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—— Abstract

In this paper we introduce the notion of a differential tree automaton. Differential tree automata

generalise weighted tree automata (over a field) by allowing the transition weights to be rational
functions of the tree size. Whereas the class of generating functions of weighted tree automata
coincides with the class of algebraic power series, our main result is that the class of generating
functions of differential tree automata coincides with the class of differentially algebraic power
series. As a corollary, we obtain a decision procedure for determining equivalence of differential tree
automata. In the course of proving our main result we identify a class of recurrences that characterises
the sequence of coefficients of a differentially algebraic power series, generalising Reutenauer’s matrix
representation of polynomially recursive sequences. We further identify a natural syntactic subset
of differential tree automata whose generating functions are given by rational dynamical systems,
that is, as components of the solution of a system of differential equations y’' = F(y), where F is a
vector of rational functions that is defined at y(0). We further show that this class of power series
can be characterised in terms of the classical notion of weighted tree automata by using a labelled
generating function on trees.
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1 Introduction

1.1 Combinatorial Classes, Automata, and Power Series

Many combinatorial classes admit natural encodings as languages of words or trees. For
example, by giving a bijection between triangulations of polygons and Dyck words, one
can show that the number of triangulations of a given size is determined by the sequence
of Catalan numbers (see [28] for many other examples of this type). This connection also
provides a method for systematically extracting generating functions for combinatorial
classes from their specifications and leads to a natural correspondence between classes of
automata and classes of power series. For example, regular languages of words have rational
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generating functions [15, Section 1.4], while regular tree languages have algebraic generating
functions [15, Sections I.5]. Here, recall that for a field K a formal power series f € K[z] is
rational if there are polynomials P, Q € K[z] such that f = 5 and f is algebraic if there are
polynomials Py, ..., P; € K[z], not all zero, such that Z?:o Pifi=0.

Independent of connections with combinatorics, the notion of generating series has
played an influential role in formal language and automata theory. The celebrated theorem
of Chomsky and Schiitzenberger showed that unambiguous context-free languages have
algebraic generating functions (see, e.g., [26, Chapter IV] and [21, Chapters II-1II]). This fact
was exploited by Flajolet [15] to establish the inherent unambiguity of certain context-free
languages, by showing that their generating functions are transcendental. By translating the
question of ambiguity to a question about power series, Flajolet was able to use a powerful
arsenal of analytic and number-theoretic techniques.

Despite these results, it remains an open problem to characterise the class of power series
arising as generating functions of arbitrary context-free languages. A closely related open
question concerns the multiplicity equivalence problem for context-free grammars. While
decidability is known in the unary case, by a reduction to the existential theory of real-closed
fields using generating series, no general solution is known, and the complexity of the unary
case has only recently been sharpened, again using generating series and their approximation
in the valued field of power series [1].

In this paper, we further develop the correspondence between automata, power series,
and combinatorial classes, to relate tree automata and differentially algebraic power series.
Our main contribution is to define the class of differential tree automata and to show that
their generating functions are precisely the differentially algebraic power series. Recall here
that a formal power series f € K[z] is differentially algebraic if it satisfies a differential
equation P(f, f',..., f*)) = 0 for some polynomial P(y1,...,y:) with coefficients in K[z].
We also give a combinatorial characterisation of a proper subclass of differentially algebraic
power series, which we call rationally dynamically algebraic (RDA) series. These series have
generating functions that are given by rational dynamical systems, that is, as components of
the solution of a system of first-order differential equations

V= Fi(1, . Uk)s s Y = Frlyis - up), (1)

where Fy,...,F, € K(z,y1,...,yx) are rational functions [17, 23], that are defined at
(0,941(0),...,yx(0)). In [22, Appenidx H], which is the full version of this paper, we give
a collection of rational dynamical systems that characterise the exponential generating
functions of standard constructions of combinatorial species.

1.2 Tree Automata and their Generating Functions

Our main results concern the notion of differential tree automata: a generalisation of weighted
tree automata [18]. Let ¥ be a finite ranked alphabet and write T for the set of X-trees.
As with a K-weighted automaton, a differential tree automaton A computes a function
[A] : Ts — K. Recall that a transition in a K-weighted tree automaton has the form

o(qis-- q) —= q,

where o is a f-ary alphabet symbol, ¢1,...,qe and q are states of the automaton, and a € K
is the weight of the transition. Intuitively, the automaton reads the symbol o and makes a
transition from the tuple of states ¢i, ..., g to ¢ with weight a. Generalising this pattern, in
a differential tree automaton the weight of a transition is a rational function R(z) whose
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denominator has no positive integer roots. When instantiated on a tree ¢, the transition has
weight R(||t||), where ||¢|| denotes the size of ¢ (only counting the number of internal nodes
in ¢). By the above assumption on the denominator of R(x), R(|[t]|) is well-defined.

We consider two different generating functions associated with (weighted and differential)

tree automata. The ordinary generating function of an automaton A is the power series
fa € K[z] defined by

falz) =) ( > [[A]](t)> . (2)

neN teTs
lItll=n
A formulation of the Chomsky-Schiitzenberger theorem is that the class of algebraic power
series in K[z] coincides with the class of ordinary generating functions of tree series recognized
by K-weighted tree automata [13, Section 8].
We also introduce the notion of a labelled generating function. A monotonic labelling of
a tree t € Ty, of size n is a bijective mapping from the set of internal nodes of ¢ to the set

{1,...,n} such that the label of any node is greater than the label of any of its children.
Define A : Ts; — Q such that A(¢) is the proportion of labellings of ¢ € Ty, that are monotonic.

That is, the number of monotonic labellings of ¢ is A(¢)n!. The labelled generating function
of A is the formal power series f4 € K[z] defined by

fa(@) =3 < > A(?f)[[fl]](t)) . 3)

neN teTs
lIitll=n

1.3 Main Results

Our first result is as follows:

v

Theorem 1. The following are equivalent for a power series g(x) =Y " ;anz™ in K[z]:
. g 1s rationally dynamically algebraic;

—

2. g is equal to the ordinary generating function of a differential tree automaton in which
the rational weight of every transition has the form %‘H’ for some a,b € K;
3. g is equal to the labelled generating function of a K-weighted tree automaton.
From Theorem 1 it follows that every RDA power series g € Z[z] can be written g = fA — fB,
where A and B are deterministic bottom-up tree automata.
Removing the restriction on the form of rational function in Item 2 of Theorem 1, we
show that the ordinary generating functions of differential tree automata are precisely the
differentially algebraic series.

