Fat Cell Structures and Generalized Algebraic
Theories

Xu Huang G4
Indiana University, Bloomington, IN, USA

Carlo Angiuli @&
Indiana University, Bloomington, IN, USA

—— Abstract

We give a new syntax-independent account of finitely-presented generalized algebraic theories (GATs)
as finite cell complexes in the category of categories with families (CwFs), in which GATs are
constructed by successive pushouts along the CwF morphisms generically postulating a sort, an
operation, or an equation. Inspired by the fat small object argument of Makkai, Rosicky, and
Vokiinek, we introduce fat GAT presentations, thereby allowing infinite presentations with non-linear
dependency structure. Then, motivated by wanting our GATS to self-describe, we extend presentations
to admit infinitary arities, including infinitely deep dependency chains. Finally, we verify that these
generalized GATs satisfy expected semantic properties including Frey’s Gabriel-Ulmer duality.
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1 Introduction

Generalized algebraic theories (GATS) are a dependently-sorted generalization of algebraic
theories; in contrast to ordinary multi-sorted algebraic theories, the sorts of a GAT can be
indexed by elements of other sorts. GATs were introduced by Cartmell [10, 11] with the
syntax of Martin-Lof’s dependent type theory [40, 41] as the primary motivating example.
To this day, GATs and variations thereof remain one of the main tools for understanding the
syntax and model theory of dependent type theory [16, 5, 50, 14, 8, 27].

Like ordinary algebraic theories, GATs are presented by a collection of sort, operation,
and equation declarations. The GAT of categories, for instance, has two sorts: a sort ob of
objects and, for any x,y : ob, a sort hom(z,y) of morphisms from z to y.
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» Example 1. The GAT of categories can be presented by two sorts, two operations, and
three equations as follows:

F ob sort
2 :ob, y:obkF hom(z,y) sort
2 :obk id(z) : hom(zx,x)
x:0b, y:ob, z:0b, g:hom(y,z), f:hom(z,y)F go f:hom(z,z)
x:ob, y:ob, f:hom(x,y)Fid(y)o f = f:hom(z,y)
x:ob, y:ob, f:hom(z,y)F foid(z)= f: hom(z,y)
-++, h:hom(y, z), ¢g:hom(z,y), f:hom(w,z)Fho(gof)=(hog)o f:hom(w,z)

Every valid GAT presentation, or GAT signature, straightforwardly induces a notion of
set-valued model by interpreting every sort as an (indexed) carrier set, every operation as
a (dependently-typed) function between carrier sets, and every equation as an equational
condition on the operations. Those set-valued models assemble into a category whose
morphisms are strict homomorphisms (i.e., functions between the carrier sets that strictly
preserve the operations), which always has an initial object known as the initial model of the
GAT. In the case of the GAT of categories, the category of models is exactly the 1-category
Cat, and the initial model is the empty category.

Although the GAT of categories is fairly straightforward, the notion of well-formed GAT
signature is in general quite subtle owing to the fact that sort dependency can cause sorts,
operations, and equations to be well-formed only when other sorts, operations, and equations

are taken into account.

» Example 2. The GAT of graded semigroups can be presented by two sorts, two operations,
and two equations as follows:

F M sort
m:Mn:M+Fm+n:M
m:Mmn:Mo:MF(m+n)+o=m+(n+o): M
m:ME ®,, sort
m:Mn: M, z:®,,y: P, Fx-y: Ppin
m:M, n: M, o: M, x:®p, y: Py, 2: P (z-y)-2=2-(y-2): Pry(nto)

On line four, the arity m : M of the indexed sort ®,, is well-formed only in the presence
of the earlier sort declaration of M. On line five, the z - y operator lands in the sort ®,,,,
which is well-formed only in the presence of the earlier operator declaration of +. Most subtly,
on line six, the associativity law for - is well-formed only in the presence of the associativity
law for +, as a priori the expression (x - y) - 2z has sort @ (;,4n)10 # Prng(nto)- If we deleted
the associativity law for +, the resulting “theory” would not have a well-defined notion
of model, because the associativity law for - would not in general be a sensible condition.
Because we want all GATs to have well-behaved model theories, it is important that we
exclude such malformed “theories” from consideration.

» Remark 3. The same well-formedness issues arise more famously in the GAT of dependent
type theory, in which e.g. the unit law for term substitution I' F a[idr] = a : A is well-formed
only in the presence of the unit law for type substitution I' - Afidr] = A type.
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1.1 Defining GAT signatures

Broadly speaking, there are three approaches in the literature for defining well-formed GAT
signatures (or presentations).

1.1.1 Syntactic pretheories and inference rules

Cartmell’s original definition of GATs [10, 11] is based on collections of syntactic inference
rules called pretheories, a superset of the well-formed GAT signatures which allows for
erroneous “theories” such as the one described above. Pretheories are then combined with
a collection of generic derived rules stating that equality is a congruence, providing for
instantiation of variables by expressions, etc., and Cartmell defines GATs as pretheories
whose collection of derived rules satisfies certain syntactic well-formedness conditions.

Cartmell then introduces contextual categories, a presentation-invariant representation of
GATSs containing not only the generating sorts and operations but all the derived sorts and
operations, quotiented by all generating and derived equations. In the spirit of Lawvere’s
functorial semantics [36], Cartmell shows that every GAT signature 3 gives rise to a classifying
contextual category C(X) such that set-valued models of ¥ are contextual functors from
C(X) to the canonical contextual category on families of sets.

Cartmell’s pretheory approach is rather syntactic and technical, forcing all subsequent
definitions to be staged; for instance, the notion of model is separated into preinterpretations
and well-formed preinterpretations. That said, pretheories have the benefit of being explicit;
they continue to see some use in the definition of type theories [24], and direct syntactic
constructions of classifying contextual categories still proceed along similar lines [15, 14].

» Remark 4. Cartmell’s version of GATs allows for sort equations in addition to sorts,
operations, and term equations. As is now customary, we will omit sort equations from our
notion of GAT, although our ideas can be adapted to support them (see Remark 13).

» Remark 5. The next two approaches to GATs, and the approach we propose in this paper,

use an alternative to contextual categories known as categories with families (CwFs) [16, 6].

Our ideas can be adapted to contextual categories, as outlined in Section 6.

1.1.2 Logical frameworks

To extend a valid GAT signature X by a new sort, operation, or equation, the arity of that
new object must be well-formed with respect to the derivable sorts, operations, and equations
of ¥. An elegant way to phrase this well-formedness is to encode GAT signatures as the
contexts of a minimal dependent type theory known as a logical framework (LF), in which
sorts are elements of a universe of sorts, dependent arities are Il-types, and equations are
postulated using extensional equality types.

The idea of using contexts in a dependent type theory to encode signatures dates back
to the Edinburgh [23] and Martin-Lof [45, 42] logical frameworks [22]. However, Kaposi et
al. [31] were the first to use a logical framework, their theory of signatures (ToS), to define
GAT signatures and construct a category of models and an initial model for every GAT.

The LF approach of Kaposi et al. [31] has two drawbacks. First, it reduces the signatures
and model theory of GATSs to the model theory of the ToS, which is itself the initial model
of a particular GAT. To avoid circularity, one must provide a freestanding construction of
the initial ToS-model, which can be achieved in a variety of ways.

» Remark 6. The fact that the ToS is the initial model of a GAT is closely related to the
fact that the theory of contextual categories (and the theory of CwFs) is itself generalized
algebraic [11, 12, 52]. As emphasized by Cartmell [11, 12], this self-description property of
GATs is rather striking, as it is not shared by e.g. Lawvere theories.
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Secondly, because contexts in dependent type theory are lists — and thus finite and
linearly ordered — the encoding only makes sense for presentations of finite length and arity,
and requires the signature to be equipped with a dependency-compatible linear ordering.
(In contrast, Cartmell [11] allows for infinitely long signatures.) Later work by Kovécs
and Kaposi [35] uses an additional layer of encoding to admit some infinitary signatures
(and arities), but not those with infinitely deep dependency chains, such as Example 22 or,
importantly, the “self-describing” GAT of contextual categories.

» Remark 7. Kaposi et al. [31] study quotient inductive-inductive types (QIITs) rather than
GATs, but this terminological distinction primarily reflects a difference in perspective (e.g.,
emphasis on displayed models and induction principles) rather than a technical distinction.

1.1.3 A new syntax-independent definition

Bezem et al. [8] recently proposed a third definition of GAT signature which, unlike the
presyntax and ToS approaches, avoids any reference whatsoever to syntax.

