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—— Abstract

We introduce an algebraic approach to the metatheory of formal systems of term assertions akin
to those of structural and natural operational semantics, type theories, rewriting systems, and
equational theories. We rest on Term Relation Algebras, viz. pointfree algebras of structurally-
defined predicates on terms, to give a common algebraic semantics to different kinds of formal
systems, regardless of their inferential mechanisms and underlying term structures. This enables
abstract reasoning about formal systems, and their metatheory, through the algebra of the term
predicates they define. We give a faithfully term-free algebraization of semantically-relevant term
predicates, such as parallel reduction, big-step evaluation, and applicative bisimilarity. We extend
this algebraization also to fundamental metatheoretical properties of these notions — including
congruence of applicative bisimilarity, determinacy of evaluation, and confluence of reduction — and
prove these properties using algebraic methods.
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1 Introduction

The situation in the semantics of programming languages today bears a striking resemblance
to the early landscape of program logics — and, we shall argue, calls for a similar remedy.

By the late 1980s and 1990s, the landscape of program logics was highly fragmented,
characterised by a diversity of formal systems — Hoare logic [72], dynamic logic [125, 65],
predicate transformer semantics [42, 41] — each with its own specialised syntax, deductive
apparatus, and metatheory. A turning point came with the discovery that all these systems
share a common algebraic semantics, as embodied by fragments of relation algebra [97, 143]
— notably (extensions of) Kleene algebras [32, 85, 83, 86] and dynamic algebras [127, 30].
These algebras not only provided an abstract, syntaz-independent framework for studying
different formal systems uniformly, but also enabled the use of algebraic methods to conduct
metatheory, yielding general results that, proved once, apply directly to all systems, and
establishing novel relationships between apparently unrelated metalogical properties — so-
called “bridge theorems”.

Today, a similar fragmentation afflicts the semantics of programming languages. Formal
systems of term assertions — structural and natural operational semantics [79, 106, 105, 122],
type theories [99], rewriting systems [74, 108], reduction semantics [47], and equational
theories [27) — are routinely used to give semantics to programming languages, while their
metatheoretical properties — congruence of semantic equivalence [107, 22, 33], subject reduction
and expansion [33, 148] (type safety [104]), confluence and normalization [108, 33|, and
parametricity [130] — provide ways to ensure different forms of semantic correctness. Each
of these formal systems comes with its own syntax of assertions and terms (first-order [29],
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second-order terms [7, 82], nominal terms [52, 115], string diagrams [135]), as well as its
specialised deductive apparatus, so that one routinely has to reprove essentially the same
metatheoretical results for any new language or variation in the underlying term structure.
Since the semantics of a programming language is not given by a single formal system but by
an entire ecosystem of them, this situation calls for more abstract, uniform accounts of these
assertional systems and their metalogical properties. This becomes even more desirable once
one observes that different metatheorems — even across different types of formal systems
— are typically established by resting on similar, if not identical, constructions — parallel
reduction [14, 141], Howe’s method [73, 114], and logical relations [130, 121], etc. — which
points to nontrivial relationships between metatheorems and calls for precisely such bridge
theorems.

And indeed, various abstract accounts have been given for specific metatheorems and
formal systems, notable examples including confluence results on rewriting systems over
large classes of term structures [7, 82, 74] and abstract congruence theorems for (applicative)
bisimilarity [73, 145, 26, 71, 60]. Yet, a general theory targeting all such systems and their
metatheories uniformly, within a single formal framework, remains missing. Luckily, the
history of program logics suggests where to look. Much as Hoare distilled the success of
algebraization in program logic into the slogan “algebra unifies calculi of programming”, we
ask: can it unify calculi of language semantics, too? In this work, following up on a previous
paper by the author [53], we provide evidence for an affirmative answer.

1.1 Algebras of Term Predicates

At the heart of this answer lies a threefold observation.
First, all the aforementioned formal systems admit a uniform “provability semantics” by
interpreting concrete terms into abstract term structures [59] — abstract syntaz [103, 33] —
and term assertions as predicates on such structures — (abstract) term predicates. This
suggests that, similarly to the case of program logics, a unifying account of formal
systems can be given semantically, through the abstract term predicates these systems
induce (reduction, evaluation, typing, etc.).! As further evidence, one observes that even
meta-theoretical notions, such as semantic equivalences and refinements, are naturally
interpreted as (abstract) term predicates, too.
Second, under this semantic perspective, the inferential mechanisms used by the various
types of formal system (syntax-directed rules, contextual rules, etc.) and their under-
lying term manipulations (substitution, renaming, pattern-matching) provide syntactic
realisations of structural predicate definitions, so that those term predicates arising from
the semantics and metatheory of formal systems correspond to those defined using logical
and structural principles only.
Third, many metatheoretical properties of formal systems are naturally expressed as
structural and logical properties of term predicates, such as coherence of typing and
evaluation, well-foundedness of reduction, and congruence of bisimilarity.

Altogether, these observations suggest that the unifying account that we aim for can
be given in the form of an algebra of term predicates, namely an algebra of predicates on
(syntactically) structured domains whose operations account for predicate definitions by both

! This is very close to the Abstract Algebraic Logic [21] approach to logical systems, where, following
insights by Tarski, a logical system is not viewed as a proof-theoretic structure, but identified with the
consequence relation on the (term) algebra of formulas it induces.



F. Gavazzo

logical operations (conjunction, disjunction, universal quantification, etc.) and structural
manipulations (structural recursion, substitution, pattern-matching, etc.), and whose laws
encompass both logical inference and structural reasoning (structural induction, equational
theories of substitution, etc.).?

Such algebras are the main contribution of a previous work by the author [53] where,
taking a relational view on predicates, it is shown that not only virtually any term structure,
whether abstract or concrete, naturally carries an algebra of (structurally and logically
defined) predicates on its terms, but also that the operations and laws defining such an
algebra are the same across all term structures. That is to say, all term structures (unscoped
and well-scoped first-order terms, nameless and nominal terms, string diagrams, etc.), no
matter how their basic manipulations are defined (structural recursion, natural number
recursion, rule induction, etc.), they all share essentially the same algebra of term predicates,
whose structure can be expressed by means of operations and laws that make no reference
to the underlying terms. This defines a novel class of algebraic structures — dubbed Term
Relation Algebras (TRAs) — that axiomatise algebras of term predicates in a complete syntaz-
independent fashion, as pointfree — term-free — algebras of relations extended with operations
and laws distilling the essence of structural definition and proof principles.

1.2 Pointfree Metatheory of Formal Systems

In this work, we show that TRAs provide the unifying account of formal systems of term
assertions that we seek. More precisely, TRAs offer a pointfree theory of formal systems,
and their metatheory, close in spirit to pointfree topology [147]: much like the latter studies
spaces through the algebra of their open sets, without reference to a predefined underlying
set of points, TRAs enable the study of formal systems through the algebra of the term
relations these systems define, without reference to any underlying term or syntax structure.

We will show that TRAs can express many term predicates defined by various formal
systems, including forms of reduction and evaluation given by rewriting systems, reduction
semantics, and structural and natural operational semantics, together with the semantic
equivalences they induce (bisimilarity, contextual equivalence, Kleene equality). Crucially,
even if term-free, the algebraization of these formal systems is faithful, in the sense that the
algebraic operations of TRAs faithfully account for (termwise) structural definitions realised
by the formal systems’ syntactic and inferential machinery. Such algebraization extends
to metatheoretical properties of formal systems: we will prove that many fundamental
metalogical properties of operational semantics, rewriting systems, equational theories, and
reduction semantics (other systems that will be treated in future work include type theories
and proof calculi) can be recast as properties of term predicates and expressed by purely
algebraic means — mostly through equations and quasi-equations — in the language of TRAs.
As a payoff, we will leverage algebraic methods to prove keystone metatheorems, such as
confluence of orthogonal reduction [74, 7] and congruence of applicative bisimilarity [73, 3], in
complete abstraction from any term structure and syntactic presentation. Importantly, once
such results have been proved — something done once and for all within the setting of TRAs

2 Notice that while there is an extensive literature on algebras of predicates — both relationally [143, 51, 142]
and functionally [67, 91] conceived — all such algebras model predicates over abstract, unstructured
domains, accounting for predicate definition and reasoning without any reference to the internal structure
of the objects (terms) on which predicates act. (This is indeed logicality in the sense of Tarski [144].)
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— they immediately apply to any term structure (and formal system over that structure)
carrying a TRA structure — and, as already mentioned, virtually all term structures used in
the semantics of programming languages do carry such a structure.?

The Algebraic Lens. To achieve the aforementioned results, we will recast algebraically, in
the setting of TRAs, many syntactic and term-based notions. It was already noticed [53] that
the very defining operations and laws of TRAs shed light on various syntactic constructions,
especially those belonging to so-called syntactic methods in rewriting (e.g. parallel reduc-
tion [141]), operational semantics (e.g. Howe’s method [73, 62, 89]), and concurrency (e.g.
up-to techniques [132, 123]). Here, we considerably extend the reach of that observation by
showing that many fine-grained syntactic notions — such as ones of an open and closed term
— that are usually presented termwise by rather ad hoc definitions, once seen through the
algebraic lens of TRAs, not only take the form of general algebraic constructions, but also
reveal deep structures in syntax. A beautiful example of that is the one mentioned earlier
of the open and closed terms:* at the level of TRAs, these notions are recast as an adjoint
cylinder [90], viz. an adjoint triple of modalities, that form an axziomatic cohesion [92].