» Theorem 2. The following are equivalent for a power series g(z) = >~ s anz™ in K[z]:

1. g is differentially algebraic;

2. g is equal to the ordinary generating function of a differential tree automaton;

3. (a,)2%, s a component of a sequence (b,)%, € K¢ of vectors that satisfies a bilinear
recurrence with polynomial coefficients, of the form

n—1

bn = bnfl P(n) + Z(bk & bnfkfl)Q(n) )
k=0

where P € K(z)™4 and Q € K(x)% *? have entries defined on positive integers.

70:3
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The proof of Theorem 2 builds on a construction of Denef and Lipschitz [12], who showed
that the sequence of coefficients (a,)32, of a differentially algebraic power series satisfies a
recurrence of the form

P(n)a, = Qnlag,...,an-1),

where @, is a polynomial whose form depends on n. Working on the construction of [12], we
show that (a,)52 can be recovered as a component of vectors satisfying a recurrence of the
form shown in Item 3 of Theorem 2.

From the equivalence of Item 1 and Item 2 in Theorem 2, we obtain a decision procedure for
equivalence of differential tree automata (Theorem 18). The detailed proof of our main results
can be found in the longer version of the paper at [22]. We further show in [22, Theorem 32
in Appendix G] that the representation of differentially algebraic power series by recurrences
in Items 2 and 3 is convenient for computing the sum, Cauchy product, inverse, derivative,
integration, and forward and backward shift of such series.

1.4 Related Work

The special case of RDA series in which the functions Fi,..., Fy in (1) are polynomials is
studied in [3] under the name constructibly differentiably algebraic (CDA) series. We observe
below that the classes of RDA and CDA series coincide. A combinatorial interpretation of
CDA power series via so-called tree labelling tables, which are an automaton-like notion on
labelled non-plane trees, is given in [3, Theorem 1]. This result is closely related to Item 3 of
Theorem 1.

A power series f € K[z] is differentially finite (D-finite) if it satisfies an equation
Zf:() Pi(z)f®(x) = 0 for polynomials P, ..., Py € K[z]. Thus differentially finite power
series are a subclass of differentially algebraic series. It is well-known [19] that f(x) =
oo g anz™ is differentially finite if and only if its sequence (a,,)52 of coefficients satisfies a
linear recurrence with polynomial coefficients. Reutenauer [25] shows that such sequences
can equivalently be characterised by vector recurrences corresponding to a special case of the
recurrence in Item 3 of Theorem 2 in which @ is identically zero. See [8] for a development
of these ideas, including an exact learning algorithm for such recurrences and their automata
extensions.

Krattenhaler and Rivoal [20] develop recurrences for differentially algebraic power series
of a form related to Item 3 of Theorem 2, which they use to analyse divisibility properties of
the coefficients.

Clemente [10] uses techniques from differential algebra to show that multiplicity equival-
ence of basic parallel processes can be decided in doubly exponential space. He also shows
that commutative weighted basic parallel processes (viewed as power series) coincide with
the class of CDA series, thereby obtaining a doubly exponential time procedure for deciding
zeroness of CDA series.

Boreale [5] defines a notion of bisimulation for systems of ordinary differential equations,
based on the Lie derivative. He gives an algorithm to compute the largest bisimulation
on a given system, and shows how this can be used for minimisation and determining
equivalence. As observed in [10], this procedure decides zeroness of CDA power series;
however no complexity analysis is given in [5].

Resolving a conjecture of Castiglione and Massazza [9], Bostan et al. [6] show that
the multivariate power series arising as the generating functions of languages accepted by
weakly-unambiguous Parikh automata are D-finite. This result is used to prove the inherent
unambiguity of certain languages based on analytic properties of univariate D-finite series
considered as functions.
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Figure 1 Trees in Example 3, where Bell numbers arise as the labelled generating function of the
tree automaton.

We focus on automata in this paper. Other works consider the relationship between
recurrences and generating functions on the one hand, and combinatorial classes defined by
logical formulas on the other hand [2,14].

2 Overview

2.1 Tree Automata

Let 3 be a ranked alphabet, where each symbol ¢ € ¥ is assigned a non-negative integer
arity. For k € N, we write X, for the set of symbols of arity k. A (non-deterministic) tree
automaton is a tuple A = (Q, A, F), where @ is a finite set of states, F C @ is a set of
accepting states, and A is a set of transition rules of the form

U(q1a"'7qk) — q,

with o € 3y and q1,...,q%,q € Q [11].

The automaton processes a tree bottom-up, starting at the leaves. Leaf nodes are assigned
states according to the rules in A for nullary symbols, that is, the states are chosen among
all the states ¢ that appear in a rule 0 — ¢ in A. States are then propagated upwards
using the transition rules, combining the states of child nodes to determine the state of their
parent. In other words, a node labeled by o is assigned the state ¢ when its children are
assigned the states ¢, ..., ¢ in left-to-right order and o(qy,...,qx) — ¢ is a transition rule
in A.

A run of the automaton on a tree t € Ty, corresponds to one state assignment of all nodes
in t according to A. For example, when 0 — ¢; and 0 — ¢o are in A, the same tree may
yield different runs of the automaton. The value [A](t) of a tree ¢ € Tx is the number of
runs on ¢t in which the root is assigned with a state in F'. We say that a tree t is accepted by
the automaton if it admits at least one valid run, that is [A](¢) > 0.

The ordinary generating function of an automaton A is a univariate power series
oo ganx™ whose n-th coefficient a,, is the sum of [A](t) over all trees of size n (as
described in Equation (2)). Similarly, the n-th coefficient of the labelled generating function
power series is the number of monotonic labelled trees accepted by the automaton divided
by n! (see Equation 3).

» Example 3 (Partitions). Recall the sequence
(bn)22 = (1,1,2,5,15,52,203,...)

of Bell numbers, where b,, is the number of partitions of the set {1,...,n}. As noted in [3],
the exponential generating function

oo

by,
fe(x) = Z Eax”
n=0 "

70:5
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is (the y;-component of) a solution of the system of differential equations

yi = Y1Y2, l/é =Y2.

