the figure are also
NfAs constructed by Definition 10, but that is irrelevant here).

» Lemma 8. Fvery DfA can be translated into an HD-tNCA recognizing the same language
in polynomial time (the input includes the SLTM).

Proof. We translate the DfA F to a HD-tNCA C recognizing the same language as follows.
The states of C are the union of the states S of the SLTM and the states Q" of the DfA.

The initial state is the initial state of the SLTM. The accepting transitions are all transitions
of the DfA. The transitions of the SLTM are added to C as rejecting transitions. We also
add a rejecting transition s — ¢¥ for every s € S, ¢ € QF, x € ¥ such that s = f(¢")
is a transition of the SLTM, where f : Qf — S is the labelling of the DfA. Finally, we add
rejecting transition ¢ — ¢'F for every ¢f, ¢’ € Q¥ and letter x such that f(¢™) = f(¢'F)
is a transition of the SLTM. It is straightforward to see that L(F) = L(C).

We now describe a strategy to resolve nondeterminism in C. First, let < be a total order
on run prefixes of C that orders the run prefixes according to their length, and whenever two
prefixes have the same length, they are ordered in an arbitrarily but fixed way. The strategy,
on reading a letter, always picks an accepting transition when possible. Observe that C never
has a nondeterministic choice between two accepting transitions — only between rejecting
transitions and perhaps a single accepting transition. When a nondeterministic choice occurs,
the strategy picks a successor state ¢’ for which there exists a run prefix m,¢; - Tace €nding in
¢’ on the current word prefix, where 7,.; ends in a rejecting transition and 7., continues
where m,.¢; left and consists solely of accepting transitions, and where 7,¢; is the smallest
wrt. the order < among such prefixes for all possible successors. In other words, the strategy
picks a successor for which there exists a run prefix on the current word prefix ending with
the longest uninterrupted strike of accepting transitions; the draw between equally long
prefixes is resolved according to the order fixed beforehand.

We now prove that, given a word accepted by C, the strategy generates an accepting run.

The proof resembles that of [5, Thm.6]. The proof consists of two parts. First, we show that
the strategy enumerates run prefixes in strictly increasing order: as the run progresses, the
ordering position of the prefix m,.; that decides the choice of the successor strictly increases.
Second, we prove that eventually the strategy decides the successor using a prefix of an
accepting run.

We prove the first item. Consider two arbitrary moments m < n at which the strategy
has to resolve nondeterminism. At moment m, the strategy picks the successor ¢,,+1 for
which there exists run prefix 7
Gm+1, where 7

m
Tej

consists solely of accepting transitions, and 7

m
acc

- of length m on reading the word prefix that ends in
re; 18 the smallest among such

prefixes for such successor states. Similarly, we define 77, ; - 7. for the moment n. We now
(a strict

show by contradiction that 7%, < ' ;. Having 72, = 7y, implies that mg.. C 7,
prefix), hence the transition at the moment m in the current run must be accepting, but it is

m
acc

rej rej* rej acc acc

rejecting. Having the dual case w3, > 7", ; contradicts the strategy choice at the moment n.

We prove the second item. Fix a word accepted by C. For this word, there exists an

accepting run of the form p* = 77 . - py.,

accepting transitions, and the run prefix 7, ; is the smallest among such prefixes. We show

where the infinite run suffix p} .. consists solely of

39:9
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that eventually the strategy’s run p simulates p*. Consider the moment |7r;‘.ej\, and suppose

the strategy’s run does not follow p*_. at that moment (otherwise we are done). There exists

*.:| (pick the earliest), when the strategy has to resolve nondeterminism

*
rej
we are done. If it does not,

*
rej

a moment m > |m

*
rej

affecting the choice of the successor. If the strategy picks m

*
rej*

not be the smallest), it has to pick again. At that later moment, 7

rej

(otherwise, 7*,. would not be the smallest). When this happens, 7%, is among the prefixes

*
rej’
When it visits a rejecting transition later (otherwise, =

*
rej

choices while 7,; is not. As previously proven, the new choice has a higher position in the

then it picks mpe; < would

is still among the

order than 7,;. And so on. Since there is only finitely many elements between ,..; and

* * e ita *
rej 7e; and rerails its run to p*. <

m eventually the strategy picks m

We conclude this section with an observation about the general shape of languages
recognized by NfAs. Recall from Fact 6 that the languages of individual levels of COCOA
(A, ..., AF) for L are insensitive to L-congruent-prefix replacement: for every ¢ € {1,...,k},
prefixes p1,pa s.t. p1 ~r po, and suffix w: pyw € L(AY) = pow € L(A?). NfAs possess a
similar property wrt. the language of the SLTM. Fix an omega-regular language L. Given an
NfA with respect to an SLTM for L, any two words that start with L-congruent prefixes
and share the same suffix, i.e., pyw and psw where p; ~, ps, are either both accepted by
the NfA or both rejected. The reason is that the SLTM reaches the same state after reading
p1 and po. Hence, if pjw has an accepting run in the NfA, then we can simulate this run on
pow. Thus, replacing a prefix of a word with any prefix congruent wrt. L does not affect
whether the word is accepted by the NfA.

3.3 Obligation graphs and labelling \Y and A9 of SLTM states

An obligation graph for an omega-regular language L is any tNBA recognizing it. Given a
weak alternating automaton A4 with n states, the Miyano-Hayashi construction [17] removes
universal transitions and yields an obligation graph for L(A). Since weak alternating
automata can be complemented via dualization, in the same way we can get an obligation
graph for L(A). In both cases, the resulting obligation graph has 2°(™) states.

Given an SLTM (%, Q%, ¢5,6°) for an omega-regular language L and an obligation graph
(,V,v0,09,a) for L, the graph labelling of the SLTM is a function A9 : Q° — 2V that maps
every s € Q° to the set {v | Ip € ¥* : s = 6%(s0,p) Av € §9(vo,p)}. In other words, every
SLTM state is mapped to the set of vertices reachable on the class of congruent prefixes that
the SLTM state encodes. The graph labelling A9 can be constructed in polynomial time
in the size of given SLTM and obligation graph, by first building the product between the
SLTM and the graph, then checking which states are paired together.

