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—— Abstract

The Orbit Problem asks whether the orbit of a point under a matrix reaches a given target set.

When the target is a single point, the problem was shown to be decidable in polynomial time
by Kannan and Lipton. This decidability result was later extended by Chonev et al. to targets
of dimension 3 (in arbitrary ambient dimension), but decidability remains open for subspaces of
dimension 4. At the other extreme, the special case of the Orbit Problem in which the target set is
a hyperplane of co-dimension 1 is equivalent to the Skolem Problem for linear recurrence sequences,
whose decidability has been open for many decades.

In this paper, we show that the Orbit Problem is decidable if the target subspace has dimension
logarithmic in the dimension of the orbit. Over the rationals, we moreover obtain a complexity
bound NPRP in this case, when the target space dimension is bounded. On the other hand, we
show that the version of the Orbit Problem where the dimension of the target subspace is linear in
the dimension of the orbit is as hard as the Skolem Problem.
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1 Introduction

A linear dynamical system (LDS) consists of a matrix A € K¢*? and initial vector = € K,

where K is a field. An LDS (4, x) defines an orbit B(A,x) = {z, Az, A%z, ...} given by the
image of & under repeated application of A. The Orbit Problem, introduced by Harrison [18]
in the context of the reachability problem for linear sequential machines, asks whether a
given LDS (A, z) € Q¥*? x Q? reaches a given point y € Q?, that is, whether y € B(A, x).
A decade later, this problem was shown to be decidable in polynomial time by Kannan and
Lipton [20, 19].
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On the Subspace Orbit Problem and the Simultaneous Skolem Problem

A natural generalisation to the problem where the target point y is replaced by a target
subspace S C Q% was discussed in the journal version of their work [19].

Subspace Orbit Problem.
Given an LDS (4, z) € K9 xK? and a subspace S C K¢, decide whether B(A,x)NS #
J.

Around 30 years later, a significant step forward was achieved by Chonev, Ouaknine and
Worrell [13, 14], who showed the Subspace Orbit Problem is in NPRP when the dimension
of the target subspace is at most 3, regardless of the dimension d of the ambient space.
To date, this is the state of the art for the Subspace Orbit Problem, with decidability for
higher-dimensional target subspaces remaining a major open problem.

Other domains for targets have been studied in [15, 4, 25], among which one finds
polyhedra and more generally semi-algebraic sets. Cumulatively, we call these problems the
orbit problems. A plethora of further generalisations and variants of orbit problems may be
found in the literature [9, 3, 24, 16, 17]. An important application of the orbit problems
comes from program analysis: note that LDS can be viewed as linear while loops

v + x; while cOND(v) do v + A - v,

where reachability of a target S corresponds to the halting problem with COND(v) = v & S;
that is, where the looping condition is expressed as a finite disjunction of linear disequalities.
We refer the reader to [22, 33, 23] for further discussions of LDS and loops.

Taking one step back, a major obstruction on the way to deciding orbit problems is the
Skolem Problem. A linear recurrence relation of order d over a field K is an equation

Up = ClUp_1 + *+ + Cqlipn_4g, (L.1)

where ¢; € K for 1 <i < d and ¢4 # 0. A linear recurrence sequence (LRS) u = (up)nen is
a sequence of elements in K satisfying (1.1). In the case that K has characteristic 0, the
set Z(u) = {n € N: u, = 0} of zero terms of an LRS is described by the theorem of Skolem,
Mabhler, and Lech [35, 29, 27]:

» Theorem 1 (Skolem—Mahler—Lech). The zero set Z(u) is a union of finitely many arithmetic
progressions and a finite set.

The proof is unfortunately ineffective — though we can find the arithmetic progressions, there
is no known algorithm to compute the exceptional finite set. Computing this finite set is
equivalent to solving the Skolem Problem.

Skolem Problem.
Given an LRS u, decide whether Z(u) is non-empty.

We denote the Skolem Problem on K-LRS that satisfy a recurrence relation of order d as
SKOLEMg (d); when K = Q we simply write SKOLEM(d). It is straightforward to see that
deciding the Skolem Problem is equivalent to deciding the Subspace Orbit Problem with a
hyperplane target, that is, a linear subspace of K¢ of dimension d — 1. However, despite being
posed close to a century ago, decidability of the Skolem Problem has stubbornly remained
open; decidability is known for SKOLEM(4) [36, 38, 5], and furthermore, SKOLEMq(4) lies
in coRP [7], but SKOLEMg(5) remains open [11]. In the orbit problems terminology, the
decidability of reaching a 4-dimensional subspace of Q° is open.
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When considering non-degenerate sequences, the statement of Theorem 1 can be further
refined. Define the characteristic polynomial of u satisfying Equation (1.1) to be

glz) =2 —crzdt — ... — ¢y,

We say u is non-degenerate if no ratio of distinct roots of its characteristic polynomial is a
root of unity. The Skolem—Mahler—Lech Theorem shows that a non-degenerate LRS is either
identically zero or has finitely many zero terms. Crucially, for every LRS (u,,)necn there exists
an integer L such that each subsequence (ur,1,)neny with 0 < r < L — 1 is non-degenerate.

The Reduced Subspace Orbit Problem

The Subspace Orbit Problem with target space S C Q° of dimension 4 is equivalent to

SKOLEMg(5), the decidability of which appears to be beyond the reach of current methods.

A natural question is to ask whether the problem with target dimension 4 becomes tractable
when the dimension of the LDS is sufficiently large. However, for this we need a sufficiently
robust notion of the dimension of an LDS. For example, if (4, x) € K% x K¢ then one
might naively take the dimension of (A4, x) to be the ambient dimension d. We argue against
it, as any LDS may trivially be viewed as being inside a space of arbitrarily large dimension
by adding new components to A, x that are zero everywhere. Instead, we introduce the
notion of reduced LDS, and of the inherent dimension of an LDS.