Here we show that fp arises as the labelled generating function of a tree automaton.

Let ¥ = {09, 01,02} be a ranked alphabet such that og, 1 and o2 have respective arities
0, 1 and 2. Let the regular language L C Tx comprise all trees ¢ accepted by the automaton
A with set of states {q1, ¢z}, where ¢ is accepting, with transitions

oo — q1 090 —7 Q2 o1(q2) — @2 o2(q1,q2) — @1

Consider the trees ¢; and to depicted in Figure 1 with different state assignments. The
state assignment of ¢; on the left is a run of A, since it is consistent with A. However, the
second state assignment of ¢; and that of ¢5 are not runs of the automaton (the node colored
in red violates A). In particular, the tree ¢y is not accepted by A, since it admits no valid run.
Moreover, this automaton is unambiguous: for every accepting tree ¢, its [A](¢) is always 1.

From a combinatorial perspective, a tree ¢t € L can be considered as a list of chains, where
each chain (depicted as a coloured block in Figure 2), consists of a set of nodes all having a
common ancestor under the right-child relation. Each monotone labelling of a tree t € L
thus determines a unique partition of {1,...,n}: the components of the partition are the
sets of labels of each chain in ¢t. Moreover every partition arises as the labelling of a unique
tree t € L. We thus have

> oAM= Y =2

teL, [|t=n teL, [lt|=n

and we recover the series fp as the labelled generating function fA of the automaton A4. <

2.2 Weighted Tree Automata

A K-weighted tree automaton A (also called a multilinear representation [4]) is a bottom-up
tree automaton (@, A, gr), with a single final state ¢; € @), where the transition rules in A
are equipped with a weight in K. Transitions are denoted

U(le@y .- 'aqk) i> q,

where 0 € Yk, a € K and ¢1,...,q%,¢ € Q. A run of such an automaton is a run of the
underlying non-deterministic tree automaton. The weight of the run is the product of the
weights of the transitions comprising the run. The value [A](t) of tree t € Ty, is the sum of
the weights of all accepting runs on ¢.

When reasoning with weighted tree automata it is convenient to work with a matricial
presentation in which a K-weighted tree automaton over alphabet X is a pair (d, ), where
d € N is the dimension and p is a function with domain ¥ such that u(o) € K" *d js a
matrix for o € Xj. The dimension corresponds to the number of states in the automaton,
whereas p is the matrix representation of the set of transition rules A with the set of states

Q=A{1,...,d}:
U(qla v 7(119) i> q € A iff M(U)(Q1,-~»7Qk)uq =a

The value [A](t) of t € Tk, is defined using the Kronecker product. Recall that the Kronecker
product of two row vectors u = [ul ces um] and v = [vl e vn], denoted u ® v, is the
mmn-dimensional row vector defined by

[ulvl U1v2 - UIVp  UUTY -t Um,Upn—1 umvn].
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The operation is associative, and by convention, the nullary Kronecker product is the 1 x 1
identity matrix.
The map p induces a function p : Ts; — K'*? that is defined inductively by

plo(ty, .. te)) = (u(t) @ - @ p(ty)) - p(o)

for a k-ary symbol o. The operator - denotes standard matrix multiplication and is sometimes
omitted when clear from context. In other words, p(t) is given by an iterated matrix product
determined by parsing the tree ¢ from the leaves to the root. From the properties of the
Kronecker product, pu(t) is a vector [wl . wd} where w; is the sum of the weights of all
runs over ¢ that label the root with state ¢. Without loss of generality, we will consider that
the final state g¢ corresponds to index 1, meaning that [A](t) = p(t):. By convention, in
this paper, a vector will be represented by a bold symbol, say v, and its coordinate will be
denoted vy, vs, .. ..

» Example 4. The automaton given in Example 3 can be interpreted as a weighted tree
automaton with unit weights on all transitions.

1 1 1 1
oo — q1 oo — Q2 01(q2) — @2 o2(q1,02) — 1

The matrix representation of this weighted automaton is (2, 1) where p(oo) = [1 1],

u(ol)—{g (1)] and  p(og) =

S O = O
o O O O

where the entry 11(02)(g,,q,),q. 15 located in the 2(i — 1) + j-th row and k-th column. The
vectors p(t1) and p(ty) are computed by the vectors p of their subtrees bottom-up with

p(oo) = [1 1] and

p(o1(oo)) = p(oo) - plor) = [1 1] - p(or) = [8 ﬂ =[0 1]
n(02(00,00)) = (u(00) ® p(00)) - ploz) = [1 1 1 1] -p(oz) =[1 0]

giving that

p(tr) =(p(o2(00,00)) ® p(01(00))) - plo2) = [0 1 0 0] - p(o2) =[1 0] <

The generating function of a weighted tree automaton, given by Equation (2), is an
algebraic power series [4, Proposition 7.2]. Note that two automata that represent different
tree series can have the same generating function, since the latter aggregates all trees of the
same size.

2.3 Differential Tree Automata

The notion of differential tree automata generalises that of weighted tree automata. A
K-differential tree automaton over alphabet X is a pair A = (d, ), where d € N is the
dimension and p is a map with domain > such that

(o) € K4 for o € ¥ and,

(o) € K(z)4*? is a matrix of rational functions, having no positive integer poles, for

all /> 1 and o € X,.

70:7

LICS 2026



70:8

Differential Tree Automata

Figure 2 The ranked tree with monotone labelling, on the left, encodes the partition of {1,...,8}
on the right.

The map x induces a function p : Tx, — K¢ inductively defined by specifying that for
all 0 € X, p(o) := p(o); and for all k > 1 and o € X and to = o(t1,...,tk),

p(to) = (p(ty) @ - @ p(ty)) - u(o)((toll) -

We define the formal tree series represented by A to be the function [A] : Ty, — K defined
by [AI(t) == p(0)s.

We also introduce the notion of a generalised differential tree automaton, we will see
later that this does not change the expressiveness. To set up this definition, we first define

Ky (zg, ..., x) to be the subring of K(zo, ..., z)) consisting of rational functions of the form
P(x07"'71'k)
Qo(wo) - - - Qr ()
where P € K[zo, ...,z is a multivariate polynomial and @; € K|[z;] for i € {0, ..., k} are
univariate polynomials such that @y has no positive integer root and @1, ..., Qx have no
nonnegative integer root. Intuitively, for a tree to = o(¢1,. .., tx), the variables x, ...,z are
instantiated with the sizes of the trees %, ..., t; respectively. The conditions on the roots of
Qo, - - -, Q. therefore ensure that the transition weight is well defined.

