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Abstract
We consider multi-dimensional payoff functions in partially observable Markov decision processes.
We study the structure of the set of expected payoff vectors of all strategies (policies) and study
what kind are needed to achieve a given expected payoff vector. In general, pure strategies (i.e., not
resorting to randomisation) do not suffice for this problem.

We prove that for any payoff function for which the expectation is well-defined under all strategies,
it is sufficient to mix (i.e., randomly select a pure strategy at the start of a play and committing to it
for the rest of the play) finitely many pure strategies to approximate any expected payoff vector up
to any precision. Furthermore, for any payoff function for which the expected payoff is finite under
all strategies, any expected payoff vector can be obtained exactly by mixing finitely many strategies.
These results are already novel in the context of (perfect information) Markov decision processes.
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1 Introduction

The model. Markov decision processes (MDPs) are a classical framework for decision
making in uncertain environments. MDPs are notably used in the fields of formal methods
(e.g., [3, 33]) and reinforcement learning (e.g., [58]). An MDP models the interaction of a
controllable system with a stochastic environment: at each step of the process, the system
selects an action and the state of the process is updated following a probability distribution
that depends only on the current state and chosen action. This interaction goes on forever
and yields a play (i.e., an execution) of the process. The quality of a play is quantified by a
payoff function, which assigns a numeric value to all plays. The goal is then to compute an
optimal strategy (policy), i.e., a decision-making procedure for the system that maximises
the expected payoff. Such a strategy constitutes a formal blueprint for a controller of the
modelled system [51].
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68:2 On the Structure of Payoff Sets in Multi-Objective POMDPs

Imperfect information. In an MDP, the system is perfectly informed of the current state
in each step. Partially observable MDPs (POMDPs, e.g. [41]) generalise MDPs by relaxing
this assumption. In a POMDP, the system perceives an observation at each step from the
current state, which may be shared with other states, and strategies must make decisions
based only on observations. POMDPs are harder to analyse than MDPs in general [21].

Multi-objective (PO)MDPs. More complex specifications, such as simultaneous constraints
on the response time and energy consumption of a system, are usually modelled using
multi-dimensional payoff functions. In this setting, some expected payoff vectors may be
incomparable; an analysis of trade-offs between the different dimensions may be necessary.

The goal is generally to determine, given a vector, whether it is achievable, i.e., whether
there exists a strategy whose expected payoff is greater than or equal to the vector in
all components (e.g., [32, 23, 53]). A related problem is to compute or approximate the
Pareto curve of the set of expected payoffs, i.e., the expected payoffs that are Pareto-
optimal (e.g., [35, 56, 26, 50, 54]). Intuitively, an expected payoff is Pareto-optimal if there
is no strategy whose expected payoff is as good on all dimensions and strictly better on
one dimension. Alternatively, one can look for strategies with expected payoffs that are
optimal for the lexicographic order over vectors (e.g., [59, 38, 25, 16]). For instance, in a
two-dimensional setting, this equates to finding strategies that maximise the expected payoff
on the second dimension among the strategies that maximise the expected payoff on the first
dimension.

Strategy complexity. For controller design, simpler strategies, i.e., using limited memory
and randomisation, are often deemed preferable, notably for their explainability. In MDPs,
for many classical (one-dimensional) specifications, there exist optimal strategies that use
no memory and no randomisation. For instance, such strategies suffice to maximise the
probability of a parity objective [24] or the expectation of a mean [6] or discounted-sum
payoff [57]. For one-dimensional specifications in POMDPs, memory is usually necessary to
play optimally while randomisation is not [20].

In contrast to the one-dimensional case, Pareto-optimal strategies in multi-objective
MDPs and POMDPs may require both memory and randomisation (see, e.g., [53, 12]). For
this reason, a major problem is understanding what are the simplest relevant strategies, e.g.,
whether randomisation is necessary, or what is the minimum amount of memory required
for the application at hand. A related approach consists in directly searching for simple
strategies that satisfy the desired constraints (e.g., [30]).

There is an extensive body of work aimed at understanding memory requirements for
strategies in various game-based models. These works provide sufficient conditions on payoffs
for which memoryless or finite-memory strategies suffice, or even complete characterisations
of such payoffs. For instance, see [44, 7, 10, 18] for games on deterministic graphs, [9, 37]
for stochastic games and [36] for MDPs. Most of these works focus on pure strategies (i.e.,
strategies not resorting to randomisation).

In this work, our focus is on randomisation requirements in countable-state multi-objective
POMDPs. Instead of identifying bounds on memory, we study whether we can achieve vectors
while using strategies with limited randomisation power. In general, it is not possible to
jointly minimise memory and randomisation requirements: there can be a trade-off between
memory and randomisation, even in the one-dimensional case [19, 39, 28, 48].



J. C. A. Main and M. Randour 68:3

bike | 30 1

train | 5

1
4

train | 5

1

home

ride

work

3
4

meeting | 11

(a) Transitions are labelled by actions and probab-
ilities. Weights represent the time taken by each
action. The target is doubly circled.

P(SPathwork ≤ 40)

E(SPathwork)

25

26

27

28

29

30

0.5 0.6 0.7 0.8 0.9 1

σtrain

σbike

σ1t+b

σ2t+bσ3t+b

σ4t+b
σ5t+b

σmix

(b) A set of expected payoffs. The probability of
reaching work before 40 time units is given on the
first dimension. The other dimension represents
the expected time to reach work.

Figure 1.1 An MDP with two payoffs and its associated set of expected payoffs.

Randomised strategies. A strategy that does not use randomisation is called pure. Formally,
a pure strategy is a function that assigns actions to histories (i.e., sequences of observations).
Randomised strategies can be defined in two ways. On the one hand, a behavioural strategy is
a function that assigns distributions over actions to histories. In other words, when following
a behavioural strategy, the random choices of actions are made at each step of the process.
On the other hand, a mixed strategy is a distribution over the set of pure strategies. When
playing according to a mixed strategy, a pure strategy is randomly chosen at the start of the
process and is followed for the entire play.

In POMDPs, behavioural and mixed strategies are equivalent whenever actions are
observable; any strategy from one class can be emulated by a strategy of the other. This
result is known as Kuhn’s theorem [43, 2]. We note that distributions over behavioural
strategies are no more general than mixed and behavioural strategies [5].

When limiting ourselves to finite-memory strategies, the natural analogues of mixed
strategies are strictly weaker than the analogues of behavioural strategies [45]. In fact,
the emulation of a behavioural strategy that flips a coin at each round requires a mixed
strategy that randomises over uncountably many pure strategies, infinitely many of which
require infinite memory to account for all patterns. It follows that mixed strategies with
a finite support, i.e., that mix finitely many pure strategies, are a strict sub-class of the
set of randomised strategies (regardless of memory). Arguably, this is one of the simplest
ways of integrating randomness in strategies. Considering such strategies instead of general
(behavioural) strategies amounts to limiting the randomisation power of strategies.

A simple example. For the sake of illustration, let us consider the MDP depicted in
Fig. 1.1a. This MDP models a situation where a person wants to go to work. They must
choose between riding their bicycle or taking the train. However, the train may be delayed
with high probability due to an ongoing strike. The goal of the commuter is twofold: maximise
the likelihood of reaching work within 40 time units (to reach work on time) and do so as
fast as possible on average.

We illustrate the set of expected payoffs for this situation in Fig. 1.1b. We label expected
payoffs with their corresponding strategies. On the one hand, σtrain and σbike denote the pure
strategies that always choose the action in the subscript. On the other hand, we denote by
σℓt+b the strategy that attempts to take the train ℓ times before choosing the bicycle.
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68:4 On the Structure of Payoff Sets in Multi-Objective POMDPs

This simple example highlights the need for randomisation and memory in multi-objective
MDPs and POMDPs. When limited to pure strategies, for instance, it is not possible to reach
work on time with probability exceeding 90% while guaranteeing an expected commute time
lower than 27: any pure strategy whose payoff is not represented will reach work on time with
a smaller probability than σtrain, and thus will not be satisfactory. However, as suggested by
the point labelled by σmix on the illustration, these constraints can be satisfied by mixing
σtrain with σ2t+b. In fact, here, all expected payoffs can be obtained by finite-support mixed
strategies. We explain below how this property generalises. We remark however that, in
general, the set of expected payoffs need not be a polytope like in this example, even in a
finite MDP (e.g., see Ex. 8).

Our contributions. We study the structure of sets of expected payoffs in countable-state
multi-objective POMDPs, focusing on the relationship between what can be obtained with
pure and with randomised strategies. Our goal is to provide general results, i.e., that apply
to a broad class of payoffs. We only consider universally unambiguously integrable payoffs
(Sect. 3), i.e., payoffs that have a well-defined (possibly infinite) expectation no matter the
strategy, a natural requirement when aiming to reason about expectations. We obtain finer
results for universally integrable payoffs, i.e., payoffs whose expectation is finite under all
strategies. Our results are already novel for MDPs (with perfect information). We also
show that our results for universally integrable payoffs cannot be extended to universally
unambiguously integrable payoffs already in finite MDPs.

First, we prove that for universally integrable (multi-dimensional) payoffs, for all strategies,
there exists a pure strategy with a greater or equal expected payoff in the lexicographic sense
(Thm. 4).