Call a LDS (A4, ) non-degenerate if no ratio of distinct eigenvalues of the matrix A is a
root of unity. Define the Krylov dimension of an orbit to be the smallest dimension of any
subspace that contains it. We say an LDS (4, x) € Q¥*4 x Q% is reduced if it is non-degenerate
and the Krylov dimension of any tail of its orbit is d; that is, dimspan{A™x : n > m} =d
for all m > 0.

By removing finitely many initial points, taking sub-orbits and restricting to smaller
subspaces (see Section 2), the orbit of any LDS may be rewritten as a union of finitely many
points, and finitely many orbits of reduced LDS with equal Krylov dimensions. We define the
inherent dimension of an LDS to be the Krylov dimension of its associated reduced LDS.!
The inherent dimension may be more intuitively characterised by the following property: if
an LDS has inherent dimension d then its orbit cannot be contained within a finite union of
dimension d — 1 subspaces.

It turns out that the notion of inherent dimension is the right one for investigating
the problem at higher dimensions — although deciding the Subspace Orbit Problem for
LDS of inherent dimension d and target subspaces of dimension ¢ is SKOLEM(5)-hard when
(d,t) = (5,4), the problem becomes tractable already when (d, ¢) = (6,4). This motivates the
following question, which this paper investigates: for each fixed target dimension, what
is the smallest inherent dimension of LDS for which we can decide the Subspace
Orbit Problem?

The Subspace Orbit Problem on arbitrary LDS can be solved by solving the Subspace
Orbit Problem on each associated reduced LDS. Therefore, in the rest of the paper we assume
that any LDS (A, x) is reduced, unless stated otherwise. We denote the Subspace Orbit
Problem restricted to reduced LDS (A, z) € K?*¢ x K and subspaces S C K? of dimension
t by ORBITk(d, t).

! Reduced LDS have the property that their Krylov dimension remains the same upon removing finitely
many points or taking sub-orbits, so the notion of inherent dimension is well defined.
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We investigate the central question via the Simultaneous Skolem Problem, also discussed
in [6].

Simultaneous Skolem Problem.
Given a finite set of LRS u, ..., u*) decide whether

ZW,. . u®)y={neN:u) =0forall 1 <i<k}

is non-empty.

Moreover, we are interested in computing the set Z (u(l), . ,u(k)). While the Skolem Problem
corresponds to the Subspace Orbit Problem where targets are hyperplanes, the Simultaneous
Skolem Problem can express any subspace target.

We further denote the Simultaneous Skolem Problem on k linearly independent? non-
degenerate K-LRS satisfying the same recurrence relation of order d by SIMSKOLEMk (d, k).

Just like how the Subspace Orbit Problem for general LDS reduces to considering reduced
LDS, the Simultaneous Skolem Problem for general LRS reduces to linearly independent
and non-degenerate LRS by passing to non-degenerate subsequences and removing linearly
dependent LRS. We shall see that while known algorithms only yield Z(u) for w of order at
most 4, considering k > 2 LRS simultaneously renders decidable problems for LRS of higher
orders.

Overview of the results

When K = Q, we omit the subscript, i.e. ORBITg(d, t) = ORBIT(d, t) and SIMSKOLEMg(d, k) =
SIMSKOLEM(d, k).

We first show that deciding ORBIT(d, t) is equivalent to deciding SIMSKOLEM(d, d — t).3
We then study SIMSKOLEM(d, k), in which the key observation is that all simultaneous
zeros of u®, ... u¥) are zeros of an arbitrary linear combination w = ¢, a;u(® of
these LRS. SIMSKOLEM may thus be solved by solving the Skolem Problem for (wy,)nen-
More precisely, provided that v, ... u*) are non-degenerate and linearly independent,
any non-trivial linear combination w of these LRS is a non-zero non-degenerate LRS. By
Theorem 1, the zero set Z(w) is finite; if we can compute it exactly, all that is left to do
in order to compute Z(u™®, ... u®) is to check whether ul) =0 for each n € Z(w) and
all 1 < ¢ < k. The freedom to choose the linear combination w plays a crucial role in
achieving our decidability results. Using this, we show decidability of

SIMSKOLEM(6, 2) and ORBIT(6,4),

SIMSKOLEM(9,4) and ORBIT(9, 5),

SIMSKOLEM(12,6) and ORBIT(12,6).

We provide examples that show that these results are the best possible with the techniques
we use, even when restricting to SIMSKOLEMg(d, k) and ORBITq(d, t).

In addition to these low-dimensional results, we show that for each target dimension,
the Subspace Orbit Problem is decidable whenever the inherent dimension of
the LDS is sufficiently large. In particular, we show the following.

2 Say wM o u® are linearly dependent if there exist b1, ..., bx € Q such that waLl) 4+t bk,ugf) =0,
for all n € N.

3 Note that in conjunction with the simple observation that SIMSKOLEM(d, k) reduces to SIMSKOLEM(d —
1,k — 1) (see Lemma 15) and the fact that SKOLEM(4) is decidable [5], this already extends the
decidability results of Chonev et. al. [14] from vector spaces over Q to vector spaces over Q.
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» Theorem 2. SIMSKOLEM(d, k) is decidable for all (d,k) satisfying d — k < 2logsd.
Equivalently, ORBIT(d, ) is decidable whenever t < 2logs d.

We provide a careful complexity analysis which shows that, for any fixed T', the problem
ORBITg(d, ) for arbitrary d and ¢ < T satisfying ¢ < 2logs d is in NPRP and if d is fixed
then the problem lies in coRP.

Finally, we provide an improved reduction of the Skolem Problem to the Subspace Orbit
Problem. Specifically, we show that if there existed a constant C' € (0,1) such that there
was an algorithm solving ORBIT(d, t) for all ¢ < Cd, then such an algorithm could be used
to decide the Skolem Problem.

