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Abstract
Under the homotopy hypothesis, higher dimensional groups are defined as pointed homotopy types
whose homotopy groups vanish outside a certain range. In particular, a 2-group is a pointed connected
homotopy 2-type. Classically, 2-groups have two equivalent algebraic descriptions: one in terms
of weak monoidal categories and the other in terms of group cohomology. We present these two
classifications of pointed connected 2-types in homotopy type theory, thereby providing internal,
constructive counterparts to the traditional classifications of 2-groups. Our first classification (in
terms of monoidal categories) takes the form of a bicategorical equivalence, while our second is a
type equivalence that extends to n-groups for all n ≥ 2. We have mechanized our results in Agda.
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1 Introduction

Groups are fundamental to modern algebra. By treating a group’s equational laws as
isomorphisms in a category so that multiplication is a monoidal product and inverses are
adjoint equivalences, we arrive at a coherent 2-group, the 2-dimensional generalization of a
group. The study of coherent 2-groups has a fruitful history spanning algebraic topology and
mathematical physics [4, 5, 25]. From the perspective of homotopy theory, coherent 2-groups
fit into a layered correspondence, known as the homotopy hypothesis, between spaces (i.e.,
homotopy types) and higher dimensional groupoids [3]. The homotopy hypothesis provides
a uniform definition of higher groups in homotopy type theory (HoTT) [7]. Following [22],
we call this definition the internal notion of higher group. It lets us apply the tools of
synthetic homotopy theory directly to group theory at any dimension. In dimension one,
this application has led to simpler, fundamentally new proofs of important group-theoretic
results [7, 15, 31], such as the Nielsen-Schreier theorem. The application in dimension two is
just beginning [32].

This paper makes two principal contributions – which we discuss now – to higher group
theory in HoTT, with each shedding new light on the internal notion of higher group.
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The homotopy hypothesis asserts that this internal notion (as a space) is equivalent to
the axiomatic notion (as a groupoid). In the 1-dimensional case, the latter is the usual
set-theoretic definition of a (possibly abelian) group. In this case, we can prove the homotopy
hypothesis in HoTT. In particular, taking the loop space of a pointed connected 1-type – the
internal notion of a 1-group – forms an equivalence between the 1-category of such types and
the 1-category of axiomatic groups [7, Theorem 5.1], with the functor in the reverse direction
defining the delooping of an axiomatic group. This equivalence is useful for group theory as
we can integrate two kinds of proofs: those about internal groups developed with synthetic
homotopy theory and those about axiomatic groups developed in the set-theoretic setting.

It’s natural to ask for a similar equivalence between the internal and axiomatic notion
above dimension one – i.e., for the higher-categorical versions of the homotopy hypothesis.
We have so far lacked this equivalence, however, as the higher structure makes even the
2-dimensional case far harder. In classical homotopy theory, Baez and Lauda conjecture the
basic 2-dimensional homotopy hypothesis, i.e., for the spaces sitting at the first connectivity
level [4, Section 8.2]. In HoTT, Buchholtz, van Doorn, and Rijke conjecture the entire
2-dimensional homotopy hypothesis [7, Section 9], which includes the basic case as well as
higher connectivity levels.

Our first contribution settles the basic 2-dimensional homotopy hypothesis in HoTT:
Working in HoTT [33], we show that taking the loop space of a pointed connected 2-type
(the internal notion of 2-group) forms a (biadjoint) biequivalence [11, Definition 2.3] between
the (2, 1)-category of such types and the (2, 1)-category of coherent 2-groups (the axiomatic
notion of 2-group). To this end, we formulate a notion of biequivalence that is simpler than
the traditional one but still, for univalent bicategories, equivalent to identity. As a result,
the biequivalence we build is equivalent to a path between these (2, 1)-categories, so that
one can easily transfer any bicategorical property between them.

The biequivalence we build extends the preceding equivalence constructed for 1-groups.
It has two main stages. First, we form the delooping of a coherent 2-group G as a higher
inductive type that generalizes the delooping of a group due to Licata and Finster [18].
Intuitively, the delooping is the smallest pointed 2-type T admitting a 2-group morphism
from G to T ’s loop space Ω(T ), which turns out to be an isomorphism by minimality. The
delooping defines a map from the type of coherent 2-groups to that of pointed connected
2-types. Second, we make this map into a pseudofunctor (a bicategorical functor) and prove
that it forms a biequivalence with the loop pseudofunctor Ω.

We now see that the loop space Ω(X) of a pointed connected 2-type X preserves all
information in a bicategorical sense. What if we only have access to the fundamental group
π1(X) := ∥Ω(X)∥0 of X? Unsurprisingly, we need more information to classify X, but
how much more? In classical homotopy theory, MacLane and Whitehead showed X is
determined by π1(X), the canonical action of π1(X) on π2(X), and a group cohomology
class in H3(π1(X), π2(X)) called the Postnikov invariant of X [20]. These three pieces of
data make up a Sính triple (named after Hoàng Xuân Sính), which consists of a group
G, a G-module M , and a cohomology class κ ∈ H3(G,M). MacLane and Whitehead’s
classification arises from a set-theoretic bijection – which we call the MW bijection – between
the homotopy equivalence classes of pointed connected 2-types and the isomorphism classes
of Sính triples. In HoTT, the pointed connected 2-types form not a set but a 2-type. How,
then, can we turn the MW bijection into a type equivalence?

Our second contribution answers this question with an equivalence between the type
of pointed connected 2-types and the type of untruncated Sính triples – triples as before
but with κ as a cocycle (an element of the relevant untruncated mapping space) rather
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than cohomology class (which lives in the set-truncated space). Moreover, by taking the set
truncation of this equivalence, we recover the MW bijection – here between the (connected)
components (equivalently, mere isomorphism classes) of pointed connected 2-types and the
components of Sính triples. We thus recover the Postnikov invariant of a pointed connected
2-type. Our type equivalence stems from general results about deloopings of types and so
yields a substantially different proof of the MW bijection from MacLane and Whitehead’s.
In particular, ours is constructive and works in dimension two and above.

Indeed, our equivalence is uniform in dimension n, as one between the pointed connected
(n+ 1)-types – i.e., internal (n+ 1)-groups – and the untruncated Sính n-triples for n ≥ 1.
It sends an internal (n+ 1)-group X to the triple consisting of X’s fundamental internal
n-group Πn(X), the canonical action of Πn(X) on πn+1(X), and an invariant of X in the
form of an (n+ 2)-dimensional cocycle on Πn(X) over πn+1(X).

With our first classification of pointed connected 2-types (from the biequivalence), we
get a bijection between the components of coherent 2-groups and those of Sính triples. The
Postnikov invariant produced for a 2-group G by this composite bijection is traditionally
called the Sính invariant of G, and ours is the first construction of it in type theory.

Outline

We consider our two contributions in turn, starting with the biequivalence. We first review
basic notions of bicategory theory while focusing on the (2, 1)-category of pointed connected
2-types and that of coherent 2-groups (Section 4). Afterward, we outline the computations
involved in the two stages of the biequivalence between them (Sections 5 and 6). We deduce
from the biequivalence an identity between the two (2, 1)-categories via univalence (Section 7).

For our second contribution, we begin by reviewing some key results on deloopings of types
(Section 8). With these results, we construct, for each n ≥ 1, an equivalence between the
type of internal (n+ 1)-groups and that of untruncated Sính n-triples (Section 9). We then
derive a bijection between the components of internal (n+ 1)-groups and the components of
Sính n-triples, where the cocycle is replaced by a cohomology class, as in the MW bijection.

Agda formalization

This paper can serve as a roadmap for our Agda codebase [12], which is completely self-
contained and formalizes our entire development. Hyperlinks to the code will be blue and in
brackets. Besides our new results, the codebase includes important theorems from [7, 36],
offering the first, to our knowledge, Agda formalization of [7]’s proof that higher deloopings
of abelian groups are unique.

To check the biequivalence, Agda needs a lot of time and memory despite our careful
engineering of the code. Part of this high computational cost highlights a major difference
between our type system – Book HoTT – and cubical type theory [2, 35]: Cubical has
definitional β-rules for path constructors in higher inductive types (HITs), which greatly
simplifies the biequivalence by erasing many postulated equalities that we must handle.
Although reasoning about HITs in Book HoTT rather than cubical tends to be much
harder [23], it has value. Indeed, Book HoTT has models in all (∞, 1)-toposes [19, 28]
(though it’s not yet fully understood whether universes are closed under parameterized
HITs). By contrast, it’s not known whether Cubical Agda’s type theory has a model Quillen
equivalent to a model category presenting spaces. Moreover, cubical is an extension of Book
HoTT [2, Section 2.16], so we can interpret our results into it.