Unifying Metatheory. Another notable example of the just described phenomenon is given
by the notions of introduction and elimination form [99], which in turn leads to the algebraic
formulation of such fundamental semantic principles [66, 134] as Gentzen’s Inversion Principle
and Conservation Principle [57]. This algebraization reveals novel and deep relationships in
the metatheory of distinct formal systems, giving evidence of the unifying character of TRAs.
In that setting, many metalogical properties of formal systems are expressed as “local-to-
global” implications asserting that local coherence propagates to global coherence along those
combinations of term relation forming operations that describe semantic definitions. More
concretely, local correctness properties of ground semantics (primitive reductions, equational
axioms, etc.) yield global correctness of complete semantic notions (full reduction, equality,
semantic equivalence).

While global correctness typically capture the true metatheorems one is interested in
(bisimilarity is a congruence, reduction is confluent, typing and evaluation are coherent,
etc.) on concrete systems, these results typically depend on plenty of local conditions — such
as linearity and orthogonality in rewriting systems [74, 18] and rule formats in structural
operational semantics [5] — that are specific to the formal system considered, and thus usually
each other unrelated. Remarkably, TRAs unify all these local conditions, showing that they
can all be seen as distinct “syntactic realisations” of the same fundamental algebraic laws,
embodied, in this case, by the aforementioned Inversion and Conservation Principle. As a
consequence, we obtain bridge theorems showing that superficially unrelated metatheorems
follow from the same basic algebraic laws. As a main example of such bridge theorems,
we shall prove that whenever a (term relation standing for a) primitive computation rule
satisfies both the aforementioned inversion and conservation principles, then: (7) its parallel
reduction is confluent; (ii) a large family of big-step operational semantics over it (including
traditional call-by-name and call-by-value ones [119]) are deterministic; (%) the notion of
applicative bisimilarity built upon the latter is a congruence.

TRA are not merely a convenient algebraic language for carrying out syntactic reasoning. Their purpose
is not to replace termwise proofs with algebraic ones, but rather to eliminate the need for such proofs
altogether

Another example is the one of one-hole contexts and sequentiality, which correspond to algebraic notions
of derivative [77, 102, 2] and preservation of relation joins, respectively [110].
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Notice, finally, the practical value of this theoretical result. Since TRAs are term-free,
the just mentioned bridge theorem is freely available on any term structure carrying a TRA
structure. This means that once having such a term structure (most of which being provided
in this paper, as well as [53]), it is enough to show that the local conditions of the bridge
theorem hold to obtain three major metatheoretical results that would otherwise require,
even appealing to state-of-the-art general metatheorems, the verification of multiple, diverse
syntax-dependent conditions on different formal systems. In the case of second order terms,
for example, we obtain a unification of Aczel’s confluence theorem [7] and Howe’s congruence
of applicative bisimilarity [73]. Once we show that the ground semantics on, in this case, a
second-order language (typically a form of ground computation, such as the S-rule in the
A-calculus) satisfies the inversion and conservation principle, a body of diverse metatheoretical
properties (including the aforementioned confluence and congruence) automatically follow.

1.2.1 Contribution List

Here is a detailed list of the contribution of the present paper.

Even if TRAs are introduced in [53], that work does not give an explicit axiomatisation
of TRAs. As a minor contribution, we give such axiomatisation.

We algebrize the “syntactic” notions of an open and closed term, introduction and
elimination form, value, and program. In doing so, we make explicit some (to the best of
the author’s knowledge) novel structure on syntax, most notably the modal, axiomatic
cohesion structure of open and closed expression. We also algebrize Gentzen’s Inversion
Principle and Conservation Principle. To the best of the author’s knowledge, this is the
first formal, language-independent account of such principles.

We use the resulting algebraic notions to give a faithful algebraization of various classes
of natural semantics and rewriting systems by expressing within TRAs term predicates
for big-step evaluation, parallel reduction, and many of the semantic equivalences and
refinements they induce, most notably conversion, applicative bisimilarity, and Kleene
equality. While some results on rewriting systems have already been proved in [53], this
work improves such results by relating them to the inversion and conservation principles.
Developments in the direction of operational semantics and semantic equivalence, instead,
are a completely novel contribution of this work. In the case of big-step semantics, our
algebraization uniformly covers different evaluation strategies, including call-by-name
and call-by-value ones [119]. This is in agreement with Martin-Lof [99, 4] pre-theoretical
account of operational semantics. Due to space constraints we omit algebraization
of small-step semantics (structural operational semantics). Similarly, we focus on the
algebraization of applicative bisimilarity [3], omitting ones of contextual equivalence [107],
CIU equivalence [101], and Kleene equivalence [119].

We use the algebraic machinery to prove three fundamental metatheorems in rewriting,
operational semantics, and program equivalence, namely confluence of orthogonal reduc-
tion, determinism of program evaluation, and congruence of applicative bisimilarity. We
discover that these results follow from essentially the same hypothesis, which boil down
to the inversion and conservation principles. This bridge theorem, the main result of the
work, gives a novel, unifying perspective on the metatheory of formal systems. Other res-
ults we have proved but that we omit due to space constraints include further confluence
results (e.g. via critical pair-like conditions [110]), equivalence between small-step and
big-step semantics, congruence of Kleene and CIU equivalence.
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1.3 A Walkthrough Example

Before diving into technical developments, we give an informal introduction to some of the
key features of TRAs by commenting one of the metatheorems we shall prove. Here is the
(formal statement of the) theorem:

a®;a<A&a<(A);a = a;a* <A (1)

Informally, theorem (1) states that if a ground reduction a — such as the fS-rule — is
deterministic (a°; a < A) and satisfies Gentzen’s Inversion Principle (a < (A) ;a), then the
big-step semantics it induces (a*), evaluates programs to at most one value (a*®;a* < A).
Let us comment on that.

The first observation to make is that we are modelling predicates as binary relations,
viewed as abstract algebraic entities, and not as relations of arbitrary ranks or (propositional)
functions on terms.® Being algebraic, relations are synthetically built from “primitive”

relations using various operations, which are conveniently classified into two families.

Logical Operations. Operations such as - °, -1; -2, and (the constant) A are examples of
logical operations. These describe, on an algebraic level, the logical structure of relations,
viz. the one that is completely independent of (the internal structure of) the related
objects [143]. For instance, the aforementioned operations correspond to relation converse,
composition, and identity (or diagonal), respectively.

Structural Operations. The second class of operations, the one characteristic of TRAs,
is the one of structural operations. These operations encapsulate how core syntactic
manipulations can be used to define relations. Accordingly, they describe the syntactic
structure of relations, the one reflecting the internal (syntactic) structure of the objects
on which relations act. At its most fundamental level, syntactic terms are recursively
built from variables using operators. Variables, moreover, act as placeholders, and thus
they can be substituted for terms. All of that is captured by three operations:

A constant operations A,,, which morally relates two terms if they both are a variable,
and the same one.

A unary operation - with the following intended meaning: a relates two terms if they
are built using the same outermost operator and their immediate sub-terms are pairwise
a-related. TRAs “force” this intended interpretation operationally, through axioms
expressing how syntactic operations interact with logical ones — for instance, we require
aA;/b =a; b - and with each other. Crucially, these axioms — which we mathematically
justify in Section 3 — constrain the possible interpretations of (otherwise arbitrary)
relations to relations on terms. In particular, we can identify the “operational” abstract
syntax of terms on which relation acts with the diagonal relation A. For example,
the equality A = 3, where we write = for A, V 7,6 asserts that terms are either
variables or compound terms made of operators and operands (cf. reqularity of abstract

5 Apparently, Peirce himself though of his logic of relatives [128] as a genuine algebra of predicates rather
than as a calculus of binary relations [136]. Korselt (see [142]), however, proved that such a logic (and
its evolution as Tarski’s relation algebra [143]) has the same expressive power than classical first-order
logic with three distinct variables, and thus cannot fully account for ordinary predicates. Nevertheless,
the work by Givant and Tarski [142] give evidence that algebras of binary relations are “[...] strong
enough to be called a truly first-order (as opposed to propositional) algebraic logic” [9]. Furthermore,
the development of Fork algebras [51, 16] showed that algebras of binary relations can recover the full
expressive power of first-order through the addition of a duplication operation.

6 V is the usual join operation, whereas < is its corresponding ordering.
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syntax [103]). Asking A to be not just one solution of the equation z = Z, but the least
such solution then amounts to make terms recursively generated from variables using
operators. This also gives the law [89] a <@ = A < a which expresses structural
induction.

A binary operation -1[- 2] with the following intended meaning: two terms are related
by a[b] if the terms are obtained from a-related terms by applying pointwise b-related
substitutions on them. The usual equational, monoid-like, theory of substitution is
forced precisely by requiring - i[- 2] to form a monoid on relations, with A, acting
as unit (e.g. Ayla] = a = a[A;]). More interestingly, we can ensure compatibility of
substitution with term forming operators through the distributivity law a[b] < m .
Finally, the parametric action of substitution corresponds to the existence of the
b-parametric family right adjoints - [b] 4b» -.