A generalised K-differential tree automaton is defined as above except that for o € 3
14
with £ > 1 we now take p(c) to be an element of K, (g, ..., z;)? *%. Such an automaton
likewise induces a function p : Ts; — K¢, which is defined as above except that now we
have

p(to) == (p(tr) ® -~ @ p(tr)) - p(o)(ltoll, - - llEell) -

» Proposition 5. For every generalised differential tree automaton A, there exists a differential
tree automaton B such that [A] = [B].

The proof is provided in [22, Appendix E]. Henceforth we drop the term generalised when
referring to differential tree automata.

The definition of the generating function fa and labelled generating function fa of
a differential tree automaton A is exactly as for a weighted tree automaton, namely via
Equations (2) and (3). In general f4 need not be algebraic, unlike for weighted tree automata,
but we will show that it is differentially algebraic.
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Figure 3 Ranked binary tree (on left), encoding unlabelled rooted plane tree (on right).

» Example 6 (Labelled trees). A labelled rooted non-plane tree with n nodes is a tree whose
nodes are labelled from 1 to n and where the children of each node are unordered. Let
(tn)22, =1(0,1,2,9,64,625,...) be the sequence whose general term counts the number of
labelled rooted non-plane trees with n nodes and write

oo

fr(zx) = Z %x”
n=0

for its exponential generating function. This generating function has been studied, for

instance in the context of combinatorial species [16], and satisfies the equation fr = x exp(fr).

Differentiating, we see that fr is a solution of the differential equation

x(1—y)y =vy. (4)
From there, the sequence (a,)5, = (4)52, satisfies the non-linear recurrence relation

n—1

Ap+1 = E Z(n - k)ak+1a7z—k (5)

k=0

obtained as follows. Write fr = Y a, 2™ and plug it in (4). Since x f1-(xz) = Y7 na, «",
we get

(i nan, x”) (1 - i an m") = i an "
n=0 n=0 n=0

Since ag = 0 and by definition of the Cauchy product,

[e%s} [e%e} n—1 o)
E na, r’" — E ap(n —k)ap—x | 2" = E anx”
n=0 1

n=0 k= n=0

To express the coefficients a,,+1 with n > 0, we extract these coeflicients from the three sums

(n+ Dapy1 — Zak(n +1—k)anti—k = Gnt1
k=1

from which we retrieve (5) by a simple index shift.
From this recurrence relation we obtain a differential tree automaton A over alphabet
Y = {o09,01, 02}, with states ¢1, g2 and transitions

xo+1

00 — q2, o1(q2) — qu, 02(q2,q2) — @2

70:9
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whose ordinary generating function f4 is equal to fr. In its matrix representation, the
automaton A has dimension 2 with the transition function y defined as p(cg) = [0 1] and

00 0 0:
wor) = [1 0] and  p(oz) = [ 30“ xfﬁ]
o

By a simple induction given below, we notice that for all n € N, the vector a,, summing all
p(t) for trees t of size n, satisfies:

an= Y  pt)= [:T”' (ffff)!] :

t€Ts,[[t|=n

Indeed, decomposing the sum over all trees according to their root symbol, we have

S o= Y we® Y Y Y wlesltnt)

tE€Ts,|t]|=n teTs,||t]|=n—1 k=0 t,€Tx t2€Tx
ltll=k llt2ll=n—k-1

The definition of g and the bilinearity of the Kronecker product yields

n—1

a, = ap_1p(o1) + Z(ak ® Gp—g—1) - 1{o2)
k=0

The inductive proof is completed using (5).

The equality f4 = fr can also be established using combinatorial reasoning. To this end,
consider the set

Sui={teTs: [A]() £ 0}

comprising those trees ¢t € Ty, in which the root has arity one and all other internal nodes
have arity two. There is a natural bijective map ® : S4 — 7,p, where 7, is the set of rooted
unlabelled plane trees. For ¢t € S4, ®(¢) is defined as follows (see Figure 3):

the nodes of ®(t) are the non-leaf nodes of ¢,

the root of ®(t) is the root of ¢,

the two children of a binary node in ¢ are respectively the next sibling and first child of

that node in ®(t).

Let 7., be the set of rooted unlabelled non-plane trees. There is a natural map @' :
Trp = Trn, which maps a rooted plane tree to its underlying non-plane tree by forgetting
the order of the children of each node. Thus we have a map ® o ® : S4 — 7,,,, describing
how elements of S 4 encode rooted unlabelled non-plane trees. The key design feature of A
is that for every 7 € 7,, we have'

! This can be shown via the identity Zoesk H;ll % =1 for positive integers k and ni,...,ng.
v - n

o (3)

with Sy the set of all permutations of {1,...,k} [24]1.:
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Multiplying both sides of the above equation by n! (the number of labellings of 7) and
summing over all 7 € T,.,, of size n, we have

nl > LAN) =t

teTs,

lItl=n
for all n, and we conclude that f4 = fr. N
In the previous example the power series fr satisfies the equation 3y’ = #_y) (see

Equation (4)). This does not yet imply that fr is RDA since —¥%— is not defined at (0, y(0)).

z(1-y)
However, by introducing a second power series variable z such that y = x z, we can see that

Equation (4) is equivalent to

2 2
, Tz , z

y=z+

1—2xz Zzl—xz

which shows that fr is RDA.

One approach to show that a power series f is RDA consists of differentiating once the
polynomial differential equation satisfied by f to obtain a new polynomial equation where
the degree of highest order is always one.

» Example 7. Consider the solution y; () of the differential equation y}> + y$ = 1 such that
y1(0) = 0 and y}(0) = 1. Differentiating the equation we deduce that

3yl +3(y1)y1 =0,

which leads to the following rational dynamical system:

2
Y1 =2 yh=—2 (6)

Y2
As y2(0) = y4(0) # 0, the rational functions in the system are well defined at (0, y1(0), y2(0)),
implying that y;(x) is RDA. The proofs of Propositions 10 and 11 construct a differential
tree automaton A over the alphabet ¥ = {09, 01, 03,05} with states g1, ¢2, g3 and transitions

1 1 )
oo —7 Q2 oo — ¢3 o1(q2) = q1
1 1

03(q1,q1,93) —= @2 o5(q1,q1,43,43,93) — g3

such that fa(z) = y1(z). Section 3 presents a detailed account of the construction of A.