We conceptualize their approach in terms of two key insights. First, one can avoid syntactic
LFs entirely by transposing across the syntax—semantics duality: instead of requiring that
extensions of the GAT signature ¥ have arities that are well-formed in the LF context
corresponding to ¥, we require that their arities are well-formed dependent sorts in the
classifying CwF of .. These two characterizations are equivalent by design, as both precisely
capture the derived sorts, operations, and equations of 3.

The second insight of Bezem et al. [8] is that we can avoid the need to explicitly reference —
and thus the need to simultaneously construct — the classifying CwF of ¥ by instead referring
to uniform families of contexts, types, and terms, which can be defined as soon as one has the
category of CwFs with an internal Y-structure. These uniform families are in bijection with
the arities, sorts, and terms of the classifying CwF of ¥, but can be defined independently.!

Thus Bezem et al. [8] inductively-recursively define GAT signatures ¥ along with the
category CwFy of CwFs with Y-structure where e.g. in order to extend ¥ by a new sort, one
must specify the arity of that sort as a uniform family of contexts indexed by CwFs:.

One benefit of the “uniform families” definition of GAT signatures over the ToS approach
of Kaposi et al. [31] is that the former does not rely on the existence of even a single initial
model of a dependently-sorted theory, making it more concise and self-contained. Like the
ToS approach, however, the approach of Bezem et al. [8] does not easily scale to all infinite
presentations. We further note that the use of uniform families, which greatly simplifies their
definition, comes at the cost of an added layer of indirection.

1.2 GAT signatures as cell structures

The complexity of GAT signatures arises from the fact that extensions of a signature ¥ must
be well-formed with respect to the derived sorts and operations in the theory presented by X,
rather than just the generating sorts, operations, and equations of 3 itself.

The same phenomenon — in which theories and presentations simultaneously refer to
one another — also occurs in cell structures in homotopy theory, which present spaces by
a (finite or transfinite) composition of pushouts of a fixed collection of cellular boundary
inclusions (or more abstractly, generating cofibrations) along attaching maps into the space

! In fact, Kaposi et al. [31] also use a weak form of the uniform families trick to delay needing to construct
the initial ToS-algebra.
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constructed at the previous step. We can think of these presentations as successively attaching
n-dimensional disks D™ to a space by specifying how to glue their boundaries 0D" < D™
into a previously-constructed space [25].

For instance, to attach one n-cell to the space X, we take the pushout of the n-disk’s
boundary inclusion D™ — D" along the attaching map ¢ : 9D™ — X, thereby obtaining a
new space X’ which extends X by a new n-cell with boundary ¢, as in the following diagram:

opr —%2 4 X

L]

D" —— X’

» Example 8. The real projective plane RP? can be presented by a three-stage cell structure:

oD’ —=— ¢ oD s {x} oD? —Z st
T A
DY —— {x} D! —— st D? —— RP?

In the first stage, we attach a O-cell D° = {x} to the empty space ) along the unique map
o : 0 — 0, producing a single point {*}.

In the second stage, we attach a 1-cell D' = [0,1] C R to the point {x} along the attaching
map ¢; sending the two interval endpoints 9D! = {0, 1} to the unique element x. This step
glues together the two endpoints of the interval, producing a circle S*.

Finally, we attach a 2-cell D? = {(z,y) | 2% +3? < 1} C R? to the circle S*, along the
attaching map o which sends the boundary dD? = S! twice around the circle S!; i.e., ¢y is
the degree-two map S' — S'. Intuitively, this step identifies antipodal points of the boundary
of D? by wrapping its boundary twice around the circle.

In Example 8, although the first two stages of the presentation adjoin only a point and an
interval, the third stage’s attaching map o : S' — S! makes essential use of the degree-two
loop in the circle generated by that point and interval. The situation is analogous to the one
we encountered in Example 2, where the associativity equation for - makes essential use of
the associativity of the semigroup (M, +) given earlier in the presentation.

In Section 2, we will prove that finite GAT signatures are finite cell structures (i.e., finite
compositions of pushouts) in the category of CwFs, with three “boundary inclusion” CwF
morphisms representing signature extension by a new sort, operation, or equation; “attaching
maps” specifying the arity data of each extension; and each pushout constructing the theory
presented thus far.

We briefly illustrate the cellular perspective on adjoining a new sort to a CwF X. Let us
write C for the CwF freely generated by a context (i.e., atomic arity) and S for the CwF
freely generated by a context and a type in that context (i.e., an atomic arity and an atomic
sort of that arity). There is an evident CwF morphism C — S sending the generating context
to the generating context. What is the pushout of C — S along a map ¢ : C — X7

cC—*,Xx

|

S — X'

58:5
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Noting that CwF morphisms C — X are in bijection with contexts (arities) in X, the
pushout attaches a free type-in-context to the CwF X, identifying its context with the
context of X indicated by . Thus X’ is X extended with a new sort of a given arity. To
instead adjoin a new operation we take the pushout of a free term-in-type-in-context along a
map specifying where to send its context and its type; equations proceed similarly.

Armed with this analogy between finite cell structures and finite GAT signatures, we will
then explore how various concepts in homotopy theory can be fruitfully translated to GATs.
Most obvious is the generalization to transfinite compositions of pushouts — and infinite
GAT presentations — because infinite cell structures are well-understood in homotopy theory,
being necessary to present spaces such as the infinite-dimensional real projective space RP>.
We will consider a further generalization of the notion of cell structure found in the fat small
object argument of Makkai et al. [38], which replaces sequences of pushouts by a colimit
over a well-founded poset, allowing non-linearly-ordered signatures attaching infinitely many
sorts, operations, and equations at each stage. Finally, we will generalize CwFs to allow
context extension by dependent telescopes indexed by well-founded posets, so that our fat
cell structures can be internalized as LF contexts.

» Remark 9. Various authors have previously noted the cellular nature of dependent sorts [21,
48], whose signatures can be represented by direct categories as in Makkai’s FOLDS [39, 4, 48].
Others have considered model structures on the category of models of dependent type theory
with identity types and other connectives, in which the generating cofibrations adjoin new
types and terms [29, 33, 44]. Lumsdaine, Bauer, and Haselwarter have even suggested in
unpublished work that type theories are cell complexes of “rule extensions” [37] with specified
“boundaries” [24], and that fat cell complexes correspond to well-presented type theories.

Our contribution is to refine and extend the cellular perspective to support the entirety of
GAT signatures, including operations, equations, and dependent sorts whose arities reference
operations; see Section 6.1.

1.3 Contributions

In this paper, we give a new syntax-independent account of generalized algebraic theories as
cell complexes (in the sense of homotopy theory [28]) in the 1-category CwF of categories
with families. In Section 2, we define a notion of finite cell compler on CwF, prove these are
exactly the finitely-presented GATs in the sense of Bezem et al. [8], and show that finite cell
structures induce the initial ToS-model (in the sense of Kaposi et al. [31]) on the opposite of
the category of finitely-presented CwkFs.

The remainder of the paper considers various generalizations of GATs and GAT signatures
inspired by the theory of cell complexes. In Section 3, following the fat small object argument
of Makkai et al. [38], we introduce a notion of fat GAT signature in which sorts, operations,
and equations can be adjoined in parallel in the shape of any well-founded poset, and show
that fat GAT signatures with x many declarations present k-presentable CwFs.

In Section 4, motivated by wanting these fat GAT signatures to be the contexts of a
logical framework, we extend the notion of CwFs to support context extensions indexed by
an arbitrary class of well-founded posets. The corresponding generalization of GATs supports
sorts and operations with infinitary arities, including infinitely deep dependency chains. In
Section 5, we show that these GATs satisfy a generalization of Frey’s recent Gabriel-Ulmer
duality for GATs [18]. Finally, in Section 6, we discuss related work.
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2  Finitely-presented GATs

First we consider the case of finitely-presented GATs. After recalling categories with families,
we will define a notion of finite cell complex on the category CwF, and prove that these are
exactly the finitely-presented GATs in the sense of Bezem et al. [8]. Then, we demonstrate a
duality between our cell structures and the logical framework approach of Kaposi et al. [31].

2.1 Categories with families

We will model GATSs as categories with families [16], as equivalently axiomatized by Awodey [6]
under the name of natural models.

» Definition 10. A category with families (CwF) is a category C with a terminal object 1
and two functors Ty : C°? — Set and Tm : ([ Ty)°P — Set (or equivalently, a single functor
C°" — Fam), such that for every A € Ty(T'), the presheaf

A | | Tm(A, Ao)

g A—=T

is representable, where Ao is the functorial action of Ty. The representing object of that
presheaf is written I' - A and known as the context extension of T by A.