This first result serves as a building block to one of our main results: any expected
payoff vector of a universally integrable (multi-dimensional) payoff is a convex combination
of expected payoffs of pure strategies (Thm. 7). From a strategic perspective, this means
that in multi-objective POMDPs, finite-support mixed strategies suffice to exactly obtain any
(Pareto-optimal) expected payoff vector. As a corollary, we obtain that any extreme point of
a set of expected payoffs of a universally integrable payoff can be obtained by a pure strategy
(Cor. 11). These results generalise known properties for classical combinations of objectives
for which the set of expected payoffs is a convex polytope (e.g., combinations of ω-regular
specifications [32] and universally integrable total-reward payoffs [35]). While none of the
previous properties generalise to the whole class of universally unambiguously integrable
payoffs (Ex. 6 and 13), we prove that, for such payoffs, convex combinations of expected
payoffs of pure strategies can be used to approximate any expected payoff (Thm. 14).

In both cases, we can bound the number of strategies that are mixed depending on the
number of dimensions d. Depending on the setting, we can match or approximate expected
payoffs by mixing no more than d + 1 strategies (Thm. 15).

We also provide a sufficient condition to guarantee that the set of expected payoffs is
closed. We show that these sets are closed in finite POMDPs for continuous universally
square integrable payoffs, which include real-valued continuous payoffs (Thm. 22).

To prove our results, we borrow techniques from several fields. We mainly rely on topology,
properties of convex sets (separating and supporting hyperplanes) and the theory of the
Lebesgue integral. We assume familiarity with basic properties of the Lebesgue integral. We
recall most other required notions in the appendix of the full version of this paper [46].
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Applicability. The class of universally integrable payoffs is large: it contains most classical
payoffs. Indeed, all bounded payoffs are de facto in this class. For example, all indicators
of objectives are in it. This means that all settings where one considers the probabilities
of sets of plays (i.e., either an inherently qualitative objective or one arising from fixing a
threshold for a quantitative payoff) are in it, for any definition of such sets of plays. Classical
examples include ω-regular objectives [32], window objectives [11] or percentiles queries [53].
Bounded payoffs also encompass discounted-sum [57] and mean-payoff [15, 26] functions.
Heterogeneous combinations, such as, e.g., combinations of energy and mean-payoff [14] also
fit under this umbrella.

Payoffs that are completely out of the scope of our results – i.e., not even universally
unambiguously integrable – include total payoff [33], average-energy [8] and shortest path [53],
all with both positive and negative weights: the expectation is ill-defined when plays of
positive and negative infinite payoffs both occur with positive probability. Let us focus on
shortest-path objectives. When only non-negative weights are used, a classical restriction [53],
the associated payoff is universally unambiguously integrable (but not universally integrable
as plays of infinite payoffs may exist). Finally, when the state and action spaces are finite
and targets are almost-surely visited (as in the above example), the payoff is continuous and
universally square integrable [46, Appendix D].

Our results imply that it is sufficient to mix a small number of pure strategies – at most
one more strategy than the number of payoffs – to obtain or approximate any expected
payoff in multi-objective POMDPs with universally unambiguously integrable payoffs. The
complexity of these mixed strategies depends on the considered setting and payoffs. On the
one hand, for many classical payoffs that are at least universally unambiguously integrable
in finite MDPs, extreme points of the set of expected payoffs can be obtained via pure
finite-memory strategies (e.g., ω-regular objectives [32] or mean-payoff [15]). It follows that
for these objectives, mixing over few pure finite-memory strategies is sufficient to fulfil any
achievability requirement. In other words, one of the least expressive models of randomised
finite-memory strategies (see the classification of [45]) suffices. On the other hand, in
countable MDPs and (finite) POMDPs, infinite memory may be required to play optimally
already for classical one-dimensional objectives (e.g., for ω-regular objectives, see [42] for
countable MDPs and [17, 4] for finite POMDPs). It follows that complex strategies are
needed in the multi-objective setting in general.

Our results also highlight the role of randomisation in strategies for multi-objective
POMDPs: it is needed only to balance the payoffs on different dimensions in many cases. We
note that randomisation can nonetheless be used to reduce strategy complexity in another
way that is orthogonal to this work: it can contribute to reducing memory requirements for
certain objectives (e.g., [19, 28, 26]).

Related work. We provide a few references, in addition to the main references cited
previously. In our proof of Thm. 7, we invoke the hyperplane separation theorem. This
theorem also plays a role in approximation schemes of the set of achievable vectors: see,
e.g., [35, 50]; a unifying approach is presented in [49].

Specifications with multiple objectives have also been considered in two-player (non-
stochastic) games on graphs (e.g., [34, 28]) and two-player stochastic games (e.g., [29, 1]).
Closely related to multi-objective specifications are approaches that provide guarantees
simultaneously in the worst case and the expected case [13, 27] or expectation optimisation
of a payoff among strategies that satisfy some constraint of the expectation of another
payoff (e.g., constrained POMDPs [40]) or among strategies that satisfy some probabilistic
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68:6 On the Structure of Payoff Sets in Multi-Objective POMDPs

constraint [22]. In [40, 22], the payoffs to be optimised payoffs are discounted-sum payoffs;
our results imply that in these settings, if there exists an optimal strategy, there exists one
that is obtained by mixing finitely many pure strategies.

Regarding randomisation in strategies, [20] studies when randomisation is helpful in
strategies or in transitions of games. In particular, the authors show that if there exists an
optimal strategy to maximise the probability of an event in a POMDP, then there exists a
pure optimal strategy. This property is generalised by our result on lexicographic optimisation
in POMDPs.

Outline. Due to space constraints, we only provide an overview of our results. Complete
proofs can be found in the full version of this paper [46] Sect. 2 introduces notation and
preliminary notions. We introduce payoff functions in Sect. 3 and establish relationships
between expected payoffs of general strategies and expected payoffs of pure strategies. We
study randomisation requirements for lexicographic optimisation in multi-objective POMDPs
in Sect. 4. Sect. 5 presents our results regarding expected payoff sets and achievable sets.
We study continuous payoff functions in Sect. 6. We conclude in Sect. 7.

2 Preliminaries

Notation. Let A′ ⊆ A and B′ ⊆ B be sets and f : A → B be a function. We let
1A′ : A → {0, 1} denote the indicator function of A′. We let Im(f) denote the image of f .
We let f−1(B′) = {a ∈ A | f(a) ∈ B′} denote the inverse image of B′ by f . For any b ∈ B,
we write f−1(b) for f−1({b}). We let |A| denote the cardinal of A.

We write N and R for the sets of natural and real numbers respectively. We let N>0 =
N \ {0} and R̄ = R ∪ {−∞, +∞}.

Vectors are written in boldface to distinguish them from scalars. Let d ∈ N>0. We let
0d and 1d ∈ Rd be the vectors of Rd where all components are zero and one respectively.
We omit the dimension subscript when the dimension is clear from the context. We usually
denote linear forms (linear functions with co-domain R) by x∗ and y∗. Given D ⊆ Rd, we let
conv(D) denote its convex hull and extr(D) denote its set of extreme points.

Let (X, T ) be a topological space. For all D ⊆ X, we let cl(D) and int(D) denote the
closure and interior of D. The boundary of D ⊆ X is the set bd(D) = cl(D) \ int(D). For
D ⊆ Rd, we let ri(D) denote the relative interior of D (i.e., the interior of D relative to the
smallest affine set in which D is included).

Probability. Let A be a countable set. We write D(A) for the set of distributions over A, i.e.,
the set of functions µ : A → [0, 1] such that

∑
a∈A µ(a) = 1. The support of a distribution

µ ∈ D(A) is supp(µ) = {a ∈ A | µ(a) > 0}.
Given a set B and a sigma-algebra A over B, we denote by D(B, A) the set of probability

distributions over the measurable space (B, A). Let µ ∈ D(B, A) and f : B → R̄ be a
measurable function. We say that f is µ-integrable if it is integrable with respect to µ, i.e.,
if
∫

B
|f |dµ ∈ R. We extend the Lebesgue integral to non-positive functions in the following

way: if f is non-positive, we let
∫

B
fdµ = −

∫
B

−fdµ. If f is non-negative, non-positive or
µ-integrable, we say that

∫
B

fdµ is the µ-integral of f .

Ordering vectors. We consider the component-wise order and the lexicographic order over
R̄d. Let q = (qj)1≤j≤d and p = (pj)1≤j≤d ∈ R̄d. For the component-wise order, we write
q ≤ p if and only if qj ≤ pj for all 1 ≤ j ≤ d. For the lexicographic ordering over R̄d, we
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write q ≤lex p if and only if q = p or qj ≤ pj where j = min{j′ ≤ d | qj′ ̸= pj′}. We write
q <lex p if q ≤lex p and q ̸= p. Given D ⊆ R̄d, we say that q ∈ D is a Pareto-optimal
element of D if it is maximal for the component-wise order.

Partially observable Markov decision processes. Formally, a partially observable Markov
decision process (POMDP) is a tuple P = (S, A, δ, Z, Obs) where S is a countable non-empty
set of states, A is a countable non-empty set of actions, δ : S × A → D(S) is a partial
probabilistic transition function, Z is a countable set of observations and Obs : S → Z is an
observation function. We say that P is finite if S and A are finite. For s ∈ S, we let A(s)
denote the set of actions a ∈ A such that δ(s, a) is defined. If a ∈ A(s), we say that a is
enabled in s. We assume that POMDPs have no deadlocks, i.e., there is an action enabled in
each state. We also require that any two states that share the same observation have the
same enabled actions, i.e., for all s, t ∈ S, Obs(s) = Obs(t) implies A(s) = A(t). We fix a
POMDP P = (S, A, δ, Z, Obs) for the rest of the paper.