LICS 2026
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2 Related work

Baez and Lauda introduced the notion of a coherent 2-group in the language of classical
category theory [4, Section 3]. In HoTT, Veltri and van der Weide internalized its definition as
an example of an algebra over a signature [34, Section 7.4] and thereby proved the bicategory
of coherent 2-groups is univalent (of which we give a direct proof in Section 4). Baez and
Lauda gave – without passing through spaces – a modern proof that coherent 2-groups are
in bijection with Sính triples [4, Corollary 8.3.8], a result they trace to Sính’s PhD thesis.
Unlike ours, their proof is non-constructive. They take the skeleton S of an arbitrary coherent
2-group’s underlying category, and the existence of S requires the axiom of choice [14]. By
using Book HoTT, we avoid choice (and excluded middle) and can interpret our results into
cubical type theory, which is completely constructive in the sense of strongly normalizing [30].

Like Baez and Lauda, MacLane and Whitehead appeal to choice in the proof of their
bijection: In an essential step, they assign a cohomology class to a given crossed module,
a pair of related groups, by forming a section of an arbitrary surjective homomorphism’s
underlying function [20, Section 2]. The problem of finding such a section is equivalent to
finding a system of coset representatives for an arbitrary normal subgroup, and the latter
requires choice [17].

Noohi provides a classical classification of pointed connected 2-types [25, Proposition 6.1]
closely related to MacLane and Whitehead’s. He looks at the category 2Gp of strict 2-
groups with weak equivalences the maps inducing isomorphisms on the group of isomorphism
classes π0(−) and the automorphism group Aut

(
e(−)

)
. He proves the nerve of a 2-category

N : 2Cat → sSet induces a 1-categorical equivalence between Ho(2Gp) and the pointed
connected 2-types.

Also, Baez and Lauda prove strict 2-groups are classified by crossed modules – a concept
that MacLane and Whitehead use to describe Sính triples in their proof. In HoTT, Buchholtz
and Schipp von Branitz show that the type of strict 2-groups is equivalent to that of crossed
modules [8]. They also conjecture that, given the sets cover 1-types axiom, coherent 2-groups
can be strictified.

3 Background on type theory

We assume the reader is familiar with HoTT as in [33], in which our work takes place. This
system extends Martin-Löf type theory with the univalence axiom and HITs. For convenience,
we review a few basic constructions in HoTT. But first, a remark on notation: We use
(a : A) → B(a) for the type

∏
a:A B(a) and (a : A) ×B(a) for the type

∑
a:A B(a).

The first construction is the function apf : (x = y) → (f(x) = f(y)) defined by path
induction for all functions f : X → Y and x, y : X. (We use = for the identity/path type
and ≡ for definitional equality.)

▶ Lemma 1 (Homotopy naturality). Let f, g : X → Y . For all x, y : X, p : x = y, and
H : f ∼ g, the square

f(x) g(x)

f(y) g(y)

H(x)

apf (p) apg(p)

H(y)

commutes. We denote the path witnessing that this square commutes by hnatH(p), but for
brevity we may hide H and refer to the path as homotopy naturality at p.
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Here, f1 ∼ f2 := (x : X) → f1(x) = f2(x) for any f1, f2 : (x : X) → Y (x), called the type
of homotopies between f1 and f2. We compose homotopies H1 ∗ H2 by pointwise path
composition. Homotopy naturality respects composition.

▶ Lemma 2. Let f, g, h : X → Y , H1 : f ∼ g, and H2 : g ∼ h. For all x, y : X and p : x = y,
we have a path

f(x) h(x) f(x) g(x) g(x) h(x)

f(y) h(y) f(y) g(y) g(y) h(y)

hnatH1∗H2 (p) hnatH1 (p) • hnatH2 (p)

where • denotes horizontal composition of squares.

The second construction is the transport function transpY : (x, y : X) → (x = y) →
Y (x) → Y (y) for any type family Y over X. This is defined by path induction.

The final construction is the n-truncation ∥−∥n HIT for each integer n ≥ −2, an
operation on types. (When n = −1, we write ∥−∥.) For any type X, we have a function
|−|n : X → ∥X∥n. Further, ∥X∥n is n-truncated, or an n-type, a notion defined recursively:
a type is −2-truncated if it’s contractible (i.e., equivalent to the unit type 1) and (n+ 1)-
truncated if all of its identity types are n-truncated. We call the unique element of a
contractible type its center. We call −1-types propositions and 0-types sets. For example,
the type (X is an n-type ) is a proposition. Finally, X is n-connected if ∥X∥n is contractible.
It is connected if it’s 0-connected. We call ∥X∥0 the type of (connected) components of X.

4 Bicategories

To give our first classification of internal 2-groups, we need to discuss bicategories. For
us, bicategory means (2, 1)-category whose 2-cells (maps between maps) are paths. This
definition is a special case of the standard one, in which 2-cells are just assumed to be
elements of a family of sets [1, Definition 2.1].

▶ Definition 3 (BicatStr). A bicategory consists of a type Ob of objects and
a family hom of 1-types twice indexed over Ob, whose elements are called morphisms,
maps, or 1-cells
a composition operation ◦ : hom(b, c) → hom(a, b) → hom(a, c) for all a, b, c : Ob
an identity map ida for each a : Ob along with a right unitor and a left unitor: two 2-cells
witnessing that ida is a right unit and a left unit, respectively, for ◦
an associator 2-cell witnessing that ◦ is associative and satisfying the triangle and pentagon
identities.

▶ Remark 4. A bicategory as in Definition 3 is equivalent to a locally univalent bicategory in
the sense of [1, Definition 3.1] all of whose 2-cells are invertible.

▶ Definition 5 (Adjequiv). Let C be a bicategory. Let a, b : Ob(C) and f : homC(a, b). We say
that f is an adjoint equivalence if we have a morphism g : homC(b, a), 2-cells η : ida = g ◦ f
and ε : f ◦ g = idb, and two zig-zag identities between η and ε. We denote the type of adjoint
equivalences by AdjEquiv.

Note that the data of an adjoint equivalence on a morphism is a proposition [Adjequiv-is-prop],
not extra structure.
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▶ Example 6. We have the bicategory 2Type∗
0 of pointed connected 2-types and pointed

maps [Ptd-bc]. Its hom-types are 1-truncated by [7, Corollary 4.3].

▶ Example 7. We have the bicategory c2Grp of (coherent) 2-groups [2Grp-bc]. A 2-group
is defined as a (univalent) monoidal groupoid where, from the viewpoint of a monoidal
groupoid as a single-object bicategory, every object is an adjoint equivalence. Explicitly,
given a universe U , a 2-group (in U) [CohGrp] is a 1-type G in U along with

a basepoint id, called the unit of G
an operation ⊗ : G → G → G, called the tensor product of G
a right unitor ρ, left unitor λ, and associator α that together satisfy the triangle and
pentagon identities
an inverse operation (−)−1 : G → G

families of paths linvx : x−1 ⊗ x = id and rinvx : x ⊗ x−1 = id related by the zig-zag
identities.

A 2-group morphism G1 → G2 is a function f0 : G1 → G2 equipped with a family of paths
µx,y : f0(x⊗ y) = f0(x) ⊗ f0(y) that respects the associator [CohGrpHomStr].

▶ Note 8. Our notion of 2-group morphism is surprisingly short: a coherent map of the
underlying semigroups. The correct notion must ensure that the map of underlying types
preserves all the 2-group data [CohGrpHomStrFull]. To justify our short definition, we prove
that for each map f0 : G1 → G2 of the underlying types of 2-groups, the forgetful function

fully explicit notion on f0 → short notion on f0 (∂)

is an equivalence [2GrpHomEq], which generalizes the standard 1-dimensional fact that a
semigroup morphism is always a group morphism. We outline the proof in Appendix A. The
short definition is valuable (especially for the formalization) as it lets us define the delooping
of a 2-group G as a HIT K2(G) with fewer constructors (Section 5), thereby making induction
on K2(G) far simpler.

The structure identity principle (SIP) [26, Theorem 11.6.2] – a general theorem char-
acterizing identity types of Σ-types – implies that a 2-cell between 2-group morphisms
f, g : G1 → G2 is equivalent to a (monoidal) natural isomorphism (or iso) between them: a
homotopy fun(f) ∼ fun(g) of the underlying functions with a proof it commutes with the
tensor product. For example, we build the unitors and associator for c2Grp via natural
isomorphisms [2SGrpMap].

▶ Example 9 (Hmtpy2Grp). For every pointed 2-type X, the loop space Ω(X) := (ptX = ptX)
equipped with path composition is a 2-group, called the fundamental 2-group of X. For each
map f := (f0, fp) : X →∗ Y of pointed 2-types, we have a 2-group morphism Ω(f) : Ω(X) →
Ω(Y ) defined by induction on the path fp.