» Lemma 9. Given an SLTM and an obligation graph G, the graph labelling A9 can be
constructed in polynomial time.

Figures 2 and 3 show examples of obligation graphs and graph labelling.

3.4 Incremental construction of a DfA for the level-£ language of
COCOA

This section describes a procedure to construct an DfA for the £th level of the COCOA, given
an DfA for the previous level. We first construct a nondeterministic floating automaton F;,
prove that it indeed recognizes the level-¢ of the COCOA, then determinize it into F*.

Fix an omega-regular language L, and let M = (%, S, s9,6%) be an SLTM for L.
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Graph labelling of the SLTM:
A9 (s0) = {vo,v2}

A9(s1) = {v1}

A (s2) = {}

Figure 2 An obligation graph G (tNBA) recognizing the language of ¢ = G(a — X—a) A (GFa —
GFb), and graph labelling A9 wrt. the SLTM for L(y) in Figure 1. Notation such as ab denotes
a A —b. Accepting transitions are marked by a dot.

* i :
A * Graph labelling of the SLTM:

O X9 (s0) = {50, %3}
¥ yab X9 (s1) = {B0, 01,73}
ab A (s2) = {70, T2, U3}

Figure 3 An obligation graph G (tNBA) for the negation —¢ of the formula used in Figure 2,

and the graph labelling A9 of the SLTM for L(—¢) in Figure 1. Notation such as ab denotes a A —b.

Accepting transitions are marked by a dot.

Let 7Y be an DfA wrt. M recognizing ¥¢; it is not part of the COCOA.

Fix ¢ > 1. We use the following notation. When / is even, G* and 29" denote an obligation
graph (NBA) and the vertex labelling for L wrt. M; when ¢ is odd — for L. The NfA F¥; is
defined inductively as a product of DfA F~1 and NBA G¢ with a specially defined acceptance

condition.

» Definition 10 (NfA F%). Given an SLTM M = (%, 85,s0,0%), the obligation graph
Gt = (E,V,vo,égz, aglz) and the graph labelling )\957 and a DfA F=1= (2,QL 61 =1
wrt. M, the NfA F& = (2, Q% 6% f*) is constructed in two steps.

Step 1. Define the transition structure as a product of DfA F*~' and NBA G*:
Qf ={(a""Lv) a7 € Qv e X (f T (¢,
i.e., ¢"~1 is paired with every vertex v that can be reached on the same prefix as ¢*~'.
@ hw) = FH ") for every (¢ v) € Q.
For every (¢4 v) € Q and letter z: 6°((¢""Lv),2) = {61 (¢" L 2)} x 69 (v, z).

Step 2. Define acceptance:
Decompose the transition structure into mazimal SCCs {(Q%,6%),...,(Q%,55)}.

n-n
The states and transitions outside of the SCCs are removed from Q° and 6°.
Consider an SCC (Qf,5%). We keep the SCC (Q¥, %) in F& if ¢ contains a transition
(¢ v) = (qe_ll, v') s.t. v —= v is a G'-accepting transition, otherwise we remove

the SCC from F§,.

We give an intuition.

The purpose of the product is to check the condition VJ.EISLH(LJyw)w’ € L(F=YHnL(GY.

By using F~! in the product, we consider only the words of F¢~ 1.

The product of DfA F*~! with NBA G pairs together the states and vertices that can be
reached on the same prefix, which is done with the aid of the graph labelling function A9
Recall that 9" maps an SLTM state to the set of vertices of G¢ reachable on some prefix
of the prefix-congruence class that the SLTM state represents. The resulting floating
automaton of Step 1 — if we require its run to also satisfy the Biichi acceptance condition
of the NBA component — checks whether a given word w belongs to L(F*~1)N L(G*). We,
however, need to check V.J.3SLIIf; ,yw’ € L(F*~!) N L(G"), which is achieved in Step 2.
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In Step 2, we keep only those SCCs that contain a transition whose NBA projection
is accepting. If an SCC contains such a transition, then on reaching the SCC, when
a moment from J arrives, by inserting a finite word, we can visit that NBA accepting
transition and come back. Since the states of the product track the SLTM state, returning
to where we started means that the inserted finite word preserves the suffix language. We
inject such words for every moment in J. Thus, if a word w ends in such an SCC, then it
satisfies VJ.HSLII(LJ)w)w' € L(F*~1) N L(G*) (Lemma 11). Consider the other direction,
and suppose a word w satisfies the for-all-J condition. We pick a set J of points separated
sufficiently far apart. There exists an SLH(LJ)w) w’ having an accepting run in both F -1
and G, hence w’ has an accepting run in F%;, thus w’ ends in an SCC preserved by Step
2. Since the injection points are far apart, the run of F ]{, visits a certain state twice while
reading a part of w’ between the injections, i.e., a part of the original w. By looping the
run between those visits, we create an infinite and hence accepting run of F§ on the
original w. This direction constitutes Lemma 12.

» Lemma 11. For each level index £ of the COCOA for L:
L(Fy) € {we L(F*") | VJ3SLI ' w' € L(F') N LG}

Proof. Consider a word w = zgz; ... accepted by F fv In what follows, for a given index set
J, we construct an SLIT w’ accepted by both G* and F*~1.