A (strict) CwF morphism C — D is a functor F' : C — D and a natural transformation
from the functor (Ty, Tm) : C°P — Fam to the composition C°? L5 D°P — Fam, such that
the terminal object and context extension are strictly preserved [14]. We write CwF for the
1-category of CwF's and strict CwF morphisms.

CwgFs are often used to model dependent type theory, in which case C is the category of
contexts and substitutions, Ty(T") is the set of types in context I', and Tm(T, A) is the set
of terms of type A in context I'. When modeling GATS, the same principles hold but our
terminology shifts: T': C are arities, A € Ty(T') are sorts with arity I'; and a € Tm(T, A) are
operations with arity I' and sort A.

A (set-valued) model M of the GAT represented by the CwF C assigns a set M(T)
to each arity I' : C, a M(T')-indexed family of sets M(A) to each sort A € Ty(T'), and a
(v € M(T"))-indexed family of elements of M(A)(y) to each operation a € Tm(I', A). This
data is equivalent to a CwF morphism from C to the CwF of sets Set.

There are a handful of specific CwFs that will play an important role momentarily in our
notion of cell structure on CwF:

0 is the free (initial) CwF.

C is the CwF freely generated by a context.

S and S®) are the CwFs freely generated by a context and one/two types in that context.
T and T® are the CwFs freely generated by a context, type in that context, and one /two
terms in that context and type.

There are evident CwF morphisms between these CwFs, such as C — S, S — T and
T® - T, sending generators to generators.

We can justify the existence of these CwFs in a variety of ways. Most concisely, the
theory of CwFs is essentially algebraic (i.e., a finite limit theory), so these free objects exist
by the general theory of locally presentable categories [2]. More explicitly, these CwFs can
be constructed by the method described by Castellan et al. [13].

58:7
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2.2 Finite cell structures in CwF
We recall the notion of finite cell structure [28, Definition 2.1.9].

» Definition 11. Let C be a cocomplete category, and J be a set of morphisms in C called
generating cofibrations. A finite cell structure of a morphism i : X — Y in C with
respect to J is a decomposition of i into a finite composition of morphisms given by pushouts
of morphisms in J.

A finite cell structure of an object Y : C is a finite cell structure of 0 — Y, where 0 is the
initial object of C. Objects admitting a finite cell structure are called finite cell complexes;
if X = Y admits a finite cell structure, Y is a finite relative cell complex over X.

A finite cell complex in the category of topological spaces with respect to J = {9D" —
D™ | n € N} is a finite cell complex in the standard topological sense. Thus Example 8
exhibits RP? as a finite cell complex by factoring 0 — RP? as the composition of three maps
0— {x} =S — RP? each of which is the pushout of a map in J along a map ;.

» Remark 12. Definition 11 slightly generalizes the more familiar notion of finite CW
complez [25, 19], in which all 0-cells must be attached simultaneously to the initial object,
followed by all 1-cells simultaneously, etc. An intermediate condition is to require cells to
be attached one at a time in non-decreasing order of dimension; this restriction applied to
GATSs yields the dependently sorted algebraic theories of Subramaniam [48] (see Section 6.1).

We consider finite cell complexes in CwF with respect to the following set of three maps.
(CwF is cocomplete because it is the category of algebras of an essentially algebraic theory.)

Jowr ={C = S,8 - T,T? - T}

Unfolding Definition 11, a finite cell complex in CwF is thus either 0 or one of the X’ below,
where X is a finite cell complex.

cC—*,x s 2. x T ¢, x
| A A A AR
T

S — X' — X’ T —— X’

In Section 1.2 we argued informally that the leftmost pushout adjoins a sort to X whose
arity is indicated by ¢. More formally, because models of X’ are CwF morphisms X’ — Set,
and using the universal property of pushouts, we compute:

X’-Mod = homc,r (X', Set)
= homaF(Sa Set) X homeyr (C,Set) homaF(Xv Set)
= Fam Xser X-Mod.

Thus a model of X’ is a model of X equipped with a family of sets whose index is determined
by the attaching map ¢ — the correct notion of model for X extended by a dependent sort.

Likewise, the middle pushout above adjoins an operation to X whose arity and sort are
determined by ¢’. In the rightmost square, ¢” determines a pair of operations of the same
arity and sort, and the pushout equates those operations.

» Remark 13. If we wish GAT signatures to include sort equations (Remark 4) following
Cartmell [10, 11], we can add the morphism S — S to the set Jewr. Other sensible but
nonstandard notions of GAT are possible by including morphisms such as 0 — C, which
would allow adjoining an atomic arity not constructed as a sequence of sorts (see Remark 32).
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2.3 Finite cell structures are finite signatures

The finite cell complexes in CwF with respect to Jcwr are exactly the finitely-presented GATs
in the sense of Bezem et al. [8].

» Definition 14 (Bezem et al. [8, Definition 4]). Define by induction-recursion the finite GAT
signatures ¥ along with the category CwFys, of CwFs with (strictly-preserved) 3-structure

0 is a signature and CwFy = CwF.

(%,(1,9)) is a signature when ¥ is a signature and I' = (I'¢) is a uniform family of
contexts in CwFy, i.e., a choice of context T'c : C in each C : CwFyy such that F(T'¢) =Tp
for each F': C — D in CwFy. Objects of CWF (s (r s)) are pairs of C : CwFy and a type
Sc € Ty (Te), and morphisms (C,S¢) — (D, Sp) are F' : C — D with F(S¢) = Sp.

(3, (T, A, f)) is a signature when ¥ is a signature, I' = (I'¢) is a uniform family of contexts
in CwFs, and A = (Ac) is a uniform family of types over I'. Objects of CWF (s (1 4, f))
are pairs of C : CwFy, and a term fe € Tme(De, Ac).

(X,(T, A, a,a’)) is a signature when 3 is a signature, I' = (I'¢) is a uniform family of
contexts in CwFy, A = (Ac) is a uniform family of types over T', and a = (a¢) and
a’ = (ap) are uniform families of terms in A over I'. Objects of CWF(x; (1, 4,a,ar)) are
C : CwFsy; satisfying the equation ac = a; € Tme(Te, Ac).

» Theorem 15. There is a bijection between finite cell complexes X in CwF and finite GAT
signatures ¥ in the sense of Bezem et al. [8], and moreover CwFys =2 X/CwF.

Our proof of Theorem 15 uses the following two lemmas.

» Lemma 16. A functor F : X/C — Y/C between coslice categories that strictly commutes
with the projection functors to C is given by precomposition with some morphism f:Y — X.

» Lemma 17. The coslice category functor ~/C : C°P — Cat /¢ preserves (strict) limits; that
is, a diagram ~/C o J is a limit diagram if J is a colimit diagram.

Proof of Theorem 15. Define the category CwFc whose objects are pairs of a CwF C and
context I' : C, and whose morphisms (C,T") — (D, A) are CwF morphisms F': C — D with
F(T') = A. There is an evident forgetful functor CwFc — CwF, and CwF¢ is isomorphic to
C/CwF by the universal property of C. Similarly, define the category CwFg whose objects are
triples (C,T',S) of a CwF C, context I' : C, and type S € Ty(I"), and whose morphisms are

CwF morphisms preserving I' and S. Once again we have the isomorphism CwFg = S/CwF.

Recalling Definition 14, uniform families of contexts in CwFy, are in bijection with functors
¢ : CwFy — CwF¢ that strictly commute with the forgetful functors to CwF, i.e., morphisms
¢ : CwFy — CwFc in the slice 2-category Catcyr-

Suppose X is a signature and I' is a uniform family of contexts in CwFsy, and consider
the signature ¥’ = (X, (T, S)) extending X by a sort S of arity I'. The category CwFy is the
strict pullback

CWFC (L CWFE

.

CWFS — CWFE/

where "T'7: CwFy — CwF¢ is the functor corresponding to the uniform family of contexts I'.

Similar arguments demonstrate that signature extension by an operation or equation can be
represented as pullbacks of functors CwFr — CwFg and CwFt — CwFr@).
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We now establish by induction on the structure of the signature that for any signature
Y there is a canonical corresponding CwF X and finite cell structure of 0 — X, such that
CwFy, = X/CwF. The base case is immediate by X = 0. We will describe the case of
extending by a new sort; the other two cases follow similarly.