Using the just described basic operations and the algebraic machinery, we can account
for even finer syntactic descriptions. For example, in big-step semantics one splits term
constructs into introductory forms and eliminatory forms, making evaluation reduce pro-
grams until an introductory form is reached. Algebraically, this amount to give a cocartesian
decomposition of ~. as =V (-), where = and (- ) restrict the behaviour of ~ to introductory
forms and eliminatory forms, respectively. This also shows in what sense the algebraization
of formal systems is faithful: we can account for the structural character of various infer-
ential mechanisms (contextual rules, syntax-directed rules, etc.) through composition of
TRA operations. For example, rule-based definitions of big-step semantics over a can be
algebraically understood as syntactic presentations of a*, which in turn is the least solution
to the algebraic equation z = AV (z) ; a; .

Coherence Conditions. Let us turn to theorem (). The conclusion of the implication,
a'°;a* < A, expresses the metatheoretical property of interest, namely that the big-step
semantics a* is deterministic and evaluates terms to introductory forms. (This may look
cryptic at the moment, but once acquainted basic familiarity with algebras of relations it will
become crystal clear.) The antecedent, instead, expresses two local conditions that ensure this
property. The first requires that ground reduction is, as expected, itself deterministic. The
second is the already mentioned Gentzen’s Inversion Principle. This principle asserts that
computation arises when an eliminatory form has an introductory form as major argument (a
bell should ring for readers familiar with Proposition-as-Types). Notice that these conditions
are indeed local, as they express properties of a (primitive computation) and, indirectly, of
the syntactic form of terms.

Applicability. At this point, one may have concerns about the concrete applicability of
theorem (7). As already mentioned, virtually all the main term structures used in program
semantics carry a TRA structure. These encompass free and many quotient, scoped (i.e.
context-indexed) and unscoped, term algebras over a large class of signatures — algebraic [59],
binding [7, 82], nominal [115], and monoidal [78, 135], as well as their multi-sorted refinements
— endowed with simultaneous substitution, defined either by structural [118, 49] or natural
number [33] recursion, rule induction [116], or even imperatively [138]. More generally, we
can canonically construct a TRA without relation substitution for any initial algebra of a
polynomial endofuctor on a topos [59, 88]; and for many of the substitution structures studied
in the literature (3-monoids [49, 48], modules over monads [69], etc.), this construction
extends to full TRAs [53]. Whenever presenting the syntax of a language with one of those
structures, one immediately obtains a large body of notions and results directly from the
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general theory TRAs. For example, once a deterministic ground computation on one of
such term structures is defined, notions of reduction, big-step semantics, and applicative
bisimilarity over it readily follow. In addition, these come with various metatheoretical
results, such as theorem (). The latter, for example, allows us to reduce the proof of
determinism of big-step semantics to checking that ground semantics satisfies the inversion
principle; similarly, we shall reduce congruence of bisimilarity and confluence and parallel
reduction to checking that ground reduction satisfies Gentzen’s inversion and conservation
principles (Theorem 37).

How difficult is it to check these local conditions? And how restrictive are they? Quite
remarkably, checking the local conditions we deal with in this paper is typically an easy
task, and many times it can be done by syntax inspection. Furthermore, there are plenty of
interesting examples of formal systems satisfying the local conditions of our main metatheor-
ems. These examples include: many A-calculi [15, 13], such as the untyped call-by-name and
call-by-value A-calculus, and their extensions with additional operators as well as simple, re-
cursive, polymorphic, and dependent types [137, 112]; object calculi, such as the ¢-calculus [1]
and Featherweight Java [75]; and reduction calculi on string diagrams [23, 24, 25]. While,
due to space constraints, we will able to show only but a few of these examples, readers
should be able to apply our results to the remaining calculi mentioned.

2 Preliminaries

We assume familiarity with basic category theory [96] and order theory [39]. In particular,
we take the order-theoretic notions of poset, meet, join, (complete) lattice, and monotone
functions for granted, as well as basic category-theoretic ones. In particular, given monotone
functions F' : (A,<4) & (B,<p) : G between posets, we say that F' is left adjoint to G
(and G is right adjoint to F'), notation F' 4 G, if F(z) <py <= z < G(y). We also say
that a function F' is join-preserving (resp. meet-preserving) if F(\/ ;) = \/, F(x;) (resp.
F(Axi) =\, F(z;))). These notions are related by the (posetal, or special) Adjoint Functor
Theorem [39, 96]: a function F': A — A is join-preserving (resp. meet-preserving) if and only
if it has a right (resp. left) adjoint. This theorem is particularly useful because it allows us
to express continuity conditions without resting on infinitary operations simply by requiring
the existence of suitable adjoints.

Finally, we recall that, by Knaster-Tarski Theorem [39], any monotone function F': A — A
on a complete lattice has both least and greatest fixed points, denoted by pF' (or pz.F(x))
and vF (or vz.F(x)), respectively. In particular, we can express that an element m is a least
fixed point of F' using the fixed point law F'(m) = m and fixed point induction principle
F(z) <z = m <z (and similarly for greatest fixed points).

2.1 Allegories and Relation Algebras

We also assume some familiarity with the basic theory of allegories [50] and relation algeb-
ras [97, 133]. We shall use the former as a compact and canonical vocabulary for the latter,
viewing algebras of relations as various kinds of one-object allegory, i.e. allegories devoid
of proper categorical structure. For that reason, we tacitly collapse most definitions to the
one-object case.

» Definition 1. An allegory [50] is a set A endowed with: (i) a monoid multiplication
;, called composition, with unit A; (ii) a partial order < and a meet operation N\ making
composition monotone; (i) an order-preserving contravariant involution —° (so that a°° = a,
(a;b)° =10°;a° and (a Ab)° = a® ANDb°). All these data, additionally, have to obey the
so-called modular law: a;bAc<(aAc;b°);b.
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(One-object) allegories correspond to positive fragments of relation algebras, namely
algebras of relations without complement (logical negation). For that reason, we often use
a “relational vernacular” to talk about allegories, referring to elements of an allegory as
relations, to A as the identity (or diagonal) relation, and to relations a® as the converse of a.
As usual, we say that a relation a is reflexive, coreflexive, symmetric, and transitive if A < a,
a <A, a®° <a,and a;a < a, respectively.

Coreflexive relations (just coreflexives) correspond to unary relations. Thinking about
an allegory as an algebra of relations over some object A, coreflexives simulate relationally
‘subsets of A’, the identity relation corresponding to the whole A itself. Indeed, given two
coreflexives p, ¢, we see that p; g coincides with p A ¢. In this way, any property P on the
intended domain A on which relations act can be regarded as a coreflexive p (on set-theoretic
relations, i.e. elements in (W x W), for example, any P € (W) defines a coreflexive
p={(z,y) | * =y & P(x)}). Proving that any element has the property P then amounts to
showing A < p.

2.1.1 Locally-Complete Allegories

Allegories as they are offer a rather limited algebra of relations, and for our purposes the
notion of a locally complete allegory [50] is more appropriate (although we may also work
with finitary algebras, such as division allegories [50]).

» Definition 2. A locally complete allegory is an allegory A endowed with a complete lattice
such that composition and finite intersection distributing over arbitrary joins.

We denote by a V b the relation \/{a,b} and by L the relation \/ (). Notice that in a
locally-complete allegory we have a;\/,b; =\/;a;b; and (\/, a;) ;b=\, a; ;b (and thus also
a;L=1=1;a).

Since a locally-complete allegory is a complete lattice, we can define relations on it
(co)inductively using the Knaster-Tarski theorem, as well as exploit adjunction relationships
between relations. As an example of the former, we see that for any relation a € A, the
monotone parametric function A V a; - has a least fixed point a, denoted by a*. This gives
which is referred to as iteration. As an example of the
latter, observe that any locally-complete allegory is also a division allegory [50], which means
that for all relations a,b € A, we have right implication a — b and left implication b < a
(the latter actually being (a® — b°)°) which give right adjoints of relation composition (most
notably, a;b<c <= b<a—c < a<c<b).”

For simplicity, we refer to locally complete allegories simply as relation algebras (RAs,
for short).

a uniform fixed point operation - *

» Example 3.

1. The prototypical example of a RA is given by set-theoretic endorelations. For any
set W, the powerset p(W x W) carries the structure of a RA. In particular, we
have [126]: ¢ — ¢ = {(w,v) | Yu € W. (v,w) € ¢ = (y,v) € P} and
P ¢ ={(w,v) |YueW. (v,u) € p = (w,u) € 9}.

2. Given a set I and a set W, we consider dependent sets, namely families A € HiEpﬁn(I) p(W)
of sets indexed by finite subsets of I. As usual, we sometimes write a dependent set A as
the sequence (A(%) | i € pan(I)). A dependent relation ¢ between dependent sets A and

7 Cf. action algebras [126, 84] and quantales [131, 113].
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B is an element in [ [, p(A(7), B(t)) closed under renaming: for any function (renaming)
fri—g,if (t,s) € ¢(4), then (t,s) € ¢(j). With these definitions, the RA structure of
©(A(1), A(7)) extends pointwise to [ [, p(A(¢), A(7)), endowing the collection of dependent
endo-relations over a dependent set with a RA structure, too [113].

2.2 Relators

Many useful notions on (term) relation algebras can be uniformly organised as structure-
preserving maps on allegories. Such maps have been extensively studied in the theory of
allegories, where they go under the name of a relator [81, 19, 11, 12].

Recall that an allegory A being a monoid, it is a (one-object) category. Therefore, we
have notions of a functor, lax functor, and colaz functor between allegories (a colax functor
satisfying FA < A and F(a;b) < Fa; Fb, and a lax functor being defined dually).