Running the automaton, we compute its generating function f4 as:

2 20 3320 1598960
-t - gt - g0 —— 13

4] 7! 10! 13!

Thus far, all power series presented in this section were RDA. However, not all differentially

.<

algebraic power series are RDA. Indeed, we show in Proposition 10 that RDA power series
actually coincide with CDA series, the latter being incomparable with the class of differentially
finite power series. (It was shown in [27, Example 2.5] that Wl(z) is not D-finite but CDA,
whereas Y - nlz™ is D-finite but not CDA.) Our automata allow us to go strictly beyond
these two classes.

» Example 8. Consider the power series f(z) =Y " bya" satisfying the equation

y—1=2a%yy+azy°. (7)
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Below we show that f(z) is neither D-finite nor CDA.
From (7) the sequence (b,)22, satisfies the recurrence

n—1
by = Z(” — k)brkbn—k—1 (8)
k=0
with by = 1. This ensures that b,, > n! for all n.

If f were CDA then we would have b, < o™ for some constant o > 0 [3, Theorem 3].
Hence f is not CDA. Moreover, differentiating Equation (7), we have that for each positive
integer k, f satisfies an equation of the form y*) = Z?io Py.i(2)y*172% with Py o(z) not
identically zero. Suppose for a contradiction that f(x) is differentially finite. Then it satisfies
the equation: 3 ¢_. Qx(z)y*) = 0. which, together with the above expression for each y(*),
entails that f(x) is the root of a non-zero polynomial P(z,y), i.e., f is algebraic. But the
growth of an algebraic power series is O(c"n?) for some constants c, d, which contradicts
a, > nl.

Notice the similarity between the recurrences in Equations (5) and (8). This is explained
by the fact that the corresponding power series are respectively ordinary and labelled
generating functions of a single common automaton. Specifically, define automaton A over
the alphabet ¥ = {0¢, 02} with states ¢; and transitions

oo a1, oala, ) @

The power series f(x) is the ordinary generating function of A. On the other hand, the
following power series

oo

j: tn+1 "
|

— (n+1)!

with (¢,)5° as defined in Example 6 is the labelled generating function of \A. This observation
is generalized in Proposition 12. N

2.4 Multi-holonomic sequences

Motivated by the relation between differentially algebraic power series and recurrence relations
in the previous examples, we introduce the notion of a multi-holonomic recurrence for a
sequence of vectors (a,)%, in K9.

Fix d € N. A sequence (a,,)%, of elements of K% is multi-holonomic if there exist m € N,

and for all £ € {1,...,m} a matrix of polynomials p, € K, (x)ded such that for all n > 1,
an= Y, (a;,®...®a;) wn), (9)
Le{l,....m}
JEJIn(6)

where J,,(¢) is the set of tuples (ji,...,j,) € N® such that j; +...+j, =n—1. Wecalld € N
the order of the recurrence and m its arity. The degree of the recurrence is the maximum
degree of the numerator and denominator over all entries of the matrices pp. The common
denominator of the recurrence is the polynomial A(x) € K[z] of smallest degree such that
each py can be expressed as a matrix with polynomial entries divided by A(x), that is,
He € ﬁK[m]ded.

Syntactically speaking, a multi-holonomic recurrence can be regarded a differential tree
automaton over an alphabet with exactly one symbol of each arity. The difference is that we
view the recurrence as defining a sequence of vectors rather than a formal tree series. As
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with automata, we introduce a generalisation of multi-holonomic recurrences that permits
additional predicates on the summation indices. Formally, a sequence (@)%, of elements
of K¢ is generalised multi-holonomic if there exist a finite set I C U£>0 7 x N¢ and for all
tuples s = (so,...,8¢) € I a matrix of polynomials B

4
Us € Ku(an s 7'rg)d xd

such that for all n > 1,

an = Z (aj, ®...®aj,) - ps(n.j),
sel
JEGL(s)

where G, (sg, ..., 5¢) is the set of tuples (jy,...,j¢) € N® such that j; +...+j,=n—14sg
and for all k € {1,...,¢}, jp <n—1—s.
A multi-holonomic sequence of arity m defined by matrices p1, ..., i, can be seen as a

generalised multi-holonomic sequence by taking the set I = {02, ...,0(,41)}, with 0; being
the tuple composed of i integers 0, and for all £ € {1,...,m},

Hoyq) (xO, ce axé) = ,Uzz(xo) .

The third main result of our paper compares these notions of multi-holonomic sequences.

For this purpose, given d; > dy we say that a sequence (b, )32, of elements of K% recognises
a sequence (a,), of elements of K% if 7(b,) = a,, for all n, where 7 : K4 — K% is the
projection onto the first dy coordinates. The following result is a useful step in the proof of
Theorem 2. Detailed proofs can be found in [22, Appendix F].

» Theorem 9. Let (a,,)5%, be a sequence of elements of K. The following statements are
equivalent:

1. a multi-holonomic sequence of arity 2 recognises (an)>q;

2. a multi-holonomic sequence recognises (@n)5o;

3. a generalised multi-holonomic sequence recognises (an)S2 .

3 Proof of Theorem 1

In this section we provide an overview of the proof of Theorem 1. The omitted proofs are
provided in [22, Appendix B].

The first step of the proof of Theorem 1 consists of showing that constructibly differentiably
algebraic (CDA) power series coincide with rationally dynamically algebraic (RDA) power
series. Recall that a RDA power series f(x) arises as the first component of a solution

(y1(x),...,yx(x)) of a system of differential equations
P, e P, .
yllz 1(y1a ’yk),u»,y;: k(yla 7yk) (10)
Q1(y1,-- -1 Yk) QY15 k)
where Py, Q1, ..., P, Qr € K[z, y1, ..., yx] are polynomial functions with @1, ..., Qx defined
at (0,41(0),...,yx(0)). A power series is CDA when Q; = ... = Qp = 1. The CDA power

series are thus RDA power series by definition. The converse is given by the following
proposition.