As the next two examples show, not all 2-groups are defined directly as loop spaces, even
though our main result, Theorem 27, implies all 2-groups are equivalent to them.

▶ Example 10. For any bicategory C and X : Ob(C), the type of adjoint autoequivalences
AdjEquiv(X,X) is a 2-group under composition of 1-cells [Aut-adj-2G] – the automorphism
2-group on X. If C is the bicategory of 1-types in a universe, then AdjEquiv(X,X) is the
type of self-equivalences on X, and the function univ : (X ≃ X) → (X = X) coming from
univalence is a 2-group morphism [ua-2SGrpMap].

▶ Example 11. The full subcategory of a monoidal groupoid C on the adjoint equivalences
is a 2-group under C’s tensor product, known as the Picard 2-group of C [13, Section 7].

https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Bicat-stuff/Ptd-bc.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Bicat-stuff/2Grp-bc.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/2Grps/2Grp.agda#L14
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/2Grps/2Grp.agda#L217
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/2Grps/2Grp.agda#L175
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/2Grps/2GrpHomEq.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/2Grps/2SGrpMap.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/LoopFunc/Hmtpy2Grp.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/LoopFunc/Automor2Grp.agda#L21
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/LoopFunc/Hmtpy2Grp.agda#L200
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We end this section with the variant of univalence for bicategories. As we’ll see, this
property interacts nicely with our concise definition of biequivalence (Definition 24).

▶ Definition 12 ([1, Definition 3.1]). A bicategory C is (globally) univalent if for all a, b :
Ob(C), the canonical function (a = b) → AdjEquiv(a, b) is an equivalence.

▶ Lemma 13 (AdjEqv-exmps). Both 2Type∗
0 and c2Grp are univalent bicategories.

Proof. We factor through the SIP, which states that a = b is equivalent, by sending refla to
ida, to isomorphisms a → b, i.e., maps whose underlying functions are equivalences. ◀

5 Delooping a 2-group

The Eilenberg-MacLane space K(H, 1) of an (axiomatic) group H [18, Section 3], also called
the classifying space of H, is the 1-truncated HIT generated by base : K(H, 1), loop : H →
base = base, and a term loop-comp witnessing that loop is a group map H → Ω(K(H, 1)). Let
U be a universe and G be a 2-group in U . Define the classifying space of G as the 2-truncated
HIT K2(G) generated by base : K2(G), loop : G → base = base, and two path constructors
loop-comp and loop-assoc that make loop a 2-group map G → Ω(K2(G)) [Delooping]. An
easy consequence of K2’s induction principle is that K2(G) is connected [K2-is-conn].

The recursion principle for K2, which we derive from the induction principle, states that
K2(G) is initial in the category of pointed 2-types X∗ equipped with a 2-group morphism
G → Ω(X∗). Explicitly, for every pointed 2-type X∗ := (X,x0) together with a 2-group
morphism φX∗ : G → Ω(X∗), we have a function Mφ : K2(G) → X that satisfies Mφ(base) ≡
x0 and is equipped with a natural isomorphism:

G

Ω(K2(G)) Ω(X∗)

loop φX∗

Ω(Mφ)

(ρφ,ρ̃φ)

We call ρφ the point β-rule and ρ̃φ the tensor β-rule for Mφ.
A delooping of a group H is a pointed type B with a group isomorphism H → Ω(B).

An essential property of K(H, 1) is that loop makes it a delooping of H. We want to prove
that, likewise, loop makes K2(G) a delooping of G, i.e., that loop is an equivalence of types.
(In this case, we can easily show it’s the unique connected delooping by K2(G)’s recursion
principle.) To this end, we adapt the encode-decode proof used for K(H, 1) [18, Theorem
3.2] to the 2-dimensional case.

We define codes : K2(G) → U≤1 by recursion on K2(G) so that pr1(codes(base)) ≡
G [codes], where U≤1 denotes the 2-type of all 1-truncated types in U . Since G is 1-truncated
by definition, we take it as the basepoint of U≤1. To construct codes, we want a 2-group
morphism ζ : G → Ω(U≤1). Define ζmap : G → (G = G) by mapping g to the type equivalence
post-mult(g) : G ≃−→ G defined by post-mult(g, x) := x⊗ g and then applying univ to it. Both
post-mult and univ are 2-group morphisms (see [PostMultMap] and Example 10, respectively),
and we give ζmap the composite of their morphism structures. Now, consider the projection
codes0 := pr1 ◦ codes : K2(G) → U . Define

encode : (z : K2(G)) → base = z → codes0(z)
encodez(p) := transpcodes0(p, idG)

This yields encodebase : Ω(K2(G)) → G [encode].
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coe(ζmap(x⊗ y), z) z ⊗ (x⊗ y)

coe(ζmap(x) · ζmap(y), z) (z ⊗ x) ⊗ y

coe(ζmap(y), coe(ζmap(x), z)) coe(ζmap(y), z ⊗ x)

β-rule for coe at post-mult(x ⊗ y)

ζmap respects tensor product

coe respects composition

associativity of ⊗

β-rule for coe at post-mult(x)

β-rule for coe at post-mult(y)

Figure 1 Coherence property of final path in transp-codes for all x, y, z : G.

We want to show that loop : G → Ω(K2(G)) is an equivalence with inverse encodebase.
As in [18], encodebase is a left inverse of loop [encode-loop]. The main ingredient for the
proof of this claim is the following chain of paths for all x, y : G, which we denote by
transp-codes(x, y):

transpcodes0(loop(x), y) coe(appr1
(apcodes(loop(x))), y) coe(ζmap(x), y) y ⊗ x

via path induction on
loop(x)

via codes’s point
β-rule (typal) β-rule for

coe

where coe : (A = B) → (A ≃ B), defined by path induction, is the inverse of univ and thus
has a β-rule. This chain is also important for the next part of the proof, so we record the
following coherence property satisfied by its final path.

▶ Lemma 14 (coe-β-mu). Figure 1 (above) commutes.

Next, we show that encodebase is a right inverse of loop. We want a homotopy ri :
loop ◦ encodebase ∼ idΩ(K2(G)). We will define decode : (z : K2(G)) → codes0(z) → base = z

by induction on K2(G) so that decode(base) ≡ loop. By path induction, we then see that
decodez(encodez(p)) = p for all z : K2(G) and p : base = z because every 2-group morphism
preserves the unit. This gives us ri by setting z to base.

We now describe the construction of decode [Decode-def], which is much more complex
than the 1-dimensional case. For our decode, the target of the induction is the function type
codes0(z) → base = z, where z : K2(G). In such a situation, we have the following form of
the induction principle.

▶ Lemma 15 (PPOverFun). Let B1 be a type family over K2(G) and B2 a family of 1-types
over K2(G). Suppose we have a function ψbase : B1(base) → B2(base) together with

an identity ψloop(x, b) : ψbase(transpB1(loop(x), b)) = transpB2(loop(x), ψbase(b)) for each
x : G and b : B1(base)
for all x, y : G and b : B1(base), the commuting diagram displayed by Figure 2.

Then we have a function ψ : (x : K2(G)) → B1(x) → B2(x) such that ψ(base) ≡ ψbase.

Lemma 15 avoids the input data for loop-assoc because the induction’s target is a 1-type.
By instantiating B1 with codes0(z) and B2 with base = z, Lemma 15 gives a sufficient
condition for building decode, namely the data ψbase, ψloop, and ψloop-comp. Of course, we
define ψbase as loop. For x, y : G, we define ψloop(x, y) as the chain

https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Deloop/Codes.agda#L75
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Deloop/Decode0.agda#L51
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Deloop/Decode-def.agda
https://github.com/PHart3/2-groups-agda/blob/lics/HoTT-Agda/core/lib/cubical/PPOverFun.agda
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ψbase(transpB1(loop(x⊗ y), b))

ψbase(transpB1(loop(x) · loop(y), b)) transpB2(loop(x⊗ y), ψbase(b))

ψbase(transpB1(loop(y), transpB1(loop(x), b))) transpB2(loop(x) · loop(y), ψbase(b))

transpB2(loop(y), ψbase(transpB1(loop(x), b))) transpB2(loop(y), transpB2(loop(x), ψbase(b)))

via loop-comp(x, y) ψloop(x⊗y,b)

transp respects composition

ψloop(y,transpB1 (loop(x),b))

via loop-comp(x, y)

via ψloop(x, b)

transp respects composition

ψloop-comp(x,y,b)

Figure 2 Coherence condition, labeled ψloop-comp, for loop-comp at x, y, and b (the colors are for
readability of Figure 3).