» Definition 4. A relator between allegories A and B is a monotone functor F': A — B that
preserves converse. Replacing functors with colax functors (resp. lax functor), we obtain the
notion of a colax relator (resp. lax relator). A colax relator which is strict on composition
(F(a;b) = Fa; Fb) is called a semirelator.

In particular, a relator F' satisfies the law F'(a®) = (Fa)°, so that we can unambiguously

write Fa®. We say that a relator F' is w-cocontinuous if it preserves joins of w-chains [8].
We will extensively use semirelators to define certain decompositions of relators that

capture coproduct structure on a base in terms of operations on its algebra of relations.

» Definition 5. A cocartesian decomposition of a relator F is a pair of semirelators Fy, F,
such that F = F;V F, and and F} ; F,. < 1, where relation operations are extended to relators
pointwise. We refer to the triple (F, F}, F}.) as a cocartesian relator triple.

All these notions generalise to n-ary relators in the natural way.

3 Term Relation Algebras: Axioms

Term Relation Algebras arise as a pointfree axiomatisation of calculi (or logic) of relations
on abstract term structures. Such structures are meant to capture the essential syntactic
structure of terms devoid of inessential details, an objective typically achieved through
categorical structures such as initial algebras [59, 88], substitution monoids [49, 48], etc.,
which are characterised by suitable universal properties. Many such structures have been
proposed over the years: initial algebras on the category of sets and relations, for instance,
capture the first-order syntax structure of unscoped terms [59], whereas a similar treatment
can be given for well-scoped terms by moving to categories of presheaves. Substitution,
in both these cases, is modelled by the multiplication of the free monad induced by the
initial algebra. The situation becomes more fragmented for second-order syntax (variable
binding), as well as for more articulated syntax structures, where various, equally valid,
structures concur as models of capture-avoiding substitution — notable examples include
Y -monoids [49, 48], nominal sets [52, 115], and monads and modules [69, 70].

Despite these (and other) differences, we observe abstract term structures are modelled
by a structured — usually universal — object & in a universe category £€. Under mild
conditions [50, 76], the universe category induces a category of relations Ag¢ (an allegory, in
the truly category-theoretic sense), so that we can identify term relations on S with relations
in A¢(S,S). When € is a topos (but one can even take a weaker structure), this set carries
a RA structure, which provides a calculus (or logic) of “pure” relations on S. Notice that
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the RA structure is determined by £ only, regardless of the structure of S. However, one can
extend the RA structure with “domain-specific” operations by noticing that the very (term)
structure of S canonically gives rise to a small collection of operations on Ag(S,S) that
internalise S-structural definitions of relations, and whose algebraic laws capture fundamental
principles of structural reasoning on S. Crucially, those operations are precisely abstract
counterparts of those introduced in Section 1.3.

Overall, we obtain an extended calculus of relations on & whose operations and laws
account for both logical and structural reasoning and definition principles.® The key ob-
servation behind [53] is that not only the just outlined construction can be given mutatis
mutandis on many different abstract term structures, but that in all these cases we obtain
essentially the same calculus of relations, independently of the underlying term structure.
Term Relation Algebras axiomatise this invariant. That is, they axiomatise the common
algebraic structure shared by the various hom-set Ag (S, S) abstracting away from the term
structure S and the universe category €.

» Definition 6. A TRA is a locally-complete allegory (a RA) A extended with a cocartesian

relator triple (~, Ay, ~) and a colaz (bi)relator -1[- 2] such that:

1. The semirelator ~ is w-cocontinuous.

2. For any a € A, the equation x = T ; a has a uniform unique solution, denoted by a”, in
such a way that A" = A.

3. (A Ay, -1]-2]) is a closed monoid.

4. -[b] distributes over ~. That is: a[b] < af[\lJJ].

The first two conditions in Definition 6 capture the initial algebra structure of syntax:
morally, a TRA is an algebra of relations over an initial V + 3(—)-algebra SV, with V' acting
as the object of variables and ¥ as the signature functor. The coreflexive A, relates those
terms in SV that come from the variable object V' through the mono n : V' — SV. Similarly,
a relation a relates terms in SV that are related (through a relational extension of ¥) in
Y(8V) along the mono o : $(SV) — SV. The cocartesian relator triple structure then
captures the coproduct structure SV = V + X(SV) purely in terms of the operations A,
and ~. Similarly, w-cocontinuity of ~ reflects w-cocontinuity of ¥ [8].

The second condition in Definition 6 expresses initiality of SV. Indeed, regarding a TRA
A as a one-object (categorically-intended) allegory, we see that we are requiring that the
unique object e of the allegory (morally an abstraction of SV) is the initial ~-algebra, and
that its algebra structure is given by A : ¢ — e. In that sense, a™ precisely is the unique
extension of a given by initiality. By Knaster-Tarski theorem, that unique solution is also
the least solution to Z ; a < = (as well as the greatest solution to a < 7 ; a), from which the
following induction principle follows: T;a <z = a™ < z. As we shall see, initiality gives
definitions of relations by structural recursion which, when declined syntactically, corresponds
to the well-known Howe’s construction [73]. Notice also that from A = A¥ it follows that
A = A as well as the structural induction principle [89]: T <z — A <uz.

The third condition in Definition 6 expresses the monoidal structure of substitution. The
colax relator - 1[- 2] captures relation substitution, with the monoidal structure accounting for
the usual monoid properties of substitution. The closed structure amounts to an adjunction

8 Notice that this construction is not specific to syntax structures, and it can be potentially used to
internalise (non-algebraic) structure on objects as (algebraic) structure on its predicates/relations.
Indeed, various algebras of logic can be seen as arising in this way. Modal algebras [20], for instance,
arise as algebras of propositions on relational domains (Kripke frames) by internalising the relational
structure as operations on predicates (modalities). Fork algebras [51] can be seen similarly, this time
internaising the product structure of a base category as a fork operation on relations over that base.
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-[b] 4b» - which, by the posetal Adjoint Functor Theorem, gives join-preservation of - [b],
which in turn captures the parametric action of substitution. Finally, the fourth requirement
states that substitution distributes over syntax structure. Notice that these conditions
indeed distill the “operative” essence of a substitution structure: all different proposals of a
substitution structure, to qualify as such, must indeed give the just described structure on
term relations (and indeed, in a dual perspective, many of the technical subtleties behind
the definitions of these structure can be understood as arising precisely to induce the desired
structure on term relations).

» Remark 7. Notice that even if TRAs axiomatise the invariant structure of relations over
different abstract term structures, they give a synthetic framework that can be directly used
on concrete term structures, without going through their interpretation as abstract objects.
This has various practical advantages, as one often deals with concrete term structures that
are difficult to model as initial algebras and the like, but that can nonetheless be endowed
with a TRA structure. Another advtange of the synthetic approach is that it naturally
underpins the study of potentially interesting fragments of TRAs without caring too much
about the underlying term structures. For example, we may restrict the underlying RA
structure of a TRA to a, e.g., Kleene algebra so as to study regular programs that operate
on syntactic structures (e.g. interpreters and evaluators).

3.1 Examples

Before studying the expressiveness of TRAs, we introduce some familiar examples. Through
the rest of this work, we refer to A,, =, =, - ™, and -1[- 9] as the variable coreflexive [53],
strict compatible refinement [93, 53], compatible refinement [62, 89], Howe extension [73],

and relation substitution [89], respectively, for reasons that will become clear soon.

3.1.1 First-Order Syntax

Let us fix a first-order signature X (i.e. a collection of operation symbols op together with
an arity function |op| € N) and a disjoint collection V' of variables. We refer to elements in
pan(V) as contexts and to maps p : I' = A between contexts ', A as renaming of T" into A.

» Definition 8. The dependent set of terms in context Ty is defined inductively, via the
following rules, in which we write I' F t in place of t € Tx(T'). The collection Ts (V') of all
terms is defined as | Jp Ts(T).

xeTl 'ty -+« T'ktep opeX

I' - var x I'Fop(ty,...,top|)

Notice that the collection variables itself induces a dependent set V(I') £ T, and that any
context renaming p : I' — A extends to a term renaming —[p] : Ts(I') = Tx(A). Finally, rule
induction [6] provides the familiar principles of structural induction and recursion on 75(V).

A substitution is a map o : V — Tg(V) with finite support, meaning that there are
only finitely many variables x such that o(x) # var x). Using either rule induction or
structural recursion, one can extend the action of substitution to terms in the usual way
(see, e.g., [116]), thus obtaining a map —[o] : Ts(V) — Tx(V). Writing id for the iden-
tity substitution id(x) = var x and (o - 7)(x) £ o(x)[7] for the composition of substitu-
tions o, T, we obtain the monoid equational theory of substitution: (var x)[o] = o(x),
t[id] = t, and t[o])[r] = t[o - 7]. Furthermore, we see that substitution is syntaz-preserving:
Op(tl, . ,t|0p|)[0'] = op(tl[a], . ,t‘0p|[0']).
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By Example 3, we know that we have a relation algebra on (first-order) terms in context.

