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1 Introduction

A successful approach to obtaining decidable fragments of (fixpoint) first-order logics is to add
syntactic restrictions on the use of quantification or negation. The “guardedness approach”
leads to restricting its use via adding atoms acting as guards, protecting the syntax from any
dangerous use of quantification or negation that may lead to undecidability. The restriction
on quantification leads to “guarded FO” (or GFO) [3], where quantification can only be used
in the form Vz a(zyz) — ¢(zy) or 3z a(zyz) A ¢(Zy), where « is a (positive) atom. The
restriction on negation results in the strictly more expressive fragment of “guarded negation
FO” (or GNFO) [13], where the negation is restricted to be of the form a/(Zy) A ~¢(Z) and no
universal quantifiers are allowed. Both sorts of restrictions (GFO and GNFO) enjoy desirable
properties, in particular they capture modal logics, and retain some of their features such as
decidability of satisfiability and finite model property.

Adding recursion to these logics is a natural next step since many important inductively-
defined concepts such as reachability cannot be expressed in FO. In this regard, the guarded-
ness restrictions can also be extended to least fixpoint operators while preserving decidability.
The extension of GNFO named guarded negation fixpoint logic (GNFP) [13], is then the
fragment of (first-order) least fixpoint logic (LFP) obtained by also requiring that fixpoint
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variables be guarded (in addition to the guarded negation restriction). GNFP is a highly
expressive logic, in particular extending the modal p-calculus with backward modalities [48].
GNFP still enjoys a decidable, 2ExpTime-complete, satisfiability problem [13, Theorem 4.4] —
just like GNFO — while it no longer has the finite model property.

However, a limitation of GNFP is that it cannot express the transitive closure of formulas [6,
Proposition 2].! The ability to use transitivity to “navigate” the structure is a desirable
feature in many scenarios, and arguably the most basic form of recursion. But expressing the
transitive closure [p];, (z,y) of a binary GNFO formula ¢ (testing that there is a path from
x to y in the graph induced by the interpretation of ¢) would require the use of unguarded
parameters inside fixpoint operators, which is forbidden in GNFP.

In view of this, [6] studies guarded negation fixpoint logic with unguarded parameters
(GNFP-UP), which extends GNFP while preserving decidability, and in particular captures
transitive closure formulas. Yet, the expressive power that GNFP-UP adds to GNFP comes
at a high computational price, as the complexity of the satisfiability problem increases
from 2ExpTime to non-elementary [6, Theorem 20]. The non-elementary procedure has also
matching lower bounds; however, such bounds make use of formulas that go well beyond the
expressive power of transitive closure formulas.

This begs the question of whether the addition of transitive closure formulas to GNFO
already shows an inherent non-elementary behaviour, or if it can be rather better behaved. To
investigate this, we consider GNTC, the extension of GNFO with transitive-closure formulas,?
which is incomparable with GNFP in terms of expressive power, but contained in GNFP-UP.
Concretely, we address the following question: Is the satisfiability of GNTC elementary? We
answer this question affirmatively.

Contributions. We show that the satisfiability problem for GNTC is 2ExpTime-complete,
matching GNFO, whose lower bound holds even on fixed binary signatures.

We first show that the satisfiability problem for GNTC is equivalent — modulo polynomial-
time reductions — to the restriction on its unary-negation fragment, or UNTC (Theorem 5).
Concretely, UNTC is defined by restricting negations to be of the form —p(z), and transitive
closure to be applied only to formulas with two free variables. This reduction preserves
satisfiability and finite-satisfiability.

Once this reduction is in place, the 2ExpTime upper bound for GNTC follows from the
(unpublished) result of [20, Theorem 8.5] establishing a 2ExpTime bound for the satisfiability
of UNTC. The proof of [20] — heavily relying on prior work [29] — consists of a long chain
of non-trivial reductions to the non-emptiness of 2-way alternating parity tree automata
(2APTA) from which it is hard to derive any intuition. Here we propose an alternative proof
for the satisfiability of UNTC based on a direct reduction to the non-emptiness of 2APTA,
from which the tight complexity upper bound follows. That is, we show an exponential-time
reduction from the satisfiability problem for UNTC to the non-emptiness problem for 2APTA,
and since the latter is in ExpTime [48, §4], the 2ExpTime bound follows (Corollary 24). While
our proof is not simple, it is arguably simpler than the previous sequence of reductions.
It also has the advantage of being direct, shorter, and self-contained. Further, we show
how our reduction can be intuitively interpreted via elementary derivation rules of a “local”
(model/satisfiability) checker running on tree decompositions.

L The proof of this fact can be found in [7, Appendix A.1].

2 In GNTC, transitive closure formulas do not contain unguarded parameters. For the extension of GNTC
with unguarded parameters in transitive closure formulas (GNTC-UP), the satisfiability problem remains
decidable (since GNTC-UP is contained in GNFP-UP) but it is non-elementary. This is because the
containment problem for (existential) positive first-order logic with unary transitive closure (called
PFO-TC1) is already non-elementary [9, Theorem 4] (see also [10]). For the same reason, UNTC with
unguarded parameters in transitive closure formulas (UNTC-UP) is also decidable but non-elementary.
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The proof we exhibit also gives an alternative direct proof of known results on the
satisfiability for extensions of Propositional Dynamic Logics — known as ICPDL and UCPDL"
[21, 29] —, since they admit trivial polynomial translations into UNTC [20, Proposition 8.3].

Finally, we also study the model checking problem, i.e., the problem of, given a (finite)
structure A and a GNTC sentence o, whether A |= . We show that, in combined complexity,
this problem sits in the same complexity class as GNFO, namely PNPIO(log? ™)]_complete?
(Theorem 26). This is in contrast with the complexity of GNFP, which is hard for PNP | even
when restricted to its unary negation fragment [47, Theorem 5.5]. Our results also establish
PNP[O(log? m]_completeness of model checking for UNFO™ and UNTC, which were left open
in previous works [20, Open Problem 2 and Footnote 16 of version v1].

Related work. GNTC is a syntactic fragment of (first-order) transitive closure logic (TC).
The satisfiability problem for full TC is highly undecidable [26, Corollary 6.7] (see also
[28, 31]). Apart from the already mentioned work on the highly expressive GNFP-UP [6]
which captures GNTC and implies its decidability (with a non-elementary bound), we are
not aware of other decidable logics capturing GNTC.

Recent ISO standards for querying property graphs, SQL/PGQ [1] and GQL [2], are at
least as expressive as FO and can express transitive closure [25]. In particular, a large fragment
of GQL (“restrictor-free”) is known to be in TC [22, Lemma 1]. Further, SQL/PGQ (with
view creation) [45, Corollary 6.3], as well as the earlier language GraphLog [15, Theorem 3.3,
precisely capture the expressive power of TC for graph database queries.

Another relevant line of work consists in considering extensions of Propositional Dynamic
Logics, or PDL [23] (also known as ALCres). The logic ICPDL adds intersection and
converse to PDL modalities (“programs”) and [29, 34] show its satisfiability to be 2ExpTime-
complete. The work [21] pushes this even further by adding also conjunctive queries over
PDL programs. As shown in [20], a slight extension of the logic of [21], coined UCPDL", is
expressive-equivalent to UNTC (while in principle exponentially less succinct).

UNTC (or, equivalently, UCPDL") is also known to capture several other logics such
as UNFO™9 [32], which is the result of adding regular expressions over binary relations to
UNFO, CQPDL [6, p. 4], the positive calculus of relations with transitive closure [42, 37, 40],
as well as several graph database query languages, including Conjunctive Regular Path
Queries (CRPQs) and Regular Queries [43] (see [20, §1.1 & Figure 1] for more examples).

An important relevant related result is that of [20, Theorem 8.5], showing a 2ExpTime
upper bound for UNTC satisfiability. One major disadvantage of the proof of [20, Theorem 8.5]
is that it is based on a long chain of reductions: an exponential translation from UNTC to
UCPDL", which in turn has an exponential-time reduction to the satisfiability of ICPDL,
which is shown in [29, Theorem 4.8] via an exponential-time reduction to two models of
automata (in particular, a word automaton that runs on paths labeled by states of a tree
automaton), which can then be reduced to the non-emptiness of 2-way alternating parity
tree automata (2APTA). Moreover, it is necessary to carefully analyze the reductions to
derive an optimal complexity bound.* Combining these non-trivial reductions UNTC ~

3 The class of decision problems solvable in polynomial time with O(log?(n)) calls to an NP oracle.

41t requires showing: that the exponential translation UNTC ~» UCPDL" [20, Proposition 8.1] produces
formulas of polynomial so-called “conjunctive width”; that while the reduction UCPDL" ~ ICPDL
[20, Lemma 7.11] is exponential (which would lead to a 3ExpTime satisfiability procedure for UNTC) it
nevertheless produces formulas of polynomial so-called “intersection-width”; and that while the reduction
ICPDL ~» 2APTA is exponential, it yields automata with a number of states which is only exponential
in the “intersection-width” [29, Lemma 3.7]. Thus, the combined reduction of [20, Theorem 8.5] gives a
doubly-exponential procedure by [29, Lemma 3.7].
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UCPDL" ~ ICPDL ~» 2APTA we obtain a correct but rather long and intricate proof, from
which it is difficult to gain intuition. The present work can be seen as a simplification and
streamlining of this complex chain of reductions.

Finally, the recently introduced Guarded Fragment with Regular Guards (RGF) [5]
extends the expressive power of GFO and ICPDL by allowing to use ICPDL-programs as
guards. RGF is incomparable with GNTC (or UNTC) in terms of expressive power.

Organization. After some preliminary definitions in Section 2, we show the reduction
from GNTC to UNTC in Section 3. The following Sections 4-7 are dedicated to showing
decidability for the satisfiability of UNTC, starting with a high-level description of the proof
in Section 4. Finally, we study the model checking problem in Section 8 and conclude with
Section 9. All missing proofs can be found in the full version.