A play of P is an infinite sequence π = s0a0s1a1 . . . ∈ (SA)ω such that aℓ ∈ A(sℓ) and
sℓ+1 ∈ supp(δ(sℓ, aℓ)) for all ℓ ∈ N. A history is a finite prefix of a play ending in a state.
Let π = s0a0s1a1 . . . be a play. We write π≤r for the history s0a0s1 . . . ar−1sr. We also use
this notation for prefixes of histories. We denote the suffix srarsr+1ar+1 . . . of π by π≥r. For
any history h = s0a0s1 . . . sr, we let last(h) = sr. We write Plays(P) and Hist(P) for the sets
of plays and histories of P. We extend the observation function Obs to histories as follows:
for all histories h = s0a0s1 . . . sr, we let Obs(h) = Obs(s0)a0Obs(s1) . . . Obs(sr).

A Markov decision process (MDP) is a POMDP in which the observation function is the
identity function. We denote MDPs as tuples M = (S, A, δ), i.e., we drop the observation
space and observation function from the notation.

Behavioural strategies. A strategy (or policy) describes how to select actions based on the
observation history of the ongoing play. A strategy may resort to randomisation. Formally, a
behavioural strategy of P is a function σ : Obs(Hist(P)) → D(A) such that for all h ∈ Hist(P),
supp(σ(Obs(h))) ⊆ A(last(h)). To lighten notation, we abusively write σ(h) for σ(Obs(h)) in
the sequel.

A strategy is pure if it uses no randomisation, i.e., if it maps all observation histories to
Dirac distributions. We view pure strategies as functions σ : Obs(Hist(P)) → A. We let Σ(P)
and Σpure(P) respectively denote the set of all strategies of P and the set of pure strategies
of P.

A play π = s0a0s1 . . . is consistent with a strategy σ if for all ℓ ∈ N, we have aℓ ∈
supp(σ(π≤ℓ)). An outcome of a strategy is any play consistent with the strategy. Consistency
of a history with a strategy is defined similarly.

A cylinder set is a set of continuations of a history; given h = s0a0s1 . . . sr ∈ Hist(P),
we let Cyl(h) = {π ∈ Plays(P) | π≤r = h}. We let AP denote the sigma-algebra generated
by the cylinder sets. The distribution Pσ

s ∈ D(Plays(P), AP) induced by a strategy σ from
s ∈ S is defined in the usual way.

Mixed strategies. There exists an alternative definition of randomised strategies: a mixed
strategy is a distribution over pure strategies. Intuitively, when playing following a mixed
strategy, a pure strategy is selected at random at the start of the process and then the play
proceeds according to this pure strategy. The distribution Pµ

s induced by a mixed strategy µ

from s ∈ S is defined, for all Ω ∈ AP, by

Pµ
s (Ω) =

∫
τ∈Σpure(P)

Pτ
s(Ω)dµ(τ). (2.1)

LICS 2026



68:8 On the Structure of Payoff Sets in Multi-Objective POMDPs

Kuhn’s theorem. From a given initial state, any distribution over plays that can be induced
by a mixed strategy can also be induced by a behavioural strategy and vice versa. This is a
special case of Kuhn’s theorem [2]. Due to the equivalent expressiveness of both strategy
models, mixed and behavioural strategies can be used interchangeably. For the sake of
conciseness, unless otherwise stated, by strategy, we mean a behavioural strategy in the
sequel.

3 Payoffs and multi-objective POMDPs

Payoff functions and objectives. A payoff function (or payoff for short) is a measurable
function f : Plays(P) → R̄; it quantifies the quality of plays. An objective is an element of
AP; it represents a qualitative specification. To each objective Ω, we associate the payoff 1Ω.

Let f be a payoff, σ ∈ Σ(P) be a strategy and s ∈ S be an initial state. The Pσ
s -integral

of f is only formally defined whenever f is non-negative, non-positive or Pσ
s -integrable. If

f is such a payoff, we let Eσ
s (f) =

∫
π∈Plays(P) f(π)dPσ

s (π); Eσ
s (f) is the expected payoff of

the strategy σ from s (for f). We also generalise the notion of expected payoff to a broader
class of payoff functions as follows. Let f+ = max(f, 0) and f− = max(−f, 0) denote the
non-negative and non-positive parts of f . We say that f has an unambiguous Pσ

s -integral if
Eσ

s (f+) ∈ R or Eσ
s (f−) ∈ R. If f has an unambiguous Pσ

s -integral, we abuse notation and let
Eσ

s (f) = Eσ
s (f+) − Eσ

s (f−). We reserve the notation E for the expectation of payoffs, and
use integrals for other probability spaces.

We only consider payoffs for which the expected payoff is (unambiguously) defined for
all strategies from all initial states. We say that f is universally unambiguously integrable
if f has an unambiguous Pσ

s -integral for all σ ∈ Σ(P) and s ∈ S. All non-negative and
non-positive payoffs are universally unambiguously integrable.

Payoffs that are integrable no matter the strategy and initial state are of particular
interest in the sequel. We say that f is universally integrable if it is Pσ

s -integrable for all
σ ∈ Σ(P) and s ∈ S. All bounded functions (e.g., indicators) are universally integrable.

Given a payoff function f , we say that a strategy σ is optimal from a state s ∈ S if for
all strategies τ, we have Eσ

s (f) ≥ Eτ
s(f).

Expectations under mixed strategies. One of our main goals is to show that a simpler
class of randomised strategies, i.e., finite-support mixed strategies, suffices when considering
POMDPs with multiple payoffs. In our proofs, we rely on the following generalisation of
Eq. (2.1).

▶ Lemma 1. Let µ be a mixed strategy, s ∈ S and f be a universally unambiguously
integrable payoff. If infτ Eτ

s(f) ≥ 0 or supτ Eτ
s(f) ≤ 0 or f is Pµ

s -integrable, then the function
Σpure(P) → R̄ : τ 7→ Eτ

s(f) is measurable and

Eµ
s (f) =

∫
τ∈Σpure(P)

Eτ
s(f)dµ(τ).

Proof sketch. Eq. (2.1) implies that the result holds for indicators. We use linearity and the
monotone convergence theorem to generalise the result to linear combinations of indicators,
then non-negative payoffs and finally universally unambiguously integrable payoffs. ◀

Using Lem. 1, we can prove a characterisation of universally integrable payoffs.
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▶ Lemma 2. Let f be a payoff. Let s ∈ S. The following assertions are equivalent.
1. f is Pσ

s -integrable for all σ ∈ Σ(P).
2. We have sup{Eσ

s (|f |) | σ ∈ Σ(P)} ∈ R.
3. We have sup{Eσ

s (|f |) | σ ∈ Σpure(P)} ∈ R.
In particular, f is universally integrable if and only if 2 (resp. 3) holds for all s ∈ S.

Proof sketch. The non-trivial part of the proof is showing that 1 and 3 imply 2. We prove
this by contradiction. Assume that 2 does not hold. Then Lem. 1 implies that there are pure
strategies τ with arbitrarily large Eτ

s(|f |). We can mix such pure strategies to construct a
mixed strategy µ such that Eµ

s (|f |) = +∞. This shows that 1 and 3 do not hold. ◀

Lem. 1 does not apply to all universally unambiguously integrable payoffs f . The following
result, which can be shown using Lem. 2, implies that for all initial states s ∈ S, there
exists a constant α ∈ R (specified below) such that the expectation of f + α from s is
either non-negative for all strategies or non-positive for all strategies, and thus satisfies the
assumptions of Lem. 1.

▶ Lemma 3. Let f be a universally unambiguously integrable payoff. For all s ∈ S,
infσ∈Σ(P) Eσ

s (f) ∈ R or supσ∈Σ(P) Eσ
s (f) ∈ R.

Let s ∈ S. If infσ∈Σ(P) Eσ
s (f) ∈ R, then the expectation of f − infσ∈Σ(P) Eσ

s (f) from s

is non-negative under all strategies. Similarly, if supσ∈Σ(P) Eσ
s (f) ∈ R, the payoff f −

supσ∈Σ(P) Eσ
s (f) has a non-positive expectation from s for all strategies. Shifting payoffs by

a constant is done without loss of generality when concerned with expectations: any result
regarding a payoff f + α can be recovered for f by linearity of the expectation.

Objective and payoff examples. We now present some classical objectives and payoff
functions. First, we define reachability objectives, which require that a set of target states
be visited. Formally, given a target T ⊆ S, we define the reachability objective Reach(T ) as
the set {s0a0s1a1 . . . ∈ Plays(P) | ∃ ℓ ∈ N, sℓ ∈ T}.

We now introduce payoffs that aggregate weights (i.e., costs or rewards) on transitions
along a play. We let w : S × A → R be a weight function. A total-reward payoff outputs the
sum of weights along a play. Formally, we let TReww : Plays(P) → R̄ be defined, for all plays
π = s0a0s1a1 . . ., by lim infr→∞

∑r
ℓ=0 w(sℓ, aℓ).