loop(transpcodes0(loop(y), transpcodes0(loop(x), z))) loop(transpcodes0(loop(x) · loop(y), z)) loop(transpcodes0(loop(x⊗ y), z))

loop(transpcodes0(loop(x), z) ⊗ y) loop((z ⊗ x) ⊗ y) loop(z ⊗ (x⊗ y))

loop(transpcodes0(loop(x), z)) · loop(y) loop(z ⊗ x) · loop(y)

transpbase=z(loop(y), loop(transpcodes0(loop(x), z))) (loop(z) · loop(x)) · loop(y)

transpbase=z(loop(y), loop(z ⊗ x))

transpbase=z(loop(y), loop(z) · loop(x)) loop(z) · loop(x) · loop(y) loop(z) · loop(x⊗ y)

transpbase=z(loop(y), transpbase=z(loop(x), loop(z)))

transpbase=z(loop(x) · loop(y), loop(z)) transpbase=z(loop(x⊗ y), loop(z))

transp respects
composition

S7

via loop-comp(x, y)

ψloop

ψloop

S2

ψloop

transp respects composition
via loop-comp(x, y)

S1

S3

S6

S4

S5

Figure 3 Construction of ψloop-comp(x, y, z), where the colors match those of Figure 2 for readability.

loop(transpcodes0(loop(x), y))

loop(y ⊗ x)

loop(y) · loop(x)

transpz 7→base=z(loop(x), loop(y))

aploop(transp-codes(x,y))

loop-comp(y,x)

behavior of transp in path families

Finally, we construct ψloop-comp (which doesn’t show up in [18]’s 1-dimensional setting). Let
x, y, z : G. We want to prove that the outer diagram of Figure 3 commutes. The subdiagrams
of Figure 3 commute as follows: S1 and S2 by homotopy naturality at transp-codes; S3 and
S5 by homotopy naturality at loop-comp; S4 by path induction; and S6 by loop-assoc.

LICS 2026
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transpcodes0(loop(x) · loop(y), z) transpcodes0(loop(x⊗ y), z)

transpcodes0(loop(y), transpcodes0(loop(x), z)) z ⊗ (x⊗ y)

transpcodes0(loop(x), z) ⊗ y (z ⊗ x) ⊗ y

transp respects composition

via loop-comp(x, y)

transp-codes(x⊗y,z)

transp-codes(y,transpcodes0 (loop(x),z)) associativity of ⊗

via transp-codes(x, z)

Figure 4 The diagram whose image under loop is filled by transp-codes-coh.

transpcodes0(loop(y), transpcodes0(loop(x), z)) transpcodes0(loop(y), z ⊗ x)

transpcodes0(loop(x), z) ⊗ y (z ⊗ x) ⊗ y

via transp-codes(x, z)

transp-codes(y,transpcodes0 (loop(x),z)) transp-codes(y,z⊗x)

via transp-codes(x, z)

hnat(transp-codes(x,z))

Figure 5 Rewriting transpcodes0 (loop(x), z) ⊗ y.

It remains to build a path transp-codes-coh filling S7, at the top of Figure 3. By unfolding
S7, we see that this path fills the image under loop of the diagram Figure 4. Thus, it suffices
to fill Figure 4. Its bottom left corner fits into the commuting square Figure 5. After using
this square to rewrite Figure 4, we rewrite the three paths making up the top right corner of
Figure 4, namely transp-codes(x⊗ y, z):

transpcodes0(loop(x⊗ y), z)

coe(appr1
(apcodes(loop(x⊗ y))), z)

coe(ζmap(x⊗ y), z)

z ⊗ (x⊗ y)

via path induction on loop(x ⊗ y)

via codes’s point β-rule

β-rule for coe

Call these p1, p2, and p3, respectively. Rewrite p1 with homotopy naturality as in the
commuting square Figure 6a. Rewrite p2 with codes’s tensor β-rule [codes-β-mu] to get the
commuting diagram Figure 6b. Lastly, rewrite p3 with Lemma 14.

Now, we fill Figure 4 by cancelling sets of like terms, such as codes’s point β-rules. This
completes decode. Hence loop is an equivalence [loop-equiv].
▶ Remark 16. Our delooping proof extends [6, Section 4.3], which shows the result when G

is a 1-group. The difference between the two proofs is that when G is a 1-group,
the target of codes is the 1-type U≤0 instead of U≤1

defining transp-codes-coh is trivial as G is a set.
Our formalization is entirely separate from that of [6].

https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Deloop/Decode0.agda#L40
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Deloop/Delooping-equiv.agda#L23
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transpcodes0(loop(x⊗ y), z) coe(appr1
(apcodes(loop(x⊗ y))), z)

transpcodes0(loop(x) · loop(y), z) coe(appr1
(apcodes(loop(x) · loop(y))), z)

p1

hnat(loop-comp(x,y))

(a) Rewriting p1, the path defined via path induction on loop(x⊗ y).

appr1
(apcodes(loop(x⊗ y))) ζmap(x⊗ y)

ζmap(x) · ζmap(y)

appr1
(apcodes(loop(x))) · appr1

(apcodes(loop(y))) ζmap(x) · appr1
(apcodes(loop(y)))

p2

via loop-comp(x, y)

ζmap respects tensor product

via codes’s point β-rule at y

via codes’s
point β-rule at x

(b) Rewriting p2, the path defined via codes’s point β-rule.

Figure 6 Adjusting transp-codes(x⊗ y, z).

6 The loop space as a biequivalence

In this section, we make K2 into a pseudofunctor, which extends the notion of functor to
bicategories. Then we use Section 5 to show that, with K2, the loop space pseudofunctor
forms a biadjoint biequivalence between 2Type∗

0 and c2Grp.

▶ Definition 17 (PsftorStr). A pseudofunctor C → D between bicategories is a function
F0 : Ob(C) → Ob(D) with

a function F1 : homC(a, b) → homD(F0(a), F0(b)) for all a, b : Ob(C), called the action on
morphisms

a 2-cell F - ida : F1(ida) = idF0(a) for each a : Ob(C)

a 2-cell F◦(f, g) : F1(g ◦ f) = F1(g) ◦ F1(f) for all composable morphisms f and g

coherence identities making F◦ commute with the right unitors, the left unitors, and the
associators.

▶ Example 18. The loop space Ω forms a pseudofunctor 2Type∗
0 → c2Grp, whose object

function and action on morphisms are defined as in Example 9. By the SIP for pointed
homotopies, we can put the action on 2-cells in an extensional form 2c-actΩ [LoopFunctor-ap]
that takes pointed homotopies to natural isomorphisms.

LICS 2026

https://github.com/PHart3/2-groups-agda/blob/lics/Bicats/Bicategory.agda#L251
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/LoopFunc/LoopFunctor-ap.agda
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f(base) g(base) f(base) g(base) g(base) f(base) g(base)

•

f(base) g(base) f(base) g(base) g(base) f(base) g(base)

H1(base)

apf (loop(x)) apg(loop(x))

H2(base)

apf (loop(x)) apg(loop(x)) apg(loop(x))

H2(base) H1(base)

apg(loop(x))

H1(base) H2(base) H2(base) H1(base)

hnat(loop(x)) hnat(loop(x)) via base∼∼

Figure 7 Type of loop∼∼, where the operation • denotes horizontal composition of squares.

▶ Lemma 19 (Ω-fmap-ap-hnat). Let f := (f0, fp), g := (g0, gp) : (X,x0) → Y be maps in
2Type∗

0. Let H := (H0, Hp) be a pointed homotopy f ∼∗ g. The underlying homotopy θH

of 2c-actΩ(H) fits into a commuting pentagon for all p : Ω(X):

fun(Ω(f))(p) fun(Ω(g))(p)

f−1
p · apf (p) · fp g−1

p · apg(p) · gp

f−1
p ·

(
H0(x0) · apg(p) ·H0(x0)−1)

· fp

θH (p)

typal β-rule
for Ω(f)

typal β-rule
for Ω(g)

via hnat(p) via Hp

Turning to K2, the next two lemmas follow from its induction principle. The first gives a
way to build a homotopy between two functions defined by K2-recursion, and the second a
way to prove that two such homotopies are equal. The first lemma will be useful for defining
2-cells in 2Type∗

0, and the second for proving coherence conditions on them.

▶ Lemma 20 (K-hom-ind). Let G be a 2-group and X be a 2-type. Let f, g : K2(G) → X.
Given terms

base∼ : f(base) = g(base)
loop∼ : (x : G) → apf (loop(x)) · base∼ = base∼ · apg(loop(x))
loop-comp∼ : loop∼ commutes with G’s tensor product

we have a homotopy H : f ∼ g satisfying H(base) ≡ base∼ and the following typal β-rule for
all x : G:

f(base) g(base) f(base) g(base)

f(base) g(base) f(base) g(base)

hnat(loop(x)) loop∼(x)

▶ Lemma 21 (K-hom2-ind). Let G, X, f , and g be as in Lemma 20. Let H1, H2 : f ∼ g.
Suppose we have an identity base∼∼ : H1(base) = H2(base) and a 3-dimensional path loop∼∼

whose type is displayed by Figure 7. Then we have a homotopy R : H1 ∼ H2 such that
R(base) ≡ base∼∼.