2 Preliminaries

We write Z, N, and N for the sets of integers, non-negative integers and positive integers,
respectively. For I,r € Z, we write [l..r] for the set {i € Z | | < i < r}. In particular, for
n € N, we write [n] for [1..n]. For a set X, we write #X for the cardinality of X and P(X)
for the set of subsets of X. We use U to denote that the set union U is disjoint.

For a set X of letters, we write X™* for the set of words over X. We write ¢ for the empty
word and ww’ for the concatenation of words w and w'. We write w <prer w' if w is a prefix
of w’. For a sequence @ = ay ... a,, the length ||a|| is n, and we write a[i] for a;. For a set X
of letters, an X-labeled (rooted) tree is a partial function 7': N% — X such that its domain
dom(T) is prefix-closed and non-empty. We say that T is binary if dom(T") C {1,2}*. For
w,w’ € dom(T) and d € Z, we say that w’ is in the direction d from w if w = w’ when d = 0,
wd <pref w' when d > 0, and w Zprer w' when w = w”(-d) for some w” € N.. We write
dom,, 4(T) for the set of all elements in the direction d from w. For w € dom(T) and d € Z,
we define w o d € dom(T) (cf., [29, p. 285]) as the node adjacent to w and in the direction d
from w if it exists, and as undefined otherwise; see Figure 1 for an illustration.’

1
w o (-d) w wé direction 1
direction -d 0 d .o
0 .
direction 0 woD direction 2

Figure 1 Illustration of directions (from w) and the operator ©.

Let R be an infinite set of relation names. We write ar(R) for the arity of a relation name
R € R. A relational structure A (henceforth structure) consists of a non-empty countable’
domain dom(A) of elements and, for each relation name R € R, a relation R* C dom(A)* (%),
We write STR,, for the class of all structures of cardinality at most x, and let STR = STRy,
where N is the countably infinite cardinal and let STRg, = Unem STR,,.

We use A, B, ... to denote STRg,-labeled binary trees. An element g € dom(B) is called
a bag. Thus, I@(g) is the finite structure labeled at g, for any bag g of B. For a structure A,
a tree decomposition of A is an STRgy-labeled binary tree” B such that

5 For economy of space, trees depicted in this manuscript grow from left to right.

5 Both GNTC and UNTC are semantic fragments of least fixpoint logic (LFP), which has the downward
Léwenheim—Skolem property [24, 27]. Thus, countable structures suffice for satisfiability.

7 STRgy-labeled binary trees suffice to enumerate countable structures of finite treewidth, cf., e.g., [6, §4].
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dom(A) = Ugedom@) dom(B(g)),
RA = Ugedom(®) REW) for each R € R,
dom(B(g)) N dom(B(g")) € dom(B(g')) for all g,¢’,g"” € dom(B) such that ¢’ is on the
path between g and g”.
The width of B is defined as supgedom(@)(#dom(ﬁ%(g)) —1). The treewidth [44, 16] of a
structure A is the minimum width among tree decompositions of A, or oo if there are no

tree decompositions.

2.1 GNTC and UNTC

In this paper, we consider decidable syntactic fragments of (first-order) transitive closure
logic (TC) [30]. Let V be an infinite set of variables, disjoint from R. We write FV(yp) for
the set of free variables occurring in a formula ¢. For a sequence x of variables, we use
©(Z) to indicate that ¢ is a formula where FV(y) is the set of variables occurring in z. We
shall sometimes abuse notation and write z also to denote the set of variables occurring in
x — it will be clear from the context when we use it as a set. For a structure A, formula
¢ and interpretation (i.e., variable assignment) I : V — dom(A) s.t. FV(¢) C dom(I), we
write A =, ¢ to denote that A satisfies ¢ under I. We write A |= ¢ when ¢ is a sentence
(i.e., v has no free variables). The size ||¢|| of a formula ¢ is defined as the total number
of symbols occurring in ¢. For a sequence § = (y1,...,yn) € V* and a pairwise distinct
sequence T = (z1,...,%,) € V* of the same length n > 0, we write ¢[y/z] for the formula ¢
in which each variable x; has been replaced with y; for each i € [n].

For a logic £ (such as GNFO, GNTC, etc.), we denote by SAT-L its satisfiability problem,
that is, the problem of, given a sentence ¢ € £, whether there exists some structure A such
that A |= ¢, in which case we say it is satisfiable and that A is a model of ¢.®

The guarded negation fragment of TC (GNTC) is defined as follows. A guard is an atom
Rz where R € R U {=}. Here, RZ satisfies ||Z|| = ar(R) where ar(=) = 2. We use o, to
denote guards.” The GNTC formulas are generated by the following grammar:

o = alpAY oV |3z e lan-p|lanNBApL;TY.
(G-N) (G-TC)

Here, in the form of the guarded negation formula (G-N), we assume that ¢ is “guarded”
by the atom «, i.e., FV(¢) C FV(«). Also, for any formula of form (G-TC) — which we
call unparameterized guarded transitive closure formula, transitive closure formula or simply
TC-formula —, we assume the following:
Z, ¥, 4, and v have the same length (called, the arity of the TC-formula), and uv is
pairwise distinct,
u and v are guarded by the atoms a and 3, respectively: 4 C FV(a) and v C FV(3),
there are no TC-parameters: FV(a A 8 A ) C uv.
A GNTC formula ¢ is a GNFO formula if ¢ does not contain TC-formulas (given by the
grammar without the (G-TC) rule).

» Remark 1. GNTC is similar to “GNF(TC)” of [6], but modified in the following two points:
our TC-formulas have both a left guard o and a right guard §; and
we use classical guards from other logics (e.g., GNFO and GFO), as opposed to the
(exponential-sized) formula “gdd” from [6].

8 A may be infinite since we shall deal with logics which do not enjoy the finite model property.
9 We can extend guards to existentially quantified atoms obtaining a semantically equivalent logic via
polynomial-time translations.

43:5
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These modifications do not affect the expressive power. Further, the form of TC-formulas
in GNTC is crucial for the polynomial-time reduction from GNTC to UNTC (cf. § 3): if
v is not guarded (as in GNF(TC)), we have to unfold the TC once, and it may make an
exponential blowup if the nesting of TC is unbounded. The second modification seems also
necessary for the polynomial-time reduction from GNTC to UNTC in the model checking
problem of § 8 (¢f. [13, Remark 5.2]).

The unary negation fragment of GNTC (UNTC) is given by the following grammar:*°

0, u= alpA V| Tre | —e |, Y.

Here, « is an atom Rz where R € R U {=}, and in the form of the negation formula —p,
the number of free variables is at most one: #FV(p) < 1.11 In the form of TC-formula
[¢]k, zy, there are no TC-parameters: FV(p) C {u,v}. We say that a UNTC formula
@ is a UNFO formula if ¢ does not contain TC-formulas. In terms of expressive power,
GNTC strictly contains UNTC and is incomparable with GNFP. For example, the formula
Jy(0(z,y) A [0(u,v)], (y, z)) where §(z,y) = R(x,y) A —R(y,x) — saying that = belongs to
a positive-length cycle made only of strictly forward R-edges — is not expressible either in
GNFP or UNTC (see the full version for a proof).

In this paper, for satisfiability problems, we will use the following model theoretic property.
A similar property holds even for GNFP-UP [6, Proposition 6].

» Proposition 2 (bounded treewidth model property [20, Remark 7.2 and Theorem 8.5]). Fvery
satisfiable UNTC formula ¢ is satisfiable in a structure of treewidth at most ||| — 1.

2.2 2APTA

For satisfiability problems, we will give reductions to 2-way alternating parity tree automata
(2APTAs) [48]. Here, we use only binary trees as inputs (¢f. Footnote 7) and we employ
labeled backward transitions as in [29]. The non-emptiness problem for 2APTA is the
following problem: given a 2APTA, is there a tree in the language of the 2APTA? We will
rely on the following complexity result for 2APTAs.

» Proposition 3 ([48]). The non-emptiness problem for 2APTAs is in ExpTime.

» Remark 4. In this paper, we use only weak [35] 2APTAs (a succinct form of Biichi
automata [33]), as we consider only TC, and hence alternation-free fixpoint; see also,
e.g., [36, 14].

3 Reduction to UNTC

In this section we show that there is a polynomial-time reduction from SAT-GNTC to
SAT-UNTC. However, the reduction does not imply a reduction from SAT-GNFO to SAT-
UNFO since, as we shall see, it requires the expressive power of transitive closure even when
restricted to GNFO sentences.

0 Tgnoring minor syntactic differences, UNTC can be equivalently defined as the syntactic fragment of
GNTC where guards are restricted to formulas “z = z” (z € V).

11 Allowing binary negation renders UNTC undecidable, as is already the case for UNFO with atomic
negations or with inequality [47, §7.3]. Even the query equivalence problem for negation-free UNTC
(EPUNTC) is undecidable with atomic negations (by [38, Theorem 50]) or with inequality (by [39,
Theorem 4.9][41]).
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R on RN N
(i Cs ) | G Co oy G0 G C Cs ,Cs

AN A0 A
= A A

Cs \b4)S Cs Cs Ccy’

A ~ B B’

Figure 2 Idea of reduction of SAT-GNTC to SAT-UNTC. The structure A is depicted by a set
of domain elements and some colored hyperedges representing tuples in the ternary relation R, the
binary relation T, and the binary relation S. In the structures B and B’, all relations are binary,
and hence they are depicted as edge-labeled graphs. Observe that B and B’ both encode A, and
that co and cg in B’ should be regarded as representing the same element since they are both the
2nd component in the R-tuple represented by t2.

~

» Theorem 5. There is a polynomial-time translation from GNTC sentences to UNTC
sentences preserving both satisfiability and finite-satisfiability.'? Further, the UNTC formulas
in the reduction use only binary relations.

Proof. The idea is to use fresh domain elements to encode tuples, and some binary relations

of the form Rl(t,¢) to denote that the tuple ¢ contains the element c in its i-th component.