Our contributions are visually summarised in Figure 1.

d=1[d=2[d=3]d=4] d=5 [ d=6 [ d=7 | d=8 [d=9[d=10][d=11[d=12
t=1
=2 decid. by Chonev et al. (over Q)
=3
=4 SKOLEM(5) decid. —
=5 SKOLEM(6) decid. — .
6 SKOLEM(7) | SKOLEMg(5) decid. —

Figure 1 A table depicting the state of the art, and our contributions for ORBITG(d, t).
Green: shown decidable over Q by [14], and extended in the present article to Q.
Blue: instances newly shown decidable in the present paper over Q; we show ORBITg(d,t) for them
to be in NPRP and in coRP when d is fixed.
: instances which are provably not MSTV-reducible (cf. Definition 13), as shown by Example 21.
Red: instances which are SKOLEMg(k)-hard or SKOLEM(k)-hard for some k (the proof for ORBIT(8, 6)
is in the full version of this paper [8]).

2 Preliminaries

Reducing LDS

The Krylov subspace V C Q% associated to an LDS (4, x) € Q4*?¢ x Q% is the Q-vector space
spanned by the orbit of & under the powers of A € Q¥*:

V = span(x, Az, A%z, ...).

Let Vj = span(zx, Az, A%z, ..., A*~1zx) be a vector subspace spanned by the first k vectors
of the orbit. By definition, let V; := {0}. Clearly,

VWCWC-CVC--CV. (2.1)

Let p < d be the minimum power such that A*x € V,,. Then the increasing chain (2.1)
stabilises at k = pu, that is, V, = Vi1 = --- = V. Moreover, p is the dimension of the
Krylov subspace V' which we also call the Krylov dimension of V. The use of the eponym

is a tribute to the seminal paper [26] by Krylov; for similar usage see e.g. [37, Part VIJ.

We write dim(A, ) == u. If p = d we say (A, x) is full-dimensional. We say (A, x) has
stable dimension if dim(A, ) = dim(A, A"x) for all n € N. Observe that (A, x) certainly
has stable dimension if A is invertible. The following lemma shows how we can reduce to
considering invertible A, and that when taking sub-orbits, each sub-orbit has equal Krylov
dimension. See also [21, Section 6.1] for similar discussion.

8:5
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» Lemma 3. Let (A,x) € Q™9 x Q¢ be an LDS and let L be an integer. Then there
exists an integer p and an invertible matriv M € Q4% (both depending only on A,  and
L) such that for all 0 < r < L — 1, the LDS (A, A%"x) has stable dimension u and
B(AE, Adtre) = B(M, A% x).

Proof. First, note that if A is nilpotent then A™ = 0 for all n > d, and therefore the
conclusion of the lemma follows trivially, with 4 = 0 and M = I, the d x d identity matrix.
Henceforth assume A is not nilpotent, and so has some non-zero eigenvalue. Let J = PAP~!
be the Jordan normal form with block-diagonal such that J = diag(Jy, J2) with J; € Qdaxda
invertible and J, € Q%> nilpotent, with d; > 0. Let s = Pz = (51,5,) ", for §; € Q%,
35 € Q%. Then, since J& = 0 for all n > d, we have J"s = (J'3;,0)" for all n > d.

Define .J = diag(.Jy, I,). Since J"s = (J*;,0)" for all n > d, we have J"J%s = J"*J%s
for all n > 0. That is, B(J, J%s) = B(J, J%s).

Fix an integer L. Since .J; is invertible, dim(J{, J{13;) is stable; define y == dim(JE, J{3,).
For each 0 <r < L — 1, we have

J'B(JE, Jis) = B(JL, J4*Ts).

The Krylov subspaces of (jL, J47s), 0 < r < L — 1, are related by multiplication by an
invertible matrix. It follows that

dim(J%, J%s) = dim(J*, J¥s) = - .. = dim(J*, JE71s) = .

Recall that P is invertible. By letting M = P~'JL P, it follows that that (M, A% "x)
has stable dimension p for each 0 < r < L — 1. Note also that M is invertible, and that
B(AL, Adtre) = B(M, A%t ), proving what was desired. <

» Remark 4. From the proof, we see that y < d — ds, where ds is the multiplicity of 0 as a
root of the characteristic polynomial of A.

Recall that an LDS (A, x) is reduced if it is non-degenerate, full-dimensional and has
stable dimension. Note that if (A4, ) is reduced then A is invertible. Indeed, if not then
0 is an eigenvalue of A and by Remark 4 we have ;1 < d. Recall also that ORBIT(d, t) is
the Subspace Orbit Problem on reduced LDS (A,x) C Q¥*?¢ x Q% and subspace S C Q¢
of dimension t. We now formalise a reduction from an arbitrary instance (A, z,S) of the
Subspace Orbit Problem for a non-reduced LDS (4, x) € Q4*¢ x Q¢ to ORBIT.

First, check whether A’z € S for some i < d. If not the case, find an integer L such
that A% is non-degenerate.* We apply Lemma 3 to find an invertible matrix M such that
B(AL, Adtre) = B(M, A% z) for all 0 < r < L — 1. Now decompose the orbit B(A, A%x)
into L sub-orbits B, = B(M, A%*"z), where 0 < r < L — 1. Moreover, for each r, define
V.. == span(B,). These subspaces are all of dimension p < d by Lemma 3, and so can be
identified with Q*. Recall that we call u the inherent dimension of (A, z). The new targets
S, = SNV, are linear subspaces of V,., respectively.

The original orbit B(A, x) reaches subspace S of dimension ¢ if and only if at least one of
the following holds: 1) A'x € S for some i < d; 2) for some 7, the orbit B, of the reduced
LDS (in ambient dimension p < d) reaches the subspace S, C Q* of dimension ¢, < t. Now,
1) can be solved by a finite check, while 2) consists of instances of ORBIT(u,t,) for each
0 <r <L —1. We summarise this in the following statement.

4 We may take L to be the lowest common multiple of the orders of all ratios of eigenvalues \;/)\; that are
roots of unity. This is at most exponential in the degree of the number field containing all eigenvalues [14,
Section A.5].
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» Proposition 5. Solving the Subspace Orbit Problem on arbitrary LDS (A, x) € Q¥4 x Q¢
of inherent dimension p and target subspace S C Q% of dimension t reduces to solving finitely
many instances of ORBIT(u,t') fort' <t.