A shortest-path payoff can be seen as a quantitative variant of reachability and is defined
as the accumulated sum of weights up to the first visit of a set of targets. Formally, given
a target T , we let SPathT

w : Plays(P) → R̄ be defined by, for all plays π = s0a0s1a1 . . .,
SPathT

w(π) = +∞ if π /∈ Reach(T ) and, otherwise, SPathT
w(π) =

∑r−1
ℓ=0 w(sℓ, aℓ) where

r = min{ℓ ∈ N | sℓ ∈ T}. Traditionally, the goal is to minimise the shortest-path payoff (i.e.,
it is a cost function rather than a payoff), hence the infinite payoff whenever the target is
not visited.

All total-reward and shortest-path payoffs we consider in upcoming examples are built
on a non-negative weight function and are thus universally unambiguously integrable.

We now assume that w is bounded in absolute value (and can take both non-negative and
non-positive values). A discounted-sum payoff is defined as an accumulated sum of weights
multiplied by powers of a discount factor in [0, 1[. Formally, given a discount factor λ ∈ [0, 1[,
we let DSumλ

w : Plays(P) → R be the payoff function defined by DSumλ
w(π) =

∑∞
ℓ=0 λℓw(sℓ, aℓ)

for all plays π = s0a0s1a1 . . . ∈ Plays(P). The boundedness of w ensures that DSumλ
w is

well-defined, bounded and thus universally integrable.
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Multiple payoffs. We present terminology and notation for multi-objective POMDPs, i.e.,
POMDPs with multiple payoffs. Let d ∈ N>0. We summarise d payoffs f1, . . . , fd : Plays(P) →
R̄ as a multi-dimensional payoff f̄ : Plays(P) → R̄d, and write f̄ = (fj)1≤j≤d.

Let f̄ = (fj)1≤j≤d and let s ∈ S. We say that f̄ is universally (resp. unambiguously)
integrable whenever fj is universally (resp. unambiguously) integrable for all 1 ≤ j ≤ d. We
now assume that f̄ is universally unambiguously integrable (recall that we focus on such
payoffs). Given Σ ⊆ Σ(P), we let PayΣ

s (f̄) = {Eσ
s (f̄) | σ ∈ Σ} denote the set of expected

payoffs of strategies in Σ from s. We let Pays(f̄) and Paypure
s (f̄) be shorthand for PayΣ(P)

s (f̄)
and PayΣpure(P)

s (f̄) respectively. There can be several Pareto-optimal payoffs in expected
payoff sets.

In multi-objective optimisation, the goal is often to ensure a given threshold on each
dimension. This is formalised by achievable vectors: q ∈ R̄d is achievable (from s) if there
exists σ ∈ Σ(P) such that q ≤ Eσ

s (f̄). For any Σ ⊆ Σ(P), we let AchΣ
s (q) = {q ∈ R̄d | ∃ σ ∈

Σ, q ≤ Eσ
s }. We define Achs(f̄) and Achpure

s (f̄) as above.
Convex combinations (without zero coefficients) of elements of Pays(f̄) are well-defined

(e.g., by Lem. 3) and are themselves in Pays(f̄): the expectation of a convex combination of
mixed strategies is a convex combination of the expectations of these strategies. In light of
this, we (abusively) let conv(Paypure

s (f̄)) denote the set of expected payoffs of mixed strategies
with a finite support. We remark that Pays(f̄) ∩ Rd is convex.

We also consider lexicographic optimisation in POMDPs. A strategy σ is lexicographically
optimal if Eσ

s (f̄) is the lexicographic maximum of Pays(f̄). This notion generalises the notion
of optimal strategies for one-dimensional payoffs.

4 Lexicographic POMDPs

In this section, we consider randomisation requirements for lexicographic optimisation of
multiple payoff functions in POMDPs. We fix a d-dimensional payoff function f̄ = (fj)1≤j≤d.

The following theorem states that randomisation is not useful for universally integrable
payoffs.

▶ Theorem 4. Assume that f̄ is universally integrable. Let σ be a strategy and s ∈ S. There
exists a pure strategy τ such that Eσ

s (f̄) ≤lex Eτ
s(f̄).

Proof sketch. We first prove that the Lebesgue integral is compatible with the lexicographic
order over R̄d: for any two random vectors X = (X1, . . . , Xd) and Y = (Y1, . . . , Yd) of a
probability space (B, A, µ), if X <lex Y almost-surely, then

∫
X dµ <lex

∫
Ydµ. The argument

is as follows. Letting

j⋆ = min{1 ≤ j ≤ d | µ(Xj ̸= Yj) > 0},

we can show that
∫

Xjdµ =
∫

Yjdµ for all 1 ≤ j < j⋆ and, by exploiting the compatibility
of the Lebesgue integral with the order of R̄, that

∫
Xj⋆dµ <

∫
Yj⋆dµ. This shows that∫

X dµ <lex
∫

Ydµ.
We then assume towards a contradiction that there is no suitable pure strategy τ. By

Kuhn’s theorem and Lem. 1, we can write Eσ
s (f̄) as an integral over pure expected payoffs.

The contradiction Eσ
s (f̄) <lex Eσ

s (f̄) follows from the above. ◀

A direct corollary of Thm. 4 is the following.

▶ Corollary 5. Assume that f̄ is universally integrable. For all s ∈ S, if there exists a
lexicographically optimal strategy from s, then there exists a pure lexicographically optimal
strategy.
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Figure 4.1 An MDP with deterministic transitions. The doubly circled state denotes a target for
a reachability objective.

We now show that Thm. 4 does not generalise to all universally unambiguously integrable
payoffs already in one-dimensional finite MDPs.

▶ Example 6. We consider the MDP M depicted in Fig. 4.1. Let w denote the illustrated
weight function. Let f be defined by

f(π) =
{

TReww(π) if π ∈ Reach({t})
0 otherwise.

We show that randomisation is necessary to play (lexicographically) optimally from s.
Since transitions of M are deterministic, Paypure

s (f̄) is the set of payoffs of plays from s.
We introduce notation for these plays: for all r ∈ N, let πr = (sa)rs(bt)ω and let π∞ = (sa)ω.
It follows that Paypure

s (f̄) = {f̄(πr) | r ∈ N ∪ {∞}} = N. There also exists a randomised
strategy whose expected payoff from s is +∞. For each r ∈ N, let τr be a pure strategy whose
outcome from s is πr. The mixed strategy µ such that, for all r ∈ N, µ assigns probability
2−(r+1) to τ2r , satisfies Eµ

s (f̄) =
∑∞

r=0 µ(τ2r ) · f̄(π2r ) = +∞. This shows that randomisation
can be useful when dealing with non-universally-integrable payoffs. ⌟

5 The structure of expected payoff sets

In this section, we study the relationship between the set of expected payoffs of pure strategies
and of general strategies through finite-support mixed strategies. We consider universally
integrable payoffs in Sect. 5.1. We consider the more general universally unambiguously
integrable payoffs in Sect. 5.2. Finally, in Sect. 5.3, we provide bounds on the size of supports
of the finite-support mixed strategies appearing in the results of the previous sections.

We fix a d-dimensional payoff function f̄ = (fj)1≤j≤d.

5.1 Universally integrable payoffs
Throughout this section, we assume that f̄ is universally integrable. Our main result is the
following.

▶ Theorem 7. Assume that f̄ is universally integrable. For all s ∈ S, we have Pays(f̄) =
conv(Paypure

s (f̄)). In other words, the expected payoff of any strategy is also the expected
payoff of a finite-support mixed strategy.

The main tools used in our approach are lexicographic optimisation, and supporting
and separating hyperplanes. Fix s ∈ S. To illustrate the main ideas of our proof, we first
provide a proof sketch with the assumption that Pays(f̄) is a polytope. We comment on the
limitations of this argument and how to generalise it below.

Proof sketch (polytope). Let Cpure = conv(Paypure
s (f̄)). The convexity of Pays(f̄) implies

that Cpure ⊆ Pays(f̄). We thus focus on the other inclusion in the following.
All points of a polytope lie in the relative interior of one of its faces. We reason on the

relative interior of each face individually. Recall that a face of Pays(f̄) is an intersection
Pays(f̄) ∩ V where V is Rd or a supporting hyperplane of Pays(f̄). We fix such a V . We
claim that the face F = V ∩ Pays(f̄) of Pays(f̄) has the same relative interior as V ∩ Cpure.
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s0

s1

s2

s3

c (0, 1)

a (1, 1)

b

(2, 0)

b

(1, 0)

a

(0, 1)

a

(0, 1)

a

(1, 0)

(a) An MDP with deterministic transitions. Pairs
next to actions represent two-dimensional weights.

E(f1)

E(f2)

1

1

(1, 2)

(b) The set of expected payoffs for the MDP of
Fig. 5.1a for the payoff f1 = DSum3/4

w1 and f2 =
DSum1/2

w2 . This set has infinitely many extreme
points close to (1, 2).

Figure 5.1 An MDP with a two-dimensional discounted-sum payoff f̄ such that Pays0 (f̄) is not
a polytope.