For example, in Figure 2, the tuple (cj,c2,c3) of A is represented in B by the element
ta, together with the pairs (t2,c1), (t2,co), and (t2,c3) in the interpretations of R, Rl
and REB!. Hence, some domain elements of B represent tuples of A (which we call “tuple
elements”) while others represent the elements contained in the components of tuples of A
(“component elements”). However, we cannot enforce these relations to be functional, and
thus there could be several ¢ such that R[(t,¢). In particular, we may have two different
but “semantically equivalent” encodings. Indeed, the same tuple R(cq, ca,c3) of A may also
be represented in a structure like B/, where R[?! contains both (t2,¢2) and (t2, cg), with cg
coming from another relation S. This illustrates that the encoding need not be injective:
different component elements may play the role of the same domain element of A. This
is not a problem in the presence of transitive closure, since we can encode the “equality”,
consisting of the transitive closure of the relation “the elements ¢ and ¢’ both appear in the
i-th position of the same tuple”. We can then do an encoding ensuring that we always work
modulo this quotient of equality — for this we must take advantage of working in the presence
of a transitive closure operator.

Now more concretely, let ¢ be a GNTC sentence, where we assume no repetition in the
names of the bound variables. Let EQ be a fresh binary relation and let ¢[EQ/=] be the
formula obtained from ¢ by replacing each appearance of = y with EQ(z,y). Henceforth
we shall use R to denote the (finite) set of relation names occurring in 3z EQ(x, x) Ap[EQ/=]
(in particular, FQ € R), and we shall use R, to denote the (finite) set of pairs (R, i) where
ReRandie€{l,...,ar(R)} (in particular, (FQ,1),(FQ,2) € Rar).

For each (R,i) € Rar, we use a binary relation R[I. Each pair (¢,¢) € (R[1)* denotes
that the tuple represented by ¢ contains, in its i-th component, the element ¢’. We divide the
elements representing tuples from those representing the elements within those tuples:

12 A sentence ¢ is finitely-satisfiable if there exists a finite structure that models the sentence. The
finite-satisfiability problem of L is that given a sentence ¢ € L, whether ¢ is finitely-satisfiable.

43:7
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by 23wy \  RGoASI(ez)  wp)23 \/ Rt

(R.9),(5,4)€Rar (R,1)€Rar
Ppg =V (comp(x) — 3t /\ EQU(t, x)) comp(z) = —tup(x)
i€[2]

Note that ®gg can be equivalently written in the syntax of UNFO. We shall call domain
elements satisfying tup as tuple elements and the remaining ones component elements (denoted
by comp). Note that @, ensures that component elements do not have outgoing relations,
and hence that relations Rl always link tuple elements to component elements.

We then let the following formula denote that two elements are supposed to represent the
same element within a tuple.

(@=y) = 3\ (B A BQI o) v\ (B W) AR (1) ay
i,j€[2] (R,i)ERar “

In the reduction we shall use partial functions g : V — V x R x N, for which we adopt
the notation u(x) = (¢, R[i]) to denote u(x) = (¢, R,i). We will inductively define, for
subformulas 9 of ¢, UNTC formulas of the form “®,(¢)”, where dom(u) = FV(1)), having,
as free variables, free(pu) = {t € V : 3z, i, R s.t. pu(x) = (¢, R[i])}. The final formula is ®y(¢p),
where () is the empty partial function.

Definition of ®,(1))  Conjunction and disjunction: If * € {A,V} then ®,(¢" x ") =
O, (V') * @, (¥"), where p/, " are the restrictions of p such that FV(¢') = dom(y') and
FV(¢'") = dom(u").

Atoms: The case of atoms (or guards) Rz is defined by guessing a tuple ¢ which contains
Z when seen as an R-tuple. However, each variable of Z is not explicitly available but rather
needs to be accessed via some SUl(#,-) which is stored in u(z[i]) = (¢, S[4]).

®,(R(z)) = 3t ®},(R(Z)), where
<I>Z(R(a:1, ceyXp)) S tup(t) A 3Dy, By T, By
N\ BU®a) A N SV ) AN =

i€[n] i€[n] i€[n]
p(xi)=(t:,S[ji])

Quantification: The existential quantification consists of guessing a component element c.
In our encoding, these elements are endpoints of Rl!-relations. Hence, for doing this, we
guess some tuple ¢, a relation R and an index 4 such that c is the i-th component of the
R-tuple t.

0,(Gz ) =3t tupt) A\ (e B 0)) A psgans 1mi (9)) -
(R,i)€ERar

Negation: Guarded negation is transformed into unary negation by guessing a tuple t as
before.

B, (R(z1,. .. xn) Aop) = 3t @ (R(1,. ., 20)) AP0 B e PV (9)} (9)

Observe that @, (¢, Ri]):z.eFV(e)} () is unary, since it has ¢ as sole free variable, thus
fulfilling the requirement of UNTC.
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Transitive closure: Finally, the guarded transitive closure is converted into a unary
transitive closure between two tuples ¢,t':

O, ([R(ud) A S(u') Ap(av) 5, 2Y) = ‘I)u(/\ EQ(z[i], y[i])) Vv (1)

n
(ﬂtm ts ®IE(R(ZY)) A PLE(S(E'Y)) AP fapis 1, R1D). 51— (. S[i]) (n)]:t’thS> (2)
(a) (b)

where the variables of 4’ and v’ are contained in those of u and v, respectively; and z’
is such that Z'[i| = z[j] iff @'[{] = u[j], and similarly for . The formula can be read as
follows: “either the transitive closure is satisfied in 0 steps (line 1), or we verify R(Zy’)
and S(Z'y), whence there exist tuples tg,tr witnessing these facts (line 2-a), and this pair
(tr,ts) of tuples must be in the transitive closure of ®(n) under the function mapping ]
to the R[i]-component of the first tuple ¢, and similarly for v[i] and S[i] with ¢’ (line 2-b)”.
Note that @ rapie (¢, Rl)), 00— (¢, 5[]} (1) (line 2-b) has ¢, ¢’ as sole free variables, meeting the
requirements of UNTC.

> Claim 6. ¢ is (finitely-) satisfiable iff ®g(p[EQ/=]) A Psep A P is (finitely-) satisfiable.

Proof of Claim 6. = For the left-to-right direction, given a model of ¢, consider adding a
new domain element for each tuple and the relations R as explained before. It follows that
the resulting structure verifies ®y(p[EQ/=]) A Psep A Prg.

< For the right-to-left direction, suppose we have a model B of ®y(¢[EQ/=]) A @sep AP Eo-
Consider the structure A resulting from applying the following operations in the following
order:
(i) quotienting by =, that is, replacing every element ¢ with its Z=-equivalence class [c]x,
defined as [c]x = {¢’ € dom(B) : B = (¢=¢')}; then
(ii) for each arity n relation R of R, adding a tuple (cy,...,¢,) to R if for some ¢ we have
that (c,¢;) is in R for every i; and finally
(iii) removing the tuple elements, that is, removing, for each possible R, i, all elements ¢
appearing as first component of a Rl-pair.
Observe that applying these operations to either B or B’ of Figure 2 we obtain a structure
isomorphic to the original structure A.
It remains to show that A = ¢[FQ/=]. The proof goes via structural induction on
©[EQ/=], using the following inductive hypothesis: For every
subformula v of [EQ/=]
w:V =V xR x N such that dom(u) = FV())
assignment & : free(n) — dom(B) such that the image I'm(§) ranges over the tuple
elements of B,
assignment &’ : FV(y) — dom(A) mapping each variable x € FV(¢) to [¢]x, where ¢ is a
Rl-successor of £(t) in B such that u(z) = (t, R[i])
we have

Bl u(¢) iff Al o 3)

We proceed by induction on the structure of .

= R(x1,...,2,) Let B’ be the model resulting after quotienting B by = (step (i) of
the construction). By the definition of @, () we have that B =, ®,(y) iff there are
bo, .-, bn,c1,..., ¢, € dom(B) such that
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1. b; is a tuple element of B for each i =0, ..., n,

2. [¢;]2 is a Rll-successor of [bg]= in B’ for each i € [n], and

3. [¢i]x is also a Sl[ji]—successor of [b;]= in B’ for each i € [n],

where for each i € [n] we have u(z;) = (t;,5:[5i]), &' (z;) = [e;]= and £(¢;) = b;. We
obtain A by applying steps (ii) and (iii) of the construction to B’. One can see that
(€@1),. . € wn) € BE i B =, B, ().

¢ =3z ¢ By definition, we have that B =, ®,(3z ¢) iff

B = 3t tup(t) A \/ ((30 RU(t,c)) A (I)yu{zH(t,R[i])}(SD)) ,
(R,i)ERar

iff there exists a tuple element b € dom(B), a RlJ-successor ¢ of b, and (R, i) € Ra, such that
B ¢ @4(p), where { = U {t — b} and i = p U {z — (¢, R[i])}. By inductive hypothesis,
this happens iff

there exists a tuple element b € dom(B), a Rl-successor ¢ of b, and
(R,1) € Rar such that A |=¢ ¢, where £ =¢U{x— |z}, and cis a (4)
Rli-successor of £(t)(= b) in B

For the left-to-right implication of (3), suppose that B =, ®,(3z ¢). Hence (4) is true
and then A =g ¢, where ¢’ extends ¢’. This implies that A [=,, 3z ¢.

For the right-to-left implication, suppose A |=,, 3z ¢. Then there exists [c|+ € dom(A)
such that A [=¢ ¢, where ' = ¢ U{z — [c|z} for some component element ¢ € dom(IB).
Since B |= @z, there is a tuple element b € dom(B) which has ¢ as a EQM-successor. Then
(4) holds for (R,i) = (EQ,1) and therefore B =, ©,(3z ¢).