Algebraic Number Theory

We recall some algebraic number theory. More details can be found in [32, 39]. Let K
be a finite extension of Q, i.e, a number field. We define the notions of Archimedean and

non-Archimedean absolute values on K, which are central to the decidability results we prove.

When p € Z is a prime, we define the p-adic valuation v, : Q — Z U {oo} by v,(0) = o0
and v, (pr%) = r, where a,b,p € Z are pairwise coprime. We define the p-adic absolute
value by |z|, = p~¥»(*). We require a generalisation of this to number fields, via a notion of
valuation with respect to a prime ideal.

Let Ok denote the ring of algebraic integers in K. Define a fractional ideal of K to be a
non-zero finitely generated Og-submodule of K. Equivalently I is a fractional ideal if and
only if there is ¢ € K such that ¢I C Ok is an ideal of Og. The fractional ideals of K form
a group under multiplication. Any fractional ideal I of K has a unique decomposition [32,
p. 22

t
=] (2.2)
=1

where t € N, each p; C Ok is a prime ideal and n; € Z.

For a prime ideal p C Og we define the valuation v, : K — Z U {o0} by v,(0) = oo and
for non-zero a € K, we define v, (a) to be the exponent of p in the prime decomposition of the
fractional ideal aOk given by (2.2). There is exactly one prime p € Z such that v,(p) > 0;
we say p lies above p, and define the ramification index e, = v,(p). We define the p-adic
absolute value |z, = p~U»(®)/.

By Ostrowski’s theorem, any (non-trivial) absolute value on Q is equivalent to the modulus
| -] or a p-adic absolute value |- |, for some prime p € Z. Furthermore, if |- |, is a (non-trivial)
absolute value on K, then its restriction to Q is either equivalent to the modulus |- | (in
which case | - |, is Archimedean and we write v | c0) or some p-adic absolute value | - |, (in
which case | - |, is non-Archimedean and we write v | p, or v { c0). We normalise | - |, such
that, on Q, | - |, coincides with the modulus |- | or |- |, for some p; in the Archimedean case
we have |z|, = z for all z € Q3¢ and in the non-Archimedean case |p|, = p~!. Denote the
set of non-trivial absolute values on K, normalised as above, by Mk.

If v € Mg is Archimedean, it either corresponds to a real embedding K S Rora pair

of complex embeddings K 2% C. In both cases, under the normalisation above we have
|z|, = |x|, = |o(z)|. Define the local degree D, of v as D, =1 or D, = 2 if v corresponds to
a real embedding or a pair of complex conjugate embeddings respectively.

If v € Mk is non-Archimedean, and v | p, then v corresponds to a prime ideal p C Ok
dividing p. Under the normalisation above, we have |z|, = |z|, = p~"» @/ . Define
D, = [K, : Q] where K,,Q, are the completions of K,Q with respect to | - |,,] - |p
respectively. Note also that any non-Archimedean v € Mk satisfies the ultrametric inequality:
for any z,y € K we have |z + y|, < max{|z|,, |y, }

In our complexity analysis, we require a robust notion of the size of an algebraic number.

This is the content of the next definition.

8:7
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» Definition 6. Define log™ () = logmax{1,z}. If v € K and [K: Q] = D, we define the
absolute logarithmic height of x (or just height for short) as

1
h(z) == ) Z D, log™ |z], .
vE Mg

It is known that the height depends only on x, not the choice of number field K. The
height satisfies the following properties, found in [39, Sections 3.2, 3.5].

» Proposition 7. For any algebraic numbers oy, g, ...,y with ag # 0, for any n € Z and
any absolute value | - |, on Q(aq) we have

1. h(agas) < h(ag) + h(as),

2. hlag + -+ am) <logm+ h(ay) + -+ h(anm),
3. h(a}) = |n|h(ar),

4. —[Q(en) : Qlh(ar) <loglaily < [Q(aa) : QJA(a1)

Linear Recurrence Sequences

Let u be a Q-LRS satisfying recurrence relation (1.1) of order d. Say u has order d if it does
not satisfy any recurrence relation of order d — 1. Note then SKOLEM(d) refers to the Skolem
problem for all LRS of order < d.

A Q-LRS u satisfying (1.1) has an exponential polynomial form

s s m;—1

i=1 i=1 j=0
where each P;(n) = Z?Z’o_l ¢ijn’ € Q[n] is a polynomial, and Aq, ..., As are the roots of the
characteristic polynomial g(X) = X9 — c; X971 — ... — ¢4, with multiplicities m1, ..., m.

We call \1,..., A the characteristic roots of u. If \;/\; is a root of unity for any ¢ # j then
we say u is degenerate. For |- |, an absolute value, call \; dominant with respect to | - |,
(or | - |,-dominant), if |A;|, > |Aj|, for all j # i. We say an LRS is simple if deg P, = 0 for
alli e {1,...,s}.

We make some further definitions to discuss different parts of the LRS. Precisely, a term
is a product of an exponential monomial n/ A\ and a non-zero constant ¢; j. If A; is dominant
with respect to | - |,, then we call ¢; ;n? AT a dominant term. Fix a linear order on the set
of exponential monomials in (2.3) and associate with u a vector u € Q¢ of constants ¢; ;
with respect to this order.® We refer to the set of non-zero components of a vector u as its
support supp(u).

Given k LRS v, ..., u® satisfying (1.1), consider their associated vectors u® . uke
Q% We say that uD, ... u®) are linearly independent over Q if the subspace C' C Q% spanned
by u™M, ..., u® has dimension k.

3 Decidability

We formalise the connection between ORBIT and SIMSKOLEM in the following proposition.

» Proposition 8. For any k < d, the problems ORBITk(d,d — k) and SIMSKOLEMk (d, k) are
equivalent.

5 Note that it is possible for the c; ; here to be zero, e.g. if the order of u is < d.
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Proof. Let (M,x,S) be an instance of ORBITk(d,d — k) and let S C K¢ be a subspace
spanned by {vy,...,vq_}. Consider a basis {1y, ..., us} of the orthogonal complement S-+.
Then M™x € S iff u;'—M":c =0 for all i. Now, u{ M"z, ... ,u,;'—M"w are all LRS that satisfy
the same linear recurrence relation of order d. Indeed, let

g (X) =X X g1 X — ey

be the characteristic polynomial of M, where cq # 0 as M is invertible®. By the Cayley—
Hamilton theorem, gps(M) = 0, and hence, for all n and 1 < i <k,

w! gu(M)M"x = u] M"g — - — cqu] M"z = 0.