Since w € L(FY), there exist a moment m and an infinite path pﬁjm =q5qh ... of
F& on 2Ty p1 - . . such that f£(¢%,) = 6%(s0, %0 - . . Tm—1). Let ¢4 be an arbitrary state that
appears infinitely often in this witness path. Let J' C J be the subset of moments of J that
are greater than m. By the definition of F f\,, the SCC containing qf] also contains a transition
= (¢" Y v) =5 ("L 0), where v -5 © is a G-accepting transition. There exists a finite
path 7 on some finite word u that starts in the state qf}, goes through the transition 7¢, and
returns to qf}. Notice that the SLTM label is the same at the beginning and the end of this
loop. Therefore, extending any prefix word whose path ends in qé by u preserves the suffix
languages wrt. L and L. Let w’ be the result of inserting v into w at each moment in J’
and nothing at moments in J \ J’; then v’ € SLII(LJ’w). Let pfv/,m be the infinite path of
F¥& obtained by inserting 7 into pﬁ)’m at each moment in J': the infinite path pfwm and
the moment m witness the acceptance of w’ by F§. Hence, by the definition of F%, the
F*1_projection of pﬁ),ym and the moment m witness the acceptance of w’ by F*~1 (note
that 6% (s, 2o, ..., Tm_1) = fX(q5,) = f* (g5 ), where ¢°, = (¢% %, v,,,)). Finally, we show
that w’ € L(GY). Since v, € )\ge(fé(qfn)), there is a prefix p such that p ~p xo...2Tm—1
and v, is reached from vy on reading p. The suffix s of w’ starting at moment m has an
infinite path in G that visits an accepting transition (namely, v AN ) infinitely often, hence
p-s € L(GY), thus G* also accepts Tg ... Ty 1 -5 =w'. <

» Lemma 12. Fiz a level index £ of the COCOA for L. Under the assumption that DfA
F=1 represents the language of the level (£ — 1) of the COCOA, or ¢ for £ =1, we have:

{we L(F™") | VJ.3SLII ,yw' - w' € L(F™Y) N LG} C L(Fy).

Proof. First, we observe that the left and the right part of the lemma equation are omega-
regular languages. The language L(F%) is omega-regular since F4 is an NfA. Since F*~!
represents the language of the level (¢—1) of the COCOA, the left part of the lemma equation
represents exactly the language of the level £ of the COCOA, which is omega-regular.

The proof of the lemma reasons about ultimately-periodic words. A word is witimately-
periodic if it is of the form wv® for u,v € ¥*. Given a language L, let L“P denote the set of
all ultimately-periodic words of L.
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We now state three claims, then proceed to the proof.

> Claim 1 ([3, Fact 1]). For every two omega-regular languages L; and Lo: LY? C Ly? =
L1 C Ls.

> Claim 2. Let w be an ultimately-periodic word and let F be an NfA. Suppose that, for
every | € N, F has a run of length at least [ on some prefix of w. Then w € L(F).

Proof. Fix a word w = uv®. Choose | = |u| + |v| - |Q”| + 1, where |Q” | is the number of
states in F. Consider a run p of F of length at least [ on some prefix of w. By the pigeonhole
principle, on reading the first letter of v some state repeats. Let j < k be the moments of
two occurences of that state. We construct an infinite run of F on w by following p up to
the moment j and then looping the transitions from j till k. <

> Claim 3. Every word w € L(G*) N L(F'~!) is accepted by F%,.

Proof. Fix a word w = 2122 ... € L(G*) N L(F*~1). Let m be a moment and qfn’qun;ll ... be

an infinite run of F*~! witnessing the acceptance of w. Let pgz = v1v9 ... be an accepting run
of G on w. Tt is easy to see that the infinite sequence (g5 %, vy) =2 (qfn__&l, VUma1) AN

forms successive transitions of F¥, hence F& has an infinite run on w, so w € L(Fg). <

We are ready to prove the lemma. By Claim 1, we focus on ultimately-periodic words.
Fix an ultimately-periodic word w such that VJ.HSLII(LJ’w)u? s € L(FY) N L(GY).
Take an arbitrary | € N. Fix some J whose consecutive indices are separated by [ steps.
There exists W = ZoZ1 ... as mentioned above.

By Claim 3, @ € L(FY&). Let 2 be a moment and ¢ — g5, 24 .. an infinite run
witnessing the acceptance of @ by F%-. Since the indices in J are separated by [ steps,
there exists a moment m > 7 from which the infinite run reads the original letters (not

. . . oy ﬁﬁL iﬁzf
insertions) for [ steps. This corresponds to the transitions g5, Zm, TR qfh e

Let p=2Z¢...%m—1. Let p=xg...2Tm_1 be the corresponding prefix of w, derived from
p by removing the suffix-language-preserving insertions which were inserted into w to get
w. Note that Ti—14i = Tm—1+4 for all i € {1, . ,l}

Since the previously mentioned run for p - %y . .. &7 14 starts in g5, and p ~1, p, a run
for p- @y, ... Tm_14 can also start from gf,.

For the next [ steps no insertions are performed, so the sequence ¢, Zm, Pt qfﬂ )
is actually a run of the length [ of }‘ﬁ, on the prefix zg ...z, —14; of w, starting at the

moment m. We constructed a run required by Claim 2, so w is accepted by F' f(,. |

» Example 13. Consider the language of ¢ = G(a — X—a) A (GFa — GFb) over the alphabet
¥ = 2{®b} Tts SLTM is in Figure 1, obligation graphs G, for L(p) and G-, for L(—y) are
in Figures 2 and 3. Figure 4 shows the DfA F° recognizing ¥*, as well as Fa and Fz
constructed according to Definition 10. Let us go through the construction of F3 and Fz.
The NfA F} is constructed as the product of the DfA F° and the NfBA from Figure 3 plus
the acceptance-condition analysis. Since Step 2 of Definition 10 removes transient states
and transitions, as well as SCCs that do not have a G-accepting transition, it suffices to
consider two SCCs of G-,: the SCC of ¥» and the SCC of #3. Since 7y € A9-e (s2), we have
(82,72) € Q. In the product, the state (s2,72) has a self-loop on every letter. Step 2 keeps
this SCC in F!, because it contains a transition whose projection is accepting in G—,,. Now
consider vertex 3. Pairing 3 with all three states of ¢ yields two SCCs in the product,
and each contains a transition whose projection is accepting in G-,,. However, we can remove
the SCC containing (s2, U3), since its language is subsumed by the language of the SCC of
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ab * ab

. ] ) & ) )
H D @D @ww

a

Figure 4 DfA F° and NfAs Fx and F& (they are actually deterministic) constructed according
to Definition 10. All automata are wrt. the SLTM from Figure 1. F° recognizes the language
Y% its states are exactly the states of the SLTM, and the SLTM labelling f% is the identity
function. Fj recognizes the language of ~G(a — X—a) V FG-b. F& recognizes the language of
G(a — X—a) A FG(—a A =b). The labellings fa and f& return the first component of a given state.