Notice how invariance under renaming forces relations on terms to be term relations, i.e.
relations on the abstract syntax structure of terms (and thus invariant under irrelevant
syntactic details). To obtain a TRA, we first observe that the very definition of terms gives a
definition of the variable coreflexive and strict compatible refinement thus (we write ' -t ¢ s
in place of (t,s) € ¢(I')):
xel 'Fti1¢s1 .- Fl—t‘op|¢s‘op|
['Fvar x A, var x I'Fop(ty,...,tjop|) gop(sl, .+, Sop|)

Notice that these definitions are not inductive, but they rather describe a single step in the
inductive construction of terms, the latter relationally corresponding to A. This precisely
makes A the least fixed point of . The law qAS < ¢ = A < ¢ thus captures structural
induction [89]. In fact, taking ¢ as a coreflexive, the above quasi-equation states that to
prove that any term has the property ¢ (i.e. A < ¢), it is enough to show that any variable
satisfies ¢ (i.e. A, < ¢) and that the collection of terms satisfying ¢ is closed under term
constructors (i.e. ¢ < o).

Let us now move to the Howe extension operation. By instantiating its least fixed point
characterisation, we obtain the the following inductive definition:

F'Fvarx ot 'kt ¢H S - Fl_t\op| ¢Hs\op| Fl_Op(Sl,...,pr‘)(bS
'k var x ¢ t I'Fop(ti,...,top) o7t

Readers familiar with Howe’s method [73], will probably recognise that ¢™ is precisely the
Howe extension [73, 114, 62] of the relation ¢. Readers familiar with rewriting, will probably
see that ¢™ follows the same pattern of parallel reduction [141] in the style of Tait and
Martin-Lof [15]. Indeed, these constructions are instances of the same general notion, which
is, as previously seen, a form of relational initiality (see also [53]).

Finally, the action of substitution naturally extends from terms to relations, giving rise
to the relation substitution operation:

AFt[r] ¢Y] slo] <= . Akt ops&Vxel. At 7(x) ¢ o(x)

With this definition, the monoid laws of substitution determine an actual monoid structure
(A, Ay, 1] 2]) onrelations. Syntax-preservation of substitution then gives the law a[b] < a[b],
whereas T'F t (¢ » ¢) s is defined by

V7,0, A[(Vx eT. At 7(x) ¢ 0(x)) = A+ t[r] ¥ s[o]]

» Remark 9. The reader may have recognised the pattern behind logical relations. Indeed,
logical relations seem to be closely related to a solution to the equation x = x » x. Notice,
however, that, since » is antitone in the first argument, the existence of such a solution is
not ensured by standard fixed point arguments. We leave this for future research.

3.1.2 Second-Order Syntax

Second-order syntax [49, 7] enriches first-order syntax with binding structure. Loosely,
this means that term constructs can bind variables, and that terms are identified modulo
renaming of bound variables. In this example, we model second-order syntax through binding
signatures [7], an extension of first-order signatures where the arity of an operation symbol is
an element of N*. The intended meaning of an arity |op| = (k1, ..., k,) (notation op : |op|)
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is that operation op takes n arguments and binds k; variables in the i-th argument. Because
we shall deal with renaming of bound variables, it is necessary to have an unlimited supply
of variables. Accordingly, from now on, we tacitly assume that V is countably infinite.

» Definition 10. The collection Tx(V) £ Up Ts(T') of raw terms in context is defined
similarly to the first-order case, by the following rules, where the notation I',x stands for
T'U {x}, provided that x ¢ T, and each X; has the right length k;:

xeT F,il}_tl F,}_{’nktn IOp‘Z(k‘l,...,kn)
'k var x 't op(Xi.t1,...,Xn-ty)
As usual, in a raw term of the form op(%;.ti,...,%,.t,), we say that variables %; are

binding in op and bound (if present) in t;; variables not bound in a term are said to be free,
whereas a variable not appearing neither in I' nor in t is said to be fresh for the judgment
'kt

» Example 11. (i) As a running example, we consider the signature of the A-calculus, made
of two operations — lam and app — of arity (1) and (0, 0), respectively. We will employ more
familiar notation, writing, e.g., Ax.t and ts in place of lam(x.t) and app(t, s), respectively.
(ii) Tt is easy to extend this signature to more sophisticated languages, such as calculi with
dependent product types and natural numbers [99, 100]. For instance, we may consider the
binding signature containing operators : Pi : (0,1) (in more familiar notation, II(x : t).s,
with the first term standing for a type); lam : (0,1) (A(x : t).s, with t acting as a type)
eq: (0,0,0); refl: (0); eqrec : (0,0); nat : (); z :: (); succ : (0); natrec : (0,0, 2).

Any binding signature induces a notion of variable renaming on raw terms and a corres-
ponding equivalence under variable-renaming — so-called a-equivalence. Both these notions
are defined by rule induction (the reader can find all details in the lecture notes by Pitts [116]),
and give a context-dependent equivalence relation ~, on raw terms.

» Definition 12. We define the dependent set of terms in context T' as the quotient
TE(T) £ Ts(T)/~a, and the collection of terms as TS(V) = Up (). As before, de-
pendent relations on dependent sets T form a relation algebra.

As a notational convention, we do not distinguish between raw terms t and their ~-
equivalence classes — terms — [t]~._,. Most definitions on terms are actually given on raw
terms, and then tacitly extended to terms by (equally tacitly) observing that these definitions
are invariant under ~,. For example, we define 7. (V') strict compatible refinement first on
raw terms, and then observe that the resulting notion is invariant under ~,. The definition
of A, is given similarly, and it is essentially identical to the one given on first-order terms:

F,}_{'l}—tl(bsl F7}_fn|_tn¢sn |0p|=(k‘1,...,]€n)

'k op(il-th - 7§7z-tn) gop(il.sl, Ce ,)_c'n.sn)

Moving to substitution, the shift from first-order to second-order syntax requires us to deal
with capture-avoidance. A substitution is a map o : V' — 7% (V) with finite support, and
we would like to extend it to a map —[o] : T(V) — TS5 (V) satistying monoid laws and
syntax-preservation (that is one of the reasons why capture-avoidance is needed). Since
maps —[o] correspond to maps —{c} : Tx(V) — T2 (V) that are invariant under ~, (i.e.
t ~o 8 = t{o} =s{0}), it is enough to extend o to —{o}.

It is well-known that naive attempts to that by structural recursion on 7s (V) fail, so
that one has to rest on different techniques. Nominal sets [52] (see below) provide an
elegant solution to the problem, offering structural definitions of substitution by a-structural
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recursion [118]. Working with binding signature, we can define substitution as an inductive
relation on raw terms, then showing, by rule induction, that the resulting relation gives
a function on ~,-equivalence classes of raw terms [116]. We could even work with ~-
equivalence classes of abstract syntax trees and define substitution by natural number
recursion, as customary in classic textbooks on the A-calculus [15, 87, 68], or following the
clever, first-order, approach by Stoughton [138]. In all these cases, we obtain a definition of
capture-avoiding substitution upon which we define relation substitution as in the previous
example.

Nominal Syntax

Nominal sets [115] provide a general approach to second-order syntax based on the notions
of permutation and finite support. In a nutshell, given a group G, a nominal set consists of a
set X endowed with a G-action - : G x X — X on it, such that all elements of X are finitely
supported. When it comes to syntax, one considers the group of permutations Sym(V') of
the set of variables V. This immediately makes V' a nominal set, with Sym(V')-action given
by function application.

» Definition 13. Given a binding signature ¥ and a set of variables V, we define the
Sym(V)-action on Ts(V) by: m-op(X1.t,...,Xn.ty) = Op(ﬂ'(Xil.(ﬂ‘ )y, () (T th)
and 7 - var x £ w(x). This way, we obtain a nominal set of raw terms.

The natural notion of a term relation on nominal raw terms is the one of an equivariant
finitely supported relation [115, 117], which gives the desired TRA structure on T (V') by the
so-called Finite Support Principle (see [115] and Theorem 3.5 in [118]). More interestingly,
nominal sets give a natural notion of a-equivalence ~,, and the quotient set 7.2(V) is a
nominal set itself, with action 7 - [t]o £ [7 - t]o. Equivariant finitely supported relations on
TE(V), as expected, carry a complete TRA structure.

» Remark 14 (Further Examples). Due to space constraints, we have to omit further examples.
Among those, we mention multisorted refinements of first-order and second-order terms.
Those can be used to model various typed structures, especially if taking sorts modelled
by second-order terms themselves. Also monoidal terms can be modelled using multisorted
terms by taking natural numbers as sorts and quotienting terms according to the usual
equational laws of string diagrams [135].

3.2 Expressiveness

Having examples of TRAs, we now investigate how many “semantic” notions can be expressed
within them. As a warm up, we notice that we can express basic, albeit useful, syntax-based
notions.

» Definition 15. We say that a relation a is: (i) compatible if @ < a; (i) closed under term
constructs if a < a; (iii) a (pre)congruence if it is compatible equivalence (preorder); (iv)
closed under (substitution) instances (CUI) if a[A] < a; (v) substitutive if ala] < a. (vi) We
say that a satisfies Leibniz’s Substitution Law [64] if Ala] < a.

Notice that any compatible relation is reflexive. Moreover, for any a, the relation a[A]
(the closure under substitution instances of a) is always CUI. Moreover, compatibility (a < a)
implies Leibniz’s law, but the converse is in general false.

50:15

LICS 2026



50:16

An Algebraic Approach to Formal System Metatheory

3.2.1 Substitution and Cohesion

Many syntax-based systems build upon the distinction between complete — open — and
incomplete — closed — terms [99], and operations of restriction to closed terms and extension
to open ones. Mathematically, these distinctions and operations are usually left in the
background and treated syntactically. The algebraic machinery of TRAs reveals, instead, a
rich structure behind these notions.