Y =R(z1,...,2n) A0

Without loss of generality, we can assume that FV(¢) = {z1,...,2,}. As in the case of
the guards, we have that B \:5 ®,,(v) iff there are by, ...,bn,c1,...,c, € dom(B) such that
items 1), 2) and 3) hold, and also

B b&{tv—ﬂ)o} @{x'iH(th[i])}iE[n] () ()

By inductive hypothesis (5) is equivalent to

Ao, (6)
where & = {z; — [¢;]= : ¢ € [n]}. By item 2) and the definition of A in (ii) we have that
([e1]z, ..., [cn]z) € RA. Hence (6) is equivalent to A ‘:{xi’_)[('i]i}ie[n] ¥, and this concludes

the proof of this case.

¥ = |[R(uv’) A S(u'v) A @liszy  For simplicity, let us assume that o' = @' = ). The general
case is similar. Hence we may assume that v is of this form:

¢ =[a(@) ABO) Aoy
—_———
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and ||| = ||o]] = ||Z]] = ||yl = n (we notate w; for u[i] and the same for the other tuples
of length n). As we reasoned in the case of the guards, let B’ be the model resulting after
quotienting B by = (step (i) of the construction of A).
By the definition of ®,,(3) we have that B |=, ®, (1) iff one of the following is true:
1. B = ®,(EQ(w;,y;)) for each i € [n];
2. there are N > 2 and elements (b(j))je[m, (cgj))ie[n]’jew,l], (dl(-j))ie[n],je[Nq] of dom(B),
such that
a. bV is a tuple element of B for each j € [N],
b. b and bV satisty B f=,p, . ypy P (R(EY)) and B =g,y P (S(E'D)),
c. forall j € [N —1], [¥]x is a Rl-successor of [b@]x in B’ for each i € [n], and [d\"]
is a Sll-successor of [bU+1)]x in B’ for each i € [n],
d. forall j € [N—1], we have B |=. ®;(n), where fi = {u; — (¢, R[i]),vi = (', S[i]) }iejn)
and & = {t — b ¢/ — pUFDY,
The case 1 is straightforward, since it is just the case of the guards, so let us focus
on case 2. By 2a and 2c, the side conditions of the inductive hypothesis are satisfied;
applying it to 2d, we have that 2d holds iff A #53 7 for all j € [N — 1] where

& = {us =[] 2,05 [dP] 2 }igp)-

Together with 2b and 2c, this is true iff A ):5, ¥, where ¢’ = {x; — [cgl)];, Yi [d(N_l)

= 1 * @y for x € {V,A} Straightforward. <

This concludes the reduction. |

4 Satisfiability of UNTC: Proof Approach

UNTC enjoys, as all decidable logics of this family, a “tree-like” model property. In other
words, a sentence  is satisfiable if, and only if, it is satisfiable in a structure of treewidth
< [l¢|l. It is then sufficient to produce an algorithm which answers whether there exists
such a bounded treewidth model of ¢. We shall define a tree automaton A% that decides
such a property, based on local properties of the bags, in such a way that A% has a non-
empty language iff ¢ is satisfiable. Intuitively, such an automaton A¥ will guess a tree
decomposition of a (possibly infinite) structure and verify that it is a model of .

As is usual in similar approaches, we see tree decompositions as binary trees labeled by
structures (“bags”) of size < ||¢|| and, in order to make the alphabet finite, we abstract
the information contained in bags in a standard way (using a fixed set of elements of size
< |l¢|l). However, the crucial and challenging part of the construction is to define the states
and transitions so that the automaton A% is only of single exponential size, as otherwise the
satisfiability procedure would suffer from an exponential blowup.

The way we approach this issue is by defining some “local” rules on abstract semantics
that need to be verified on the tree decomposition to ensure that the denoted structure
verifies ¢. Such rules are given via a form of “local checker”. In the rest of the section we
build some more precise intuition on the nature of the abstract semantics and the tableau-like
rules of the local checker. This serves as a guide to the more technical terminology and
definitions presented in § 5-7.

A tree decomposition A is just a binary tree, labeled by finite structures, often referred
to as bags. The structure ®A that such a decomposition denotes is the result of making the
disjoint union of all the finite structures, and “gluing” any two equal elements from adjacent
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structures, as will be shown in Figure 3. Such structure ®A is unique up to isomorphisms.
We say that A has width & — 1 if the maximum cardinality among all the labeled structures
is k (e.g., the one in Figure 3 has width 2). It is plain that for every tree decomposition
of width less than k there is another one denoting the same structure and using only some
k fixed “named” elements'® {ci,...,c.}, and for this reason (combined with the bounded
treewidth property of UNTC, cf. Proposition 2) we restrict to such tree decompositions.

Note that, standing at a bag g of a tree decomposition A, we can distinguish the following
possible “locations” where an element of ®A can be found:

“the c; element of this bag”, to refer to the element of ®A which is “locally” represented

as ¢; in g, i.e., the element of ®A obtained as the result of gluing c; of the structure in g

with some other elements,

“in the direction d = 17 (resp. d = 2) to refer to any (non-local) element of ®A that can

be found in the left subtree (resp. right subtree) of g, and

“in the direction d = -1” (resp. d = -2) to denote an element which is elsewhere in the

tree (i.e., in a node outside the subtree rooted at g), assuming g is a left-child in A (resp.

assuming it is a right-child).

Hence, each bag g has a set (or “domain”) of available locations D§ C {cyy. ., U
{1,2,-1,-2}, which depends on the domain of the labeled structure, and whether ¢ is a
left /right child and has left/right children. We can then abstract an element w from ©A by
its location Absﬁ(’w) € D‘§ — i.e., either by a “local name” ¢; or by a direction d € {1,2,-1,-2}
where it can be found from g. Conversely, the concretization of an element c; in the context
of (A, g) is the corresponding element of ®A, and the concretization of a direction d is the
set of all elements of ®A that can be found in the direction d from g; denoted by C‘g(ci) and
C‘g(d) respectively. In this way each bag g induces the finite partition {C‘;(z)}zepg on the
(possibly infinite) domain of ®A.

In light of this, for reasoning about the satisfiability of UNTC, instead of working with
classical interpretations (i.e., mappings from variables to elements of @@) we shall work with
abstract interpretations, mapping each variable x to a set'* .7 (x) C D‘g of locations relative
to a bag g. A concretization of such an abstract interpretation .# is then just a (classical)
interpretation with the same domain as .#, but mapping each variable z to an element of
C‘g(z) for some z € #(x) — i.e., to an element of the concretization of some .#(x) member.

By means of such abstract interpretations we define a local checker (LC) over tree
decompositions. Concretely, an instance of the LC (called “state” in later sections) consists
of a tree decomposition A, a node g thereof, a set I' of UNTC formulas, and an abstract
interpretation .# of the free variables of these formulas. We denote such instances by
(F)ﬁ,’ 4+ The LC has the task of checking that there exists some concretization of the abstract
interpretation .# (in the context of (A, g)), satisfying all formulas of I' on ®A. In particular,
for a sentence ¢, the LC on the instance (90)%,5 checks if ®A is a model of .

The LC will solve this problem by making calls to a Boolean combination of other LC
instances — in some sense mimicking the Boolean operations of the formula it checks. For this
reason it is useful to have two (dual) “modes” of instances: the “positive mode” (denoted

13 This is a standard construction, by inserting an additional bag between each pair of adjacent bags, cf.,
e.g., [40, p. 27:23].

1 For convenience, we map to sets, not elements. This definition simplifies the rule (move), because the
concretization of a direction d corresponds to a set in an adjacent bag (c¢f. moving set M‘; 4)-

15 Although the fact of working with abstractions may compromise completeness due to the loss of
information outside the bag at the given location, the local checker remains complete under the
evaluation strategy we will exhibit.
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with a superscript 1) defined just as before, and the “negative mode” (with superscript 0)
testing the opposite — namely, that no concretization verifies all formulas of I". We will hence
use positive Boolean formulas on these signed model checking instances (we shall use A and
v as Boolean connectors to avoid confusion with the UNFO syntax). For example, we will

denote by (I‘)lj"}g \% (A)OjAg, the truth value p V —¢q where p is the truth value of the model

checking problem on (F)‘lﬂ"?g and ¢ is the one on (A){l",‘i,.

With this intuition, the LC for UNFO is defined via the intuitive derivation rules of
Figure 6 — somewhat akin to sequent calculus rules or tableau rules — showing how instances
are derived from other instances.'® A rule “A ~» B” should be read as “for checking A, it
suffices to check B” if A is in positive mode (i.e., p = 1) or as “for checking A, it is necessary
to check B” if A is in negative mode (p = 0).17 Notably, to apply the rule (=), all the free
variables of ¢ should be concretized; this condition is required for the soundness of the LC.18

The rules for the transitive closure (TC), given in Figure 7, are slightly more involved
and necessitate further definitions. However, the reader can already see that they correspond
to the different ways of shrinking a TC unravelling: either by consuming an element from
one side if its endpoint is local to the current bag — (TC-1) and (TC-r) —, or by splitting it

into two TCs when an endpoint is not local — (TC-sp-1) and (TC-sp-r).

Using these rules, a derivation tree (called “run” in later sections) for an instance (l")pj&g

is an instance-labeled (possibly infinite) tree such that each positive-instance (resp. negative-
instance) is “consistent” with some (resp. every) applicable rule.'® For example, if a node in
the tree is labeled A and has two children with labels B and C, and if the applicable rules
for A are A~ BAC and A ~ DV A, then it will verify the derivation tree condition at the
node if A is positive (it is consistent with the first rule), but not if A is negative (it is not
consistent with the second rule).