(82,02). Now to the NfA F%. The NfA F4 is determintistic, so we construct the NfA F% as
the product of F3 and G, from Figure 2. The state (s2,72) of F5 cannot be paired with any
vertex of G, because fx ((s2,2)) = s2 and A\9¢(s2) = @. The state (sg, 03) can be paired
with vertices vy and va, since f1((so,¥3)) = so and A9 (sg) = {vo,v2}. After Step 2, only the
state (so, 03, v2) remains, yielding F% in the figure. Finally, applying Definition 10 to F%
(which is deterministic) and G-, yields the empty-language automaton.

Determinization. We now show how to determinize NfA F¥ into a DfA. Recall that the
nondeterminism of NfAs has three sources. First, deciding when to jump from an SLTM
state into a state of the NfA. Second, deciding on the entry state — into which state of the
NFA - to jump right after leaving the SLTM. Third, when already in a state of the NfA,
deciding on a successor when reading a letter. DfAs also have nonderministic nature, but in
general only of the first and the second kind. We describe a determinization construction
that keeps nondeterminism of the first kind but removes the second and third reasons.
Note that the LDL-to-COCOA translation of this section naturally handles the first and
second kinds of nondeterminism of general-form DfAs — it is the LDL-to-DPA translation
of Section 4 that requires the entry point to be deterministic. The idea is to start from a
set of entry states instead of a single one, and apply the standard subset construction. Let
FL = (%, Qf\,, 515(,, ff(,) be the NfA constructed from F¢~! according to Definition 10. Let
in;tled ={¢" 1| v : (¢" L v) € Q%) be the states of F*~! that appear as a component
of states of F%. For every ¢‘~! € fi}tled, define Vqlﬁfﬁ ={v | (¢ 1v) € Q§}. The set
Qter = {(¢"71, Vq?‘ﬂ) | ¢ 1e in;tid} is called the set of entry states. Note that each entry
state is from Q°~! x 2V and can be seen as a set of states of F§ sharing the same F*~!
state. Since each entry state fixes the 7~ component and F*~! is deterministic, we can
apply the subset construction wrt. 5§v starting from a given entry state.

» Definition 14 (from NfA F¥ to DfA F%). Let NfA F§ = (X,QY%, %, fx) be constructed
according to Definition 10. Let Ql;nter be the entry states. For every q. € Qﬁnter, apply the
subset construction wrt. 8% starting from q., yielding the following DfA F* = (%, Q" &% f°).
The set QY C Q=1 x 2V of states and 6° are minimal satisfying:
l;nter g QZ‘

Given (¢, V') € Q" and x € %, define 6 ((¢"*, V'), z) = (452 Vieat), where {q' 7L} x

Viest = 6% ({(¢*1,0) 1 v € V'}, ).

If g € Q°, then Q° also contains all its successors wrt. 6°.
Finally, the labelling is preserved: f*((¢"~*, V")) = f*"1(¢"™) for all (¢"~1 V') € Q".

» Lemma 15. L(F*) = L(F%).
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Proof. Follows from the correctness of the subset construction and from the fact that F*
and F¥ use the labelling functions f¢ and f% that depend only on the F*~! component. <

» Remark 16. The automaton F* may contain transient states and transitions (which are not
part of any SCC). Although such states and transitions can be removed without changing
the language of the DfA, this step is omitted in the definition, because the LDL-to-DPA
translation of the next section depends on F* having entry states (which could be outside of
any SCC). The LDL-to-COCOA translation of this section does not require DfAs to have
special entry states, so the removal can be done.

Figure 9 shows an example of determinization in which applying Definition 14 introduces
a single new entry state and keeps the other states.

The following lemma states, in particularly, that there is uniform bound on the size of
F*, regardless of the level index /.

» Lemma 17. Given a weak alternating automaton A with n states, an SLTM for L(A),
obligation graphs G for L(A) and G for m, their graph labeling of the SLTM states,
e {1,... .k} where k is the number of levels in the COCOA for L(A), and a DfA F*~!
(when £ = 1 the DfA accepts every word), consider the following procedure: construct DfA
F*t by first creating an NfA F& using Definition 10, then determinizing it into F* using
Definition 14. Assuming that F*~' was constructed in the same way, the procedure runs in
time 22°" and F* has 227" states, independently of £.

Proof. We first prove the claim on the number of states. A state of F has the shape
(¢*=1,V*), where ¢! is a state of F*~! and V* C A9 (f“1(g*71)) is a subset of vertices of
the obligation graph G¢ (G’ is G for even £ and it is G for odd ¢). By unfolding the shape and
removing nested parenthesis, the shape of a state of ¢ becomes (s, V!,...,V¥), where s is a
state of the SLTM and V* is a subset of vertices of the obligation graph G, for i € {1,...,¢}.
The number of SLTM states is 227" by Fact 7, the number of obligation-graph vertices is
20(") and the number £ is 200" by Fact 5. Hence, the number of states of such form is 927"

Now let us look at the time complexity of the procedure. Constructing F§ from F¢~!
takes time polynomial in the sizes of F*~!, M, and G*. Constructing F* from Ff\, takes
time polynomial in the size of ]-"ﬁ, and exponential in the size of G¢. Therefore, the total
running time of the procedure is 22 |

3.5 Procedure to translate LDL into COCOA

Procedure LDLtoCOCOA. The procedure takes as input an LDL formula or a weak

alternating automaton A and constructs canonical HD-tNCAs A', ..., A* of the COCOA:

1. If the input is an LDL formula ¢, translate it into a weak alternating automaton A
using [8].

2. Construct an SLTM M for L(A) using the algorithm of [2] adapted to weak alternating
automata and described in the proof of Fact 7. Construct obligation graphs for L(A) and
m, and the graph labelling functions, as described in Section 3.3.