▶ Example 22. We equip K2 : Ob(c2Grp) → Ob(2Type∗
0) with the structure of a pseud-

ofunctor. Its action on morphisms [K2-map] sends f : G1 → G2 to the pointed map
defined by K2-recursion on loop ◦f : G1 → Ω(K2(G2)). This action preserves the identity
morphism [KFunctor-idf] and composition [KFunctor-comp], with both preservation proofs de-
fined via Lemma 20. We use Lemma 21 to prove coherence with unitors [KFunctor-conv-unit]
and coherence with the associator [KFunctor-conv-assoc].

https://github.com/PHart3/2-groups-agda/blob/lics/HoTT-Agda/core/lib/types/LoopSpace.agda#L175
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/KFunc/K-hom-ind.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/KFunc/K-hom2-ind.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/KFunc/KFunctor.agda#L27
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/KFunc/KFunctor-idf.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/KFunc/KFunctor-comp.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/KFunc/KFunctor-conv-unit.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/KFunc/KFunctor-conv-assoc.agda
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As for Ω, we can put K2’s action on 2-cells in an extensional form 2c-actK2 – defined via
Lemma 20 – that takes natural isomorphisms to pointed homotopies [apK2].

▶ Definition 23 (Pstransf). For pseudofunctors F : C → D and G : D → C, a pseudotrans-
formation F ⇒ G consists of

for each a : Ob(C), a 1-cell ξ0(a) : F0(a) → G0(a), called a component of the pseudo-
transformation
for all f : homC(a, b), a 2-cell ξ1(f) filling the square

F0(a) F0(b)

G0(a) G0(b)

F1(f)

ξ0(a) ξ0(b)

G1(f)

coherence identities witnessing that ξ1 commutes with the unitors and with the associators.
A pseudotransformation is a pseudoequivalence if all its components are adjoint equivalences.

Note that a pseudofunctor automatically commutes with 2-cells by homotopy naturality.

▶ Definition 24 (Biequiv). A (biadjoint) biequivalence between C and D is a pseudofunctor
F : C → D along with

a pseudofunctor G : D → C
a pseudoequivalence ε : G ◦ F ⇒ idC
a pseudoequivalence η : idD ⇒ F ◦G
a path, called the triangulator, filling the diagram

(F ◦G) ◦ F F ◦ (G ◦ F )

idD ◦F F F ◦ idC

associator

F◦εη◦F

left unitor right unitor

Note that the triangulator is equivalent to an invertible modification [1, Definition 2.14],
i.e., a family of paths (F ◦ ε)0(a) ◦ (η ◦ F )0(a) = idF0(a), modulo associativity and units, that
is natural in a : Ob(C).

One might wonder why Definition 24 omits the other triangle identity and the swallowtail
identities, which are included in a coherent biadjunction. With fewer fields, it makes building
biequivalences easier. Also, it is equivalent, in a coherent sense, to the definition specifying
all the biadjunction data. A classical proof of Gurski’s contains such an equivalence [11,
Theorem 3.2], and it seems Gurski’s argument could be ported to HoTT. Within HoTT,
when C and D are univalent (as in the scenario we care about), our short definition is fully
coherent in the following sense.

▶ Lemma 25 (biadjequiv-is-prop). Let F : C → D be a pseudofunctor between univalent
bicategories. The type (F is a biequivalence) is a proposition.

Proof. By univalence, both η and ε become paths. Thus, biequivalence data on F behaves
like half-adjoint equivalence data on a function, and the latter is a proposition. ◀

With Lemma 25, we will see that our notion of biequivalence is the same as isomorphism of
bicategories (Lemma 31).

Returning to our desired biequivalence, the next result gives one of the families of adjoint
equivalences that Definition 24 requires. (Section 5 gives the other.)
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https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/KFunc/apK.agda#L27
https://github.com/PHart3/2-groups-agda/blob/lics/Bicats/Pstransf.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Bicats/Biequiv.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Bicats/Biadj-beqv.agda#L71
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▶ Note 26. Let X be a pointed connected 2-type. Define the pointed map φX : K2(Ω(X)) →∗
X by K2-recursion on the identity 2-group morphism Ω(X) → Ω(X). By φX ’s point β-rule,
the following triangle commutes [LoopK-hom]:

Ω(X)

Ω(K2(Ω(X))) Ω(X)

loop id

fun(Ω(φX ))

By Section 5, loop is an equivalence, so that fun(Ω(φX)) is one as well. Since both X and
K2(Ω(X)) are connected, it follows that φX is an equivalence [Loop-conn-equiv].

▶ Theorem 27 (Biadj-biequiv-main). The pseudofunctors Ω and K2 form a biequivalence
between 2Type∗

0 and c2Grp.

Proof. We outline the four major steps of the proof.

Step 1: Construct ε : K2 ◦ Ω ⇒ id2Type∗
0
.

For every pointed connected 2-type X, define the map ξ0(X) : K2(Ω(X)) →∗ X as φX

(see Note 26). Let f : X → Y be a map in 2Type∗
0. We want a path ξ1(f) making the

following square commute:

K2(Ω(X)) K2(Ω(Y ))

X Y

K2(Ω(f))

ξ0(X) ξ0(Y )

f

By the SIP for pointed maps, it suffices to find a pointed homotopy (H1(f), H2(f)) :
f ◦ ξ0(X) ∼∗ ξ0(Y ) ◦ K2(Ω(f)). We define H1(f) : fun(f) ◦ fun(ξ0(X)) ∼ fun(ξ0(Y )) ◦
fun(K2(Ω(f))) by applying Lemma 20 to the data base∼ := refl, loop∼ := H1(f)- loop, and
loop-comp∼ := H1(f)-loop-comp. Here, H1(f)- loop(p) is defined as the chain

apfun(f◦ξ0(X))(loop(p))

apfun(f)(p)

apfun(ξ0(Y ))(loop(apfun(f)(p)))

apfun(ξ0(Y )◦K2(Ω(f)))(loop(p))

via ξ0(X)’s point β-rule

via ξ0(Y )’s point β-rule

via K2(Ω(f))’s point β-rule

for each p : x0 = x0 where x0 denotes the basepoint of X. The term H1(f)-loop-comp is
a routine yet long computation, and we refer the reader to its mechanization [SqKLoop-
coher]. Our definition of H1(f) makes it trivial to define H2(f), so the definition of ξ1(f) is
complete [SqKLoop].

In Appendix B, we prove coherence of ξ1 via Lemma 21.

https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Deloop/LoopK-hom.agda
https://github.com/PHart3/2-groups-agda/blob/lics/HoTT-Agda/theorems/homotopy/Loop-conn-equiv.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/Biadj-biequiv-main.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/SqKLoop-aux10.agda#L75
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/SqKLoop-aux10.agda#L75
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/SqKLoop.agda
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Step 2: Construct η : idc2Grp ⇒ Ω ◦ K2.
For each 2-group G, define the 2-group morphism ξ0(G) : G → Ω(K2(G)) as loop. Let

f : G1 → G2 be a 2-group map. To define the path ξ1(f), we want a natural isomorphism:

G1 G2

Ω(K2(G1)) Ω(K2(G2))

f

loop loop

Ω(K2(f))

I(f)

We define the first and second components of I(f) from K2(f)’s point and tensor β-rules,
respectively [SqLoopK].

We prove that ξ1 satisfies the relevant coherence conditions. In the case of unitors, we
want to prove that

Ω(K2(idG)) ◦ ξ0(G) ξ0(G) ◦ idG

idΩ(K2(G)) ◦ξ0(G) ξ0(G)

ξ1(idG)

right unitorcomposite
id preservation

left unitor

commutes for all 2-groups G. By the SIP for natural isos, this square amounts to a homotopy
HG between the underlying homotopies of the associated natural isomorphisms. For each
x : G, we define HG(x) as the following commuting outer diagram, where 2c-actΩ is as in
Example 18:

loop(x)

apidK2(G)
(loop(x)) apfun(K2(idG))(loop(x))

Ω(idK2(G))(loop(x)) Ω(K2(idG))(loop(x))

apid is identity
K2(idG)’s point

β-rule

refl

hnatK2- idG
(loop(x))

refl

2c-actΩ(K2- idG,loop(x))

β-rule of Lemma 20

Lemma 19

This completes the coherence identity with the unitors [LoopK-PT-unit]. The coherence
identity with the associator is similar but more complicated [LoopK-PT-assoc].

Step 3: Prove that ε and η are levelwise adjoint equivalences.
By Note 26, ε is a levelwise adjoint equivalence, while η is one by Section 5.