A convex set of Rd has the same relative interior as its closure. Therefore, it suffices
to show that F and V ∩ Cpure have the same closure. We proceed by contradiction: if the
closures differ, then it follows from V ∩ Cpure ⊆ F that we must have cl(F ) ⊈ cl(V ∩ Cpure)
and therefore there exists q ∈ F \ cl(V ∩ Cpure). Let σ be a strategy such that q = Eσ

s (f̄).
Let x∗ be a linear form that is zero if V = Rd and, otherwise, that witnesses that V is a
supporting hyperplane of Pays(f̄), i.e., such that x∗(p) = max x∗(Pays(f̄)) for all p ∈ V . In
particular, q ∈ V implies that σ is optimal for x∗ ◦ f̄ from s. Let y∗ be a linear form such
that y∗(q) > y∗(p) for all p ∈ cl(V ∩ Cpure). The existence of such a form is ensured by the
hyperplane separation theorem (e.g., [55, Cor. 11.4.2]). We obtain that for all pure strategies
τ that are optimal for x∗ ◦ f̄ from s, we have Eσ

s (y∗ ◦ f̄) > Eτ
s(y∗ ◦ f̄). It follows that, with

respect to the lexicographic order, σ performs strictly better from s than any pure strategy
for the payoff (x∗, y∗) ◦ f̄ . This contradicts Thm. 4, and ends the argument. ◀

For non-polytope payoff sets, we replace the faces (i.e., points that maximise a linear
form) in the above reasoning with intersections of Pays(f̄) with affine sub-spaces such that
the elements of this intersection lexicographically maximise a linear function over Pays(f̄).
Linear forms may no longer suffice to reason on relative interiors as above: given a point
q ∈ Pays(f̄) in the boundary, there may not exist a hyperplane V supporting Pays(f̄) at q
such that q is in the relative interior of Pays(f̄) ∩ V . We illustrate this below.

▶ Example 8. Consider the MDP depicted in Fig. 5.1a and the two discounted payoff
function f1 = DSum3/4

w1
and f2 = DSum1/2

w2
. We illustrate Pays0(f1, f2) in Fig. 5.1b. Formally,

we can show that Pays0(f1, f2) is

conv
(

{(0, 2), (1, 2)} ∪
{(

1 + 3r

4r−1 , 2 − 1
2r−1

)
| r ∈ N

})
.

We note that Pays0(f1, f2) is not a polytope.
The vector q = (1, 2) is in bd(Pays0(f1, f2)) and the only supporting hyperplane at q is

the line of equation y = 2. Intuitively, any line passing through q at an angle intersects the
interior of Pays0(f1, f2) (see the dotted lines in the figure) and therefore is not a supporting
hyperplane.

We observe that q is the unique element of Pays0(f1, f2) that lexicographically maximises
the linear function L : (x, y) 7→ (y, x) over Pays0(f1, f2). Furthermore, q ∈ ri(Pays0(f1, f2) ∩
L−1(L(q))) = {q}. We can thus adapt the argument used for polytope sets to q by using L

in place of a linear form. ⌟
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The following lemma states that for all q ∈ Pays(f̄), there exists a linear function that
can be used instead of a linear form to generalise the approach used to prove Thm. 7 for
polytopes to general payoff sets.

▶ Lemma 9. Let D ⊆ Rd be convex and let q ∈ D. There exists d′ ≤ d and a linear function
L : Rd → Rd′ such that L(q) is the lexicographic maximum of L(D) and q ∈ ri(D∩L−1(L(q))).

Proof sketch. If q ∈ ri(D), it suffices to let L be the constant zero form. Assume now that
q /∈ ri(D). We repeatedly apply the supporting hyperplane theorem (e.g., [55, Thm. 11.6]) to
define a sequence of linear forms x∗

1, . . . , x∗
j such that q is lexicographically optimal for

Lj : v 7→ (x∗
1(v), . . . , x∗

j (v)).

We stop the induction once q ∈ ri(D ∩ L−1
j (Lj(q))). When this holds, we conclude by letting

L = Lj .
We explain how to guarantee termination of this construction. Assume that Lj has been

constructed (for the base case, let L0 be the constant zero function) and that the termination
condition does not hold. We apply the supporting hyperplane theorem to obtain a form x∗

j+1
defining a hyperplane supporting D ∩ L−1

j (Lj(q)) at q that does not include D ∩ L−1
j (Lj(q)).

It follows that the dimension of the kernel of Lj+1 is one less than that of Lj . If the induction
proceeds for d iterations, then Ld is bijective and the termination condition follows trivially
as L−1

d (Ld(q)) = {q} and singleton sets are equal to their relative interior. ◀

▶ Remark 10. By Lem. 9, for all q ∈ extr(Pays(f̄)), there exists a linear function L that
reaches its lexicographic maximum over Pays(f̄) only at q. This can be used in conjunction
with Thm. 4 to prove that all extreme points of Pays(f̄) can be attained by pure strategies.
We remark however that this is not enough to prove Thm. 7, as payoff sets need not be the
convex hull of their extreme points.

We now generalise the proof sketch of Thm. 7 formally.

Proof of Thm. 7. Let s ∈ S and let Cpure = conv(Paypure
s (f̄)). The inclusion Cpure ⊆ Pays(f̄)

follows from the convexity of Pays(f̄). We focus on the other inclusion.
Let q ∈ Pays(f̄). Let L be a linear function given by Lem. 9 for q and D = Pays(f̄),

i.e., L(q) is the lexicographic maximum of L(Pays(f̄)) and q ∈ ri(Pays(f̄) ∩ V ), where
V = L−1(L(q)).

To prove that q ∈ Cpure, it suffices to show that

ri(Pays(f̄) ∩ V ) = ri(Cpure ∩ V ).

As these sets are convex, it suffices to show that

cl(Pays(f̄) ∩ V ) = cl(Cpure ∩ V ),

as convex subsets of Rd have the same relative interior as their closure [55, Thm. 6.3].
The inclusion Cpure ⊆ Pays(f̄) implies that cl(Cpure ∩ V ) ⊆ cl(Pays(f̄) ∩ V ). To prove

the other inclusion, it suffices to show that Pays(f̄) ∩ V ⊆ cl(Cpure ∩ V ). Assume towards a
contradiction that there exists p ∈ Pays(f̄)∩V \cl(Cpure∩V ), and let σ be a strategy such that
p = Eσ

s (f̄). We observe that p ∈ V implies that σ is lexicographically optimal from s for L◦ f̄ .
We apply the hyperplane separation theorem (e.g., [55, Cor. 11.4.2]) to {p} and cl(Cpure ∩ V )
to obtain a linear form x∗ such that x∗(p) > x∗(p′) for all p′ ∈ Cpure ∩ V . We conclude
that for all pure strategies τ, we have (L, x∗)(p) = Eσ

s ((L, x∗) ◦ f̄) >lex Eτ
s((L, x∗) ◦ f̄), which

contradicts Thm. 4 and ends the proof. ◀
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We now formulate two corollaries of Theorem 7. The first one relates to extreme points
of payoffs sets.

▶ Corollary 11. Assume that f̄ is universally integrable. For all s ∈ S, extr(Pays(f̄)) ⊆
Paypure

s (f̄), i.e., all extreme points of Pays(f̄) are payoffs of pure strategies.

Proof. By Thm. 7, Pays(f̄) = conv(Paypure
s (f̄)). If some extreme point q of conv(Paypure

s (f̄))
were not in Paypure

s (f̄), then q would be a convex combination of other elements of Paypure
s (f̄),

and thus q would not be an extreme point of Pays(f̄). ◀

The second corollary below follows from the convex hull of a compact subset of Rd being
closed.

▶ Corollary 12. Assume that f̄ is universally integrable. For all s ∈ S, if Paypure
s (f̄) is closed,

then Pays(f̄) is compact.

Proof. Let s ∈ S such that Paypure
s (f̄) is closed. By Lem. 2, f̄ is universally integrable if

and only if Paypure
s (f̄) is bounded. It follows that Paypure

s (f̄) is compact. Thm. 7 ensures
that Pays(f̄) = conv(Paypure

s (f̄)), and thus Pays(f̄) is compact (the convex hull of a compact
subset of Rd is compact). ◀

We close this section by observing that Thm. 7 does not generalise to universally unam-
biguously integrable payoffs.

▶ Example 13 (Ex. 6 continued). We consider the MDP M and payoff function f of Ex. 6.
We have shown that Paypure

s (f) = N and that +∞ ∈ Pays(f). It follows that Pays(f) is not
included in conv(Paypure

s (f)) = [0, +∞[. ⌟

5.2 Universally unambiguously integrable payoffs
We now relax the assumption that f̄ is universally integrable and assume that f̄ is universally
unambiguously integrable. We establish an approximation variant of Thm. 7 that states
that finite-support mixed strategies can be used to approximate the payoff of any arbitrary
strategy.

▶ Theorem 14. Assume that f̄ is universally unambiguously integrable. Let s ∈ S. We
have cl(Pays(f̄)) = cl(conv(Paypure

s (f̄))). In particular, for all strategies σ, all ε > 0 and
all M ∈ R, there exist finitely many pure strategies τ1, . . . , τn and α1, . . . , αn ∈ [0, 1] with
α1 + · · · + αn = 1 such that for all 1 ≤ j ≤ d:

if Eσ
s (fj) = +∞, then

∑n
m=1 αmEτm

s (fj) ≥ M ,
if Eσ

s (fj) = −∞, then
∑n

m=1 αmEτm
s (fj) ≤ −M , and,

otherwise, if Eσ
s (fj) ∈ R,

Eσ
s (fj) − ε ≤

n∑
m=1

αmEτm
s (fj) ≤ Eσ

s (fj) + ε.