3. Construct DfA F wrt. M that accepts every word.

4. For { =1,2,..., do the following:

a. Construct the NfA F¥ using Definition 10 from the previously computed F*~1.

b. Determinize the NfA F¥ into DfA F* using Definition 14.

c. Translate ¢ into an HD-tNCA using the construction from the proof of Lemma 8.
d. Minimize-canonize the HD-tNCA using the construction of [19], yielding A*.

The procedure stops when L(A‘) = @ and returns (A, ..., A1), or returns () when
LAY = o.
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» Theorem 18. Procedure LDLTOCOCOA constructs the COCOA (AY,. .. A¥) from either
an LDL formula or a weak alternating automaton in time 220(71)7 where n is the size of the
formula when the input is a formula and otherwise it is the number of automaton states.

Proof. The correctness of the constructed COCOA (that the computed HD-tNCAs indeed
reprsenent the COCOA levels) follows from Lemmas 11, 12, 15, and 8. The time complexity
is implied by the following. The first step takes time 2P°%(¢D by Fact 1 and produces an
automaton with n € O(|p]) states. The second step takes time 22° by Fact 7, Lemma 9,
and the 2°(") time complexity of the Miyano-Hayashi construction [17]. The third step takes
time linear in the size of the SLTM, i.e., 22, The fourth step takes time 22°" since there
are 200" COCOA levels (Fact 5) and each iteration takes 927 time, independently of the
value ¢, which follows from Lemma 17, Lemma 8, and Fact 3. |

3.6 Lower bound for translating LDL into COCOA

» Proposition 19. Translating LTL into COCOA requires at least doubly exponential time.
Specifically, there exist LTL formulas ®1,®o, ... that satisfy the following conditions. For
every number n:

the formula ®,, has size O(n) and is is defined over the set of APs of size O(n);

the COCOA for L(®,) has size at least 22" where the size of a COCOA is defined as the

total number of states on all levels.
The proof relies on the result in [12], which describes a family of LTL formulas ¥y, U5, ... of
stated sizes such that a minimal DCA recognizing L(¥,,) has doubly exponentially many
states. These DCAs are in fact among the smallest HD-tNCAs, because they satisfy the
property of the minimality stated in [19]. Therefore, the corresponding HD-tNCAs also have
a doubly exponential number of states. Thus, the COCOA for L(—¥,,) contains a single
automaton with doubly exponentially many states.

4 Translating LDL into tDPA

4.1 High-level idea

The procedure LDLTOCOCOA from the previous section internally constructs a chain of
DfAs (F!,..., F¥) representing the languages of the levels of the COCOA for L(¢p), where ¢
is a given LDL formula. The procedure LDLTODPA presented in this section uses those DfAs
(except, perhaps, F°) to construct a tDPA recognizing L(y). Intuitively, the constructed
tDPA simulates DfAs from all levels and tries to stay at the deepest level. The state space
of the tDPA consists of states of the DfAs. Initially, the tDPA starts in the deepest entry
state labelled by the initial state of the SLTM. Let the current tDPA state be a state ¢° of
the DfA F¢. On reading a letter, the tDPA increases the level, decreases the level, or stays
on the same level, depending on the following.
The state ¢¢ does not have a successor in F* : the tDPA decreases the level until it finds
F* that has a successor state, and transits into that state. The tDPA can find such Ft
because the current state ¢* encodes the states of all lower-level DfAs as well. (Recall
that ¢ has shape (¢!, V), where ¢‘~! is a state of the DfA F/~1))
The state ¢* has a successor in F*: if the successor also has a refining state in a DfA
at a deeper level, then the tDPA transits into the entry state of the deepest such DfA.
Otherwise, the tDPA transits into the successor state of ¢¢ in F*.
The color of the tDPA transition is equal to the smallest level participating in this dance.



R. Ehlers and A. Khalimov

1: function LDLTODPA (p):

translate ¢ into a weak alternating automaton A

construct an SLTM M for L(A), oblig. graphs G, G 4, the graph labelling A\94, \9.4
derive the trivial DfA F° from the SLTM M

5: pstate’, P° = RECBUILD(0, F°)

6: return P° with the initial state being pstate®(so), where sq is the initial state of M

N

s W

Figure 5 The entry function for translating LDL into tDPA.

4.2 Procedure to translate LDL into tDPA

The translation procedure consists of two functions, the entry function LDLTODPA (Figure 5)
and the recursive function RECBUILD (Figure 6).

LDLTOoDPA. The function takes an LDL formula ¢ and returns a tDPA recognizing
L(p). It starts by constructing a weak alternating automaton A for ¢ [8], an SLTM M for
L(A) (proof of Fact 7), and obligation graphs G4, G 5 with their graph labelling functions
(Section 3.3). It then builds DfA F° by re-using the whole transition structure of the SLTM
(including transient states and transitions) and by using the identity function for the state
labelling function of F°. It initiates the recursive procedure by calling RECBUILD(0, ),
which also has access to M, G4, G4, AN94 \94. RECBUILD(0, F°) returns a tDPA structure
PO (with no initial state) and a mapping pstate® that maps each state of FO to a state of
PC. Finally, we return P° with the initial state pstate®(sq), where sq is the initial state of
the SLTM.

RECBUILD. The function accepts a number ¢ representing the current level and a DfA F¢.
At the beginning, the tDPA structure P¢ (a tDPA without an initial state) has no states and
transitions and the mapping pstate’ is empty. The purpose of pstate’ is to map each state ¢
of F* to the entry state of the deepest F that refines® ¢%. In lines 4-5, we construct DfA
F*1 from F* using Definitions 10 and 14. We then recurse onto deeper level, and add all
states and transitions constructed on deeper levels to the current P¢. Then, each state ¢*
of F* that has a refining state in F**! is mapped to pstate‘**((¢’, VqZZ‘“)), where (¢*, V(;}”t)
is an entry state of F¢*1. (Recall the purpose of entry states: a state ¢° of F* can have
several refining states in the DfA F**1 so the entry state (q°, tiﬁ“) merges them into a
single one, preserving their paths and avoiding the need to choose between them.) Note
that the state (q°, ti[”t) into which we map ¢ may itself be mapped to a state in a deeper
DfA. Lines 12-13: If a state ¢* has no refining states at a deeper level, we map it to itself,
and add this state to P¢. Lines 14-15 add a transition of F* to P if there is not yet a
refining transition at a deeper level. Notice that both states — the source pstatez(qe ) and the
destination pstate’ (qel) — may refer to states at a deeper level.