Step 4: Construct the triangulator.
We construct an invertible modification between η ◦ Ω and Ω ◦ ε (hiding associativity

and unit terms for readability) [Loop-zig-zag]. We first need a natural isomorphism

Ω(K2(Ω(X)))

Ω(X) Ω(X)

Ω(φX )loopΩ(X)

idΩ(X)

ν(X)

for each pointed connected 2-type X, where φX is as in Note 26. We define ν(X) directly
from φX ’s β-rules [Loop-zz0-iso]. We also need to prove ν is natural in X, i.e., that Figure 8
commutes for every map f : X → Y in 2Type∗

0. By the SIP for natural isos, we just need
an identity between the relevant underlying homotopies. We get one by applying Lemma 19
and then the β-rule of Lemma 20 to the left arrow of Figure 8 [Loop-zz1-∼]. ◀
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https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/SqLoopK.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/LoopK-PT-unit.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/LoopK-PT-assoc.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/Biadj-data/Loop-zig-zag.agda
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/Biadj-data/Loop-zig-zag-ext.agda#L26
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/Biadj-data/Loop-zig-zag-ext.agda#L77
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Ω(f) ◦ Ω(φX) ◦ loopΩ(X) Ω(f)

Ω(φY ) ◦ Ω(K2(Ω(f))) ◦ loopΩ(X) Ω(φY ) ◦ loopΩ(Y ) ◦Ω(f)

via ν(X)

via 2c-actΩ(ξ1
1(f)) via ν(Y )

via ξ2
1(Ω(f))

Figure 8 Naturality condition for ν, where ξ1
1 and ξ2

1 are the 2-cells – as natural isos – from Steps
1 and 2, respectively.

▶ Remark 28. In general, one can adjust the unit or counit of an incoherent biequivalence
to get the triangulator [11, Theorem 3.2]. For us, however, this process would conceivably
make the new pseudotransformation harder to work with. For example, the components ξ0
from Steps 1 and 2 have simple forms – unlike their inverses, which would be included in the
adjusted pseudotransformation.

7 The loop space as an isomorphism

In this section, we prove that the pseudofunctor Ω : 2Type∗
0 → c2Grp is an isomorphism,

i.e., an equivalence on objects and fully faithful. We do so by proving that a pseudofunctor
between univalent bicategories is a biequivalence precisely when it is an isomorphism. The
SIP tells us that isomorphism captures the notion of identity, so we can view this proof as
justification for our short definition of biequivalence.

▶ Definition 29. Let C and D be bicategories and F : C → D a pseudofunctor. We say
that F is an isomorphism if F0 : Ob(C) → Ob(D) is an equivalence and, for all a, b : Ob(C),
F1 : homC(a, b) → homD(F0(a), F0(b)) is an equivalence. We write C ∼= D for the type of
isomorphisms between C and D.

▶ Lemma 30 (iso-bc-==-≃). For all bicategories C and D, the canonical function (C = D) →
(C ∼= D) is an equivalence.

Proof. By the SIP along with the univalence axiom. ◀

▶ Lemma 31 (bae-iso-≃). A pseudofunctor of univalent bicategories is a biequivalence if
and only if it is an isomorphism.

Proof. Let F : C → D be a biequivalence of univalent bicategories. Since C and D are
univalent, it’s easy to see that F is an equivalence on objects. To see that F is fully faithful,
we reuse the standard proof that adjoint equivalences of 1-categories are fully faithful.

Conversely, by Lemma 30, it suffices to observe that the identity pseudofunctor is a
biequivalence. ◀

▶ Theorem 32. The pseudofunctor Ω is an isomorphism.

Proof. By Lemma 31 and Theorem 27. ◀

▶ Corollary 33 (Equality-main). The pseudofunctor Ω induces a path 2Type∗
0 = c2Grp.

By the same reasoning, K2 induces a path c2Grp = 2Type∗
0.

▶ Remark 34. The proof that a biequivalence is fully faithful works on the level of wild
categories [9, Appendix B]. Therefore, to derive the isomorphism 2Type∗

0
∼= c2Grp, we

use only that Ω is a pseudofunctor and that it forms a 1-coherent adjoint equivalence with

https://github.com/PHart3/2-groups-agda/blob/lics/Bicats/Bicat-iso.agda#L88
https://github.com/PHart3/2-groups-agda/blob/lics/Bicats/Biadj-beqv.agda#L118
https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/Equality-main.agda
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K2. This means we can avoid most of the hardest computations making up Theorem 27!
But this approach puts the cart before the horse: We don’t know a priori whether the
1-coherent equivalence is part of a biequivalence, so the biequivalence we would get from the
isomorphism – by the general method, adapted to the univalent setting, of turning a weak
equivalence into a biequivalence [16, Theorem 7.4.1] – would have a less tractable form than
Theorem 27.

8 Delooping types

We move to our second contribution. In Section 5, we considered deloopings of types carrying
the structure of a coherent 2-group – a generalization of delooping 1-groups. To classify
pointed connected 2-types by Sính triples, we need to consider a wider class of deloopings.
We review some results – on the existence and uniqueness of deloopings – to this effect.

▶ Definition 35. Let X be a pointed type and let U be a universe. The type of X-torsors is

TX := (Y : U) × ∥Y ∥ × ((y : Y ) → X ≃∗ (Y, y))

where ≃∗ denotes the type of pointed equivalences.

▶ Theorem 36 (torsors.Delooping). Suppose that the type T∗X := (τ : TX) × pr1(τ) is
contractible with center (τc(X), bX).
(1) For all τ : TX, (τ = τc(X)) ≃ pr1(τ).
(2) The pointed type (TX, τc(X)) is a delooping of X, i.e., it admits a pointed equivalence

Ω(TX) ≃∗ X.
(3) Let Z be a pointed connected type in U . If Z is a delooping of X, then Z ≃∗ TX.

Proof. By inspecting the proof of [36, Theorem 2]. ◀

▶ Example 37. If X is m-connected and 2m-truncated with m ≥ −1, then T∗X is con-
tractible [36, Corollary 7]. For each abelian group A and integer n ≥ 1, recall that the
Eilenberg-MacLane space K(A,n) [18, Section 5] is (n− 1)-connected and n-truncated
and that Ω(K(A,n + 1)) ≃∗ K(A,n). Thus, if n ≥ 2, we have a pointed equivalence
K(A,n+ 1) ≃∗ T (K(A,n)) [EM-Torsors-≃].

At this point, we should introduce some notation. If m and n are truncation levels, then
U≥m,≤n (resp. U≥m,≤n

∗ ) denotes the type of m-connected, n-truncated types (resp. pointed
types) in U .

▶ Theorem 38 ([7, Theorem 5.1]). If n ≥ 2, K(−, n) : Ab → U≥n−1,≤n
∗ is an equivalence of

types with inverse πn, where πn denotes the n-th homotopy group.

▶ Corollary 39 (EM-Ω-==-ext). Let A be an abelian group and X a pointed type. For n ≥ 2,
K(A,n) ≃∗ X is equivalent to (X is (n− 1)-connected)× (X is n-truncated)× (πn(X) = A).

Proof. If X is (n− 1)-connected and n-truncated, then (K(A,n) = X) ≃ (πn(X) = A) by
Theorem 38. ◀
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9 Classification by Sính triples

Let n be a positive integer. Recall that, according to the uniform definition of higher
groups in HoTT [7], the internal n-groups are the pointed connected n-types. So, the type
of (internal) n-groups is exactly U≥0,≤n

∗ , and U≥0,≤2
∗ is exactly the type of objects of the

bicategory 2Type∗
0. In this section, using Section 8, we classify (n+ 1)-groups in terms of

group cohomology (Theorem 41). To begin, we decompose any n-group into three pieces of
data as follows.

▶ Lemma 40 (N-Grps-≃). We have an equivalence

U≥0,≤n
∗ ≃

(
B : U≥0,≤n−1

∗
)

×
(
F : B → U≥n−1,≤n

)
× F (ptB)

Proof. In one direction, send an n-group G : U≥0,≤n
∗ to the triple δ(G) := (B,F, p) defined

as follows. Let B := ∥G∥n−1 with basepoint |ptG|n−1. This is connected because truncations
preserve connectedness. Let F (b) := fib|−|n−1

(b), the fiber of |−|n−1 over b. This is (n− 1)-
connected by [33, Corollary 7.5.8]. It is n-truncated because Σ preserves n-types. Let
p := (ptG, refl). In the other direction, send (B,F, p) to the pointed n-type α(B,F, p) :=
((b : B) × F (b), (ptB , p)), which is connected because Σ preserves connectedness.