While these rules can be easily seen to be sound, they still do not yield an algorithm,
since: (i) the input tree decomposition is an infinite object and (ii) the derivation trees may
be infinite. However, the L.C rules can be straightforwardly interpreted as the transition
function of a (2APTA) tree automaton, where derivation trees are seen as “runs” and each

LC instance (1")’}‘1&9 is abstracted as a “state” I' s with priority p.2° One can then define
accepting derivation trees in the same way as accepting runs for 2APTA, i.e., requiring that
every infinite branch has infinitely many negative instances. With these semantics, the local
(model) checker is indeed both sound and complete (corollaries of Theorems 13 and 20):
an instance is a yes-instance if, and only if, there exists an accepting derivation tree that
contains it at the root. )

However, the derivation trees starting with an instance ({ga})oy’j?E may in principle yield
an automaton A% with an infinite number of states of the form I" . To solve this, we show
that starting with the sentence ¢, the number of states needed in any accepting run is not

1611 these rules, we use “I', A” and “T', »” to denote I'U A and I' U {} respectively, and the shorthand
A=y At = A V02 A V2.

17 For understanding rule (move), g ¢ d denotes the bag adjacent to g in the direction d, and .7 is the
expected way of updating the abstract interpretation .# with the information that we have moved
towards d.

8 While rule (=) is complete for unary negation cases, it would be incomplete for GNFO, e.g., when two
variables indicate the vertices not belonging to the same bag at the same time.

19 More precisely, a rule A ~ ¢ is “consistent” with a node if its left-hand side A is the node’s label and
by replacing all the children labels with “true” makes the positive Boolean formula ¢ true.

20 As everywhere else in this section, we disregard minor technicalities; for instance, the 2APTA would
actually require some auxiliary states.
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\Z
~._bag 112

@@
b1 = [(e,c1)l~vy  ba=[(11,c1)]vg

by = [(E’C2)]N;& bs = [(112,C3)],\,;§

bs = [(c, ca)l~;

~

Figure 3 Illustrative example of the gluing operator ©.

too many, and can be drawn from a set cl(¢) of states which is of (single) exponential size
(Theorems 13 and 20 and Propositions 15 and 22). Crucially, this result relies on devising a
derivation strategy for the LC rules, using only instances with formulas from cl(¢) which
always finds an accepting derivation tree whenever there is one — the intuition behind the
strategy will be given in § 6.2. In this way, we obtain an exponential-time reduction from
the satisfiability of UNTC to the non-emptiness problem for 2APTA, which in turn is in
ExpTime (Proposition 3), thus obtaining a 2ExpTime procedure (Corollary 23).

Organization of SAT-UNTC proof. In § 5 we fix the notations for our LC. We then give
the LC for UNFO in § 6 and extend it to UNTC in § 7.

5 Abstract Semantics on Tree Decompositions

In this section we introduce an “abstract” semantics on tree decompositions, an alternative
to the standard semantics. For simplicity, we consider only structures of binary relations
(i.e. ar(R) =2 for each R € R), relying on the polynomial-time reduction of Theorem 5, and
we consider only the following structures whose “names” are drawn from the fixed names
{c1,...,cx} for tree decompositions of width at most k — 1:

NSTR, = {A € STR:dom(A) C {cy,...,ci}}

Hence, we consider NSTRg-labeled binary trees (henceforth just t¢rees) to express tree
decompositions of width less than k.

For a tree A, the glued structure ®A is defined as the structure obtained from the disjoint
union of all structures labeled in A by gluing elements having the same name coming from
adjacent bags. Each element of ®A is expressed as a quotient class [(g,c)]~, w.r.t. the

“gluing” equivalence relation ~j, where (g, c) is a pair of a bag g € dom(A) anc? its element
c € dom(A(g)). By definition, for every tree decomposition B of any structure A, the glued
structure ®B is isomorphic to A.

For instance, consider the tree A with a single binary relation name, in Figure 3. Structures
are depicted as directed graphs, where node labels indicate the corresponding (named) domain
elements. Then, the structure ®A has the shape shown in Figure 3, by taking the quotient

w.r.t. the equivalence relation ~3; expressed by dashed lines.
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Figure 4 Illustration of /—\bs‘i&l, with A taken from Figure 3.

5.1 The Abstract Semantics Setting

Inspired by the abstract interpretation from program semantics [17], we consider abstracting
nodes based on directions (recall § 2). The abstract domain D is defined as the following set:

D = {¢|ieNyyuU{2-1,1,2}.

We use e to denote an element in D, ¢ to denote a fized name in {c; | i € N.}, and d to
denote a direction in {-2,-1,1, 2}, respectively.

Let A be a tree. For each bag g € dom(A), the abstraction function Absﬁ: dom(®A) — D
is defined as follows:

. c ifw=/[(g,0)]~;,
Absg(w) = d else if w = [(¢, c)]~; for some ¢’ in the

direction d on g and some ¢’ € dom(A(g")).

For instance, when A is the tree in Figure 3, the elements [(c,c1)]~,, [(5,c2)]~,, [(£,¢3)]~,,
[(11,¢1)]~;, [(112,c3)]~, are mapped to cy,c,c3,1,1 by Absf, mapped to -1,cg,-1,1,1 by
Abs‘lk7 and mapped to -1, c2, -1,¢1,2 by Abs‘fl. Figure 4 is an illustration of Abf‘fl.

For each bag g € dom(A), the concretization function C‘g: D — P(dom(®A)) is defined

as the inverse image function of Abs§. By definition, for each element c, the set C?(c) is
the singleton {[(g,¢)]~, } if ¢ is in the direction 0 (i.e., in the bag g), and the empty set

A -
() otherwise; for each direction d, the set Cﬁ(d) consists of elements in the direction d but

not in the direction 0. Note that C?(d) is possibly empty even if the bag g o d exists in A.

Additionally, we lift the domain of C? from D to its powerset P (D) by C§(X ) = Ueex Cﬁ(e).
. : A A fe LA A A :
'The abstract domain Dy of A on g is defined as Dy = {e € D | C,(e) # 0}. The family
{C?(e)}eep& is a partition of dom(®A).
A (powerset-lifted) abstract interpretation on a bag g is a partial function .#: ¥V — P(D‘;*).
For an interpretation I: V — dom(®A) and an abstract interpretation .#: ) — P(D‘g) on a
bag g with dom(.#) = dom(I), we say that . is an abstraction of I (or, I is a concretization

of #)ongif I(z) € Cﬁ(f(x)) for all € dom(I). Additionally, we will use functions .# by
lifting the domain from V to its powerset P(V) by #(X) = J,cx 7 ().

» Definition 7. For a class F of finite sets of formulas, the state set Qp is defined as the set
of Ff}"’&g, where

T'eF,

p € {0,1} is a priority,

A is a tree,

g € dom(A) is a bag, and

S is an abstract interpretation on g s.t. FV(I') C dom(.#).
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We use I, A, A, ... to denote states. The priority Q(I‘) of a state I' = I‘pj"i is defined by

Q(f) = p. We write Qunro (resp. Quntc) for the set Qp where F is the class of all finite
sets of UNFO (resp. UNTC) formulas. For k € Ny, let

(k) = {F s € 9OF | A is an NSTRy-labeled tree}.

We now define the abstract semantics on tree decompositions.

» Definition 8. For FpA € Qr, we define =T7"  as follows:

= Fy . = OA |, /\F for a concretization I of & on g, E F?fg < Flj&g

In particular, when I' is the singleton of a sentence ¢ and p = 1, it coincides with the
standard semantics by definition:

» Proposition 9. For every sentence o, we have: OA = ¢ iff |= {(p}éé
(Hence, this equivalence holds particularly when g =¢.)

» Example 10. Recall the tree A in Figure 3. We use E for the unique binary relation
name. Let ¢ = =3yEzy. Then, OA |=; ¢ iff I(x) has no successor iff I(x) = bs. In

the abstract semantics, for instance, we have = {@}1 by bs € C1,(2) and we have

bé {@}IH{Q ca,-1},11 by b5 ¢ Cll({clac2;'1})'

In the sequel, we use this abstract semantics as an alternative to the standard semantics.
Additionally, in Definition 8, we canonically lift Op to the set %, (Qp) of (positive)
Boolean formulas, where, for example, = @ Ay iff | ¢ and = 1. Here, the set £, (X) of

—{2},11

positive Boolean formulas over a set X of Boolean variables is generated by the grammar:
.0 u= p | false [ true | oV ¢ [ @AY, (p e X)

where the dot notation is used to distinguish from formulas in UNTC / GNTC. We
denote by = (resp. <) the semantical equivalence relation (resp. entailment relation). For
op € {false, true, V, A}, let op? be op itself if p =1 and be the “dual” of op if p = 0.

5.2 Moving on Bags in the Abstract Semantics

For each direction d € [-2..2], the neighbouring set Né’d C D‘§ is defined so that its
concretization is the set of all elements in bags in the direction d on g: C‘g(/\/’ 5(1) =
Uy caom, o(a) cﬁ,(dom@(g'))). More concretely, /}f_f}d = (dom(A(g o d)) U {d}) N DA if
g o d is defined and /\/'f;d = () otherwise. Note /\/‘30 = dom(A(g)). For instance, when A
is the tree in Figure 3 and g = 11, we have Noo ={a, e}, Ny ={a}, Nby = {a,2},
N?,—l = {CQ,-l}, and Nf;)_g = @

When Z(FV(T")) C Nﬁ,d and d # 0, we can move from g to the adjacent bag god. Before
defining the abstract interpretation obtained from moving towards d (which we shall define

below as .%;), we need to define the abstract domain on which it lives.

For each direction d € {-2,-1, 1,2}, the moving set /\/lA C D?od is defined so that its

concretization on g o d coincides with that of d on g: Cgod(./\/lg,d) = C;A(d). More concretely,
./\/l‘;d = god \ (dom( (9)) U {-d}). For instance, for the tree A in Figures 3 and 4,

M‘ﬁl = {c1,2}, M1172 = {c3}, and M1127_2 = {ca,-1}. Figure 5 depicts M{{l.
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,u

Figure 5 Illustration of M‘i&’l, with A taken from Figure 3. The direction 1 on bag 1 has the
same concretization as {c1,2} on bag 11.