Proof sketch. Fix s ∈ S, a mixed strategy µ, ε > 0 and M ∈ R. We reason on the integral
formulation of Eµ

s (f̄) from Lem. 1. Even though Lem. 1 is not applicable to all payoffs,
Lem. 3 implies that there exists a vector v such that f̄ +v satisfies the assumptions of Lem. 1.
We can then recover the result for the original payoff using the linearity of the expectation.
We thus assume without loss of generality that Lem. 1 applies to all payoffs f1, . . . , fd.

For all 1 ≤ j ≤ d, we let

Xj : Σpure(P) → R̄ : τ 7→ Eτ
s(fj)
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Figure 5.2 Illustration of the approach used to construct the approximation Y of X adapted to a
function over [0, 1]. We round the blue function down to the closest multiple of 1

4 to obtain the red
function. This yields a linear combination of indicators that is 1

4 -close in all points to the function
in blue.

and X = (X1, . . . , Xd). By Lem. 1, we have Eµ
s (f̄) =

∫
Σpure(P) X dµ. We sketch the proof

when the Xj are (µ-almost-surely) real-valued functions. We comment on the generalisation
later.

The broad idea is as follows. First, we approximate X with a multivariate random variable
Y = (Y1, . . . , Yd) over Σpure(P). We then approximate the integral of Y with a convex
combination

∑n
m=0 αmY(τm) ∈ conv(Im(Y)). Finally, we derive the convex combination∑n

m=0 αmX (τm) from the previous one. The successive approximations above ensure that
the last convex combination respects the claims of the theorem.

We now expand this idea. First, we construct Y such that

X − ε

31 ≤ Y ≤ X + ε

31.

It follows that, for all 1 ≤ j ≤ d,
∫

Σpure(P) Yjdµ is equal to Eµ
s (fj) whenever Eµ

s (fj) ∈
{−∞, +∞} and otherwise is ε

3 -close. Intuitively, for all 1 ≤ j ≤ d, we define Yj by rounding
Xj (up or down) to the closest multiple of 2−k for k ∈ N such that 2−k ≤ ε

3 . In particular, Y
is an infinite linear combination of indicators (see Fig. 5.2). Its integral is thus (informally)
an infinite convex combination of images of Y: there are sequences (βm)m∈N ⊆ [0, 1] and
(τm)m∈N ⊆ Σpure(P) such that

∑∞
m=0 βm = 1 and∫

τ∈Σpure(P)
Ydµ(τ) =

∑
m∈N

βmY(τm).

We derive a sequence (p(n))n∈N in conv(Im(Y(τm))) that converges to
∫

Σpure(P) Ydµ from this
series: we let

p(n) =
n∑

m=0
βmY(τm) +

(
1 −

n∑
m=0

βm

)
Y(τ0)

for all n ∈ N.
Fix n ∈ N large enough such that, for all 1 ≤ j ≤ d, component j of p(n) is ε

3 -close to∫
τ∈Σpure(P) Yjdµ(τ) if it is a real number or greater than M + ε in absolute value otherwise.
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The convex combination

q =
n∑

m=0
βmEτm

s (f̄) +
(

1 −
n∑

m=0
βm

)
Eτ0

s (f̄)

is a satisfactory convex combination with respect to the claim of the theorem. Let 1 ≤ j ≤ d.
If Eµ

s (fj) = +∞, we obtain that qj ≥ M . Similarly, if Eµ
s (fj) = −∞, we obtain that

qj ≤ −M . Otherwise, we have that qj is ε-close to Eµ
s (fj).

We now briefly discuss the case where some Xj is not µ-almost-surely real-valued. For the
sake of illustration, we assume that this only applies to j = d and that Xd ≥ 0. Therefore,
we have Eµ

s (fd) = +∞ and there exists some τ ∈ Σpure(P) such that Eτ
s(fd) = +∞ and

Eτ
s(fj) ∈ R for all 1 ≤ j ≤ d − 1. Let τ1, . . . , τn and α1, . . . , αn given by the theorem for

(f1, . . . , fd−1), ε
2 and M + ε. Let q =

∑n
m=1 αmEτm

s (f̄). By choosing η ∈ ]0, 1[ such that
all components of Eτ

s(f̄) other than the last have absolute value no more than ε
2 and the

finite components of (1 − η)q are ε
2 -close to the corresponding components of q, we obtain a

suitable convex combination in the form of ηEτ
s(f̄) + (1 − η)q. ◀

5.3 Bounding the support of mixed strategies
Thm. 7 and 14 state that it suffices to mix finitely many pure strategies to respectively match
or approximate the payoff of any strategy. In this section, we provide upper bounds on the
number of pure strategies to mix. Our result is analogous to Carathéodory’s theorem for
convex hulls (e.g., [55, Thm. 17.1]). Carathéodory’s theorem implies that for all subsets D in
a d-dimensional vector space, any element of conv(D) can be written as a convex combination
of no more than d + 1 elements of D. Our main result is the following.

▶ Theorem 15. Assume that f̄ is universally unambiguously integrable. Let s ∈ S, σ1, . . . ,
σn be pure strategies and α1, . . . , αn ∈ [0, 1] such that α1 + · · · + αn = 1. There exist β1,
. . . , βn ∈ [0, 1] with β1 + · · · + βn = 1 and |{1 ≤ m ≤ n | βm ̸= 0}| ≤ d + 1, and γ1, . . . ,
γn ∈ [0, 1] with γ1 + · · · + γn = 1 and |{1 ≤ m ≤ n | γm ̸= 0}| ≤ d such that

n∑
m=1

αmEσm
s (f̄) =

n∑
m=1

βmEσm
s (f̄) ≤

n∑
m=1

γmEσm
s (f̄).

Proof sketch. Let

q = (qj)1≤j≤d =
n∑

m=1
αmEσm

s (f̄).

First, assume that q ∈ Rd, i.e., all strategies σ1, . . . , σn have a finite expected payoff on
all dimensions. The existence of suitable β1, . . . , βn ∈ [0, 1] is direct by Carathéodory’s
theorem.

We prove the existence of the coefficients γ1, . . . , γn by applying Carathéodory’s theorem to
a d−1 dimensional space. We observe that q is in the compact polytope D = conv({Eσm

s (f̄) |
1 ≤ m ≤ n}). In particular, q is dominated by an element p lying on a proper face of D

(i.e., the intersection of D and a supporting hyperplane of D). For instance, we can consider
q + β · 1 for β = max{γ ≥ 0 | q + γ1 ∈ D}. Because proper faces have dimension no more
than d − 1, Carathéodory’s theorem implies that p is a convex combination of no more than
d vectors of the form Eσm

s (f̄), taken among those lying on the considered proper face.
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Assume now that q /∈ Rd. In this case, we cannot directly apply Carathéodory’s theorem.
The idea is to reduce to the previous case. For each 1 ≤ j ≤ d, if qj is infinite, there is
1 ≤ m ≤ n such that Eσm

s (fm) = qj . For each infinite component of q, we fix αmEσm
s (f̄)

in the convex combination for one such m. We then obtain the sought bounds from the
above; we reason on the real-valued components of q in the non-fixed part of the convex
combination (after normalising its coefficients to sum to one). ◀

We now highlight two corollaries of Thm. 15. First, we formulate bounds when dealing
with universally integrable payoffs.

▶ Corollary 16. Assume that f̄ is universally integrable. Let s ∈ S.
For all q ∈ Pays(f̄), q is a convex combination of at most d + 1 elements of Paypure

s (f̄).
For all q ∈ Achs(f̄), there exists a convex combination p of at most d elements of
Paypure

s (f̄) such that q ≤ p.

Proof. By Thm. 7, Pays(f̄) = conv(Paypure
s (f̄)). Furthermore, we recall that q ∈ Achs(f̄) if

and only if there exists a strategy σ such that q ≤ Eσ
s (f̄). We obtain both claims of the

corollary directly by Thm. 15. ◀

Ex. 13 implies that the result for achievable vectors of Cor. 16 does not generalise to
universally unambiguously integrable payoffs. Nonetheless, we can show that the result is
valid for vectors in int(Achs(f̄) ∩ Rd) when considering universally unambiguously integrable
payoffs. In other words, vectors in int(Achs(f̄) ∩ Rd) can be achieved by mixing no more
than d strategies.

▶ Corollary 17. Assume that f̄ is universally unambiguously integrable. Let s ∈ S. For
all q ∈ int(Achs(f̄) ∩ Rd), there exists a convex combination p of at most d elements of
Paypure

s (f̄) such that q ≤ p.

Proof sketch. Let q ∈ int(Achs(f̄) ∩ Rd). By definition of the interior, there exists some
ε > 0 such that q + ε1 ∈ Achs(f̄). Fix a strategy σ witnessing that q + ε1 is achievable from
s, i.e., such that

Eσ
s (f̄) ≥ q + ε1.

It follows from Thm. 14 (applied to Eσ
s (f̄)) that there exists p′ ∈ conv(Paypure

s (f̄)) such that
p′ ≥ q + ε

2 1. By Thm. 15, there exists a convex combination p of no more than d elements
of Paypure

s (f̄) such that p ≥ p′, and we conclude by observing that p ≥ p′ ≥ q. ◀

6 Continuous payoffs

In this section, we provide a sufficient condition on payoff functions in finite POMDPs under
which sets of expected payoffs are closed. The main result of this section states that sets
of expected payoffs in finite POMDPs are closed for payoffs that are both continuous and
universally integrable when squared.