Let us begin by uncovering the (relational) structure of complete terms. To fix ideas, let us
consider first-order terms (the example holds mutatis mutandis for second-order syntax) 75 (V)
(= Ur T=(I)). In this case, we say that a term t € Tx(T') is closed if t € T (). Writing A
and A for the relation algebras of relations over terms and closed terms, respectively, we
see that these two algebras are related by the adjoint triple ¢ 4 b - f, where ¢,f : Ag — A
and b : A — Ay are defined by b(¢) = {(t,s) | 9 F t ¢ s}, «(r)(T) = {(t,s) | t r s},
and #(r)(T) £ {(t,s) | t,s € Tx()) = t r s}. These adjunctions create an (axiomatic)
cohesion [92], whereby the (co)monadic modalities 0 = Lob, ¢ = fob on A form an adjunction
0O - 4 themselves [80]. Making some calculations, we obtain the following explicit definition
onrelations: Tt Opsiff ot ¢s,andT'Ht #psiff (GFt,s = TFHtos).

Since the modalities [ and 4 are themselves obtain through the composition of adjoint
maps, they satisfy (co)monadic laws. For instance, O being a comonad, it is an S4-
modality [20], meaning that it is monotone, and satisfies ¢ C ¢ and O(¢ ;¢) = O ; Tep. Tt
also distributes over relation converse and composition. Furthermore, we see that whether two
terms are related by ¢ boils down to the shape of the terms (they must be complete) and
the relation ¢ itself (they must be ¢-related). This is captured by the law OA ; ¢ ; OA C Q.
Finally, as expected, we have the laws JA, = L (no variable is a complete term) and
(O¢)[¥] € Og¢ (substitution has no effect on complete terms).

Closed Relations

While all the aforementioned laws have been obtained in the context of a specific example,
their very structure suggests that the modalities (1 and 4 should be definable solely in terms
of substitution. This is indeed that case, we see that defining Ja £ a[L] and #a £ a » L we
indeed obtain all the aforementioned laws.

Using the modality [, we obtain an image of the algebra of complete relations within
usual TRAs simply by considering closed relations, viz. relations a such that a < Oa (and
thus Oa = a). Closed relations play a crucial role in term evaluation, as the latter acts on
complete terms only. Since evaluation and related forms of syntax dynamics are typically
defined recursively, as least solutions a¥ of parametric equations of the form x = F(x,a), we
would like to ensure that whenever a is closed, and F' is of a suitable form, then aF is closed
too.

» Lemma 16. Let F' be a monotone function on a TRA A. We say that F is closed if
OF(z) < F(Qz). If F is closed then OuF = px. OF (z). In particular, Oa® = (Oa)¥ and
thus ¥ = Oa* if a = Oa.

Thinking about F' as the extension of a term function to relations, the requirement that
F is closed means that if two complete terms are related by [F(a), then all the a-related sub-
terms involved are complete themselves. Reading all of that as term evaluation, closedness
means that evaluating a compound complete term requires to evaluate its complete sub-terms
only (cf. with weak evaluation, where one does not evaluate under binders precisely because
of that).
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Finally, we can extend relations on closed terms to open ones through the open extension
modality [89]. In the case of first-order terms, this is given by the relation (¢ where
'kt O¢ s holds iff Vo. (Vx € T'. 0(x) € T(@)) = @ F t[o] ¢ s[o] Abstracting from
first-order syntax, we see that the key point of open extension is to behave as the right adjoint
O(—[A]) # 0, which is actually expressible in the language of TRAs thus: ¢a = A » #a. As
we shall see, open extension will play an important role in the definition of bisimilarity.

4 Pointfree Metatheory, I: Reduction

It is finally time to put TRAs to work and develop some metatheory with (and within) them.
We first show some examples of metatheory of reduction systems.

» Definition 17. We say that a relation a is a reduction if A, ;a = L. This condition [18]
ensures nontriviality with respect to (substitution) instances of the rule, i.e.term relations
obtained from a by instantiating the variables of a-related terms using the same substitution.

» Example 18. Given a collection of first-order terms T (V'), a Term Rewriting System
(TRS) [18, 74] is given by a reduction ¢ in the TRA of relations over 75 (V). For example, for
the signature of combinatory logic [33] ¥ £ {k:0,s: 0,4 : 2}, the (closure under extended
renaming of the) term relation x,y F A(A(k,x),y) — x is a reduction (and similarly for
the corresponding reduction for s). We extend the reduction action of k from variables to
arbitrary terms by considering —[A], while taking (—[A] V A)¥ gives parallel reduction.
Sequential reduction can be modelled by considering so-called derivatives [110]

» Example 19. Let us consider the signature of the dependent A-calculus. We see that
B-reduction gives a relation defined by I' = (A(x : t).s)u 3 s[u/x]. Notice that A, ;5= L
and B[A] < 8. Taking the Howe extension of its reflexive closure (8 U A)" we obtain parallel
B-reduction [141] =g, which we can inductively characterised thus:

IFxFt=t T'ks=gs Ixtt, =35s8
FxbFx=px THQx:ut)s=25t[s'/x] TFAx:tita =5 Ax:s1.82

I'Ft=p5t Ths=3s Tht=23t Txks=gs
'kttt =588 FFII(x:t).s =g II(x:t/).s

Finally, taking (8 V 8°)"" gives B-convertibility =g.

Abstracting from the previous example, we define the parallel reduction over a as
a® £ (A Va[A])™ and convertibility as a® £ (a V a®)™*. Standard algebraic TRA cal-
culations show that a™ £ (a® V a™°)*.

A central problem in rewriting is the one of determining consistency of convertibility,
which often reduces to prove the so-called Church-Rosser property [18].

» Definition 20. We say that a relation a has the Church-Rosser property if (aVa®)* = a*;a*°,
and that it has the diamond property if a°;a < a;a°. We say that a is confluent if a* has
the diamond property.?

9 Even if we will not deal with termination, we mention, for the pure sake of beauty, the particularly
pleasant laws [44] expressing that a relation a is inductive —a — 2 <& = T < z — and well-founded
—rz<z;a = x < 1.
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Easy algebraic calculations show that if a has the diamond property, then it is confluent;
and that a relation has the Church-Rosser property iff it is confluent [139, 140]. In light
of that, to prove that ¢ has the Church-Rosser it is sufficient to prove that ¢= has the
diamond property. Using the language of TRAs, we can algebraically express an easy-to-check
“semantic” notion of orthogonality and calculationally infer confluence from it.

» Theorem 21 ([53]). A reduction a s orthogonal if a[A]° ; a[A] < A and
a[A]° 5 a[A]® < a®la™]. If a is orthogonal, then a= is diamond, and thus confluent.

The first condition in orthogonality states that substitution instance of (ground) reduction
is deterministic — a relation a is deterministic when a° ; a < A. The second condition asserts
that even reducing substerms of a redex does not destroy the redex structure and, the new
nested redexes it creates can be uniformly reduced.

» Example 22. The relation S is orthogonal: T' F t[s/x] £° (Ax.t)s and
I' - (Ax.t)s =5 (Ax.t)s’ entail T' F t[s/x] =5 t'[s'/x] and T F t/[s'/x] 8° (Ax.t))s,
since = 5. This follows since, in general, a= is substitutive (a=[a=] < a=). By Theorem 21,
we conclude confluence.

While our notion of orthogonality is typically easy to check, it is not a genuine local
condition, as it speaks of a=. In the next section, we will give a finer, completely local
conditions and show that such condition implies Theorem 21.

5 Pointfree Metatheory: Operational Semantics

Operational semantics involves diverse “syntactic” notions: program, values, context, lazy
and eager evaluation, reduction strategies, and many others, that are typically left, implicitly
or explicitly, to term representations. Much of these notions can be uniformly understood
following (the informal account by) Martin-Lof [99] (see also the nice explanation given
in [4]). Accordingly, term constructs are divided into constructors and destructors: the former
construct pieces of structured data; the latter consume them. Arguments of a destructor
are furthermore divided into major — or eager — minor — or lazy. Terms whose outermost
operator is a constructor (resp. destructor) are introduction forms (resp. elimination forms).
Computation is triggered when there is an elimination form with introduction forms as major
arguments: this is the so-called Gentzen’s Inversion Principle [57].1°

Closed terms — programs — are evaluated until a canonical form — value — is reached.
In a lazy discipline, canonical forms are identified with introduction forms (for example,
we do not reduce under lambdas); in eager disciplines, other notions of canonical form
may be considered (e.g. introduction forms whose arguments are canonical themselves).
Languages with “eager canonical forms” can be turned into lazy ones by adopting a reduced
syntax [89], or fine-grain syntax [94]. For simplicity, we will also identify canonical forms
with introduction forms.

Finally, evaluation proceeds thus: if a closed term is an introduction form (a value), then
just return it. Otherwise the term is an elimination form; evaluate its major sub-terms —
which has to be closed, otherwise the evaluation fails — until an introduction form is reached.
At this point, by Inversion Principle, if the introduction forms correspond to the elimination
form to be evaluated, a true computation step is performed and then evaluation is resumed.