When #(FV(T')) C N‘;&’d and d € {-2,-1,1,2}, the abstract interpretation #z: V —
(S (@) \{d)UME, ifde .7 (x),
S (x) otherwise.
construction, Cgod(fd(x)) = C‘;(f(x)). Thus, we have: |= Fp’ . U I‘degod

Such an .#; can be taken thanks to #(FV(T")) C N‘;d; in general, there is no ¢/ such
that Cgod(/ (x)) = CA(J( )). Nevertheless, by an eppropriate evaluation (§ 6.2), we can
always reach a state I‘p’ , satisfying S (FV(T')) C N_‘;d for some d € {-2,-1,1,2}.

’P(Dgod) on g o d is defined as follows: ;(z) = {

6 Local Checker for SAT-UNFO

The satisfiability problem for UNFO is known to be in 2ExpTime [47, Theorem 4.5]. In [47],
this is shown via an exponential reduction to the satisfiability problem for two-way modal
p-calculus. In this section, we present a different 2ExpTime algorithm by a direct 2APTA
construction based on a local checker on tree decompositions. We will extend this algorithm
to UNTC in the next section.

6.1 A Local Checker

We next define the local checker (LC) for UNFO, based on 2APTAs. For convenience in

writing examples, given I in “FP]AQ”, we may put # (x) in the superscript of some occurrences
x, may just write d for {d} in the superscript, and may use the set notations as in the sequent
calculus. For instance, (Rz{\1}y, 3oSxy? ) , denotes the state {Rzy, EIxS:cy}y o With
S (z) = {-1,1} and #(y) = {2}. For two sequences Z=wx1...2; and € = ¢; ...c where the
elements of z are pairwise distinct, we write .#[¢/z] for the .# in which each .#(z;) has been
substituted with ¢; for each i € [k].

The binary relation (~) C Qunro X Z+(Qunro) is defined as the smallest relation closed
under the rules in Figure 6. We lift this relation to (~) C %1 (Qunro) X B+ (QuNro);
as the smallest relation that contains the original (~) and is single-step compatible with

operators in positive Boolean formula (e.g., if ij?g ~~ 1), then ij?g Ve hVop).

A run starting from T' is a Qunro-labeled tree 7 where 7(¢) = I' and such that for every
some 7(w) ~ 1 if Qr(w)) =1
every T(w) ~ 9 if Q(r(w)) =0
formula resulting from replacing in 1 each child state of w (i.e., each element 7(wa)) with

w € dom(7) we have that for { } the positive Boolean

true is semantically equivalent to true.

A run 7 is accepting if for every infinite path ajas ... in 7, there are infinitely many n
with Q(7(a1az...a,)) = 0 (in which case we say that the path has priority 0). We write
kT if there is an accepting run starting from I'. The definition of runs is almost the same
as that of runs for alternating automata. For example, consider 7(w) with odd priority
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()f'fg ~> truef (emp)
(F,wAw)pﬁg o (F,%w)pfg @
T, o VBE (T 050 vP (T, )50 (v)

ph L (grh g | (@) € dom(Alg)) and #.5 () =
- for each z € FV(yp)

Fg 7 \/Zeﬂ

(a)pﬂ"&g ~ true? if{

[{e}/x]
for each z € FV(a), there is a ¢ € dom(A(g)) s.t.
j(x) = {C}, and A(g) ‘:{w—)c\zH{c}Eﬂ} «a

(T, ELT(,O)?} ~ (T, W[Z/x])[;[&pé/z],g .

i i i .. | F (@) Cdom(A(g)) and #.7(x) = .

L,APS PA AP APA f split
L85, o TS for each « € FV(I') N FV(A) (split)
Ie ™ ijdA,god it #(FV(T)) € /\/;,A,d (move)

Figure 6 Rules of the LC for UNFO. Here, z is used as a fresh variable.

Q(r(w)) = 1 and let T, A, A € Qunpo. If there is a rule 7(w) ~ I' A A, the condition is
passed at the position w when both I" and A occur in the children of w. Similarly, if there is
a rule 7(w) ~ v A, the condition is passed at w when either T" or A occurs. If multiple
rules exist for 7(w), e.g., 7(w) ~ I'A A and 7(w )~ A, then they can be combined into the

(T'AA)VA. When 7(w) = Fp’ , has priority p = () the definition is given
so that the merged formula for I‘(‘)ﬂ"’&g is the “dual” of that for I'Y [ ,- Each rule I~ ¢ in

Figure 6 is defined so that |=I' iff =1). The LC is sound and complete w.r.t. the semantics
on tree decompositions (Theorem 13). Below, we give a toy example.

single rule 7(w) ~~

» Example 11. Let A be the tree in which A(1), A(g), and A(2) are given as follows, and

A(g) is undefined otherwise: (@R@), (@), (@s@) Then, ©A = (o~ R+0—5-0).

Let ¢ be J23y3z(Raz A Szy). Then, = (cp)é)‘j holds. In our LC, we can also construct an
accepting run, as follows, where we abbreviate abstract interpretations §[...] to —:

323y32(Rez A Szy)gs 5y cone) Verefenn 2y (FyF2(Ra 2 A Szy)) Lt

1,A
W?H)(conc)(/\) Vel,ez,63e{cz,172}(R‘relzes75263y62)— € >

( 1,c2 SZC2 2)1A
~ (split) (lez%)l_’é/'\(sz%y?)l_,ﬁ sk (Ri[:cl c2) &1

—,€

(SZCQyC?’)1A (o)L true.

(move)
Thus, there is a (finite) accepting run, and hence F (¢ )éf
6.2 Evaluation Strategy
We now present a strategy to evaluate = Fp 4, 0 our LC.

Step 1 We eliminate the outermost A using the rule (A), and the outermost V and 3 by
nondeterministically selecting one disjunct via the rules (V)(3)(conc), as much as possible.
We can then assume:
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a) #7(z) =1 for each z € FV(I'), and

b) T is of the form (¢1,...,%,) where each v; is either an atom « or a negation formula —p,
from which it follows that

c) for each v, for some d € [-2..2], Z(FV(¢;)) C A

Here when 1; is of the form «, this is derived from |— Fp .~ . When ; is of the form —p, it
immediately follows from the condition of unary negation: #FV( ) < 1.

Step 2 If 1); satisfies the condition ¢) for d = 0, we can eliminate v; by applying (split).

We can then assume that )
c’) for each v, for a d € {-2,-1,1,2}, d € Z(FV(¢;)) C N?,d

Here for the eliminated state (wi)py"%g, we apply (a)?! if ¢; is a and apply (=) if ¥; is —p,
and then we return to Step 1.

Step 3 From the condition ¢’), by applying the rule (split), we can assume that

c”) for some d € {-2,-1,1,2}, d € J(FV(T)) C N} ;.

Step 4 By the condition c¢”), we apply the rule (move) based on the argument of § 5.2;
then, we move from g to the adjacent bag g ¢ d. Finally, we go back to Step 1.

6.3 Closure Property

Based on the evaluation strategy above, we can obtain a stronger completeness with a closure
property, as we shall see in Theorem 13.

» Definition 12. For a UNFO formula ¢, the closure cl(y) is the set of UNFO formula sets
defined as follows:

c(a) = {(a), 0}, (e V) = {(pVi)}Ucl(p)Uc(y),
Al ny) = {le Ay} U{T,A) T € cl(p), A € c(y), V() NFV(A) € FV(p) NFV ()},

A@ep) = {Gr)yu |J dlglz/al),  c(=p) = {(7p)}Ucl(p).

z s fresh

By easy induction on ¢, we have the following monotonicity: (I', A) € cl(¢) implies " € cl(yp).
For a class [F of finite formula sets, F-runs are defined in the same way as runs, where for
each rule T' ~» ¢ in the LC (Figure 6), each state A occurring in ¢ has been replaced with

false ifp=1| . i ) . ] )
if A ¢ Qp. For a state pr’ € Qr, we write -y I' if there is an accepting
true ifp=0 9

F-run starting from I'. We then have the following soundness and completeness theorem
with a closure property, based on the strategy of § 6.2.

» Theorem 13. Let ¢ be a UNFO formula. For every T € Qei(p), we have: = I iff Fele) I.
On the size of the closure, we have the following.

» Proposition 14. For all UNFO formulas @, the cardinality of cl(¢), up to renaming free
variables, is at most (2|¢]|)21%l.

Proof. By easy induction on ¢. <

Hence, we can give an exponential bound on the number of states, up to an appropriate
equivalence, as follows.

21 Here, we sometimes need also (move); e.g., in Figure 3, (Ea:CQyC‘)_, ~ (move) (EmCQyQ) f& ~ () true.
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s N

S (all the rules for UNFO given in Figure 6)

(T, [lazw)issy ~ Oz =)0 VP (0,92 funl, W2 8) 5y i

if #(z) = {c} C dom(A(g)), (TC-D)
(T, [Wli,ay)s?, ~ (T,z=y)5% VP (T, [Y]5,22,9[z2/ uv])’;’?pé J2lle} /2 g

if 7(y) = {c} C dom(A(g)), (TC-r)

— p —

1—\’ * pA ~ \ F7 * ’ / ’ w1, \PA B
(T, [Wlawry) 5, d/e\[(z(..g]\[l{@f”m Ylzz' [uv], [Y]5,2'y) SIVE JANE /L0

if #(z) = {d} C {-2,-1,1,2}, #(y) = {e} Z N*%, (TC-sp-1)

— p —
T * p,A /(T * / * 1, \DA B
( ) [w}uuxy)ﬂ,g V;/E\[(Q(..Qa\[,({pjfvxz’ 7“23 /UUL [w]uvz y)j[N?d//Z“Nﬁ,d/zl]Vg

if 7 (y) = {d} C {-2,-1,1,2}, #(x) = {e} Z NE .. (TC-sp-r)

. J

Figure 7 Rules of the LC for UNTC. Here, z and 2’ are used as fresh variables.