» Proposition 10. The class of RDA and CDA power series coincide.
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The proof follows a straightforward idea: to transform the system in (10) into an equivalent
form where all denominators disappear, we introduce auxiliary variables that replace the
denominators and differentiate the equations. We show the idea of the proof through the
following RDA series, which we also use as a running example throughout this section.
Consider the RDA series y;(x) defined in Equation (6) of Example 7.

We show that y;(z) is a CDA by introducing a new variable y3 = y% Since y4 = ;Zé; =
2
y7y3, the system can be rewritten as
i=y2 yh=uivs Y= Wivs, (11)

with initial conditions y;(0) = 0, y2(0) = 1, and y3(0) = 1.
In combination with Proposition 10, the following result establishes the implication 1 =
2 in Theorem 1.

» Proposition 11. A CDA power series f(x) is the ordinary generating function of a
differential tree automaton in which the rational weight of every transition has the form %
for some a € K.

Below, we present a simplified version of the proof for the CDA power series solution y; (z)
of the system given in (11). We denote by m the maximal total degree of the polynomials,
yielding m = 5. Write y;(z) = Yo" a, ja™ for all j € {1,2,3} for a power series solution of
the system. Substituting this solution in the defining system entails that

Nap1 = ap-1,2

nanp2 = — § Gnq,10n,,10n3,3
nit+nz+ng=n—1

nanp3 = Z An,,10n,,10n3,30n,,3n5,3 -
ni+...+ns=n—1

Following the above observation, we build a differential tree automaton A = (4, u) over
an alphabet ¥ such that the n-th coefficient of f4(z) is the vector [aml Qn2  Gn3 1]. In
this construction the alphabet ¥ contains o, for ¢ ranging between 0 and m; in our running
example above, we have ¥ = {0,]0 < ¢ < 5}. Now, roughly speaking, we introduce a
transition rule for each monomial & @y, 4, - .. an, s, With £ > 1 appearing in the summand of
nay, ; as follows

Ue(qilv cee 7qu) _TO_> q;

This procedure outputs the automaton given in Example 7 for the system in (11), where the
following transitions follow from the above rule:

1 _ 1 1
o1(q2) = @1 o3(q1,q1,43) —= @2 o5(q1, 91,43, 43, 43) — G3 (12)

We define the transitions of nullary and unary symbols (corresponding to ¢ = 0,1) in a
specific way, as detailed in the proof provided in [22, Appendix B]. Here, the additional
transitions og L g2 and og L g3 initialize the sequence.

To establish the remaining implications in Theorem 1 we use Proposition 12, which shows
that the labelled and ordinary generating function of an automaton induces multi-linear
recurrence relations that solely differ by a factor of % To this end, for a differential tree

automaton A = (d, p), define fa(z) :=> .~ anz" and fa(z) = Yoo
an= Y p(t) and b, = Y Ab)u(t). (13)
ke ke
t||=n tl|=n

b, x"™, where
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Denote by a,; the i-th coordinate of the coefficient vector a,, and define f4;(z) :=
ZZOZO an ;2" to be the i-th coordinate power series, that is, the power series with coefficients
being the projection of a,, to the i-th coordinate. Observe that fa1(z) is the ordinary
generating function of A, and similarly fA,l(x) is the labelled generating function of A. More
generally, the power series f4;(z) and fA,i(a:) can be seen respectively as the ordinary and
labelled generating functions of A when ¢; is considered the final state.

» Proposition 12. Let A = (d, u) be a differential tree automaton over ¥ of mazimal arity
m. Write fa(z) =Y 0" oanz" and fa(z) =" byz™ as in (13). Then

by =ao = Z (o),

c€Xp

and for alln > 1

le{l,....m} o€,
JGJTL(Z)
1
bn=— > (b, @...®b,)- > po)(n)
Le{l,....m} oeX,
JETn ()

where J,,({) is the set of tuples (j1,...,5¢) € N® such that j; + ...+ jo=n — 1.

The proof follows by bilinearity of the Kronecker product, and a combinatorial reasoning
on the number of monotonic labellings of the set {1,...,n}. For our running example, we
constructed a differential tree automaton over ¥ = {o0g,01,03,05} above by transitions
in Equation (12) (see also Example 7). The multi-holonomic sequence of the ordinary
generating function of this automaton is defined by ay = [O 1 1] and

an=an1p(o)(n)+ Y (a;, ®aj, @ay,) - plos)(n)
JEIN(3)

+ Y (a;,®...®ay,) - p(os)(n) (14)
JE€In(5)

where matrix p(o;) € K[z]?*3 is zero everywhere except at the entry in row g and column gy,
-1

where it is % Similarly, the matrix p(o3) € K[az]?’gxg also has a single nonzero entry ——, in

row (q1,¢q1,¢3) and column ¢o. Finally, the matrix pu(os) € K[z]3"*3 is again zero everywhere
except at the entry in row (g1, q1,4s, g3, ¢3) and column g3, where it is i

Since the sequences (a,)22, and (b,)5, defined in Proposition 12 are multi-holonomic
with defining matrices e = 3 oy, (o), with £ € {0,...,m}, the implication 2 = 1
in Theorem 1 follows directly from this proposition combined with the following result.

» Proposition 13. Let (a,)22, be a multi-holonomic sequence of degree at most 1 with
common denominator x. All coordinate power series of f(x) =" a, z" are RDA.

Below, we present the main ideas of the proof for the multi-holonomic sequence com-
puted in Equation (14) for our running example. Let f = Y77  a,z™ where a,, satisfies
Equation (14). We first derive a system of differential equations for the power series f from
the recurrence relation for a,; we give an account of this computation, which is a simple
variant of the proof of Proposition 14 presented in the next section.
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Denote by Of the differential operator defined by ©f(z) := 2 f’'(x). Hence,

o0

of = Z na,xr" = Z(n + 1)an+1m"+1

n=0

=Z(N+1 YY) (@, 9..@a,) pon)(n+1) by Eq. (14)

[G{l 3 5}j€Jn+1(Z)

n+1 o
= Eﬁ (n+ 1)z Z Z (a;, ®...®a;,) - ml/e writing u(oy) = EW

Ee{l 3 5} ]EJn+1(e)

:xz Yo > (@it e @aa7) v

n=0¢€{1,3,5} j€J+1(¢)
oo o0
Z (Z a7 ®...® Z a;,z’) vy by bilinearity of ®
£€{1,3,5} j1=0 Je=0