We claim δ ◦ α ∼ id. By the SIP, an identity (B1, F1, p2) = (B2, F2, p3) amounts to a
tuple consisting of e : B1 ≃∗ B2, t : (b : B1) → F1(b) ≃ F2(e(b)), and a coherence field
c : transpF2(pte, t(ptB1 , p2)) = p3. Now, let (B,F, p) be a suitable triple. We have a composite
e of pointed equivalences: ∥(b : B) × F (b)∥n−1 ≃∗

∥∥(b : B) × ∥F (b)∥n−1
∥∥

n−1 ≃∗ ∥B∥n−1 ≃∗
B. Note that e fits into the commuting triangle

(b : B) × F (b)

∥(b : B) × F (b)∥n−1 B

|−|n−1 pr1

e

This yields t(b, y) : fib|−|n−1
(|(b, y)|n−1) ≃ F (y) for all (b, y) : (b : B) × F (b). Since

transpF (pte, t((ptB , p), ((ptB , p), refl))) ≡ p, we see that δ(α(B,F, p)) = (B,F, p).
Next, we claim α◦δ ∼ id. Let G be an n-group. Define e : G →

(
b : ∥G∥n−1

)
×fib|−|n−1

(b)
by e(g) :=

(
|g|n−1, (g, refl)

)
. It is easy to check that e is a pointed equivalence. By the SIP

for pointed types, it follows that α(δ(G)) = G. ◀

Let G be an n-group. In accordance with [7, Section 4.3], we define a G-module as a
family M : G → Ab of abelian groups, which encodes an action of Ω(G) on M(ptG) (in
the sense of a map into Aut(M(ptG))). The degree-q group cohomology Hq(G,M) of G
over M is the degree-q singular cohomology of G with coefficients in M , i.e., Hq(G,M) :=
∥(u : G) →∗ K(M(u), q)∥0. Here, (u : G) →∗ K(M(u), q) denotes the type of pointed sections
of K(M(−), q): a section f : (u : G) → K(M(u), q) of the underlying type family together
with a proof that f preserves the basepoint. Its elements are also called cocycles, a term
from cohomology theory. A triple of the form (G,M, κ) with κ : Hn+2(G,M) is called a
Sính n-triple. When n = 1, we just call it a Sính triple. An untruncated Sính n-triple is a
triple (G,M, κ) where κ : (u : G) →∗ K(M(u), n+ 2).

▶ Theorem 41 (NGrp-Sinh-≃). For n ≥ 1, the type of (n+ 1)-groups is equivalent to that of
untruncated Sính n-triples.

https://github.com/PHart3/2-groups-agda/blob/lics/HoTT-Agda/core/lib/types/N-groups.agda#L123
https://github.com/PHart3/2-groups-agda/blob/lics/Sinh/Sinh-classif.agda#L183
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Proof. We form a chain of equivalences starting at the untruncated Sính n-triples. Let G :
U≥0,≤n

∗ . By Lemma 40, it suffices to show that (M : G → Ab)×((u : G) →∗ K(M(u), n+ 2))
is equivalent to

(
X : G → U≥n,≤n+1)

×X(ptG).
For each M : G → Ab, we use Section 8 to recast the type of (n+ 2)-dimensional cocycles

on G over M . We have

(u : G) →∗ K(M(u), n+ 2)
≃ (u : G) →∗ T (K(M(u), n+ 1)) (by Example 37)
≃ (X : G → U)

× (d : (u : G) → ∥X(u)∥
×((x : X(u)) → K(M(u), n+ 1) ≃∗ (X(u), x)))
× (X(ptG), d(pt(G))) = τc(K(M(u), n+ 2))

By Theorem 36(1), (X(ptG), d(pt(G))) = τc(K(M(u), n + 2)) is equivalent to X(ptG).
By Corollary 39, K(M(u), n + 1) ≃∗ (X(u), x) is equivalent to (X(u) is n-connected) ×
(X(u) is n+ 1-truncated) × (πn+1(X(u), x) = M(u)). Thus, after rearranging types, we see
that (M : G → Ab)×((u : G) →∗ K(M(u), n+ 2)) is equivalent to (X : G → U)×X(ptG)×
((u : G) → ∥X(u)∥ × E1(u) × E2(u)) – we label this latter type ΛG. Here, we have defined

E1(u) := X(u) → (X(u) is n-connected, (n+ 1)-truncated)
E2(u) := (M : Ab) × ((x : X(u)) → πn+1(X(u), x) = M)

Let u : G. First, we observe that ∥X(u)∥ × E1(u) holds if and only if X(u) is n-
connected and (n+ 1)-truncated. Next, we claim that E2(u) is contractible as soon as X(u)
is n-connected. Indeed, E2(u) is the type of diagonal fillers of

X(u) Ab

1 1

πn+1(X(u),−)

Note that Ab is a 1-type, hence an n-type. If X(u) is n-connected, the type of such fillers is
contractible by virtue of the (n-connected, n-truncated) orthogonal factorization system [27].

It follows that ΛG is equivalent to
(
X : G → U≥n,≤n+1)

×X(ptG), so we are done. ◀

▶ Note 42. LetG be an (n+ 1)-group and let (Γσ(G),Mσ(G), κσ(G)) be the untruncated Sính
n-triple produced by Theorem 41. We have that Γσ(G) ≡ ∥G∥n, known as the fundamental
n-group Πn(G) of G. Further, the action Mσ(G) is the canonical action Cn,G of Πn(G) on
πn+1(G) [Sinh-action], with Cn,G(|x|n) := πn+1(G, x). Indeed, the proof of Theorem 41 tells
us that Mσ(G, u) = πn+1(fib|−|n

(u), y) for all u : ∥G∥n and y : fib|−|n
(u). As Ab is a 1-type,

it suffices to show that πn+1(fib|−|n
(|x|n), (x, refl)) = πn+1(G, x) for all x : G. We do so

by induction on n using basic properties of path types of a truncation [Ωˆ′-hfib-Trunc]. It
also follows easily from the long exact sequence [33, Theorem 8.4.6] for the fiber sequence
fib|−|n

(|x|n) → G → ∥G∥n.
We also can say something about the cocycle κσ(G). Classically, the Postnikov invariant

of a 2-group belongs to a tower of cohomology classes associated with a general space [21,
Chapter 22, §4]. In particular, we can speak of the (n+ 1)-st Postnikov invariant of G,
which lives in Hn+2(∥G∥n,Mσ(G)). An important property of any cocycle representing
this invariant is that its equalizer with the basepoint section, which sends u : ∥G∥n to
bu := pt(K(Mσ(G, u), n+ 2)), is the truncation map G → ∥G∥n [29]. We show that κσ(G)
has this property, i.e., that G is equivalent to (u : ∥G∥n) × (κσ(G, u) = bu) over ∥G∥n. It
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suffices to show that fib|−|n
(u) ≃ (κσ(G, u) = bu) for each u : ∥G∥n. Applying Example 37

to this identity type yields the equivalent type tu = pt(T (K(Mσ(G, u), n+ 1))) where tu is
a K(Mσ(G, u), n+ 1)-torsor with underlying type fib|−|n

(u). By Theorem 36(1), this new
identity type is in fact equivalent to fib|−|n

(u), which completes the proof [Sinh-cocycle].
To conclude, we turn to a type-theoretic version of MacLane and Whitehead’s classical

bijection, extended to all dimensions ≥ 2.

▶ Theorem 43 (Sinh-classif-set). For n ≥ 1, the components of (n+ 1)-groups are equivalent
to those of Sính n-triples:∥∥U≥0,≤n+1

∗
∥∥

0 ≃
∥∥(
G : U≥0,≤n

∗
)

× (M : G → Ab) ×Hn+2(G,M)
∥∥

0

Proof. After applying ∥−∥0 to Theorem 41, we get the desired equivalence from the general
interaction between truncation and Σ-types [33, Theorem 7.3.9]. ◀

By composing the equivalence Ob(c2Grp) ≃ Ob(2Type∗
0) obtained from Theorem 27

with Theorems 41 and 43, we get the following characterizations of coherent 2-groups.

▶ Theorem 44 (Type-equiv-main). The type of coherent 2-groups is equivalent to the type
of untruncated Sính triples, and the components of coherent 2-groups are equivalent to the
components of Sính triples.

10 Conclusion and open questions

Working in HoTT, we gave two algebraic classifications of pointed connected 2-types – the
types corresponding to 2-groups under the homotopy hypothesis. The first was a (biadjoint)
biequivalence between such types and coherent 2-groups (defined as monoidal groupoids
with inverses). From this biequivalence we produced a path between these bicategories via
univalence. The second classification was a type equivalence between pointed connected
2-types and Sính triples (which are defined via group cohomology). Our proof of this
equivalence extended to n-groups for all n ≥ 2.