» Proposition 15. For UNFO formulas ¢, the number of ij’i € Qiﬁ)@) is 20Ulell(og llell+k)
up to forgetting 7 (x) for x ¢ FV(T), A, and g and up to renaming free variables.

Proof. By (2]|¢|)?!*l (the number of T € cl(¢); Proposition 14) x 2 (for p) x O((2(k+4)lel)
(the number of .#; note #FV(I') < |l¢|| and #D* < k + 4) < 20Ul (ogll#ll+k)) <

6.4 Reduction to 2APTAs

Using the LC, we can naturally reduce the satisfiability problem over structures of treewidth
at most k& — 1 to the non-emptiness problem for 2APTAs.?2 Using Proposition 15, we can
show that the size of the 2APTA is 2PV (I¢l:%)  Because UNFO has the bounded treewidth
model property [47, Theorem 3.4] (Proposition 2), we can give an exponential-time reduction
from the satisfiability problem for UNFO to the non-emptiness problem for 2APTAs, which
is in ExpTime [48] (Proposition 3). We thus have the following known result.

» Corollary 16 (also shown in [47, Theorem 4.5], even for UNFP). SAT-UNFO is in
2ExpTime.

7 Local Checker for SAT-UNTC

In this section, we extend the local checker from UNFO to UNTC.

7.1 A Local Checker

Recall the state set Qunrce (Definition 8). We now define the relation (~) C Qunrc X
A+ (Quntc) as the minimal binary relation closed under the rules in Figure 7. We lift this
relation to (~) C B4 (Quntc) X B+ (Quntc) following § 6.1. All notions of runs, accepting

22 A minor difference of the LC from 2APTAs is that some auxiliary predicates (e.g. D‘é&, N 5 4> and M‘g‘, a)
are used in the rules of the LC (Figure 6), but we can easily encode them inside 2APTAs.
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runs, Fp:;’&g, and Fp pr’ég are defined exactly as before, except that there are some extra
rules for UNTC, which we discuss next. The four TC rules above are introduced for obtaining
a closure property (Example 17 and § 7.3).

Rules (TC-1) and (TC-r) These rules are obtained by left-unfolding and right-unfolding a
TC-formula in a standard way.

Rule (TC-sp-1)  This rule is also obtained by unfolding. We confirm the property “= I' iff
= 1)” (where ' ~ 4)) for odd p (the even case is similar). (<) Trivial. (=) There are some

n>1and dy,...,d,—1 € [-2.2] s.t. = (T, A\l ¥[zi- ;L,zl/uv])p’wA N

/zl...zn_l],g’
9,dpn_1
where 2o = ¥, z, = y, and z1,...,2,-1 are fresh. Let dy = d and let d, be such that
e € Nﬁ)dn. By do # dy,, there is some m € [n] such that d,,—1 = d and d,, # d. By letting
d = d,,, we can show it.
Rule (TC-sp-r) Similar to the above.

The LC is sound and complete (Theorem 20). Below, we give a toy example.

» Example 17. Let A be the tree in which A(1), A(¢), and A(2) are given as follows:

O+ @
R:@S , , and
s
@) \@ @ éﬁ
Let ¢ be the UNTC formula [32(Rzz A Szy)|;, oy and let ¢ = J2(Rrz A Szy). Intuitively,
¢ means that there is a (RS)*-path from = to y. Let . be such that . (z) = {co} and

S (y) = {cs}. Then = (@)}y’i holds, by the form of ®A. In the LC, we construct an accepting
run, as follows. First, we have:

LA «
(90) Z,e 7 (TC-1)(conc) =1

1,A * C c 1,A
( [ZO 21 /‘(L.y} [ ]zyzfyce)f,e M->(T(3—r)(<:onc)zL ’L/)[ZOOZ%/.’IJyL [w]zyzl 25, 1/1[25266/953/]7,5
We then split the formula [¢]}, 2125 as fOHOWS'
(Yl Zl/my] [ 2'1257 [25226/953/])
wy(KTC—sp—l)(conc)zL (’L/)[ZSOZ%/Iy], Wj]wyz%'z; [Zgzi/IyL [ ]xyzélZS: ¢[Zr 286 /J}y})i’ﬁ

* c * c c c A
W(/\)(E)(conc)zL (w[zooz%/xy]» [w}z 21227 RZ§Z337 52332417 [w]ryz4z5»w[z5z66/xy})l—

~7 (split) (LZJ[ZSOZ%/:Cy], [w} 2'1’2271{22 cs)l,ﬁ A (SZ?ZL [w]myz4z57 [252’26/1‘:(/})
Here, in the step using (TC-sp-1), the assignment z4 — {1} is guessed, which indicates a

fixed name that escapes from direction 2 during the iterations of TC.
Left-hand side  We have:

( [ZO Zl/wy] ["/]]wyzl'Z%RZ%zgg‘)fﬁ W(movc)(conc):L (1/)[ 0 C1/xy} [ ] Zl Z227RZ§22§3)
1,

.
,2

% _cq co\ LA 1,C2 Co __ A
~(split) (3) (cone) (M) (@) =L ([Play 21" 257) 25 ~ Ty (Ten(eoney =L (Y1211 2% [ay], 27 = 25°) 75

~*2>1 true.
Right-hand side  Similarly, we have:

c c A * c3 C % _C4 _C5 1,A
(SZBJ’Zi7 [QZ)] 257w[25266/xy])£,6 W(move)(conc) (5233’2447 [w] 24425 ’ [25 Z6G/xy]) ,1

~*2| true.

Hence, we have + (gp)}ﬁ’i.
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7.2 Evaluation Strategy

We now present a strategy to evaluate = ij‘: in the LC. Step 2 is crucial for the 2ExpTime

upper bound.

Step 1 By the same strategy as Steps 1 and 2 for UNFO (§ 6.2), we can assume that

a) #5(x) =1 for each x € FV(T).

b) T is of the form (31, ...,%,), where each 1); is either an atom «, —p, or [p]; zy.

c) for each 9;, for a d € {-2,-1,1,2}, d € Z(FV(¢;)) C Nﬁd, except for the case when 1; is
a TC-formula.

Step 2 When ¢; is a TC-formula [p]%, zy, we divide T' = (I, T") into the following four
cases, according to whether ; is left- and/or right-unfolded:

i) T =( [p]f,xy) (observe that FV(I") N FV(T") C {x,y}),

i) T = (A, [p]%,zy) where FV(I) N FV(I'") C {y},

i) T =(  [p]f,xy,A) where FV(TV) NFV(I'"") C {z},

iv) TV = (A, [p]},zy, A) where FV(I') N FV(T'") = 0,
where A and A are formula sets obtained by left-unfolding and right-unfolding some [p%,——,
respectively. Note that FV(A) N FV([p]f,xzy) C {x} and FV([p]%,zy) N FV(A) C {y} also
hold, as free variables are always replaced with fresh variables in unfolded formulas in the
rules for TC.

If .7 (x) C N4, we apply (split) and (TC-1). For instance, for the case ii), we have:

v
v

. A A * A

(F/’ A, [p]m,xy)lj,g ~7 (split) (A)l—,g/'\(rlv [p]w}:ry)l_ﬂ
z . ) )
wren (B AT, plezPs furl, o]5,29) .

The transformed formula set is still in the case ii).

If .7 (y) € N4, we apply (split) and (TC-r), similarly. After that, we can assume that
for some d,d’ € {-2,-1,1,2}, #(x) = {d} and I (y) = {d'}.

When d # d’, we apply (TC-sp-1) or (TC-sp-r). For instance, for the case ii), we have:

* 7A * * ,A
(F/’ A, [p}uvxy)(lﬂ,g W(TC—Sp—l)zL (F,> A, [p]uvmz, p[ZZI/UUL [p]uvzly)(lﬂ,g'
————
Case ii)

After applying this argument recursively to the formula p[zz’ /uv], we eventually reach
two sets A’ and A’ as follows:

. . « 1,A
| ce. zL (F/a Aa [p]uvxZaA/a Al:[p}uvzly)17a97

*

*o2— and A’ is obtained by right-unfolding
some [p|5,—y, cf., the lines (%) in Example 17; the formula [¢]}, 272} is split to A’ =
([0]5,71 25, R2525%) and A/ = (S25%24, [¢]5,2125). We can then apply (split), as follows:

where A’ is obtained by left-unfolding some [p]

* 1,A * 1,A
splity (A [plarz, A T A LA [plh02'Y) 5

Case iv) Case ii)

Both the transformed formula sets are still in the cases iv) and ii), respectively. After the

step, we can assume that )
c') for each v, for a d € {-2,-1,1,2}, d € Z(FV(¢;)) C N;A’d.

Step 3  Finally, by the condition ¢’), we apply (split)(move) in the same way as Steps 3
and 4 for UNFO, and then we go back to Step 1.
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7.3 Closure Property

Based on the evaluation strategy above, we can obtain a completeness with a closure property
(Theorem 20). The following closure is inspired by that for derivatives in regular expressions
[11, 4] and in the positive calculus of relations with transitive closure [37, 40] and by Fischer—
Ladner closure in PDL [23]. The main difference from them is that our closure has two
unfoldings: left-unfolding and right-unfolding, based on the rules for TC.