4.3 Examples

» Example 20. We run LDLTODPA for the formula ¢ = G(a — X-a) A (GFa — GFb)
over the alphabet 3 = 2%}, An SLTM for L(yp) is in Figure 1, obligation graphs are in
Figures 2 and 3. The DfAs constructed by LDLTODPA are very similar to those in Figure 4.

1 A state q[ of F¢ refines state ¢© of F*, where £’ > ¢, if the projection of qe/ on the states of F* is ¢*.
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1. function RECBUILD (¢, F*):

2: initialize pstate’ and P as empty

3: if F¢ has no states: return pstate’, P’

4 construct NfA fﬁl from F¢, M, G4, Gz using Definition 10

5: determinize J"-'JZ\,Jr1 into DfA F*! with entry states using Definition 14

6. pstate’T, P« RECBUILD(L + 1, FH)

7: add Pt to P*

8: for every state ¢° of F¢ :

9: if ¢' has a refining state in F¢*? :

10: pstate’: ¢¢ — pstate'((¢", ti}m)), where (¢, Vq’{”t) is an entry state of F¢+!
11 else:

12: pstateg: qz — qe

13: add state ¢¢ to P*

14: for every transition ¢ —= qél of F* that has no refining transitions in F¢*! :
15: add transition pstate’(¢f) - pstateé(qel) with color £ to P*

16: return pstate’, P*

Figure 6 The key function for translating LDL into tDPA. The function has access to M, G4,
Ga-

The difference is that the state (so,73,v2) of Fa becomes (so, {#3}, {v2}) in the DfA F2,
because we always execute to the determinization step in Line 5. Determinization also marks
every state of F! and F? as an entry state. For instance, (sq, {#3}) is an entry state of F*
because the NfA F} contains the only state, namely (so,?3), whose parent-DfA component
is so. Similarly, (so, {73}, {v2}) is an entry state of F2 because F3 has just one state with
the same parent-DfA component (sg,73).

The functions pstate’ jointly induce the following chains, where x +, y means pstate’(x) =
y, for £ € {0, 1, 2}:

s0 +0 (s0,{U3}) =1 (s0, {0}, {v2}) =2 (s0, {3}, {v2}),

S1 o (81, {173}) 1 (51, {’53}), and

sz o (s2,{02}) =1 (s2,{02}).
The terminal states in these chains form the states of the resulting tDPA. In RECBUILD (2, F?),
Line 13 adds the state (sz, {#2}) to P2. Line 15 then adds a self-loop ab with color 2. No
futher states or transitions are added at this level. In RECBUILD(1, F!), the states (s, {#3})
and (s2,{02}) are added to P! (which at this point includes P?). Since the transition

(s0,{03}) b, (s1,{0s}) of F! has no refining transition in F2, Line 15 adds the transition

(s0, {03}, {va}) b, (s1,{03}) with color 1 to P!. And so on. Finally, in RECBUILD(0, F?),
the remaining transitions are added to make the tDPA complete (thanks to F° being
complete). In particular, we add these transitions: (sg, {3}, {v2}) b, (so, {03}, {v2}) with
color 0 and (s, {#3}) —= (s2, {#2}) with color 0. Figure 7 shows the resulting tDPA.

» Example 21. This example illustrates the importance of entry states introduced during
determinization in Definition 14. Consider the language of ¢ = GF(a A Xa) over the alphabet
¥ = 2{a}. Tts SLTM consists of a single state so with a self-loop on every letter. The
obligation graphs are shown in Figure 8. The NfA Fi and the DfA F! are shown in
Figure 9. Notice that determinization introduces the state (sg, {01, 02}), which is an entry
state. Removing this state does not change the language of the DfA. However, this state is
important for LDLTODPA because it resolves the choice between the two states of the NfA.
The resulting tDPA is Figure 9.
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ab/2 ab/0 */1
0 \
ab/0 ab/0

Figure 7 tDPA for the language of ¢ = G(a — X—a) A (GFa — GFb) constructed by LDLTODPA

from NfAs in Figure 4.
* * a
0 a () (0 a
@@ m (o=

Figure 8 On the left side: a tNBA G, recognizing the language of ¢ = GF(a A Xa). On the right
side: a tNBA G-, recognizing L(—p). The SLTM contains a single state so with the self-loop. The
graph labelling are A\9¢ (s0) = {vo,v1} and A97% (so) = {%o, T1, 72}

(s0, {91, D2})

(s0, {91, D2})

Ql
S]]

a/0

0 a o/ a X a/1g
(50, 91) (50, 72) (s, {1 I~ (50, {82})) (s0,{71}) e (s0,{02})
a a a

Figure 9 From left to right: NfA F,, DfA F' and tDPA computed by LDLTODPA.

4.4 Procedure correctness

Before proving the correctness, we introduce two concepts: the projection of tDPA states
into DfA state space and a notion of a word “reaching” a DfA.

Every state of a tDPA constructed by the algorithm is a state of some DfA. Consider
the shape of DfA states. The states of the DfA FO are exactly the states of the SLTM
M. A state of a DfA from level £ > 1 has the form (¢, V*), where ¢ is a state of its parent
F 1 and V¥ is a set of vertices of the obligation graph gl, and Gf = G4 if £ is even and
G¢l=g 1 if £ is odd. By unfolding the recursive definition of DfA states and omitting nested
parentheses, a state of a DfA at level £ can be written as (s, V!,... V*), where s is a state of
the SLTM and V'* is a set of vertices of the obligation graph G¢, for all i € {1,...,¢}. Given a
tDPA state ¢ = (s,V',...,V*) and a DfA F* at level i, the projection ¢z is (s,V!,...,V?)
when i < ¢ and the state (s,V?,...,V?) belongs to F*, otherwise gz = o, where o is a
distinguished symbol. Given a tDPA transition (¢, z,¢’), its projection (¢, x,q");zi onto DfA
Fris (qFi,, ql’f,;). Note that (g7, , ql’F) might be not a valid transition of F*, even when
both ¢z and q" #i are not o.