Our work raises some open questions. First, the infinite delooping of an abelian group G
is built from K(G, 1) with suspensions and truncations [18, Section 5]. Can we build the
double delooping of a braided 2-group and the infinite delooping of a symmetric 2-group
from K2 in a similar way? We then would seek a tractable recursion principle for the higher
deloopings to build – as asserted by the homotopy hypothesis – biequivalences between
braided 2-groups and pointed 1-connected 3-types and between symmetric 2-groups and
pointed n-connected (n+ 2)-types for all n ≥ 2.

On the Sính-triple side, we have not classified maps of (untruncated) Sính triples. We
define such a map (G1,M1, κ1) → (G2,M2, κ2) as a triple consisting of θ1 : G1 →∗ G2,
θ2 : (u : G1) → M1(u) →Ab M2(θ1(u)), and ψ : K(θ2(−), 3) ◦ κ1 ∼∗ κ2 ◦ θ1 where ∼∗ is the
type of pointed homotopies between pointed sections. Such maps form a 1-type since the
type of ψ is 1-truncated by [7, Theorem 4.2]. Can we complete the bicategorical structure
on the Sính triples? If so, can we promote Theorem 41 to a biequivalence?
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A The short definition of 2-group morphism

Let G1 and G2 be 2-groups and f0 : G1 → G2 be a function between their underlying types.
We prove that the function (∂), found in Note 8, is an equivalence of types. This amounts to
showing that if f0 has the data Ds making up the short definition of a 2-group morphism,
then it also has unique preservation data for id, which we call Pu, and unique preservation
data for (−)−1, which we call Pi.1

1 The only reference we have found mentioning that it’s possible to recover Pu and Pi simultaneously
is [10, Section 2.3]. The author, however, leaves the proof to the reader.
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Suppose that f0 has the data Ds. The data Pu consists of a path u : id = f0(id) and
commuting diagrams for each x : G1:

f0(x) f0(x) ⊗ id f0(x) id ⊗f0(x)

f0(x⊗ id) f0(x) ⊗ f0(id) f0(id ⊗x) f0(id) ⊗ f0(x)

apf0 (ρ(x))

ρ(f0(x))

apf0(x)⊗−(u) apf0 (λ(x))

λ(f0(x))

ap−⊗f0(x)(u)

µx,id µid,x

ru(x) ℓu(x)

Meanwhile, the data Pi consists of a path ix : f0(x)−1 = f0(x−1) and commuting diagrams
for each x : G1:

f0(x) ⊗ f0(x)−1 f0(x) ⊗ f0(x−1) f0(x⊗ x−1)

id f0(id)

f0(x)−1 ⊗ f0(x) f0(x−1) ⊗ f0(x) f0(x−1 ⊗ x)

id f0(id)

apf0(x)⊗−(ix)

rinv(f0(x))

µx,x−1

apf0 (rinv(x))

u

ap−⊗f0(x)(ix)

linv(f0(x))

µx−1,x

u

apf0 (linv(x))

ri(x)

ℓi(x)

Both f0(x) ⊗ − : G2 → G2 and − ⊗ f0(x) : G2 → G2 are equivalences of types [mu-pre-iso
and mu-post-iso]. Thus, we have a unique choice of u satisfying ru(id). Moreover, we have a
unique choice iright of i satisfying ri and, separately, a unique choice ileft of i satisfying ℓi.

We first recover Pu. Let x : G1. As ℓu and ru are families of propositions, it suffices
to prove that our choice of u satisfies ℓu(x) and ru(x). First, we show that ru(id) implies
ℓu(x) [rho-to-lam]. Second, we show that ℓu(x) implies ru(x) [lam-to-rho], so that ru(id)
implies both ru(x) [rhoid-to-rho] and ℓu(x). The formal proofs of both steps give the details
with explicit equational reasoning, which largely matches a pen-and-paper proof thanks to
Agda’s instance search.

It remains to recover Pi. To do so, we take iright and show it satisfies ℓi in the presence of
Pu, which we have already recovered. (We could switch the roles of ri and ℓi.) We refer the
reader to either our mechanized proof [rinv-to-linv] or [4, Theorem 6.1] for the details.

▶ Remark 45. By keeping track of indices of hom-types, it’s easy to extend our proof
to pseudofunctors of (locally univalent) bigroupoids [24]. (A 2-group is a single-object
bigroupoid.) This means that a pseudofunctor F : B → C of bigroupoids is simply a 2-
semifunctor [6, Chapter 5], which consists of a function F0 : Ob(B) → Ob(C), an action
F1 : homB(a, b) → homC(F0(a), F0(b)) on 1-cells, and a family of 2-cells Fc(f, g) : F1(g ◦ f) =
F1(g) ◦ F1(f) that respects the associator.
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base base base base

base base base base

base base

base base

H1(idX ,base)

apfun(ξ0(X))(loop(p))

via 2c-actK2 (Ω- idX , base) id preservation of K2

apfun(ξ0(X))(loop(p))

H1(idX ,base) via 2c-actK2 (Ω- idX , base) id preservation of K2

refl

apfun(ξ0(X))(loop(p)) apfun(ξ0(X))(loop(p))

refl

NatSq1 (outer rectangle)

NatSq2

Figure 9 Type of M1(X)- loop(p), where 2c-actK2 is as in Example 22 (Note: NatSq1 fills the
outer diagram.).

B Coherence conditions for Step 1 of Theorem 27

We verify that ξ1 satisfies the relevant coherence conditions. In the case of unitors, we want
to prove that the following square commutes for each pointed connected 2-type X:

idX ◦ξ0(X) ξ0(X) ◦ K2(Ω(idX))

ξ0(X) ξ0(X) ◦ idK2(Ω(X))

ξ1(idX )

left unitor

right unitor

composite id preservation

By the SIP for pointed homotopies, this amounts to a homotopy M1(X) between the
homotopies underlying the 2-cells in the square along with a dependent path M2(X) over
M1(X) between the corresponding proofs of pointedness. We define M1(X) by applying
Lemma 21 to base∼∼ := refl and loop∼∼ := M1(X)- loop. Here, for each loop p : x0 = x0,
M1(X)- loop(p) is a path between two homotopy-naturality squares at loop(p) – call them
NatSq1 and NatSq2 , as in Figure 9. Each of the upper three (hence bottom three) paths of
the upper square in Figure 9 reduces to refl by the base computation rule of K2-induction. To
build M1(X)- loop(p), we use Lemma 2 to decompose NatSq1 into three paths L1(p), L2(p),
and L3(p) corresponding to the three homotopy naturality sub-squares shown in Figure 9,
from left to right [KLoop-ptr-idf-aux1]. By the typal β-rule of Lemma 20, these paths fit into
the trio of commuting diagrams in Figure 10a (which are mechanized at [KLoop-ptr-idf-aux0]).
We further adjust L1(p) by rewriting the middle path

apidΩ(X)
(p) = apfun(ξ0(X))(loop(apidΩ(X)

(p)))

of H1(f)- loop(p) via homotopy naturality as in Figure 10b. Now, notice that NatSq2 is
trivial. Thus, we can derive M1(X)- loop(p) by proving the composition of L1(p), L2(p),
and L3(p) is trivial. We do so by repeatedly cancelling point β-rules [KLoop-ptr-idf-coher].
Finally, our definition of M1(X) makes it trivial to define M2(X), thereby completing the
coherence with the unitors [KLoop-coher-unit]. The coherence with the associator is similar
but more complicated [KLoop-PT-assoc].

https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/KLoop-ptr-idf-aux1.agda
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https://github.com/PHart3/2-groups-agda/blob/lics/Two-groups/Grp-Type-biequiv/KLoop-PT-assoc.agda
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apfun(idX ◦ξ0(X))(loop(p)) apfun(ξ0(X)◦K2(Ω(idX )))(loop(p))

apfun(ξ0(X)◦K2(Ω(idX )))(loop(p)) apfun(ξ0(X))(loop(p))

apfun(ξ0(X))(apfun(K2(idΩ(X)))(loop(p)))

apfun(ξ0(X))(apfun(K2(idΩ(X)))(loop(p))) apfun(ξ0(X))(loop(p))

H1(f)- loop(p)

L1(p)

via K2(Ω(idX ))’s point β-rule

L2(p)

via K2(idΩ(X))’s
point β-rule

L3(p)

via K2(idΩ(X))’s point β-rule

(a) Rewriting L1(p), L2(p), and L3(p), respectively.

apidΩ(X)
(p) p

apfun(ξ0(X))(loop(apidΩ(X)
(p))) apfun(ξ0(X))(loop(p))

apid is identity

ξ0(X)’s point
β-rule at apidΩ(X)

(p)
ξ0(X)’s point
β-rule at p

apid is identity

(b) Rewriting the middle path of H1(f)- loop(p).

Figure 10 Adjusting the sub-squares making up NatSq1 .
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