The LRS are linearly independent; suppose that Zle a;u] M"z = 0 holds for all n for
some (ay,...,ax) € K¥\ {0}. Then

X T
(Z oziul') M"z =0
i=1
for all n. Since the vectors u;, i =1, ..., k, are linearly independent, we have Ele a;u; #0

so the orbit B(M,x) is contained in a proper subspace of K¢ which contradicts our original
assumption. Finally, the characteristic roots of the LRS are exactly the eigenvalues of M, so
the non-degeneracy of M implies the non-degeneracy of the LRS.

For the other direction, consider k linearly independent, non-degenerate LRS u(®), ... u(*)
that satisfy the same recurrence relation

ug) = clugzl +---+ cduff)_d7
where ¢4 # 0. Take M to be the companion matrix of the characteristic polynomial, so M =
(62 |- ]eq] w), where w = (c4,...,c1) . For each i € {1,...,k}, let ul(fl)lt € K? denote
the row vector ul(;)lt = (uéi), ce U((;ll) of initial values of the sequence ul?. These k vectors

{“i(ii)m ces ui(rlfi)t} are linearly independent over K. Now, the instance of the Simultaneous

Skolem Problem is positive if and only if there exists n € N such that

neZuw®,. .. u®)eul =... =P =0

ui(ii)tM”el == ui(:fi)tM”el =0.

. . 1) OREs .
This is equivalent to M"e; € § = {uinit, . .,uinit} for some n, where S is a d — k-
dimensional subspace of K¢. Notice that dim(M,e;) = d, since M7~1e; = e; for 1 < j < d,
and ey, ..., ey span K% Moreover, (M, e;) has stable dimension as M is invertible, and M is
non-degenerate since the u(¥) are. Thus (M, e;) is reduced and (M, e;, S) forms an instance
of OrBIT(d,d — k). <

3.1 Solving SIMSKOLEM

» Definition 9 ([5]). The MSTV" class consists of algebraic LRS that have at most 3
dominant roots with respect to some Archimedean absolute value or at most 2 dominant roots
with respect to some non-Archimedean absolute value.

6 See Remark 4 and subsequent discussion.
7 Stands for Mignotte, Shorey, Tijdeman, and Vereshchagin.
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The term was coined in [28] and named after the authors of the seminal papers [36, 38], who
proved decidability of the Skolem Problem for all non-degenerate LRS in the MSTV class.
In contrast to the definition in [28], the LRS we consider are over Q; since there are several
embeddings of an arbitrary number field into C, we have multiple Archimedean absolute
values we may use, which will generally have different numbers of dominant roots, while for
Q-LRS only the modulus is used.

The idea we employ to decide SIMSKOLEM for & LRS u(®, ..., u® is to take a linear
combination

k
= Bju)
=1

where we choose the §; € Q to eliminate sufficiently many dominant roots and force w to fall
into the MSTV class. Then all simultaneous zeros of uV), ..., u*) are zeros of a non-zero
non-degenerate w, so the Simultaneous Skolem Problem may be solved by finding the finite
zero set Z(w) and checking whether for some n € Z(w) we have ul =0 for each 1 < i < k.

Unfortunately, this method has a complication. Sometimes, the coefficients in front of the
dominant roots in the exponential-polynomial representation of the LRS will be particularly
pathological, and there is no way to choose a linear combination that leaves at most 3
dominant roots without eliminating all of them (at which point there are “new” dominant
roots of second-largest absolute value, which complicates application of the MSTV class).
Let us illustrate this vexing situation with an example.

» Example 10. Choose \i,...,\s € Q such that [A;| =+ = |[A\q| > [A5] > -+ > |\4] and
consider two LRS u(®), u(?) given by

ul? = ))\"+a2))\"+a3)/\"+a4 /\”—l—Za ))\"

n

Jj=5
with linearly independent vectors (agi)7ag),ag),ay)7 ey ag)) for i = 1,2. Suppose first
that the coefficients of the | - |-dominant roots are linearly independent, that is,

(o, a0, a) ¢+ (a0, o, af?)

for allt € Q. Then it is easy to see that we can choose a linear combination v,, = ﬁlu,(ll)—i—ﬂgug)
that eliminates precisely between 1 and 3 of the dominant roots A1,..., Ay, so v is in the
MSTYV class. However, if the coefficients of the dominant roots are linearly dependent so that

1 1 1 2 2 2 2
(ag NORNCY g)) . (ag o ), o)

for some t € Q, then every linear combination v, = ﬁlugl + Bgun has exactly 0 or 4 of the

dominant roots A1, ..., As remaining. In particular, if |\s| = --- = |A¢| and d > 8, it is not
possible to take a linear combination that has at most 3 | - |-d0minant roots.

We note one saving grace in this situation: if the dominant terms are linearly dependent,
we can eliminate more roots than expected. In particular, if d = 8, we can take a linear
combination with at most 4 characteristic roots, which does lie in the MSTV class by the
argument of [5]. This is the behaviour we shall exploit in our main results. Pathological
behaviour aside, it is key to our approach to understand how many | - |,-dominant terms
LRS may have, for each absolute value | - |,. This is the content of the following theorem,
which is a generalisation of [5, Lemma 4.3].
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» Theorem 11. Let Ay,..., A be r > 1 algebraic numbers such that no quotient A\;/\; for
any i # j is a root of unity and such that

Al = o] == [A].

Consider an exponential polynomial

r r degP;
FOL - A) =D Pm)AT =)0 Y ! A} (3.1)
i=1 i=1 ;=0

with t terms. There exists an absolute value | - |, with respect to which at most L%J terms
of (3.1) are dominant.