=z Z (f®...0Ff) v

£€{1,3,5}

In this simple example, the derived system of differential equations for the power series f,
above, already implies that f’ = 256{173’5}(]" ®...® f) - vy, proving that the coordinate
series of f are all RDA. In general, such a system can be reorganized as

Ofi = aQ1(fr, ..., fa) + Yt Ofi - xPri(fr,..., fa)

Ofs =aQa(f1,.. ., fa) + Y0, Ofi xPai(f1, ..., fa)

where the f; are the coordinate power series of f, and the @, P;; are polynomials in

Kly1, ..., yd-
This can be seen as a linear system of equations in © f1,...,0 f; with coefficients in the
field of rational functions K(z, fi,..., f4). As such, we can compute the determinant det(M),

where M represents the coefficient matrix of the system. Crucially we show that det(M) is a
polynomial in 1+ zK[z, f1,..., f4]. Hence, det(M) does not vanish at (0, f1(0),..., fa(0)),
which in turn implies that

@fl «’L'Ql Ul
=M =
O fa TQq Ud

where the rational functions U; € K(z, f1,..., fq) are defined at (0, f1(0),..., f2(0)).

We complete the overview on proof of Theorem 1 by discussing the equivalence 2 < 3 in
the theorem. Given any multi-holonomic sequence (a,)S2, of order d and arity m, defined
by matrices u1, ..., tm, Proposition 12 implies that the sequence arises as the ordinary
generating function f4(x) of some differential tree automaton A. More precisely, define
A = (d, ) over the alphabet ¥ = {0y, ...,0.,} such that o; has arity ¢, p(og) = ag, and
wl(oe)(x) = pe(x) for all £ € {1,...,m}. Replacing transition matrix p(o,)(x) in A with
1(0¢)(z) = - pe(x) gives another automaton B whose labelled generating function fg(z) is
induced by (@n)52.

Since the proof of the equivalence Item 1 < Item 2 in the theorem relies on Proposition 11,
we can now establish 2 = 3 by restricting our attention to differential tree automata in
which the rational weight of every transition has the form £ for some a € K. Given such
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a differential tree automaton A we apply Proposition 12 to show that the vector of power
series fa(z) = Y 0" ana™ induces a multi-holonomic sequence (a, )22 in which every entry
of the defining matrices also has the form £ for some a € K. We can thus apply the above
observation to show the existence of a K-weighted automaton 3 whose labelled generating
function fg(z) equals fa(z). The converse direction 3 = 2 is analogous (application of
Proposition 12 followed by the above observation).

4 Proof of Theorem 2

This theorem shows the equivalence of differentially algebraic power series, ordinary generating
function of differential tree automata, and multi-holonomic sequences of arity 2. The most
challenging development in this theorem is to establish 1 < 3. Before discussing this

equivalence, we outline the key ingredients required to establish 2 < 3 in Theorem 2.

Detailed proofs can be found in [22, Appendix C].
By Proposition 12, the ordinary generating function of any differential tree automaton
A is the first component of the vector of power series fa(z) = > a,z™. The latter
induces a multi-holonomic sequence (a,)22,. By Theorem 9, this sequence is recognised by
a multi-holonomic sequence of arity 2 which concludes the proof of 2 = 3 in Theorem 2. We
note in passing that the main milestone of the above argument is addressed in Theorem 9.
Conversely, consider the sequence (b,,), of elements in K? satisfying for all n > 1 the

recurrence
n—1
by = b1 P(n) + > (b @ byg1) - Q) (15)
k=0

with P and @ having entries defined on positive integers. We define the alphabet > =
{00,01,02} with 0¢, 01 and o2 having, respectively, arity 0, 1 and 2. Finally, we define the
differential tree automaton A = (d, 1) over X such that u(cg) = bg, and

p(on)(x) = P(x) and  p(oz)(z) = Q(x).
From Proposition 12, writing fa(z) as Y., a,z™, we directly obtain that the sequence
(an)52 satisfies the recurrence relation for (b,)22 , stated in Equation (15). Moreover, the
two sequences have the same initial value, that is ag = bg. Thus (b,)5, = (an)22,, which
concludes the proof of the direction 3 = 2 in Theorem 2.

4.1 From Multi-Holonomic Sequences to Differentially Algebraic Power
Series

This section focuses on proving 3 = 1 in Theorem 2. In other words, we show that given
a multi-holonomic sequence (a, )22, all induced coordinate power series Y a, ;z™, for
1 € {1,...,d}, are differentially algebraic. For this, we rely once again on the differential
operator O f defined by ©f(z) := xf'(z). For all i € N we write @01 f(x) for the i + 1-th
iteration of this operator:

Ot f(z) = 00" f)(z).

Let (@)%, be a multi-holonomic sequence of arity m and degree r. Let the sequence be
defined by matrices p1,. .., tm, sharing a common denominator A(x) € K[z]. Since (a,)5,
has degree r, we may assume that

Az) = Zcixi (16)
i=0
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for some ¢y, ..., c, € K. We rewrite each u, with £ € {1,...,m} by collecting the coefficients
of the monomial z* in a matrix tie,; as follows

1 &
pe(x) = @ sz e (17)
i=0
for some pg; € K% >4 Recall that the set J,(f) includes all f-tuples (ji,...,j;) € N

satisfying j1 +...+je=n— 1.

» Proposition 14. Let (a,,)22, be a multi-holonomic sequence defined as above, where A(x)
and pe(z) are rewritten as in (16) and (17). The vector of power series f(x) = > oy @n ™
satisfies the following system of differential equations:

Y eV f —cpag =2 Y <Z> O f®... 00U f) (18)
i=0 le{l,....m} J
1€{0,...,r}
jGJi+1(Z+1)

In Proposition 14, we showed that given a multi-holonomic sequence (a,)22,, the
vector of power series f(z) =Y. janx
In [22, Proposition 22 in Appendix C], we show that this vector is the unique solution of the
system, given the initial value ag.

" is a solution of the system as in Equation (18).

We use the uniqueness of the power series solution, given an initial value, to prove that
all induced coordinate power series of the solution are differentially algebraic. This is based
on a differential version of the Artin approximation theorem given in [12].