We introduce the payoffs of interest in Sect. 6.1. In Sect. 6.2, we introduce a topology
on the space of randomised strategies to formalise a notion of convergence of strategies.
In Sect. 6.3, we formulate our result for continuous universally square integrable payoffs.
Sect. 6.4 provides examples illustrating that the results of Sect. 6.3 do not hold for continuous
payoffs that are not universally integrable. We leave open whether our results extend to all
universally integrable continuous payoffs.

For this section, we fix a d-dimensional payoff f̄ = (fj)1≤j≤d.

LICS 2026
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6.1 Definitions
Continuous payoffs. The set of plays of P can be equipped with a natural topology that
is metrisable, and that is compact if P is finite. This allows us to define continuous and
uniformly continuous payoffs. We provide direct definitions of (uniformly) continuous payoffs
here. A formal presentation of the topology of Plays(P) can be found in the full version of
this paper [46].

Intuitively, a payoff is continuous if plays with a long common prefix have a close payoff.
Let f : Plays(P) → R̄ be a payoff and let π ∈ Plays(P). If f(π) ∈ R, then f is continuous at π

if and only if for all ε > 0, there exists ℓ ∈ N such that for all π′ ∈ Cyl(π≤ℓ), |f(π)−f(π′)| < ε.
If f(π) = +∞ (resp. −∞), then f is continuous at π if and only if for all M ∈ R, there exists
ℓ ∈ N such that for all plays π′ ∈ Cyl(π≤ℓ), f(π′) ≥ M (resp. f(π′) ≤ −M). The payoff f is
continuous if it is continuous at all plays.

If f is real-valued, then f is uniformly continuous if for all ε > 0, there exists ℓ ∈ N
such that for all plays π, π′ ∈ Plays(P), π≤ℓ = π′

≤ℓ implies that |f(π) − f(π′)| < ε. If P is
finite, then Plays(P) is compact and all continuous real-valued payoffs of P are uniformly
continuous.

Discounted-sum payoffs are uniformly continuous whenever they are built on a weight
function that is bounded in absolute value. Any shortest-path function built on a weight
function w ≥ ε for some ε > 0 is continuous.

Square integrable payoffs. We say that a payoff f : Plays(P) → R̄ is universally square
integrable if its square f2 is universally integrable. The Cauchy-Schwarz inequality (e.g., [31,
Thm. 1.5.2.]) guarantees that any universally square integrable payoff is universally integrable.

In finite POMDPs, real-valued continuous payoffs are universally square integrable (such
payoffs are bounded by compactness of Plays(P)). Universally integrable continuous shortest-
path payoffs are also universally square integrable in finite POMDPs.

6.2 A topology on the space of strategies
We introduce a topology on the space of strategies to formalise a notion of convergence for
sequences of behavioural strategies. We view Σ(P) as a subset of the product D(A)Obs(Hist(P))

equipped with the product topology. We endow each copy of D(A) in this product
with the topology given by the metric (induced by the Euclidean norm) distpr(µ, µ′) =√∑

a∈A(s) |µ(a) − µ′(a)|2 for all µ, µ′ ∈ D(A).
We can show that Σ(P) is a compact metrisable topological space (it is a closed subset

of D(A)Obs(Hist(P))). Compactness follows from the assumption that P is finite: D(A) is
homeomorphic to a closed subset of [0, 1]|A|. We do not fix a metric over strategies, as it
is not necessary in the sequel. Instead, we recall that a sequence of strategies (σ(n))n∈N
converges to a strategy σ if and only if, for all h ∈ Hist(P), (σ(n)(h))n∈N converges to σ(h).

To prove our result on continuous payoffs, we exploit the fact that close strategies induce
distributions that assign similar probabilities to cylinders of histories of bounded length.

▶ Lemma 18. Let σ, τ be strategies, k ∈ N>0 and η > 0. Assume that, for all histories h

that are at most k states long, distpr(σ(h), τ(h)) ≤ η
k . Then, for all histories h that are at

most k + 1 states long and all s ∈ S, we have |Pσ
s (Cyl(h)) − Pτ

s(Cyl(h))| ≤ η.

We close this section by observing that Σpure(P) is a closed subset of Σ(P). In the
following section, we prove that if f̄ is universally square integrable and Σ ⊆ Σ(P) is closed,
then PayΣ

s (f̄) is compact. Therefore, by establishing that Σpure(P) is closed, we can apply
this result to Σpure(P).
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▶ Lemma 19. The set Σpure(P) is a closed subset of Σ(P).

Proof sketch. Converging sequences of Dirac distributions are ultimately constant, and thus
their limit is also a Dirac distribution. This implies that the limit of a converging sequence
of pure strategies must be pure. ◀

6.3 Universally square integrable continuous payoffs
We now prove that if P is finite and f̄ is continuous and universally square integrable, then
for all s ∈ S, Pays(f̄) and Achs(f̄) are closed. Our proof relies on the following property: if P
is finite and f̄ is continuous and universally square integrable, then the function σ 7→ Eσ

s (f̄)
is continuous for all s ∈ S. We remark that this function is real-valued as any universally
square integrable payoff is universally integrable.

We split the proof into two parts: first, we consider the particular case of real-valued
continuous payoffs and then generalise to universally square integrable payoffs. We cannot
assume that a universally integrable continuous payoff is real-valued without loss of generality:
changing the payoff of plays that have an infinite payoff to a real number will violate the
continuity property. Therefore, we do not generalise the property for real-valued continuous
payoffs through such an assumption.

We first provide a proof sketch for the case of real-valued payoffs.

▶ Theorem 20. Let s ∈ S. Assume that P is finite, f̄ : Plays(P) → Rd and f̄ is continuous.
Then the function Σ(P) → Rd : σ 7→ Eσ

s (f̄) is continuous.

Proof sketch. It suffices to prove the claim for one-dimensional payoffs. Let f : Plays(P) → R
be a continuous real-valued payoff. It follows from P being finite that Plays(P) is compact,
and therefore f is uniformly continuous and bounded. Recall that f is uniformly continuous
if for all ε > 0, there exists ℓ ∈ N such that for all plays π, π′, π≤ℓ = π′

≤ℓ implies that
|f(π) − f(π′)| < ε. In particular, for all ε > 0, f can be ε-approximated by a linear
combination of indicator functions of cylinders of histories of a fixed length. This provides a
means to ε-approximate Eτ

s(f) for any strategy τ as a linear combination of probabilities
of cylinders of histories of bounded length. Lem. 18 guarantees that the distributions over
plays induced by strategies that are close assign similar probabilities to such cylinders. It
follows that if (σ(n))n∈N is a sequence of strategies converging to a strategy σ, through the
approximations above, we can obtain that Eσ(n)

s (f̄) is 3ε-close to Eσ
s (f̄) for large values of n,

which ends the proof of continuity. ◀

We now generalise Thm. 20 to universally square integrable payoffs. The previous proof
relies on the boundedness and uniform continuity of real-valued continuous payoffs, and thus
does not carry over to this more general case.

▶ Theorem 21. Let s ∈ S. Assume that P is finite and that f̄ is continuous and universally
square integrable. Then the function Σ(P) → Rd : σ 7→ Eσ

s (f̄) is continuous.

Proof sketch. It suffices to prove the theorem for non-negative one-dimensional payoffs: the
general case can be recovered by writing payoffs on each dimension as the difference of their
non-negative and non-positive parts (which are also continuous).

We let f : Plays(P) → R̄ be a non-negative continuous square integrable payoff, s ∈ S,
let (σ(n))n∈N be a sequence of strategies that converges to a strategy σ and ε > 0. Given
M ∈ R, we abbreviate {f(π) ≥ M | π ∈ Plays(P)} by {f ≥ M}, for all strategies τ,
we write Pτ

s(f ≥ M) instead of Pτ
s({f ≥ M}) and we let min(f, M) denote the payoff

π 7→ min{f(π), M}.
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The goal is to show that |Eσ(n)

s (f)−Eσ
s (f))| ≤ ε for all large enough values of n. We show

that there exists a constant M ≥ 0 (dependent on ε) such that the real-valued continuous
payoff min(f, M) satisfies 0 ≤ Eτ

s(f) − Eτ
s(min(f, M)) ≤ ε

3 for all strategies τ ∈ Σ(P). By
the triangular inequality, |Eσ(n)

s (f) − Eσ
s (f))| is no more than

|Eσ(n)

s (f) − Eσ(n)

s (min(f, M))|

+ |Eσ(n)

s (min(f, M)) − Eσ
s (min(f, M))|

+ |Eσ
s (min(f, M)) − Eσ

s (f)|.

The first and last terms are no more than ε
3 by choice of M , and the second term is smaller

than ε
3 for large values of n by Thm. 20.

Thus, the main hurdle of the proof is establishing the existence of a suitable M . The
first step consists in showing that the probability of f being large can be made arbitrarily
small, in the sense that for all η > 0, there exists M(η) such that Pτ

s(f ≥ M(η)) ≤ η for
all strategies τ. The negation of this property would imply the existence of strategies with
an arbitrarily large expected payoff from s, contradicting Lem. 2. It then follows from the
Cauchy-Schwarz inequality that, for all strategies τ,

Eτ
s(f − min(f, M)) ≤

√
Eτ

s(f2) · η

because f − min(f, M) ≤ f · 1f≥M . Because f2 is universally integrable, Lem. 2 guarantees
that supτ Eτ

s(f2) is finite, i.e., we obtain the desired inequality by choosing a small enough η

and its associated M(η). ◀

We now prove that for universally square integrable payoffs that are continuous, given
a closed set of strategies, its set of expected payoffs and achievable set from a state are
compact.