Suppose that ¥’ = (X, (T, 5)) and X is the CwF presented by ¥. Then as in the pullback
diagram above, we have a functor "T'" : CwFy, — CwF¢ which strictly commutes with the
projection functors to CwF; by the inductive hypothesis, CwFys, = */CwF; and we have argued
CwF¢ = ©/CwF. Thus by Lemma 16, "T'" uniquely corresponds to a morphism ¢ : C — X.
We may now use Lemma 17 to conclude that CwFyy is also isomorphic to X /CwF, where X’
is the pushout in CwF of ¢ and C — S. |

In addition to defining finite GAT signatures ¥ and the categories CwFsy;, the other result
of Bezem et al. [8] is the syntactic construction of the classifying CwF of 3, regarded as the
initial object of CwFys. We note that Theorem 15 trivially implies that CwFy, has an initial
object, because the initial object of X/CwF is idx.

2.4 Duality with logical frameworks

There is an interesting duality between our finite cell structures — successive pushouts in CwF
of the initial CwF along generic signature extensions — and the logical framework approach
in which GAT signatures are modeled as contexts, or successive pullbacks in the GAT of
CwFs, of the terminal object along types that are in bijection with GAT signature extensions.
To make this precise, we briefly recall the theory of signatures of Kaposi et al. [31].

» Definition 18 (Kaposi et al. [31, Section 3.1]). A ToS-algebra is a CwF equipped with:

I'-a: Sort
't Sort type '+ El(a) type
I'ta: Sort I,z : El(a) - B(x) type 't f:1(a, B) I'Ft: El(a)
I' - 1I(a, B) type T'F f(t): B(t)
T'ka: Sort 'k z,y: Fl(a) T'kp: Eq,(z,y)
't Eq,(xz,y) type P'ka=y: Fl(a)

A ToS-algebra morphism is a CwF morphism strictly preserving this structure. There
is an initial ToS-algebra, and o finite GAT signature in the sense of Kaposi et al. [31] is
a context in the initial ToS-algebra.

By induction on syntax, one can verify [31] that types of the initial ToS-algebra have
the form (z1 : a1) (z2:a2) -+ (2 : an) = D where a; : Sort and D is one of Sort, El(a),
or Eq,(p,q). These types are in bijection with the three kinds of GAT signature extension
T1:a1,Ty : Ao,...,Ty : ap B D, and thus the contexts of the initial ToS-algebra are in
bijection with finite GAT signatures.

» Example 19. The GAT signature of categories (Example 1) can be written as the following
context in the initial ToS-algebra:

ob : Sort, hom : ob — ob — Sort, id : (x : ob) — El(hom(z,x)),

_o_:(xyz:ob)— hom(y,z) = hom(z,y) = El(hom(z, 2)),

idl : (J? Y- Ob) - (f : hom(x,y)) - EQhom(x,y) (ld(y) o f7 f)v s
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» Lemma 20. There is a ToS-algebra on the category CwF°P.

Proof. We start by constructing a CwF on CwF°P. The presheaf Ty : CwF — Set sends
X : CwF to the following disjoint union, writing ¢1, t2, t3 for the canonical inclusion maps:

Ty(X) = hom(C, X) Uhom(S, X) L hom(T®, X)
We further define the presheaf U : CwF — Set
U(X) = hom(S, X) L hom(T, X) LU hom(T, X)

with a map U — Ty given by precomposition with the maps in Jewr, and define T m(X,a)
to be the preimage of a € Ty(X) in U. Thus Ty(X) is the set of input data for signature
extensions of X, and Tm(X,a) is the set of elements of that extension already in X.

Cousider for instance ¢1(a) € Ty(X). By the universal properties of C and S, a is a
context of the CwF X and Tm(X,a) is the set of types in X in context a. The ToS-context
extension X - ¢1(a) satisfies

homcyper (Y, X - 11(a))
=~ {(F,S) | F € homcwror (Y, X), S € Tmcwror (Y, F*t1(a))}
~ {(F,5) | F € homeur(X,Y), S € Tyy (F(a)}
= homewr(X',Y)

where X’ is the CwF X with a sort of arity a freely adjoined.

For the remainder of the ToS-structure, we define Sort € Ty(X) as ¢1(e) where e : C — X
is the empty context of the CwF X.2 We define El(a) € Ty(X) as ta(a), noting that a : Sort
corresponds to a sort of X in the empty context. The case for Eq,(x,y) is similar.

Finally, we must define II(a, B) € Ty(X) given a sort a of the CwF X in the empty
context and B € Ty(X - ¢1(a)) the input data for a signature extension of the CwF X
extended by an operation of sort a. There are three cases for B. Suppose B = ¢1(b), in which
case b is a context of the CwF X - ¢1(a); then II(a, B) = ¢1(b') where b’ is the context of the
CwF X obtained by replacing the new operation of X - ¢1(a) by a variable of sort a at the
beginning of the context b. The other two cases are analogous. |

» Theorem 21. The initial ToS-algebra is equivalent to the restriction of the ToS-algebra on
CwF°® (Lemma 20) to the full subcategory of finite cell complezes.

Proof. We have already remarked that contexts in the initial ToS-algebra are in bijection
with finite GAT signatures, and thence by Theorem 15, finite cell structures in CwF; like-
wise, substitutions in the initial ToS-algebra correspond to morphisms of GATs. Thus the
underlying category of the initial ToS-algebra is equivalent to CwF¢> | the opposite of the full
subcategory of finite cell complexes.

We also remarked that the elements of Ty(I') in the initial ToS-algebra are the valid
GAT signature extensions of the signature I'. Flipping I' across the above equivalence, we
obtain the CwF X presented by I', and observe that the elements of Tycwror (X) as defined
in Lemma 20 are likewise the valid extensions of X. Similar arguments verify that Tm and
the ToS-type constructors agree, noting that finite cell complexes are by definition closed
under signature extension and thus ToS-context extension. |

2 The terms of Sort will thus be the sorts of X in the empty context; sorts in other contexts are accessed
through ToS Il-types as described momentarily.
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To understand the duality from a homotopical perspective, recall that models of type
theory such as clans [30] and display map categories [49, Section 8.3] regard the collection
of types I' - A type as a class of morphisms I' - A — T interpreted as fibrations. From this
perspective, the three kinds of types (z1 : a1) (22 : a2) -+ (z : an) — D in the initial
ToS-algebra are its gemerating fibrations, dually to the three kinds of signature extension
being the generating cofibrations of the cell structure in CwF.

3 Infinitely-presented and fat GATs

It is natural to wonder to what extent the results of the previous section extend to infinitely-
presented GATs. There are many important examples of such GATSs, including the theory of
contextual categories [11], which has infinitely many sorts and operations, and dependent
type theory with a countable hierarchy of universes, which has infinitely many operations. A
more challenging example is the theory of (semi-)simplicial sets, which has infinitely many
sorts of unbounded arity.

» Example 22. The GAT of semi-simplicial sets is presented by:

[ X(] sort
To,T1 : Xo X1($0,$1) sort

20,21, %2 : Xo, To1 : Xl(x()a‘rl):

X t
Z19 Xl(x17x2),x02 . Xl(fL’(hf,CQ) 2($07$1,$2,$017$12,$02) sor

One possibility, well-studied in homotopy theory, is to generalize Definition 11 to transfinite
compositions of pushouts, which correspond to transfinite lists of sort, operation, and equation
declarations, each of which can reference all earlier declarations. This solution has also been
taken in the existing GAT literature, e.g. by Uemura [50, Definition 5.3], but it is not always
desirable. Consider for instance the theory of R-modules over a fixed, infinite ring R, which
includes a scalar multiplication operation for each A € R:

x:MbEXN2z: M (AER)

Representing these operations in a transfinite list requires us to well-order the elements of R,
which is unnatural and unnecessary.

In this section, we propose a more suitable generalization of Definition 11 to infinitely-
presented GATs, inspired by the fat small object argument of Makkai et al. [38].

» Remark 23. We stress that we are still restricting our attention to GATs in the sense
of Cartmell [11], whose declarations depend on only finitely many variables. Nevertheless,
this section goes beyond the subset of GATs considered by Bezem et al. [8] and even the
infinitary generalization of Kaposi et al. [31] due to Kovécs and Kaposi [35], e.g. by supporting
Example 22.