10 Notice that following this view, the purpose of a type discipline is precisely to ensure that elimination
forms interact only with their corresponding introduction forms.
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5.1 Algebraization of Operational Semantics

All these notions can be easily expressed, algebraically, in the language of TRA. In fact,
at the heart of the just outlined pre-theory of operational semantics lie certain distinctions
between term constructs, that can be naturally recast in terms of cocartesian decomposition
triples.

» Definition 23. Given a TRA, an operational decomposition is given by a decomposition
of strict compatible refinement as a cocartesian relator triple (~, =, (-1, - 2)) such that - [b]
distributes over both = and (-1, - 2) (e.g. {a,b)[c] < (a|c],b[c]), and O distributes over { -, b)
(i.e. O{a,b) < (Oa,b)).

The intuitive meaning of an operational decomposition should be clear. Both @ and (a, b)
refine strict compatible refinement by restricting outermost operators to constructors, in
the case of @, and destructors, in the case of {(a,b). Furthermore, (a,b) requires that major
subterms are pairwise a-related and all other (minors) are pairwise b-related. Thinking of
TRAs as algebras of relations over initial (V + 3(—))-algebras, an operational decomposition
signals that the signature functor can be factorized as Ziptro( < 1) + Zelim( -+ 1, « 2)-

Using these operations, we define the coreflexives of introduction and elimination forms

as A and (A, A), and the coreflexive of values as complete introduction forms: A, £ OA.

Notice that the cocartesian relatotr triple (*, =, (-1, - 2)) entails @; (b,¢) < L, meaning
that constructors and destructors are disjoint. Furthermore, if we identify canonical forms
with introduction forms, as we do, then we see that terms with an outermost constructors
are always values (i.e. evaluation must be lazy, or weak). Although this is always the case
in call-by-name semantics, it is not so in call-by-value one: for example, a pair pair(t,s)
is a value if both t and s are. We can easily overcome this issue by presenting syntax in
reduced or fine-grain form [94, 89]. Finally, distributivity of O over (- ,b) ensures that major
arguments of a closed term are closed themselves.

5.1.1 Inversion Principle

Let us now algebrize Gentzen’s Inversion Principle. Since we will extensively relate elimination
forms through their major arguments, we introduce the abbreviation (a) = (a, A). Intuitively,
two elimination forms are related by (a) if they have the same outermost destructor and
minor arguments, and pairwise a-related major arguments.

» Definition 24. We say that a relation a satisfies Gentzen’s Inversion Principle (GIP) if

a < (A);a (and thus a = (A) ; a).

Notice that all reductions met so far, as well as many others, satisfy (GIP). A stronger version
of this principle — dubbed Strong Gentzen’s Inversion Principle (SGIP) — can be obtained by
introducing a domain operation dom giving, for each relation a, the coreflexive representing
the domain of a [50, 133, 44]. Assuming dom, we can express (SGIP) as dom(a) = (A). This
equation, which states that any elimination form whose major arguments are introduction
forms is reducible, holds on e.g., 3, although it already fails when moving to simple extensions,
such as PCF, due to stuck terms (e.g. app(z,z)). Typing disciplines, however, typically

ensure the validity of SGIP.
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5.1.2 Examples

A large family of examples can be obtained by splitting (first-order, binding, nominal, etc.)
signatures ¥ into two (first-order, binding, nominal, etc.) disjoint signatures Zintro and Xejim
containing constructors and destructors, respectively. Notice that, as just discussed, we
require that constructors and destructors are disjoint.

Next, we refine the notion of arity of a destructor so as to specify which operands are
major and minor arguments. This can be done by labelling specific notions of arity. For
example, in a binding signature with |op| = (k1,. .., ky), we label those k;s corresponding to
major positions, provided that these do not bind variables. Finally, we use a “correspondence
relation” ~ C Ygim X Xintro relating destructors with their corresponding constructors. As
already mentioned, type systems can be understood as a way to constrain term formation
according to ~.

» Example 25. We refine the signature of the A-calculus with dependent types and nat-
ural numbers thus: Yo = {lam : (1),Pi : (0,1),refl : (0),nat : (),z = (),succ : (0)},
Yelim = app : (0,0), eqrec : (0,0),natrec : (0,0,2)}, where we underline major positions. The
relation ~ is defined by: app ~ lam, eqrec ~ refl, natrec ~ z, and natrec ~ succ. Reduc-
tion is then determined by the scheme: (app(lam(—),—), eqrec(refl(—),—), natrec(z, —, —),
and natrec(succ(—), —, —). Other interactions between destructors and constructors follow-
ing this pattern give so-called stuck terms.

Notice that the choice of major premises in a destructors determines the evaluation order
of a term. In the example above, for instance, the destructor app : (0,0) stipulates that the
evaluation of a term app(t,s) proceeds by evaluating t until a corresponding introduction
form is reached, viz. lam(x.t’), and then performing S-reduction according Gentzen’s principle
— hence reducing app(lam(x.t’), s) to t'[s/x] — without evaluating s. In this sense, our syntax
underpins a call-by-name evaluation strategy.

» Example 26. The call-by-value A-calculus is given by the signatures Sipyo = {lam: (1)}
and Yejim = app : (0,0)}. Accordingly, the evaluation of app(t, s) requires to evaluate both t
and s.

Constructing examples of operational decomposition is now straightforward. On binding
signature, for instance, we define ¢ and (¢, ) thus, where, for a destructor op : (k1,..., k),
we have mep (i, ¢, %) £ ¢ if k; major, and mep (i, ¢, 1) = 1, otherwise.

¥kt ¢sy - X, Ft,ds, Op:(kla-”akn)ezintro

'k Op()_fl.tl, e ,i,L.tn) 6 op(il.sl, Ce ,}_c'n.sn)

(V1 < { < n) Faiz F ti mop(i,¢7¢) Si Op: (kla' . ,kn) € Eelim
'k Op()?yth c.. ,in.tn) <(]§,1f)> op(il.sl, c.. ,in.sn)

5.1.2.1 Structural Recursion, Reuvisited

The refinement of = (and, consequently, of ) into the operations = and (-, -) opens the
door to a number of refinements of the operation -*, each corresponding to various forms of
structural recursion on, e.g., elimination forms, evaluation context, etc. In light of applications
(and due to space constraint), here we consider only the operator - ¥, which captures the
recursive pattern needed to define term evaluation: where a™ relates variables, a* relates
introduction forms; and where a™ recursively applies on the operands of a compound term,



F. Gavazzo

a™ recursively applies on the major operands of an elimination form. Consequently, we see
that a® arises as the least solution (which indeed exists) to the equation x = (A V (z)) ; a,
(cf. with =7 ; a). It is easy to relate - to initiality, as done for ~.

5.1.2.2 Big-Step Semantics

Let us now algebrize the informal notion of evaluation d la Martin-Lof. Let us fix a TRA
A with an operational decomposition, and agree that, from now on, any reduction tacitly
satisfies (GIP). Notice, in particular, that this implies T ;a < L, for any reduction a.

» Definition 27. Given a reduction a, we define the one-step evaluation induced by a as
a® £ (aV A)F.

Intuitively, a® either relates introduction forms with themselves or it recursively evaluates
major arguments of an elimination form, then a-reducing the result obtained. In this sense,
we see that it refines parallel reduction following the reduction strategy imposed by the
operational decomposition.

We now define evaluation by iterating a® until a canonical form is reached.

» Definition 28. Given a reduction a, we define the evaluation — or big-step semantics —
induced by a as a* £ o™ ; A.

As expected, we can characterise a* inductively.

» Proposition 29. Let a be a reduction. Then a' is the least solution to the equation
x=AV{(x);a;zx. Furthermore, Ja* = (Oa)*. In particular, if a is closed, then a* is closed
too, and it is the least solution of the equation x = A, V () ;a; x.

Proof Sketch. Observe that a® is the least solution to the equation z = A V (z) ; a, since
(AV{(z));(avA)=(A;a)VAV ({z);a)V ({z);A) = AV (z);a As a consequence,
Oa® = (da)®. In particular, if a is closed, then a® is closed too, and it is the least solution of
the equation = A, V (x) ; a. Then exploit the least fixed point characterisations of a*. <«

» Example 30. Let us consider the call-by-value A-calculus (Example 26), and let 3, be
call-by-value S-reduction (' F (Ax.t)v 3 t[v/x]). Then, OJBY coincides with the usual big-step
semantics g, .

Now the main metatheorem of this section: evaluation is deterministic whenever its
underlying reduction is.

» Theorem 31 (Determinism). Let a be a closed reduction. Then: a;a° < A = a*°;a* < A,

Proof Sketch. The proof is composed of different parts. First, we show that GIP implies
the well-known inversion lemma [111], which is relationally given by (b) ; a* < (b;a') ; a’.
We use the latter to show that, under the assumption a ;a® < A, we have a° ; a* < a*. We
then prove that a° ; a* < a* implies a*° ; a* < A,. <

6 Pointfree Metatheory: Semantic Equivalence

In this last section, we outline a further application of TRA s to the metatheory of semantic
equivalence. For many formal systems, it is interesting (and useful) to study the various
notions of semantic equivalence (and refinement) they induce on terms. Notable such
equivalences include contextual equivalence [107] and applicative (bi)similarity [3], which
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arise in the context of systems of operational semantics, and conversion [31, 108] and Kleene
equivalence [119], which are useful to study rewriting systems (and equational theories).
Classic examples of metatheorems on semantic equivalences include congruence of bisimilarity,
whereby bisimilarity is closed under term formation operations, Church-Rosser, which recasts
conversion bidirectional (iterated) reduction and leads to consistency, and decidability, which
is obtained by combining Church-Rosser with normalisation. In addition to those, various
results relating different semantic equivalences (e.g. Kleene equivalence is contained in
applicative bisimilarity) are usually of interest.