Proof. Let K be a Galois number field containing Ay, ..., \,, with Galois group G. Consider
i = f\‘—l Note that dividing each A; by a constant in this way does not change the number of

terms that are dominant with respect to any absolute value. Moreover, f(A1, A2,...,A) =
AP (L, pay ..oy ). So it suffices to prove that there is a subset of at most L%J of the terms
in f(1,pa, ..., ) that are dominant with respect to some absolute value. For a term cn®u™

we refer to the algebraic number p as its base.
Now we have

L= piafiy = -+ = i,

and by applying ¢ € G to the equation we get

L=o(p2)o(fis) = -+ = olpr)o(f,) (3-2)

for all o € G.

Case 1: |o(u;)| # 1 for some o,i; either |o(u;)| > 1 or |o(f;)| > 1.

Let | - | be the absolute value defined by ||, = |o(x)| and let | - | be the absolute value
defined by |z|; = |o(Z)|.* We argue that at most | 5] terms are | - [,-dominant or at most
|£] terms are | - |;-dominant.

We discuss the case |o(p;)] > 1. Suppose at least 1 + | %] terms are dominant with
t

respect to | - |», then there are at least 1+ [ %] terms whose base y; satisfies |o(u;)] > 1.

Therefore, by (3.2) there are at least 1+ | £] terms such that ||, = |o(7;)| < 1 = [1], for
their bases p;. Each of these terms is non-dominant with respect to | - |;. So there are at
most

(<l

dominant terms with respect to | - |.. Note that the case where we instead assume |o(f;)| > 1
for some i is completely symmetrical.

Case 2: |o(p;)| =1 for all o,i. If v,(ue) = 0 for all prime ideals p C Ok, then pg € Ok;
in fact, po is a unit of that ring. All Galois conjugates of us lie in the unit circle, so by
Kronecker’s theorem ps is a root of unity. This contradicts our assumption that As/A; is not
a root of unity. Therefore, we have v, (u2) # 0 for some prime ideal p C Og. Then by the
exact same argument as in Case 1, at most L%J of the terms are dominant with respect to
either | - |, or the non-Archimedean absolute value | - |, defined by |z|, = |Z|. <

8 The latter is an absolute value as 7(x) = o(Z) is a composition of Galois automorphisms so is a Galois
automorphism itself.
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We give an example to show that this bound is optimal — one cannot always guarantee having
fewer dominant terms. In fact, this bound is optimal even when one assumes extra structure
from the \; arising as characteristic roots of a simple integer-valued LRS.

» Example 12. We work with the ring of Gaussian integers Z[i]. Recall that Z[i] is the ring
of algebraic integers of Q(i) and is a PID. The Gaussian primes are exactly those of the
form a + bi with a? + b? equal to an integer prime, or a = 0 and |b| = 3 mod 4, or b = 0 and
la| = 3 mod 4.

We choose s > 3 Gaussian primes pi,...,ps € Z[i] such that there are no pairs of
associates” in the set {p1,...,ps,Dq,---,Ds}- This can be achieved by choosing Gaussian
integers of the form a + bi with |al,|b| > 1, as this implies p;, p; are not associates. Moreover,
to guarantee that p; and p;, as well as p; and p;, are not associates when i # j, we select
D1, .-, Ps 80 that [p;| > |piy1] forall 1 <i<s—1.

We consider Ay, ..., s € Z[i] given by

Ai ZﬁiHPj-

J#i

Observe that Aq,..., As, M, ..., \s are pairwise distinct and no two numbers in the set Agg ==
{1, s, A, ... ,XS} are associates, as they have distinct prime factorisations.

Clearly we have |\;| = |A\;| = --- = |\;| = |As|. Moreover, they all have equal absolute
value with respect to every Archimedean absolute value as the only other Archimedean
absolute value is given by ||, = [Z|. Now, |- |, |- |3 fori = 1,...,s are the only non-
Archimedean absolute values for which not all elements of As; are dominant. It is easy to

see that for each i exactly s elements of Ay, are dominant in | - |,,, and similarly for |- |5,.

Now, to extend our example to sets of algebraic numbers of cardinality r = 2s+1 > 7, let
Av1=][pmi€Z.
i

Then all numbers in the set Aogy 1 = {A2, A2, ..., A2, 02 \,;1} are dominant with respect to
every Archimedean absolute value. For a non-Archimedean absolute value |- |,, (resp. |-

@)’
exactly s of the numbers are dominant, and all are dominant with respect to every other
non-Archimedean absolute value.

For every r > 6, we have constructed a set of roots A, such that with respect to any
absolute value at least | 5| of the roots are dominant. The cases r = 4,5 may be handled
by taking Ay == {\1, Ao, A1, A2} € Ag, and As == {\2, 02 A2, 23 \;} C A7. These have the
desired property that all roots are dominant with respect to all Archimedean absolute values,
and for each non-Archimedean absolute value there are at least 2 dominant roots.

All constructed sets A, r > 4, arise as sets of characteristic roots of simple integer-valued
LRS because each A, C Z][i] is closed under complex conjugates.

3.2 MSTV-reducibility

We now show how to use Theorem 11 to decide cases of SIMSKOLEM (and hence of ORBIT).
Let usll), . ,ugﬁ) be non-degenerate linearly independent LRS satisfying the same recurrence
relation. Recall that if we can find a linear combination w,, that lies in the MSTYV class,
then we can compute the zero set Z(u(®, ... u(*).

9 Recall that a,b € R are associates if a = bu for some invertible u € R.
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» Definition 13. An instance ug), . ,u%k) of SIMSKOLEM(d, k) is MSTV-reducible if there
exists a mon-zero linear combination w, = Zle Biugf) with B; € Q which lies in the
MSTYV class. Similarly, an instance of ORBIT(d,t) is MSTV-reducible if the instance of
SIMSKOLEM(d, d — t) to which it reduces is MSTV-reducible.

We refer to problems ORBIT(d,t) and SIMSKOLEM(d, k) as MSTV-reducible (hence de-
cidable) if all their instances are MSTV-reducible.