3.1 Fat cell structures

Cell complexes associated to a set of generating cofibrations are defined by a process known
as the small object argument [28]. We will follow a more general construction, the fat small
object argument [38], which provides finer control of the structure of intermediate objects. In
this construction, we specify the data of attaching maps on an arbitrary well-founded poset
P, and the resulting cell complex is given by a colimit over P.
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» Definition 24. Let C be a cocomplete category, J be a set of morphisms, and P be a
well-founded poset. A diagram D : P — C is smooth if for each x € P, the canonical map
colimy«, D(y) — D(z) is a pushout of a morphism in J. If an object of C is of the form
colimgep D(x) for some smooth diagram D, then the object is a fat cell complex whose
shape is the poset P, and D is a fat cell structure of that object.

» Remark 25. Definition 24 is slightly different from the analogous Definition 4.2 of Makkai
et al. [38], in which the canonical morphism colim,«, D(y) — D(z) is required to be an
isomorphism except when the initial segment |2 has a unique top element (i.e., when x has
a predecessor y), in which case the morphism D(y) — D(z) is allowed to be a pushout of a
generating cofibration. Our definition is more uniform with essentially no loss of generality,
and similar to the one used by Frey [18].

We can also consider fat relative cell complexes, which represent a fragment of a GAT
dependent on existing structure.

» Definition 26. A fat relative cell structure over X is a fat cell structure in X/C, where
the gemerating cofibrations are the set of maps that project to generating cofibrations in C.

» Example 27. In the category of compactly generated weak Hausdorff spaces, CW complexes
(see Remark 12) are fat cell complexes equipped with a N-indexed family of sets C,, indexing
the generating n-cells. In this case, the poset P is the disjoint union | |, C), equipped with
the ordering (n,x) < (m,y) iff n < m.

This choice of P enforces that all cells of the same dimension are attached in parallel.

Indeed, each n-cell is thus attached directly to the (n — 1)-skeleton, which is exactly the
cell structure restricted to |(n,z) = {(m,y) | m < n,y € Cy,}. Furthermore, a relative CW
complex is a relative cell structure on the same poset.

» Lemma 28. Finite cell structures (in the sense of Definition 11) induce fat cell structures
(in the sense of Definition 24).

Proof. Consider a finite cell structure of X given by the composition of morphisms f, :
Xp—1 — Xk, where Xo = 0 and X,, = X. This naturally induces a diagram D(k) = X} on
P = the finite linear order on {1,...,n}. Because colim,cp D(z) = D(n) = X, it remains
only to check that D is smooth.

When z > 1, the initial segment |z = {y € P | y < x} has a unique top element x — 1,
and hence the colimit colim, ., D(y) is canonically isomorphic to D(x — 1). Therefore the
canonical map from colim,, D(y) to D(z) is exactly the morphism f, : X,_1 — X, which
is a pushout of a generating cofibration by assumption.

When & = 1, we have | = &, hence the colimit colim,, D(y) is the initial object 0. The
map 0 — X is the unique map f1, which is also a pushout of a generating cofibration. <«

3.2 Fat GAT signatures

We can now generalize from GATs presented by finite cell structures to those presented by
fat, possibly infinite, cell structures.

» Definition 29. A fat GAT signature is a fat cell structure in CwF with respect to Jewe.-

As an illustration of Definition 29, the GAT of R-modules can be presented by a fat cell
structure indexed by the poset partially depicted below with suggestively-named elements:
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A-Ag-z)=Xg-a -

assoc .
nital /\ '\\

Comn"l\ T }T A Ao Azt A
@ - ///

M

That is, we start by declaring a sort M; then, we adjoin a finite poset axiomatizing
addition on the module M. In parallel, we adjoin infinitely many unary operations for scalar
multiplication by A € R. Then, for any three elements \i, A3, \y € R with A\y = A1 )3, we
adjoin an equation relating the scalar multiplication operations of those three elements.
(There are additional operations and laws not pictured above.) Notably, because none of
the scalar multiplication operations reference each other, they can be declared in parallel,
avoiding the need to order them.

The poset above is infinitely wide but finitely tall. For an example with infinite ordinal
height, the sorts of the GAT of semi-simplicial sets (Example 22) can be straightforwardly
indexed by the poset w = {0 < 1 <2 < ---}, where the fat cell structure D : w — CwF sends
n to the CwF with sorts Xg, ..., X,.

These examples demonstrate the two main ways in which fat GAT signatures account for
infinite presentations: by containing “wide” parallel cell attachments, or “tall” sequential cell
attachments. However, fat signatures provide a useful perspective even on finite signatures,
as not every part of a GAT depends on all previous parts.

We have already illustrated this point above in the subposet axiomatizing an additive
monoid on M, in which the 0 and + operations are independent of one another, commutativity
and associativity only reference +, and unitality references both 0 and 4. Indeed, many
type theorists already take care to limit the dependency of theory fragments on one another
when constructing displayed structures; see for instance the construction of the bicategory of
univalent monoidal categories in Figure 1 of Wullaert et al. [53].

» Remark 30. Bezem et al’s [8] definition of finite GAT signatures and their categories of
models (Definition 14) can be generalized to fat (and thus infinite) signatures, by inductively
defining signatures X as extensions over a diagram of smaller signatures, rather than extensions
of a single signature. We then define the corresponding category of models CwFy as a limit,
which by Lemma 17 corresponds to the colimit used in Definition 24.

3.3 k-presentability of GATs

We have been referring to finite cell complexes in CwF as finitely-presented; more generally,
one might say that a k-presented CwF is a fat cell complex in CwF whose shape is a k-
small poset. But does this terminology agree with the category-theoretic terminology of
k-presentable objects in the category CwF?

» Definition 31. Given a regular cardinal k and a cocomplete category C, an object X : C is
k-presentable when the functor hom(X, —) preserves r-filtered colimits.

On the one hand, k-presented CwFs in our sense are indeed k-presentable objects of CwF;
this is because all of the objects in Jcwr are finitely presentable, and x-small colimits of
k-presentable objects are k-presentable.
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However, the converse does not hold, for two reasons. The first is that not every CwF
has a cell structure. One way to see this is to observe that GAT signatures (in both the
usual sense and in our sense) only present contextual CwFs [14] — in which all contexts are of
the form 1- Ay - Ay ... — but not all CwFs are contextual (e.g., C).

» Remark 32. This problem can be “remedied” by adding five more generating cofibrations
to Jewr but the corresponding notion of GAT signature would be highly unusual, as it would
allow declaring not only sort equations but also atomic arities (contexts), arity equations,
atomic substitutions, and substitution equations.

Furthermore, even if a CwF does have a cell structure, being x-presentable in CwF does
not imply it has a k-small cell structure.

» Theorem 33. If a CwF has a fat cell structure and also is a k-presentable object of CwF,
then it is a retract of a k-small cell complez.

Proof. This is an immediate corollary of Makkai et al’s [38] Proposition 4.5 and Theorem
4.11, using the fact that if X is x-presentable and is a rk-directed colimit, then it is a retract
of some object in the colimit. |

In the analogous situation of CW complexes, retracts of a finite CW complex might not
have a finite CW structure. This phenomenon is governed by Wall’s finiteness obstruction [51],
which is zero if and only if a finite CW structure exists on the retract. It remains to characterize
a similar obstruction on categories with families.

4 Fat context extension and ‘J3-CwFs

Constructions on finitely-presented GATs generally carry over to infinitely-presented fat
GATs, in much the same way that finite cell complexes smoothly generalize to fat cell
complexes in homotopy theory. One important exception is the logical framework approach
to GATs (Section 2.4), which limits contexts and thus GAT signatures to be of finite length.?

In this section, we develop a generalization of dependent type theory, or rather of CwkFs,
that supports fat context extension indexed by a well-founded poset, exactly mirroring
the fat signature extensions we developed in Section 3. Our generalized CwFs have other
applications beyond serving as a logical framework for fat GATs, the most straightforward
of which is allowing infinitary (poset-indexed) sorts and operations in GATs themselves.
A simple example is the theory of categories equipped with A-products for a cardinal A,
requiring a product operation with A-many arguments.

Another application is to further develop the theory of GATs to more closely mirror the
theory of essentially algebraic theories. A famous result of category theory is the Gabriel-
Ulmer duality between x-essentially algebraic theories and locally x-presentable categories
for each regular cardinal x [20]. Frey [18] has recently formulated and proved a version of
Gabriel-Ulmer duality for GATs in the case kK = w, and in Section 5 we will use the results
of this section to extend Frey’s duality to larger cardinals.

» Remark 34. Similarly to how infinitely presented GATs can be defined by replacing finite
lists with transfinite ones, it is also possible to develop a theory of infinitary GATs by
transfinite argument lists, a route recently taken by Martinez and Henry [43].