▶ Theorem 22. Let s ∈ S and Σ ⊆ Σ(P) be a closed set of strategies. Assume that f̄ is
a continuous universally square integrable payoff. Then PayΣ

s (f̄) and AchΣ
s (f̄) are compact

subsets of Rd and R̄d respectively. In particular, Pays(f̄), Achs(f̄), Paypure
s (f̄) and Achpure

s (f̄)
are compact.

Proof. Since Σ is closed and Σ(P) is compact, we obtain that Σ is compact. It follows from
Thm. 21 that PayΣ

s (f̄) is the image of Σ by a continuous function, and thus is compact. The
claim regarding Paypure

s (f̄) follows from Lem. 19.
By definition, AchΣ

s (f̄) is the downward closure of PayΣ
s (f̄), i.e., the set of vectors that

are smaller than or equal to some vector in PayΣ
s (f̄) for ≤. The downward closure of a

compact subset of R̄d is compact. By combining this with the above, we obtain that AchΣ
s (f̄)

is compact. ◀

Thm. 22 provides a sufficient condition on payoffs that guarantees that we can dominate
any expected payoff by a Pareto-optimal expected payoff. This property does not hold for
all universally integrable payoffs in general, e.g., in the one-dimensional setting, optimal
strategies need not exist.

6.4 Non-universally integrable continuous payoffs
We now present counterexamples to Thm. 21 and 22 when the assumption of universal square
integrability is relaxed. The MDPs used in these counterexamples are depicted in Fig. 6.1.
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s tab
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(a) An MDP with one randomised transition.
Weights are omitted and are all 1.

s t
b

(1, 1)
a

(0, 1)
b

(1, 1)

(b) An MDP with two-dimensional weights.

Figure 6.1 MDPs for counter-examples to Thm. 21 (left) and 22 (right) without the universally
square integrable assumption.

For the first example, we provide an MDP with a continuous shortest-path payoff
witnessing that Thm. 21 does not generalise to shortest-path payoffs that are not universally
(square) integrable.

▶ Example 23. We consider the MDP M depicted in Figure 6.1a, the constant weight function
w = 1 and the shortest-path function SPath{t}

w . We provide a sequence of pure strategies
(σ(n))n∈N converging to a pure strategy σ such that limn→∞ Eσ(n)

s (SPath{t}
w ) ̸= Eσ

s (SPath{t}
w ).

For all n ∈ N, we define σ(n) as the pure strategy such that, for all h ∈ Hist(M), σ(n)(h) = b

if last(h) = s and there are at least n actions in h, and otherwise, σ(n)(h) = a. Intuitively,
when starting in s, σ(n) uses action a for the first n rounds of the play and then uses b for
all subsequent rounds. The pure (memoryless) strategy σ assigning action a to all histories
is easily checked to be limn→∞ σ(n).

Let n ∈ N. Let πn = (sa)n(sb)ω. The definition of σ(n) implies that

Pσ(n)

s ({πn}) = Pσ(n)

s (Cyl((sa)ns)) = 1
2n

.

It follows from SPath{t}
w (πn) = +∞ that Eσ(n)

s (SPath{t}
w ) = +∞. We conclude that

limn→∞ Eσ(n)

s (SPath{t}
w ) = +∞.

We now show that Eσ
s (SPath{t}

w ) = 2 ̸= +∞. It follows from Pσ
s (Reach({t})) = 1

that Eσ
s (SPath{t}

w ) is the unique solution of the equation x = 1 + 1
2 x (see, e.g., [3]), i.e.,

Eσ
s (SPath{t}

w ) = 2. We have shown that limn→∞ Eσ(n)

s (SPath{t}
w ) ̸= Eσ

s (SPath{t}
w ). ⌟

We now present a counter-example to Thm. 22 when the considered payoffs are not
universally integrable: we provide a continuous payoff such that its set of expected payoffs
and achievable sets from a given state are not closed.

▶ Example 24. We consider the MDP M and the weight function w = (w1, w2) depicted
in Fig. 6.1b. Let f̄ = (f1, f2) be the two-dimensional payoff such that f1 = DSum1/2

w1
and

f2 = SPath{t}
w2

. We show that (2, +∞) ∈ cl(Pays(f̄)) \ Pays(f̄) to prove that Pays(f̄) is not
closed.

First, we show that (2, +∞) ∈ cl(Pays(f̄)). The vectors (0, +∞) = f̄((sa)ω) and (2, 1) =
f̄(s(bt)ω) are payoffs of pure strategies as there is no randomisation in the transitions of M.
By convexity of Pays(f̄), we obtain that for all η ∈ ]0, 1[, (2η, +∞) ∈ Pays(f̄). It follows that
(2, +∞) ∈ cl(Pays(f̄)).

Second, we prove that (2, +∞) /∈ Pays(f̄). The only play π from s such that f1(π) = 2
is the play s(bt)ω. All other plays π′ starting in s are such that f1(π′) < 2. Indeed, for all
ℓ ∈ N, we have f1((sa)ℓs(bt)ω) =

∑
ℓ′≥ℓ

1
2ℓ′ = 1

2ℓ−1 < 2. It follows that, to obtain a payoff of
2 on the first dimension from s, we require a strategy whose only outcome is s(bt)ω. This
implies that (2, +∞) /∈ Pays(f̄). We have shown that Pays(f̄) is not closed. ⌟
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7 Conclusion

We have investigated randomisation requirements and the structure of expected payoff sets
in multi-objective POMDPs. First, we have shown that for universally integrable payoffs,
pure strategies suffice for lexicographic optimisation in countable POMDPs. This generalises
a result of [20] showing that pure strategies are sufficient to optimise the probability of
objectives in countable-state POMDPs. Second, we have shown that for universally integrable
payoffs and universally unambiguously integrable payoffs respectively, finite-support mixed
strategies can be used to exactly obtain or approximate the expected payoff of any strategy.
This generalises known results on finite MDPs for specific classes of payoffs to general
combinations of payoffs (see Sect. 1), and shows that these properties hold up to countable
POMDPs. This provides new insights regarding strategy complexity in multi-objective
countable POMDPs on which there is limited work. Existing works on strategy complexity
in countable (fully observable) MDPs have mainly focused on memory requirements for
one-dimensional objectives (e.g., [42, 47]), for which randomisation is not necessary but it
may be necessary to use infinite memory.

We now comment on the techniques and results used throughout the paper and their use
in related literature. First, we observe that we make use of both mixed and behavioural
strategies in our proofs. This highlights the usefulness of Kuhn’s theorem to reason on
strategic requirements. On the one hand, we have used mixed strategies to prove Thm. 4 on
lexicographic POMDPs, which in turn is used to prove Thm. 7, and to prove Thm. 14 on
payoff sets of universally unambiguously integrable payoffs. The idea of writing expected
payoffs as an integral over the payoffs of pure strategies also appears in [20] to prove that pure
strategies suffice to optimise the probability of objectives in POMDPs – this is generalised to
lexicographic optimisation of universally integrable payoffs by Thm. 4. On the other hand,
we have reasoned on behavioural strategies to prove Thm. 21 and 22 on continuous payoffs.
Thm. 20 and its proof approach can be seen as a generalisation of the result and techniques
for discounted-sum payoffs of [23]: we generalise the idea of exploiting the discounting to
approximate payoffs by linear combinations of cylinder indicators through uniform continuity.

Second, we note that the use of the hyperplane separation theorem, invoked in our proof
of Thm. 7, is classical in the analysis of multi-objective (PO)MDPs. Typically, separating
hyperplanes are used in reductions from multi-dimensional payoffs to one-dimensional payoffs.
For instance, an argument relying on such a reduction is used in [32] to establish memory
requirements for multi-objective MDPs with reachability objectives. The approximation
schemes of achievable sets mentioned in the introduction [35, 50, 49] also use such reductions
to a single dimension. The main difference between our proof approach for Thm. 7 and
these existing approaches is that we use the hyperplane separation theorem in a reduction to
lexicographic optimisation instead of one-dimensional optimisation.

Finally, we comment on possible extensions of this work. The results of Sect. 4 and 5
provide insight on the randomisation requirements of multi-objective POMDPs. Another
facet of strategy complexity is the memory required to play (almost) Pareto-optimally (see,
e.g., [52] and references therein). One could study the structure of payoff sets when restricted
to finite-memory strategies, which are strategies usually deemed to be implementable [30].
Additional restrictions on payoffs or the setting are likely necessary to obtain finite-memory
analogues of the main results of this paper. For instance, a finite-memory variation of Thm. 4
would not hold directly, as there exist non-classical one-dimensional objectives in finite MDPs
for which optimal randomised finite-memory exist, but no pure finite-memory strategy is
even close to optimal. One such objective would be to require a non-ultimately periodic play
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in a MDP with one state and two self-loops labelled by different actions; playing uniformly
at random is sufficient to ensure that this objective is almost-surely satisfied but no pure
finite-memory strategy can accomplish this. We note that a non-ultimately periodic play in
this example can be constructed without randomisation by using infinite memory, so this
example does not contradict the results on pure strategies given in this paper.

Sect. 6 provides a sufficient condition ensuring that all achievable vectors are dominated
by a Pareto-optimal payoff. A related problem would be to characterise the payoff functions
for which this holds.
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