Recall the representation of the LRS as vectors u(?), ... u®) of coefficients; let ,, 7, be
respectively the projections onto the dominant and non-dominant components with respect
to the absolute value | - |,. We now discuss the images of the associated subspace C' C Q¢
under projections. Notice that an instance of SIMSKOLEM(d, k) is MSTV-reducible if there
exists an absolute value | - |, and a vector w € C such that the projection m,(w) is non-zero
and has support of size at most 3 (for Archimedean |- |,) or at most 2 (for non-Archimedean
| o)1

The following is the lemma that guides our search for linear combinations that have few
dominant terms.

» Lemma 14. Given an instance {ugf)}le of SIMSKOLEM(d, k), let C' be the subspace spanned

by the k associated vectors of these sequences. Let £ be the number of vector components

that correspond to dominant terms with respect to a fized absolute value | - |,. Then, for

r:= dimm, (C),

1. there exist k — r linearly independent vectors wy, ..., wix_, € C with 7,(w1) = --- =
Ty(Wg—p) = 0;

2. there exists w € C for which m,(w) has the support of size at least 1 and at most £ —r+1.

Proof. We present a constructive proof whence an algorithm computing w, w1, ..., wi_,
can be deduced. Let (4 | B) be the matrix whose i-th row comprises the coefficients of the
sequence u. The columns of A € Q"> correspond to the | - |,-dominant terms, while the
columns of B € QF*(4=9 are the coefficients of the remaining terms. We perform elementary
row operations on (A | B) in order to put A into row echelon form. Observe that the rows
of (A \ B) are linearly independent, and so are the rows of the transformed k x d matrix at
any step of this procedure. The subspace 7, (C) is spanned by the rows of A, and hence the
rank of A is 7.

The rest follows from two observations. First, the row echelon form of a k x £ matrix with
rank 7 > 0 has k — r zero rows. Second, the last non-zero row has at least » — 1 zeros. <«

» Lemma 15. If SIMSKOLEM(d, k) is MSTV-reducible, then so is SIMSKOLEM(d + 1,k +1).

Proof. Let {u?}**] be an instance of SIMSKOLEM(d + 1,k + 1). Denote the coefficient
vector of the i-th sequence by u(? and let C := span(u(, ... u*+D) C Qo+,

First, we restrict our attention to those vector components that correspond to the
characteristic root A\;. We select the non-zero component of n/ \?* with the greatest j across
k+1) | Relabel the vector components so that the selected component is the
first one. Without loss of generality, the (new) first component of u is non-zero. By
performing one round of Gaussian elimination, it is easy to see that C' contains k linearly
independent vectors v(!), ..., v*) such that the first component of each vector is zero.

all u®, ... wl

10Note that this actually corresponds to w having at most 3 dominant terms with respect to an Archimedean
absolute value or at most 2 dominant terms with respect to a non-Archimedean absolute value, which is
slightly stronger than Definition 9.
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Now consider the vectors w, ... w®) € Q% obtained from v, ... v* by eliminating
the first component. By assumption there exists a linear combination w, = Zle Biwgf )
of their associated sequences, an LRS of order at most d, which lies in the MSTV class.
However, then the linear combination v,, := Zle Bivﬁf) = w, of the associated sequences of
v .., v®) — alinear combination of the LRS u(", ..., u**1) —lies in the MSTV class. <«

The corollary below follows from applying Lemma 15 to the fact that SIMSKOLEM(4,1) =
SKOLEM(4) is MSTV-reducible [5].

» Corollary 16. SIMSKOLEM(d, k) is MSTV-reducible for any d,k such that 0 < d —k < 3.

By Corollary 16 we moreover have that ORBIT(d, d — k) is decidable for d — k < 3 and
any d. We may also interpret Lemma 15 in terms of the reduced Subspace Orbit Problem:
if ORBIT(d, t) is MSTV-reducible, then ORBIT(d+ 1,¢) is MSTV-reducible as well. From now
on, our goal is to find the decidable SIMSKOLEM(d, k) with the least d for each fixed d — k.

Before moving to the decidability results for SIMSKOLEM, we note a useful corollary
of Theorem 11 which we will use repeatedly.

» Corollary 17. For any instance of SIMSKOLEM(d, k) with characteristic roots A1, ..., \s,
and for any 0 <t < d such that d < 2t +2 — L%J either there are at most t dominant terms
with respect to some Archimedean absolute value, or there are at most {%J +d—(t+1)

dominant terms with respect to some non-Archimedean absolute value.

Proof. Suppose at least t+ 1 terms are dominant with respect to every Archimedean absolute
value. Let r be the number of distinct characteristic roots of the largest modulus, i.e.

Al = =[N > [Arga] 2 - 2 A

Then there are at least t 4+ 1 terms with bases Ay, ..., A.. We denote the number of such
terms by 7. By Theorem 11 there is an absolute value | - |, with respect to which at most
L%J terms with bases among A1, ..., A, are dominant for | - |,. Therefore, the number of all

dominant terms is bounded from above by L%J +d—T. This expression attains its maximum
(provided T >t + 1) at T =t + 1, thus there are at most || +d — (t + 1) terms dominant
with respect to | - |-

The assumption d < 2t + 2 — | 21| is equivalent to [ZL | +d — (t+1) <t+1, and so
there are at most ¢ dominant terms with respect to | - |,. We conclude from this that | - |, is

non-Archimedean. <
» Theorem 18. SIMSKOLEM(6,2) is MSTV-reducible.

Proof. Let {u("), u(®} be an instance of SIMSKOLEM(6,2). From Corollary 17 there is an
absolute value | - |, such that one of the following holds:

1. ||, is Archimedean and at most 4 terms are | - |,-dominant,

2. |- | is non-Archimedean and at most 3 terms are | - |,-dominant.

In fact, we may assume both u("), u(?) have exactly 4 dominant terms if (1) is the case, and
exactly 3 dominant terms if (2) is the case; otherwise one of u("), u(?) would be in the MSTV
class, which immediately yields MSTV-reducibility of the instance.

Case (1). ||, is Archimedean with exactly 4 dominant terms in u(",u(?).