Before defining fat context extension, we warm up by considering three concrete examples.

3 As we will discuss in Section 6, that approach has already been generalized to some infinitary signatures
by Kovécs and Kaposi [35], although we generalize further.
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Parallel extension. In the definition of identity type structures on CwFs, there are several
places where one must consider judgments I', = : A, y : A, p : Ida(z,y) F --- where
I' A type. Formally, the second appearance of A must be weakened, because it takes place
in context I', x : A rather than T.

Suppose instead that we had a primitive notion of extending I' by two types that are both
in context I'. To this end, we define presheaves X : C° — Set and Y : ([ X)°P — Set by

X(T) = Ty(I") x Ty(I')
Y(T, (A4, B)) = Tm(T, A) x Tm(T, B)

We then ask (X,Y) to have the same context extension condition as the conventional one
for (Ty,Tm) in Definition 10, writing I - (A, B) for the representing object. Unfolding,
this amounts to a weakening substitution p : T'- (A, B) — T as well as two variable terms
q1 € Tm(T - (A4, B), Ap) and q2 € Tm(T" - (A, B), Bp). We can then define the desired context
as - (A, A) -Idap(q1,92)-

Sequential extension. If instead we define the presheaves X,Y by

X(T)
Y(T, (4, B))

{(A,B) | AeTy(I'),Be Ty(I'- A)}
{(a,b) | a € Tm(T', A),b € Tm(T', Bla))}

then the context extension condition on (X,Y) asserts that ' - (A, B) is isomorphic to two
successive ordinary context extensions I' - A - B.

DAG-shaped extension. Suppose we wish to extend (z : A) to (z : A, y : B(z), z:
C(z,y), w: D(x)). This is not an instance of (n-ary) parallel extension: we can extend
simultaneously by y : B(z) and w : D(z), but z : C(x,y) must be added “after” y. Nor is
this an instance of (n-ary) sequential extension without inserting weakenings: we can form
the contexts (z : A, y: B(x), z: C(x,y)) and (z : A, w : D(x)), but there is no way to
combine them appropriately. In this case, we define the presheaves X,Y by

B e Ty(I')
X(T)=<(B,C,D)|C e Ty(l'- B)
D e Ty(I")

b e Tm(T, B)
Y(T,(B,C,D)) =< (b,c,d) | c € Tm(T,C[b])
d e Tm(T", D)

Thinking of the original dependency graph as a directed acyclic graph, we see that these
presheaves assign each node in that DAG a type or a term in the appropriate context.

4.1 Categories with 3-families

Let P be a well-founded poset, and let C be a category equipped with presheaves Ty : CP —
Set and Tm : ([ Ty)°P? — Set and a terminal object, but not necessarily context extension.
In order to define the condition of C having P-shaped context extension, we will define the
following mutually by well-founded recursion on P:

The presheaf of P-shaped telescopes Telp : C°P — Set.

The elements of those telescopes Tmsp : ([ Telp)°? — Set.
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Natural restriction maps |, : Fp — F|, from P-shaped telescopes to |z-shaped telescopes
for initial segments Jz = {y € P |y < x}.
The universal property of context extensions I' - A by a telescope A € Telp(T).

Importantly, the presheaf of P-shaped telescopes is only defined when C already admits
la-shaped extensions for all z € P.*

» Definition 35. Given two presheaves X : C°P — Set and Y : ([ X)°P — Set, C admits
context extension along (X,Y) if

A | | V(A Ao)

g A—=T

is a representable presheaf for every T' € C and A € X (I"). The representing object is written
- A. In particular, elements a € Y (I, A) induce substitutions (id,a) from T to T - A.

» Definition 36. A P-shaped pre-telescope is a function A : P — | |xoc Ty(A). It is
well-formed in context I' if for all x € P, its restriction Al, to lx is well-formed in T,
and m (A(x)) =T - A|, writing m for the first projection. A telescope is a well-formed
pre-telescope, and these form a presheaf Telp.

A P-shaped pre-element in context I is a function a : P — | |geqy ) Tm(I', B). It is
a well-formed element of the telescope A € Telp(T') if for all x € P, its restriction al, is a
well-formed element of the telescope Al,, and w1 (a(x)) = A(z)[(id, al,,)] where the latter is
the type A(z) under the substitution T — T - Al,. An element is a well-formed pre-element;
these form a presheaf Tmsp.

We say C admits P-shaped extensions if it admits all context extensions along
(Telp, Tmsp). If C admits P-shaped extension for all P € B, where B is a class of well-
founded posets closed under taking initial segments, then C is a category with B-families.

» Example 37. All categories admit 0-shaped extension (for 0 the empty poset), where
0-shaped extension by the empty function @) is I - ) 2 T"; 1-shaped extension is exactly the
ordinary context extension for CwFs. Therefore, ordinary CwFs are {0, 1}-CwFs.

» Remark 38. If we combine our two-step definition of pre-telescopes and well-formedness
into one step, we obtain a “very dependent” definition [26]: a P-shaped telescope in T is a
dependent function A : (z : P) — Ty(T"- A|,) and an element of A is a dependent function
a: (zr: P)— Tm(T, A(x)[(id,al,)]). A similar observation is mentioned in passing by
Lumsdaine et al. [37].

Definition 36 suggests that there should be a notion of a “PB-GAT signature” which
presents a P-CwF.

» Definition 39. A fat P-GAT signature is a fat cell structure in the category of B-CwFs
and strict morphisms, with respect to

2
J‘]3—CWF = {ng — ng,ng — Tm,T%) — qu}
where Coy is the P-Cwk freely generated by a context, etc.
4" A similar phenomenon appears in the definition of a category equipped with a class of morphisms J

closed under transfinite compositions: the statement of J being closed under a-compositions already
requires J to be closed under S-compositions for 8 < «. The similarity is more apparent in Definition 48.
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As a simple example, we can present (a portion of) the theory of categories by the
following P-GAT signature, where 8 must include the two-element discrete poset 1L 1 and
the five-element zig-zag poset {e < e > e < o > o}.

F C sort

Z g F hom(z,y) sort
— f : hom(z,

/ (.9) Fgof:hom(zx,z)
= hom(y, z)

For an example genuinely requiring an infinite poset, we can consider a homotopy type
theory equipped with a type constructor representing the classifying space B(X,) for a
coherent oo-semigroup X,. That type constructor has an infinite list of types as arguments:

' Xotype T, zo,71: Xo b X1(w0,71) type
'+ B(Xo,Xl, .. ) type

corresponding to the following GAT signature declaration, where ' : Ctz - Ty(T') sort:
XQ : Ty(F), Xl : Ty(F . XQ . Xop), - B B(X07X1, .. ) : Ty(F)

Note that the models of such a type theory are ordinary CwFs equipped with a B-type
structure, including a type former with infinitely many arguments each of which depends on
the previous arguments.® It is the notion of B-type structure itself that cannot be expressed
as an ordinary (finite or fat) GAT signature, which is to say that the classifying category of
this theory is a P-CwF and not a CwF.

4.2 Closure properties and self-description

Some context extensions can be decomposed into multiple context extensions of simpler
shapes. For example, context extension along the poset {® < e} is equivalent to two successive
ordinary context extensions. This phenomenon can be generalized:

» Definition 40. The join P xQ of two posets P,Q is a poset with underlying set P Q,
where p < q and gL p forallpe Pandqe Q, and p<p and ¢ < q' asin P and Q.

The join operation is associative with unit 0. If P and @ are well-founded, then so is
P x Q. Furthermore, the join of two ordinals is given by their ordinal sum.

» Lemma 41. PB-CwF's admit (P * Q)-shaped context extensions for P,Q € B. <
We can also ignore dependencies by inserting weakenings.

» Lemma 42. [f P € P and Q C P is a coarser partial order, then P-CwFs admit Q-shaped
context extensions. |

All P-GATs admitting ordinary (1-shaped) context extension enjoy the self-description
property emphasized by Cartmell [11, 12].

5 The type constructor also needs to take a sequence of proofs that taking S-types over all the indices of
X, except x; : Xo (0 <14 < n) results in a contractible type. This results in a reduced semi-Segal type.
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» Theorem 43 (Self-description). The theory of B-CwFs can be presented by a fat P-GAT
signature whenever 1 € .

Proof. The only subtlety is to verify that we can express the arities of the context extension
I'- A and substitution extension (o, a) operations of P-CwFs, where A and a are the telescope
and element of shape P in Definition 36.