» Definition 18. For a UNTC formula ¢, the uni-closure ucl(p) is the set of UNTC formula

sets defined as follows:

ucl(eliuzy) = (Juel(z = z2) U Juclplzrza/uwo]) U {([@lhozy)} i)

z1 is x or fresh z1, 22 are fresh
z2 18 Yy or fresh

g {(A, [Plrpz223) | A € ucl(plz1z2/uv]), where z1, z2 are fresh,}
zg isy or fresh, and FV(A) N {zq9, 23} C {22}
U {([gp]’fwzlzg,/\) | A € ucl(p[zazs/uv]), where z2, 23 are fresh,}
z1 is x or fresh, and {z1,22} NFV(A) C {22}
The other definitions are given based on the cl of Definition 12.
» Definition 19. For a UNTC formula o, the bi-closure bicl(p) is defined as follows:

iii)

bicl(¢) = ucl(y) U

(A, [Y]inz223, A) | [Y]iwzy is a subformula of ¢, A € ucl(y[z122/uv]), and

A € ucl(]z3z4 /uv)), where 21, 22, 23, 24 are fresh, FV(A) N {z2, 23} C {22}, iv)
{29,23} NFV(A) C {23}, and FV(A) NFV(A) =0

We recall the case iv) in Step 2 of the evaluation strategy presented in § 7.1. In this
case, by applying (split), we can split to IV and (A, [p]*,zy, A), and thus we can assume
IV = (). Namely, it suffices to consider bi-unfolded formula sets at the outermost. The
definition of bicl (Definition 19) is based on this fact. We observe that this extension causes
only a quadratic, not an exponential blowup, which is crucial to obtain the 2ExpTime upper
bound.?* Also, note that two formula sets in bicl(¢) may simultaneously appear between
(TC-sp-1) and (split) (cf., the lines of Example 17 (%)). Based on this, we define the closure
set cl(p), as follows: cl(¢) = {TUA |T,A € bicl(p)}. By the strategy presented in § 7.1,
we have that the LC is sound and complete w.r.t. the semantics on tree decompositions
under a closure property, as follows.

» Theorem 20. Let ¢ be a UNTC formula. For all I'e Obicl(p), we have: |= I iff Fel(p) I.
For the size of the closure set, we have the following.

» Proposition 21. For all UNTC formulas ¢, the cardinality of ucl(yp), up to renaming free
variables, is at most (2]|¢||)21%l.

Proof. By easy induction on ¢. <

» Proposition 22. For UNTC formulas ¢, the number of Fpﬂ’f&g € Qg“()w) is 20lell(og llell+k))
up to forgetting 7 (x) for x ¢ FV(T), A, and g and up to renaming free variables.

Proof. Similar to Proposition 15, using Proposition 21. |

231t causes an exponential blowup if ucl([¢]%,zy) is defined so that it contains all bi-unfolded formulas
(A, [¢lavzz’, A) (and if the nesting of TC-formulas is unbounded).
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7.4 Reduction to 2APTAs

Similar to § 6.4, using the LC, we can give an exponential-time reduction from SAT-UNTC
to the non-emptiness problem for 2APTAs using the LC for UNTC. Using Proposition 22,
we can show that the size of the 2APTA is 2P (I#l.k)  Thus, in the same vein as § 6.4, we

have the following result.
» Corollary 23 (¢f. [20, Theorem 8.5]). SAT-UNTC is in 2ExpTime.
Combining this with Theorem 5 yields the following main result.

» Corollary 24. SAT-GNTC is in 2ExpTime.

8 Model Checking

In this section, we study the combined complexity of the model checking problem: given a
sentence @ and a structure A, to decide whether A |= . Here, the size of a structure A is
defined as the sum of the number of domain elements and the number of tuples. For UNFO
and GNFO, the following complexity results are known. Here, PNPIOUo8” 0] ig the class of
decision problems solvable by a P machine with (9(log2 n) accesses to an NP oracle, where n
is the input length.

» Proposition 25 ([47, 13]). The model checking problem is PNP[O(log” )] _complete for both
UNFO [}7] and GNFO [13].

However, the precise complexity was left open for UNTC (and thus also for GNTC) [20,
Open Problem 2 and Footnote 16 of version v1]. Nevertheless, the above complexity bounds
continue to hold even if we extend with guarded TC-formulas.?*

The basic idea is the reduction [47] from UNFO to “Tree Block Satisfaction” TB(SAT); M-
The problem TB(SAT),xnM is in PNPIOUos® n)] for every fixed ¢ > 1 [46, Corollary 3.5).
Transitive closure can still be handled by using TB(SAT)axm instead of TB(SAT);xm.
Building on this idea, we can extend the reduction to UNTC. For GNTC, we can reduce the
model checking problem to that of UNTC by adding a new domain element for each tuple,
cf., [13, Theorem 5.1] for GNFO and GNFP.?®

» Theorem 26. The model checking problem is PNP[O(log "I _complete for UNTC and GNTC.

As a corollary, the model checking problem for UNFO*# is also PNP[O(log ™l_complete, which
provides a revised proof of [32, Theorem 18]; see also [20, Footnote 16 of version v1] for a
report on the error of the proof presented in [32, Theorem 18].

In our proof, we introduce a useful logic Where(EFO), ;. The syntax of Where(EFO),
formulas is given by the following grammar:

~

@ = 1) where (X1x171...x177€1 @1, ey X T, 1 Pm)s

where
¥ is an EFO formula (existential FO formula) over R U {Xq,..., X} such that
X, occurs at most g times for each j € [m],

24 ¢f., PNP_complete for LFP and even the alternation-free fragment of UNFP [47, Theorem 5.5].

25 Recall that the size of the structure counts both domain elements and tuples. Note that the domain of
the resulting structure is exponentially larger than that of the original structure when the maximal
arity of atoms is unbounded. In contrast, for UNTC (and also Where(EFO), ), the model checking

[O(log® n)]

problem is pNP -complete even when the size is defined as the number of domain elements.
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m >0, X1,...,X,, are pairwise distinct, and for each j € [m],
k;j <k, and
FV(¢;) C{zj,--- -y ,;]_} and the variables x; 1, ... )L are pairwise distinct, where

¢, is a Where(EFO), j formula.
The arity of X; is bounded by k, while the arity of R € R is not bounded.
Each Where(EFO), ;, formula ¢ naturally expresses an FO formula ¢°, more precisely,
¢ is defined as the formula 1) in which each occurrence X ;2 has been replaced with 952 [2/y;]
(possibly with renaming bound variables in @? to avoid naming conflicts).
For instance, if ¢ is the following Where(EFO), 3 formula

(32 Xaz A Xzy) AN Yw where (
Xzy < =y V Ezy where (), Yz < Jw—Zaxzw where (Zzyz < Eyz)),

then @’ is (Jz((x = 2V Ex2) A (2 = y V Ezy))) A Jw'~Fww’. The satisfaction relation
A =, ¢ is defined as A |=; ¢°, using the standard FO satisfaction relation.

The model checking problem for Where(EFO),; can be naturally encoded by
TB(SAT)gxm, and hence we can show the problem is PNP[O(log ™)]_complete.

» Lemma 27. For each fized integer q, k > 1, the model checking problem for Where(EFO),
is PNPLO(log? ™ _complete.

The model checking problem for UNTC can be reduced to the model checking problem for
Where(EFO), 5 in polynomial time, and thus is PNPIOUos" m]_complete.

Our approach also shows that, in Theorem 26, the condition of unary negation can be
generalized to k-ary negation for any fixed s (cf., Footnote 11). We say that a formula ¢ (in
TC) is (k, A, €)-genUNTC if (i) each subformula of the form —) has at most k free variables:
#FV () < &, (ii) for each subformula of the form [¢]%Z, the arity is at most A: #u < 2,
and (iii) each subformula of the form [¢]:Z has at most £ parameters: #(FV(¢) \ u) < &.

We say that a formula ¢ (in TC) is (&, A, §)-genGNTC if (i) each negation appears in
the form of (A_, a;) A =9 where FV(¢) C FV(AL_; o), (ii) each TC appears in the form
of [(Aizy ea) A (Aizy Bi) A li o9 where @ € FV(ALL, a;) and o C FV(ALL, 1), and (i)
each subformula of the form [1]5Z has at most £ parameters: #(FV(¢) \ u) < &. Note
that (1,1,0)-genUNTC coincides with UNTC and (1, 1,0)-gen GNTC coincides with GNTC,
respectively. Additionally, (k,\,£)-genGNTC has at least as much expressive power as
(K, A, €)-genUNTC for every k, A, & > 0.

Similar to Theorem 26, the model checking problem for (, A, £)-genUNTC can be reduced
to that for Where(EFO)3 max(x,21+¢) in polynomial time, and hence we can show the problem
is PNPIO(log” ™)]_complete.

» Theorem 28. For ecvery fized integer kK > 1 and \,§ > 0, the model checking problem is
PNP[O(log® )] _complete for both (K, A, €)-genUNTC and (k, A, &)-genGNTC.

9 Conclusion

We have given a polynomial-time translation from GNTC to UNTC preserving satisfiability
and finite-satisfiability (Theorem 5), and hence the satisfiability problem for GNTC is
in 2ExpTime (Corollary 24). We have also given a local checker yielding a direct single
exponential-time reduction from SAT-UNTC to the non-emptiness problem for 2APTAs
(Corollary 23). Furthermore, we have shown that the model checking problems for UNTC,
GNTC, (k, A, €)-genUNTC, and (k, A, £)-genGNTC are PNPIOMe® m)]_complete (§ 8). A
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natural direction would be to extend GNTC while preserving the 2ExpTime satisfiability
problem. For instance, we would like to explore the possibility of extending GNTC to
the clique-guarded negation fragment [13, Section 7] or to unparameterized guarded LFP
operators [13], possibly by extending the local checker. Regarding the second extension, it
would also be interesting to find a fragment of GNFP-UP including both GNTC and GNFP.

As noted in [6, p. 5], the canonical translation of GNTC into GNFP-UP yields formulas
with unbounded parameter depth (pdepth) — a syntactic measure of the maximum number of
nested parameter changes within a formula. However, we currently lack the model-theoretic
tools to show that GNTC is not captured by any fragment of GNFP-UP of bounded pdepth.?6

We leave open the decidability of the finite-satisfiability problem of GNTC. While the
finite-satisfiability problem of GNTC is not harder than the finite-satisfiability problem of
UNTC (Theorem 5), decidability is open for UNTC [20, Open Question 1] and even for
loop-PDL [18] (see also [29, 20]). However, the problem is known to be decidable, e.g., for
GNFP [13] (see also [47, 8, 12]) and UNFO with transitive relations [19].
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