A tDPA run (qo, %0, q1)(q1,%1,42) . .. enters a DfA F at moment j > 0 if %5 # o and
either j =0, or for j > 0, (qj,l‘f,xj,l,qj‘f) is not a transition of F.

» Lemma 22. A run of the tDPA can enter a DfA F¢ of a level £ only through an entry
state of F*.

Proof. Let j be the moment when the run enters F*. There are two cases: j > 0 and j = 0.

Sll ose j > 0. Let revs L be the transition of the run taken at moment j — 1. SiIlCG
Qprevy ey Ly g Fe E, there exists n < ¢ (not necessary £—1) such that the guard in Line 14
p |F |F 1) y

of RECBUILD(n, F™) holds true: (qpm’lf" ,@,q7n) € 67 and there are no refining transitions.
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Then, according to Line 14, the tDPA has the transition pstate”(qmw‘rn) = pstate” (g rn ),
which is taken at moment j — 1 of the run. Let us see how pstate” (g z») was defined during

the execution of RECBUILD. Let ¢* = qFi for i =0,...,£. Observe that Line 12 was not
executed on any of the states ¢°, ..., ¢" !, because they all have a refining state ¢*. For these
£—1

states, the guard on Line 9 is true, and Line 10 is executed. On level £ — 1, the state ¢
is mapped to pstate’((¢"~?, Vq’[i’f)) These mappings are chained: ¢ = pstate®(¢°) = ... =
pstate’((¢*1, Vi'h)). Thus, qre = pstate’((¢*1, Vi) e = (g1, V). The latter
state is an entry state of F*.

The proof of the case j = 0 is similar and omitted. |

We define what it means for a word to reach a DfA. Given a word w = zgx1 ..., let
P = Gog1Gz - . . be the corresponding state run of the tDPA. For a moment m, let p[m:] denote
the suffix of p starting at m, and let w[m:] denote the suffix of w starting at m. For a DfA
Ft at level £, let plm:]jz¢ denote the projection of the suffix run onto F*. Observe that
plm:] ¢ is not necessarily a path of ¢ on wlm:]: there might exist j > m s.t. p[j]jz = o,
or there might exist j s.t. (qjlf“xj’ qj+1|ﬂ) is not a transition of F* (even if there are no
o). When there exists a moment m such that the projection p[m:]jz« is an infinite path on
w[m:] starting in an entry state of F*, we say that a word w reaches F*. This means that
the run p of the tDPA on w gets trapped in an SCC of F*, and possibly in a deeper one.

» Lemma 23. Fiz ¢ >0, DfA F* from level £, and a word w that reaches F*. Then
for odd ¢: w € L = w reaches F**1;
for even £: w ¢ L = w reaches Ft1;

Proof. Consider the case of odd ¢; the case of even £ is similar.

Let p be the state run of the tDPA on w. Let m; be the moment, after which every state
that p visits, appears infinitely often. Since w reaches F¢, the projection p[mlz]‘}-z is an
infinite path of F* on w[m1:], and every state appearing in plmi:]|z¢ appears there infinitely
often.

Since w € L, it induces an accepting run v = vgv; ... in the obligation graph G 4. After
some moment mso, the run  starts visiting only states that appear infinitely often in it.

Let m/ be the maximal between m; and ms.

We combine p[m’:]| 7« and y[m':] into the product sequence (¢, Vm/)(qm’+1, Vm/ 1) - - -
where ¢; = p[j]j and v; = 7[j] for all j > m'. Let m > m’ be the moment after
which this product sequence visits only pairs that appear infinitely often, and let 7 =
(Gms Vm ) (@m+1, Um+1) - - - be the corresponding product.

> Claim 1. The product  is an infinite path of the NfA Fi* on wlm:].

Proof. The claim follows from Definition 10. First, in the pair (¢, vm), the vertex v,,
belongs to the SLTM label of ¢,, 2, because the vertex v,, and the state ¢,, (hence its label)
are reachable on the same prefix w[0:m—1]. Thus, in Step 1 of Definition 10, (g, v, is
added to the preliminary transition structure of the NfA fﬁ,ﬂ. This state together with
all subsequent transitions of m belong to some SCC of the preliminary transition structure.
Moreover, 7 visits a G 4-accepting transition infinitely often because v does. Therefore, Step
2 of Definition 10 declares that the SCC containing 7 belongs to the finally built NfA Ff@'l.

<

2 Recall that the very first component of the state g, of F* is a state of the SLTM, which is used as the
definition of the label of ¢, when applying Definition 10.
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> Claim 2. For every state ¢ of F* in m, the DfA F**! has a unique entry state.

Proof. By Claim 1, for every such ¢ there is at least one vertex v s.t. the NfA }'ﬁl contains
(g,v). The claim then follows from the definition of entry states of DfA F**+1. <

> Claim 3. For each (g, v) of m, the vertex v belongs to V", where (g, V") is an entry
state of F&t1,

Proof. By Claim 1, each (g, v) of m belongs to ]-"J{,H. By Claim 2, the state ¢ has an entry
state (g, V™) in F*™1. By the definition of entry states of 7“7, the set V contains every v
s.t. (g,v) belongs to the NfA ]-"f;,“, implying the claim. <

>> Claim 4. Fix a starting moment j > m; let (¢;,v,) be the corresponding state in 7; let
(g5, V;/™"*) be the corresponding entry state of F*'. Then: the suffix w[j:] has an infinite
path in F*! starting from (g;, V"), and v; € V™.