» Theorem 15 ([12, Theorem 2.1]). Let S be a system of differential polynomials in the
differential variables yi, . ..,y with coefficients in K[x]. Let (y1(z),...,yx(x)) € K[z]* be a
solution of S and m € N. Then there exists another solution (y1(z), ..., yx(x)) € K[z]* such
that all g;(x)’s are differentially algebraic and

(i), e(2)) = (G (@), -, y(x))  (mod 2™).

This theorem states that any solution (not necessarily differentially algebraic) of a system
of a differential equations can be approximated by a differentially algebraic solution, such
that both solutions agree on the first m coefficients. This differential version of the Artin
approximation theorem is used in the following proposition to complete the proof of the
implication 3 = 1 in Theorem 2.

» Proposition 16. Let (a,)5%, be a multi-holonomic sequence. All components of f(x) =
Zf;o a, x" are differentially algebraic power series.

4.2 From Differentially Algebraic Power Series to Multi-Holonomic
Sequences

It remains to show that any differentially algebraic power series is the component of a multi-
holonomic sequence of arity 2, that is, the implication 1 = 3 in Theorem 2. Our proof builds
on a construction of Denef and Lipschitz [12], who showed that the sequence of coefficients of
any differentially algebraic power series f(z) = ZZOZO an,x™ satisfies a recurrence of the form:

P(TL) an = Q?L(a07 ceey an—l) y
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where @, is a polynomial whose form depends on n. Our proof makes explicit this recurrence
and shows how it can be transformed into a generalised multi-holonomic sequence. The proof
will then conclude by applying Theorem 9.

Observe that the n-th coefficient of a power series f(z) = Y. 7 an,a™ satisfies a, =
n! £(™(0). Hence, to obtain a recurrence relation between the coefficients, it suffices to obtain
a recurrence relation between the derivatives of f evaluated at 0. One way to do so is to
differentiate the differential polynomial P on which the differentially algebraic power series
f(z) is a root, that is, the polynomial P(y,y™"),...,y?) with coefficients in K[z] such that
P(f(x), f'(z),..., f9(x)) = 0. In particular, using the chain rule, notice that

. op

- ay<d>y(d+1) + R, (19)

with both R and % being polynomials in K[z][y, . ..,y ?], thus of order strictly smaller
than d + 1. The partial derivative of P by its highest-order variable, namely %7 is called
the separant of P. Since f(x) and its derivatives form a root of P then they are also a root
of P’. Hence, instantiating Equation (19) with f and its derivatives evaluated at 0 leads to
the following equation.

OP

ay@ S0 S FD0) £ (0) = —R(£(0),...., fD(0))

We can see here how the recurrence takes shape as f (d+1)(0) is expressed using an equation
that depends solely on £(?)(0) for i < d. However, the main hurdle comes from the fact that
the separant can vanish at 0.

To address this issue, we can start by assuming that the separant of P is not identically
zero at the solution. In other words,

oP , d

g o fl f) £ 0.

This property holds if P has minimal order and degree among differential polynomials that
annihilate f (see [22, Proposition 25 in Appendix C]).

Then, the core idea of the Denef and Lipschitz [12] construction consists of iteratively
differentiating the polynomial P until the resulting differential polynomial meets a certain
condition (requiring that the coefficient of highest order term never vanishes at 0). The
number of successive differentiations depends on the separant.

Given k € N and differential polynomials A € K[z][y(>], denote by A mod y*) the
polynomials obtained from A by removing all monomials of order at least k (all monomials
that are multiples of 3(°) for some o > k).

» Proposition 17. Let f € K[z] be a power series and P € K[z][y, . ..,y?] a differential
polynomial such that

oP
(d) (d)
Pz, f,....,[*”)=0 and y(d)(x,f,...,f )#0.

Then there exist m,s, N € N and polynomial A € K|z] such that for all n > N we have
A(n) #0 and

1

s+ (0 = o Qn (0, £(0),..., FF9(0)) (20)

where Q,, = P17 mod y(nts+1)
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To complete the proof of the implication 1 = 3 in Theorem 2, we show that the
polynomial @,, defined in Proposition 17 naturally induces a generalised multi-holonomic
sequence. Indeed, using Pascal’s identity, we have for every monomial M = y("1) .. y(%) in
P and for all n € N,

M = Z (n) y(i1+11) o y(iz+jz) )

JE€Tnt1(£) J

Computing M +") modulo y+"+1) intuitively corresponds to adding guard conditions on

the indices j1,. .., js. As such, M) mod y+t7+1) becomes
3 (” + m) Y1) Ly (itin)
JE€Gr4+1 (M) J
with m = (m,i; — 1 —s,...,ig — 1 —s). Recall that G,,(so, ..., s¢) is used in the definition
of generalised multi-holonomic sequence and is the set of tuples (ji,...,7¢) € N¢ such that

ji+...+je=n—1+sgand forall k € {1,..., 0}, jr <n—1—s.

The final generalised multi-holonomic sequence is obtained by summing over all monomials
and applying an additional shift by N since Equation (20) holds only when n > N. The
proof concludes by invoking Theorem 9.

4.3 Equivalence of differential tree automata and their generating
function

We can use Theorem 2 to decide the zeroness and equivalence of the generating functions
and formal tree series associated to a differential tree automaton. See the detailed proof
in [22, Appendix D], including the reduction from zeroness of a differential tree automaton
to zeroness of the ordinary generating function of such an automaton.

» Theorem 18. The problems of zeroness and equivalence of formal tree series for Q-
differential tree automata are decidable. The problems of zeroness and equivalence of ordinary
and labelled generating functions for Q-differential tree automata are decidable.

Theorem 18 relies on a procedure of Denef and Lipschitz [12] for determining zeroness
of the solution of a system of differential algebraic equations. Intuitively, the zeroness of a
formal tree series of a differential tree automaton A is reduced to the zeroness of the ordinary
generating function of the differential tree automaton B such that [B](t) = [A](¢). As all
outputs of B are nonnegative, zeroness of B is equivalent to the zeroness of its ordinary
generating function. Proposition 14 then translates the ordinary generating function of B
into a finite system of algebraic differential equations. Therefore, zeroness is decided by
Denef-Lipshitz procedure. This procedure was recently implemented in [7]; however, we are
not aware of an analysis of the complexity of this problem. This would be an interesting
question for further research.
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