The arity shape of the context extension I' - A is exactly 1 x P, where 1 handles the I'
argument and there is a (P € §3)-shaped family of type arguments depending on I'. We must
check that P-CwFs admit (1 x P)-shaped extension, which follows from Lemma 41.

As for the arity shape of (o, a), each term entry of a depends on a corresponding entry
of A before it, as well as all of the earlier entries of a itself. The arity is therefore indexed
by a partial order on the underlying set P x {type,term} where (z,term) > (z,type) and
(z,7) > (y,j) whenever © >p y, i.e., the product poset P x {e < e}. To see that PB-CwFs
admit (P x {e < e})-shaped extension, we note that P x {e < e} is a coarser partial order
than P P, and the result follows by Lemmas 41 and 42. <

We can thus extend the logical framework approach of Kaposi et al. [31] to PB-GATs by
using fat context extension to represent fat signature extension, as promised.

» Definition 44. Let P C R be two classes of well-founded posets closed under taking initial
segments. A ToSy si-algebra is a ToS-algebra (Definition 18) where the underlying CwF is
replaced by an R-CwkF, and the II-type constructor is replaced by

T'-AF Btype
I'-1I(A, B) type

with the additional condition that A is a P-shaped telescope (for P € ) in which every entry
A(x) is of the form FEl(a).

» Theorem 45. Let P C R be two classes of well-founded posets closed under taking initial
segments, and P € R. There is a bijection between P-shaped context extensions of the empty
context in the initial ToSy m-algebra, and fat cell complexes of shape P in P-CwF.

Proof sketch. As discussed in Section 2.4, types of the initial ToSq s;-algebra have the form
II(Ay,II(Az - - - TI(A,, D))), where A; are diagrams of sorts, and D is one of Sort, El(a), or
Eq,(p,q). These can be interpreted as the three kinds of declarations A; - Ay - +--- A, = D
of fat PB-GAT signatures. Thus P-shaped context extensions of 1 correspond to P-shaped
diagrams of these declarations, and hence to fat cell complexes of shape P in B-CwF. <«

4.3 (a, A)-generalized algebraic theories

In Section 3.3, we discussed the size of fat GAT signatures as measured by the cardinality of
the indexing poset. It is also fruitful to discuss the magnitude of the posets P € *J indexing
the context extensions of a PB-CwF, both in terms of their size A = |P| as measured by a
cardinal, and their rank o = rk P as measured by an ordinal.

Recall that the ordinal rank rk P of a well-founded poset P measures its “depth,” and
is defined recursively by rk P = sup,cprk(lx). We can then define the class of a-deep
A-small posets as those posets P with tk P < o and |P| < \.6

6 This notion appears formally similar to Barton’s [7] notion of p-small A-presentable categories, where
1 > X, but there does not seem to be any direct connection.
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» Definition 46. A (a, \)-CwF is a P-CwF with P taken to be the class of a-deep A-small
posets. We write A = oo to remove the size constraint, and further write A-CwF to mean
(A, A)-CwFs, where we identify a cardinal with the smallest ordinal with the given size.

We will need the notion of A-CwF in our statement of Gabriel-Ulmer duality in Section 5.
First, however, we can use Definition 46 to demonstrate that the notion of P-CwF is different
for different classes B. Specifically, we sketch an example of an (a, A)-CwF that does not
admit an (o, \')-CwF structure for all larger o', .

Consider the category of presheaves over the ordinal k, considered as a poset. This can
be equivalently described as the category of well-founded forests of height . If a node has
more than one branch, then we say it is a branching node. Since the branching nodes form a
subset of a well-founded poset, we can consider the induced well-founded poset on them, and
we define the branching depth of a forest as the rank of the poset of branching nodes.

Let Fi; o,x be the category of forests of height &, less than A nodes, and branching depth
< a. We define presheaves (Ty, Tm) over F¢%, x, where Ty(T') is the set of nodes of T.
Intuitively, we want the extension of T" by v to attach a new leaf node on T" at v. Hence, we
define Tm(T, v) to be the set of immediate children of v.

By well-founded induction we can verify that when x > X is inaccessible, Fch » is a
(o, A\)-CwF, but it cannot be made into a (a/, \')-CwF if o/ > a x w or X > .

5 Gabriel-Ulmer duality for J3-clans

The Gabriel-Ulmer duality [20] is a dual equivalence between the bicategories of small
categories with k-small limits and locally x-presentable categories. In this context, one
understands objects of the former bicategory as essentially algebraic theories with x-ary
operations, and the forward direction of the equivalence as sending each theory to its category
of Set-valued models. In the backward direction, one can recover a theory by dualizing the
subcategory of models presentable by less than x many generators and relations.

Frey [18] has recently proven an analogue of this result for generalized algebraic theories,
strictly generalizing the classical finitary Gabriel-Ulmer duality. Because GATs carry strictly
more information than essentially algebraic theories — namely, the sort dependency structure
— Frey observes that the semantic side of the duality must be correspondingly augmented.

In this section, we observe that Frey’s results carry over to our A-generalized algebraic
theories, thereby generalizing the classical A-ary Gabriel-Ulmer duality. As the proofs are
essentially identical, we will only point out the most interesting modifications.

Frey [18] represents GATSs not as CwFs but as clans, a more categorical notion of model
that removes all the data not invariant under equivalence from CwFs and contextual categories,
as this data cannot be detected in the category of models.

» Definition 47 (Joyal [30, Definition 1.1.1]). A clan is a category C equipped with a terminal
object 1 and a class of maps F called display maps, such that:
The pullback of a display map along any morphism exists, and is again a display map.
The class of display maps is replete (i.e., closed under composition with isomorphisms)
and closed under identity and composition.
The maps A — 1 are all display maps.

We can canonically equip any CwF with the class of display maps given by finite
compositions of maps of the form I'- A — T, taken up to isomorphism. In order to generalize
Frey’s result, we must first generalize the notion of clan by analogy to Definition 36.
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» Definition 48. Given a well-founded poset P, a category C with all relevant limits, and a
replete class of maps F closed under pullback along all maps, a diagram D : (1x P)°P — C is
cosmooth if for each x € P, the canonical map D(z) — limy<, D(y) is in F.

F admits P-shaped extensions if for every cosmooth diagram D, the canonical map
limgep D(z) — D(L) is in F, where L is the adjoined bottom element of 1% P. Given a class
of well-founded posets P closed under initial segments, a P-clan is a clan whose display
maps admit P-shaped extensions for all P € B. We then define (a, X)-clans and A-clans as
in Definition 46.

» Remark 49. The adjoining of a bottom element in Definition 48 is equivalent to asking
for the diagrams to be valued in slice categories, i.e., D : PP — C,4; the latter formulation
more clearly dualizes Definition 26.

Note that a A-clan is the same as a clan whose display maps are closed under transfinite
compositions < A. We now directly generalize Frey’s (F, F')-categories and clan-algebraic
categories [18] by replacing filtered colimits with A-filtered colimits, and compact (i.e.,
finitely-presentable) objects with A-presentable objects, etc.

» Definition 50. A \-(E, F')-category is a locally \-presentable category L equipped with a
weak factorization system (E,F). A morphism of A\-(E, F)-categories is a functor that
preserves small limits, A-filtered colimits, and the class of F-morphisms.

» Definition 51. A \-(E, F)-category L is \-clan-algebraic if:
The full subcategory inclusion of A-presentable objects is dense.
The weak factorization system (E,F) is cofibrantly generated by the morphisms in E
between A-presentable objects.
Equivalence relations in L with components in F are effective, and their quotient maps
are in F.

Frey’s proof of the duality [18] now generalizes without issue.

» Theorem 52 (Gabriel-Ulmer duality). For each regular cardinal A, there is a dual equivalence
between the 2-categories of Cauchy-complete \-clans, and A-clan-algebraic categories. <

6 Related and future work

The most closely related work to ours is that of Bezem et al. [8] and Kaposi et al. [31], which
we have already discussed at length. Both only handle finite GAT signatures, although the
ideas we have sketched in Remark 30 and Theorem 45 suggest how their results can be
extended to infinitary and fat signatures.

Kovécs and Kaposi [35] have already provided an alternative method of generalizing the
approach of Kaposi et al. [31] to infinitary signatures. Their signatures are infinitary both
externally and internally, in the sense that there may be a family of inductive constructors,
or a family of arguments to a single constructor, that are parametrized by an internal type
or external set. However, the items in these infinite families cannot depend on each other, so
the situation is roughly analogous to using w-deep posets in our work, allowing arbitrary
parallel extension but not infinitely deep dependencies as needed e.g. in Example 22.