Many of these notions can be defined and studied in the context of TRAs, including
contextual equivalence, applicative bisimilarity, CIU equivalence [101], Kleene equivalence,
and conversion. Due to space constraints, here we focus on applicative (bi)similarity only,
this notion being known to be meta-theoretically challenging.

6.1 Applicative (Bi)Similarity

(Applicative) similarity is a coinductively defined preorder on complete terms. Intuitively, we
say that a complete t is similar to t’ if whenever t’ (a*)-evaluates to a canonical term v/,
then also t evaluates to a canonical term v, and v and v/ have the same outermost constructor
(e.g. they are both lambdas, pairs, etc.) with pairwise similar operands. Similarity is defined
coinductively as the greatest simulation.

We can then “semi-formally” say that similarity is the largest complete relation Z such
that, whenever t g t’ (with t,t’ complete) and t’ a* v/, then t a* v and v E v'. Notice
that even if similarity is defined on complete terms, we need to take its open extension when
it comes to relate sub-terms of introduction forms, as such sub-terms may not be complete
themselves. It is an easy exercise to check that, on concrete examples, we obtain Abramsky’s
applicative similarity [3] and its generalisation by Howe [73].

» Definition 32. Let b be a closed reduction. We define By(a) as (b= ;a) < b=, and say that
a is a b-simulation if a < By(0a), i.e. a;b* < b2 ; Qa.

Let b be fixed from now on, so that we can omit subscripts. It is easy to see that B
is monotone, and that B(a) is always complete, i.e. (0B(a) = B(a). This means that the
equation z = B(Qx) has a greatest solution, which we denote by b= and call (b-)similarity.
Notice that b% is complete (i.e. (b= = b%), and comes with a corresponding coinduction proof
principle: a < B(a) = a < b%. Using the latter, we see that b= is a preorder on closed
terms: OJA < b% and bR ; b* < b2. Furthermore, its (open) extension ¢b% to incomplete
terms — known as open similarity — still admits a coinductive characterisation as the greatest
solution of the equation x = {B(z). From that it follows that Qb= is a preorder. Finally, we
define (applicative) bisimilarity b= coinductively as vz.Qz A B(Qx°)°, and observe that it is
an equivalence.

6.1.1 Congruence

The main meta-theoretical result on bisimilarity is congruence. The so-called “transitive-
closure trick” [114], which can be easily generalised to TRAs, actually reduces congruence of
bisimilarity to compatibility and substitutivity of similarity. These results, which are highly
nontrivial, are typically proved using Howe’s method [73, 114]. We now outline an algebraic
and language-independent proof of compatibility and substitutivity.
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Given our “dualised” definition of simulation it is more convenient to use a dual version
of the Howe extension operator — op-Howe extension — to be applied to closed relations:
a¥ £ (Qa)™°. By the general theory of TRAs, we see that, for any closed preorder a, a® is
reflexive, substitutive, compatible (aA§ < a%), and satisfies the so-called quasi-transitivity law:
Oa;ab < ab.

To prove compatibility, we need to spell out an important hypothesis, one that is hardly
detectable without the algebraic vocabulary of TRAs and that expresses a fundamental
principle of language design [66]: the Gentzen Conservation Principle.

» Definition 33 (Gentzen Conservation Principle). We say that a closed reduction a sat-
isfies Gentzen’s Conservation Principle (GCP) if for any compatible relation xz, we have
(Z,x) ;0 < a;xlz].

Although cryptic at first, Definition 33 is deeply connected with the proof-theoretic
principle of harmony [45, 129], as well as with Plotkin’s account of a structural rule [122].
The equation (Z, x);a < a;z[z], an embryonic version of which is due to Lassen [89], states two
facts: (i) that the behaviour of a reduction a is determined by the outermost operator of the
term to which it is applied, along with the outermost shape of its operands, being parametric
in all the rest; (7i) that computation proceeds by substitution.!! To see that, consider the
example of the call-by-value A-calculus: if two terms are related by <$, @) ; By, then we must
have @ - (Ax.p)w (¢, ¢) (Ax.u)v, with @+ w ¢ v and x - p ¢ u. Those give p[w/x] ¢[¢] u[v/x]
which, together with (Ax.p)w 3, p[w/x|, precisely gives (&, ¢) ; Bu < (8o ; ¢[0]).

» Lemma 34 (Key Lemma). Let a be a closed reflexive and transitive simulation. If b satisfies
(GCP), then a® < OB(ah).
Sketch. First, an easy calculation shows that a® < OB (a§) is equivalent to

b2 < Oa® — (b* ;c?§). The latter is proved by fixed point induction on b%. The proof
is then given by a (long) equational calculation. <

» Theorem 35. Qb% is substitutive and compatible, and thus (b= is a congruence.

Proof Sketch. By Lemma 34, b2" is an open simulation, hence b%® < ObZ, by coinduction.
Since Ob% < b2% we conclude b2 = ObZ and thus compatibility of substitutivity of Qb%. <

6.2 Unified Metatheory

A remarkable property of having elucidated both the conversion (GCP) and inversion (GIP)
principles is that they not only ensure congruence of (bi)similarity but also confluence
of parallel reduction, thereby unifying different metatheoretical results via natural local
conditions.

» Lemma 36. Let a be a reduction. If a satisfies (GCP) and (GIP), then
a[A]° ; a[A]® < a®[a7].

Proof Sketch. Observe that Z;a™ < z:;a>. <

We can finally state what we have previously referred to as a bridge theorem, which
establishes a novel connection between superficially unrelated metatheoretical results.

" This is the case for many, but not all, languages. One can consider alternatives to the substitution
model of computation, and formulate GCP-like laws of the form (z,z) ;a < a; F(x), with F describing
how computation is performed.
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» Theorem 37. Let a be a reduction. If a[A] is deterministic and satisfies (GIP) and (GCP)
(and thus, so does Oa) then: (i) a= is confluent; (ii) (Oa) is deterministic; (i) O((Oa)™)
1S a congruence.

As already mentioned in Section 1.3, we can now easily apply Theorem 37 to various
systems. Examples include the call-by-name and call-by-value A-calculus, and many of their
typed extensions that we have omitted. Among those, we mention combined recursive and
polymorphic types (System Fpu) [112], PCF [120] possibly extended with type structure [116],
and dependent types [100]. Another source of examples is given by calculi for object-
oriented computation, most notably Featherweight Java [75] and the ¢-calculus [1]. Gordon’s
relational analysis of the latter [63], for instance, can be read precisely in this sense. (Parts
of) Theorem 37 can also be applied to some (but not all) calculi of control, such as the A,-C-
calculus [46] and the A-calculus [137]. More generally, many term and diagram calculi used
in the context of the Curry-Howard correspondence [137, 58] provide sources of examples.

7 Related Work and Conclusion

Related Work. The idea of employing algebraic methods, and specifically algebras of
relations, to study those formal systems used in the semantics of programming languages
is not new. Starting with the work by Baumer [17], (fragments) of relation algebras have
been used to study abstract rewriting systems [74], producing algebraic analyses of abstract
confluence and termination [43, 44, 139, 140, 40]. None of these proposals, however, has
scaled to term-based systems.

To the best of the author’s knowledge, Lassen [89], was the first to explicitly advocate the
use of an algebra of term relations to study semantic equivalences. Following a previous work
by Gordon [62, 61], Lassen introduced various term relation operations on specific A-calculi.
Many crucial operations, however, are not present in Lassen’s system, and that prevented
the development of algebraic accounts of reduction and evaluation, thereby leaving reasoning
markedly syntactic. Even when relational operations are available, the most significant part
of proofs has to be carried out syntactically. Nevertheless, it is fair to say that TRAs are
conceptually due to Lassen.

Another prominent line of research, as embodied by, e.g., mathematical operational
semantics [145] and categorical rewriting [28, 124, 95], studies formal systems as abstract
categorical structures, resting on the unifying vocabulary of category theory to relate different
notions. While many abstract results have been achieved in the context of specific systems
and abstract term structures (just think about the vast literature on congruence theorems
for bisimilarity [145, 26, 71, 146, 60]), bridge theorems in the spirit of Theorem 37 seem
lacking. A further difference from TRAs, finally, is that mainstream categorical approaches
seem to be inherently “structure-wise”, necessitating (and thus depending) of an underlying
(abstract) term structure.

Conclusion. This work constitutes a first foundational step in a research programme aimed
at a general algebraic theory of various classes of formal systems of term assertions. Systems
that have not been treated in this paper but that will be subject of future work include type
theories and proof calculi, along with metatheoretical results akin to logical relations and
normalisation. Another line of research involves monadic algebras of term relations, in the
direction of effectful systems [55, 37, 34, 56], as well as quantitative term relation algebras, in
the direction of coeffectful systems [38, 98, 109, 54, 35, 36, 10]. Finally, we observe that one
can also view TRAs as a (highly expressive) algebraic logic over certain structured domains.
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That the domain is a syntactic one, from this perspective, is not particularly relevant; one
could come up with similar logics over monoids or groups. It is then interesting to understand
this class of (algebraic) logics — logics of predicates over structured domains that logically
internalise structural reasoning — in its own right.
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