Proof. Let p* = (g, V;"")(¢j11,Vj41) ... be the maximal path of F**! on w[j:]. We need
to show that p* has infinite length. The infinity of p* is implied by the infinity of 7 and the
following statement. For each moment n > j, the state (g,, V,) of p* ensures that v, € V,.
Let us prove this. Initially, v; € V]””t by Claim 3. Assume this for n > j, so v, € V,,, and
consider the successor state (¢nt1, Vat1) = 5]'-“1(((]”, Vi), w[n]). By Claim 1, (gn+1, Unt1) €
5T ((gn,vn),w[n]). By Definition 14, it holds that V,,11 = (U, cv., 57N (g, vn), w(n])) e
hence v,41 € Viy1. <

> Claim 5. If the run p enters F“*! at a moment j > m, then plj:]|Fe+1 is an infinite path
of F**! on wlj:] starting from an entry state, i.e., the word w reaches F**!,

Proof. By Lemma 22, the run enters F**! through its entry state. Let p[j]| 71 = (g5, V™)
be an entry state of F**! when p enters it. By Claim 4, F‘*! has an infinite path
qﬁ“qjﬁqﬁé ... on wlj:] starting from qf“ = (g, V{™). We show that for every i > j,
plil|perr = ¢/, For i = j, we already established that pli]|Fe+r = p"Ti]. If it holds for
i > j, then it also holds for i + 1, since the tDPA simulates, when possible, transitions of

Fon w3 . Thus, p[j:];ze+1 is an infinite path of 7™ on w[j:], and w reaches F*™1. <
> Claim 6. For all j > m, 05| e # o.

Proof. Let qﬁ = qjFe- By Claim 2, F*! has an entry state for qf. Hence, in
RECBUILD (4, F*), the guard in Line 9 holds for qf, so Line 10 maps pstate’ : qf —
pstate”l((qf, Vq?“)). We distinguish two cases, j > 0 and j = 0. Suppose j > 0. Consider
the transition (gj_1,2;-1,¢;) of the tDPA run. Let ¢/ < ¢ be the largest number such
that (qj,ll}-z/ L1, lef‘*') is a transition of the DfA F*', where either ¢ < ¢ or £ = ¢’ and
then F¢ is F¢ itself. In RECBUILD(é’,]-'Z/), for the transition (qflfl, zj_l,qfl) of F¥', either
(a) Line 14 holds true and Line 15 is executed, or (b) the guard in Line 14 is false. In

case (a), the transition (gj_1,2;_1,q;) of the tDPA run is pstate’ (qflfl) Y pstate! (qf,).

Note that pstate’ (qf/) = ... = pstate’ (¢") = pstate"™ ((¢}, V™). Therefore, it holds that
j

q; = pstate™ (¢, X/q"f”))7 80 qj|pesr = (¢, V:;Z”t) # 0. Now consider case (b). Then, ¢/ = (.
J J

The transition (qj‘_]_l}—z s Tj—1, Qj\]:e) of F* has a refining transition, hence Q| Fe # o. Finally,
the case of j = 0 is proven similarly and omitted. <

3 If the tDPA is in state ¢, and qFe+1 transits into state G of F**1, then the tDPA successor state ¢’
satisfies q|']_-1+1 = q”l. This is because the tDPA is built from determinized NfAs built via Definition 10,
and such NfAs have this property.
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Finally, we are ready to prove that the word w reaches F**!'. Claim 6 implies that the
run p enters F¢t! at least once. If this happens at a moment j > m, then by Claim 5, w
reaches F**t1. Consider the case when p enters F**! for the last time at a moment n < m.
By Lemma 22, p[n] e+ is an entry state of F“*1. Thus, p[n:]|ze+1 starts in an entry state,
and, because no other entering happens, for all j > n (qjl]_.Hl,gcj7 qj+1‘fg+1) is a transition

of F**1. Therefore, p[n:] e+ is an infinite path of F**! on w[n:], and w reaches F**1. <

» Theorem 24. For an LDL formula ¢, function LDLTODPA runs in time 222U 4nd
returns a tDPA with 22°"'%" states recognizing L(yp).

Proof. To prove that the tDPA recognizes L(y), it suffices to show that for every word w:
if w € L, then the deepest DfA F*¢ reached by w has even ¢; and

if w € L, then the deepest DfA F*¢ reached by w has odd £.

Consider the first case. If w reaches some F*¢ for odd ¢, then by Lemma 23, it must also
reach some child F**! on even level. Hence the deepest level is even. The proof of the second
case is similar.

We now analyze the time complexity. Lines 4 and 5 have a uniform (independent of ¢)
time complexity of 9207V (Lemma 17). Checking if a state has refining states at a deeper
level (Line 9) can also be done in time 227010 by naive enumeration of states in current P*
(which has 22700 states independently of ¢); the same bound applies to checking for refining
transitions. Therefore, at each node, RECBUILD spends time 920l

The recursion depth is bounded by the number of levels in the COCOA for L(y), which

is 200¢D) | yielding an overall running time of 2270°0), <

5 Conclusion

In this paper, we provided a direct translation procedure from weak alternating automata to
a chain-of-co-Biichi automata representation and to deterministic parity automata. Together
with the straightforward encoding of linear temporal logic (LTL) into weak alternating
automata, the procedure provides a novel and simple way of translating from LTL to
deterministic parity automata and COCOA.

In this paper, we looked at the translation conceptually, avoiding implementation details.
We now make a few remarks regarding the efficiency of the translation procedure in practice.
First, the disjoint SCCs of the SLTM of a given language naturally induce parallelization,
because such SCCs can be processed independently of each other. Second, the algorithms for
constructing a new COCOA level from a previous level are standard and amenable to efficient
implementations. Third, constructing the SLTM itself is also naturally parallelizeable. One
challenge is to implement SLTM construction efficiently, since a naive implementation, as
described in Section 3.1, may perform an unnecessarily large number of equivalence checks
between pairs of weak alternating automata, with each check requiring Miyano-Hayashi’s
construction. We leave this question of efficiency to future work.
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