Initial models. Like Bezem et al. [8], we have emphasized the definition of (fat) GAT

signatures ¥ and the construction of classifying (J3-)CwFs, from which — for both finite and
k-small signatures — we can read off the notion of set-valued model of ¥..” One might further

7 In other words, large language models are just functors out of large language classifying categories.
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ask whether the category of set-valued models of ¥ has an initial object. The answer is yes.
If all P € B are k-small, then for every B-GAT there is a k-ary essentially algebraic theory
with the same category of set-valued models. This category is locally k-presentable by the
standard Gabriel-Ulmer duality, and thus contains an initial object.

Contextual categories. We have only considered CwFs and clans thus far, but there are
many other semantic frameworks for dependent sorts; see Ahrens et al. [3] for a survey. We
will briefly discuss how our ideas apply to contextual categories [11] or C-systems [52], as
these are particularly intimately connected with GATs.

In short, a contextual category is like a CwF whose contexts are equipped with a canonical
decomposition 1- Ag - Ay - --- into a finite sequence of extensions of the empty context.
We can define (finite or fat) cell structures in the 1-category CC of contextual categories
completely analogously to our definitions on CwF, using the following contextual categories:

0 is the free (initial) contextual category.

S,, is the contextual category freely generated by 1+ Ag sort and 1- Ay + A; sort, etc.,

through 1-Ag----- A,_1+ B sort.

S,(f) is the contextual category freely generated as in S,, but with two sorts B, C in the

last context 1-Ag----- A1,

T,, and TS’ are the contextual categories freely generated as in S,, but with one or two

operations in the sort B.

If we equip CC with the following set of generating cofibrations and consider transfinite
cell complexes in CC, we exactly recover the notion of GAT considered by Cartmell [11].

Jec={0—=S}U{S, = 8,41,8, = T, |neNU{S® 58, T® 5T, |neN}

Note that the issues in Section 3.3 disappear for contextual categories, because contexts
and substitutions cannot be atomic, and we are allowed to freely impose both type and term
equations. In fact, Jcc generates the class of all morphisms as cofibrations.

Weak factorization systems. In homotopy theory, cell structures play an important role
in the construction of cofibrantly-generated weak factorization systems. Frey [18] defines a
weak factorization system on the category of models of any GAT by declaring as generating
cofibrations (which he calls extensions) all morphisms X — X’ where X’ freely adjoins to
X an element of some sort. Because the theories of CwFs and contextual categories are
generalized algebraic, Frey’s construction also induces weak factorization systems on CwF
and CC which are generated by a superset of the morphisms in Jewr and Jec, depending on
how their theories are presented.?

Isaev [29] and Kapulkin and Lumsdaine [33] have also defined weak factorization systems
on various categories of models of type theories with identity types and other connectives such
as II-, ¥-, and unit types, in which the generating cofibrations adjoin new types and terms
to a model of type theory; Nguyen and Uemura [44] have defined an analogous construction
on oo-categories equipped with weak equivalences and cofibrations. Their perspective differs
from ours and Frey’s in that they consider these categories as models of type theory rather
than GATs. That said, if we consider the theory of contextual categories with identity types
and other connectives, Frey’s construction agrees with the cofibration—trivial fibration weak
factorization systems of Isaev and Kapulkin and Lumsdaine.

8 In particular, the weak factorization system on CwF may include some of the optional maps in Remark 32.
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Reedy types. Definitions 24, 36, and 48 resemble constructions in the theory of Reedy
(co)fibrations [46]. Recall that a well-founded poset P can be regarded as a Reedy category
with only degree lowering maps. Given a model category C, a Reedy cofibrant object of C* is
exactly a J-smooth diagram P — C where J is the class of all cofibrations. Dually, a Reedy
fibrant diagram P°P — C is exactly a J-cosmooth diagram.

In the type-theoretic literature, specifically in Section 11 of Shulman [47] and the setup of
categories with attributes of Kapulkin and Lumsdaine [33, 34], a Reedy type over a poset P°P
is strikingly similar to our notion of P-shaped telescope. The precise relationship between
Reedy model structures and the fat small object argument is not clear to us, but that same
relationship should hold between Reedy types over the poset P°P and our B-CwkFs.

6.1 Stratified GATs

Many earlier works have identified connections between dependent sorts and cell structures,
but in a more restricted form than developed in this paper. Let us say that a GAT signature is
stratified if all of its sorts are declared before any of its operations or equations. Many common
GATs such as categories, CwFs, and contextual categories easily satisfy this requirement. A
minimal example of a non-stratified GAT signature is the following;:

F A sort
x: AF B(x) sort
x:AF f(x): A
x: A, y:B(f(z)) F C(x,y) sort

Prior to adding operations, the indices of all dependent sorts must be variables, making
it relatively easy to characterize the combinatorial structure of sorts. Suppose we have a fat
GAT presentation of shape P containing only sort declarations. We can define a category
P as follows. P has the same objects as P; recalling that each element p € P adjoins a
sort S,(Y), we add an arrow g; — p for each variable y; : Sy, (2). Note that composition
is well-defined because all the variables Z must be variables in . We further add identity
arrows to complete the definition of P.

It is clear that P is a direct category (i.e., has no infinitely descending chain of non-identity
arrows) and the poset quotient of P is P, unless P has spurious dependencies, but these
can be removed without loss of generality. For stratified GAT signatures, applying this
construction to the sort fragment of the signature completely determines the sort fragment
of the GAT itself. Up to minor technical differences, this construction reproduces the DS
vocabulary of FOLDS [39] and the diagram signatures of Ahrens et al. [4]. For example, the
theory of categories has the subdiagram of sorts described by e = e, because the sort of
arrows depends on two variables of the sort of objects; this is closely related to the well-known
fact that Cat is monadic over Psh(e = o).

Subramaniam [48] defines dependently-sorted algebraic theories, which are GATs with
the stronger stratification condition that sorts come before operations and operations come
before equations; in his Theorem 1.4.26, he proves that these theories are equivalent to
finitary monads over the presheaf category on the diagram of sorts.

Garner [21] studies the combinatorial structure of dependency, exhibiting CC as a category
of algebras over a monad on the presheaf category over the diagram

0¢ 1y 24
|
0 1 2

58:23

LICS 2026



58:24

Fat Cell Structures and Generalized Algebraic Theories

where given a presheaf P, the set P(n) is given by the sorts depending on n variables, and
P(ny) is the set of operations with n arguments. Noticing that this is exactly the diagram of
sorts of CC, we see that this monadicity result is a special case of the subsequent results of
Subramaniam [48], although Garner additionally investigates cases where structural rules
such as contraction are removed.

6.2 Future work

Direct categories. Direct categories are a categorification of well-founded partial orders
that appear often in the literature on dependent sorts, as discussed in Section 6.1. A natural
question is whether our results generalize from posets to direct categories, e.g. by changing
lx to the slice category P/, with the terminal object id, removed; it is unclear whether our
results continue to hold. We remark that unpublished work of Frey [17] proposes generalizing
the shape of contexts to (locally) direct categories, giving the same example of the poset
{® < > e < e > e} serving as the arity of composition in the theory of categories.

Second-order generalized algebraic theories. Uemura [50] has developed SOGATS, a
generalization of GATSs suitable for defining the models of a large class of type theories [32],
along with a notion of category with representable maps (CwR) analogous to CwFs, and
a logical framework for compactly specifying CwRs. Our work can be adapted to regard
SOGAT presentations as cell structures.

Refining Gabriel-Ulmer duality. Our version of Gabriel-Ulmer duality only applies to
A-clans, not (a, A)-clans in general, because Frey’s [18] proof does not straightforwardly
generalize to arbitrary classes of posets, or even the a-deep A-small posets where o £ .
The main obstacle is that k-filtered colimits commute with k-small limits in Set, whereas
an arbitrary class of colimits does not necessarily enjoy any analogous property. This can
potentially be solved by considering the notion of sound doctrines [1].

Fat theory combinators. Our fat GAT signatures and P-CwFs allow extending signatures
and contexts by telescopes of external poset shape, but for the purpose of building complex
dependent structures within dependent type theory — as discussed in Section 3.2 — it would
be preferable to have a syntax with internal operations for creating and manipulating poset-
shaped telescopes. One possible avenue is to consider fat versions of Carette et al’s theory
combinators [9], which are essentially ways of building telescopes.
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