The associated vectors u(!) and u(? span a subspace C C Q° where dimC = 2.
By Lemma 14 there exists w € C' such that either m,(w) = 0 or 1 < # supp(m,(w)) < 3. If
7y (w) = 0, the sequence w associated with w has order at most 2. If 1 < # supp(m,(w)) < 3,
then w has at most 3 dominant terms with respect to the Archimedean |- |,. In both cases
w is in the MSTV class.



P. Bacik and A. Varonka

Case (2). |- |, is non-Archimedean with exactly 3 dominant terms in 1), u(?).
Applying Lemma 14 again, we find w € C such that either m,(w) = 0 or 1 <

# supp(m, (w)) < 2. In the former case, the sequence w associated with w has order at most 3.
In the latter case, w has at most 2 dominant terms with respect to the non-Archimedean |- |,.

In both cases w is in the MSTV class. <

» Theorem 19. SIMSKOLEM(9,4) is MSTV-reducible.

Proof. Let {u(1)7u(2),u(3),u(4)} be an instance of SIMSKOLEM(9,4). From Corollary 17
there exists either an Archimedean absolute value with at most 6 dominant terms or a

non-Archimedean absolute value with at most 5 dominant terms appearing in the LRS
(1) (4)
ITAS R TAS

Case (1). Assume first that |- |, is an Archimedean absolute value with ¢ < 6 dominant
terms. The associated vectors u?), 1 < i < 4, span a four-dimensional subspace C of Q°, and
its projection m,(C') has dimension r. By Lemma 14, if £ —r+1 < 3, then there exists w € C

such that 1 < # supp(m,(w)) < 3. Then the proof is concluded as w lies in the MSTV class.

We discuss the situation when ¢ —r + 1 > 4. Since £ < 6, we have r < 3. Note also that we
only consider ¢ > 4, as u(") is in the MSTV class otherwise. Recall also from Lemma 14
that there exist 4 — r linearly independent vectors wi,...,w4_, such that w; € C with
7y(w;) = 0. The problem thus reduces to an instance of a SIMSKOLEM(9 — ¢,4 — 7). By
carefully analysing the possible values of £ and r, it is easy to see that all these problems are
in the MSTV class.

Case (2). Now we can assume that there exists a non-Archimedean absolute value | - |,
with £ < 5 dominant terms. Then, similarly to the Archimedean case, we first note that
¢ —r+1 <2 implies the existence of w € C with 1 < # supp(7,(w)) < 2 whose associated
sequence w lies in the MSTYV class.

We thus assume £ —r + 1 > 3, as well as £ > 3. As before, we deduce r» < 3 and again by
Lemma 14 the problem can always be reduced to a SIMSKOLEM(9 — £,4 — r) instance. All
these instances are MSTV-reducible since 9 — ¢ — (4 —7) =6 — ({ —r + 1) < 3 and we can
apply Corollary 16. |

» Theorem 20. SIMSKOLEM(12,6) is MSTV-reducible.

Proof. Let {u), u® ... u(®} be an instance of SIMSKOLEM(12,6) with characteristic
roots Aq,...,As, where s < 12.

Case (1). Assume first that |- |, is an Archimedean absolute value with ¢ < 8 dominant
terms appearing in u™), ... u(®). We denote by m,(C) the projection to the | - |,-dominant
terms of the subspace C' C Q'? spanned by the associated vectors of 6 sequences. It has
dimension r < min{¢,6}. Similar to the proofs of Theorems 18 and 19, the existence of a
linear combination of {u(i) 1< < 6} that lies in the MSTYV class is guaranteed in each of
the following cases:

¢ —r+1<3: then, by Lemma 14, there exists w € C such that 1 < # supp(7,(w)) < 3.

This implies that the associated sequence is in the MSTV class.

{—r+1 > 4: now, by Lemma 14 we can find 6—r linearly independent vectors w1, . . ., wg_,
such that w; € C with 7,(w;) = 0. By considering wy, ..., ws_,, the problem reduces to
an instance of SIMSKOLEM(12 — £,6 — r). Now, by our assumption, (12 —¢) — (6 —r) =
6—¢+r=—(—r+1)+7 < 3. Therefore, each of these SIMSKOLEM(12 — ¢,6 — r)
instances is MSTV-reducible by Corollary 16.
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Case (2a): If ¢ < 6 terms are dominant with respect to a non-Archimedean absolute
value | - |,, then we can proceed similarly:
¢ —r+1<2: then, by Lemma 14, there exists w € C such that 1 < # supp(7,(w)) < 2.
This implies that the associated sequence is in the MSTV class.
{—1r+4+12>3: by Lemma 14 we can find 6 — r linearly independent vectors w1, ..., ws_,
such that w; € C with 7, (w;) = 0. By eliminating the | - |,-dominant terms, the problem
reduces to an instance of a SIMSKOLEM(12 — ¢,6 — r). Moreover, (12 —/¢) — (6 —r) =
6—(+r=—({—r+1)+7<4. The new case is when 12 — ¢ — (6 — r) = 4. Due to
12 — ¢ > 6, these instances are MSTV-reducible from Theorem 18 and Lemma 15. All
other SIMSKOLEM(12 — ¢, 6 — r) instances we obtain are MSTV-reducible by Corollary 16.

However, we now come to the first case that requires further analysis. Assume now that
there are at least 9 dominant terms for every Archimedean absolute value. By Corollary 17
(setting ¢ := 8) we are guaranteed that there are at most 7 dominant terms with respect to
some non-Archimedean absolute value.

Case (2b): We have already considered the case of at most 6 dominant terms; hence we
proceed under the assumption that |- |, is the non-Archimedean absolute value with exactly 7
dominant terms constructed as in Corollary 17.

Let m denote the number of distinct characteristic roots with the largest modulus, without
loss of generality,

|>‘1| == |>\m| > |>\m+1| > > |>\9‘

Let T € {9,10, 11,12} be the number of terms associated with A1,..., \,,. Since there are
exactly 7 dominant terms with respect to | - |,, and since there are at most L%J of them
associated with A1, ..., A\, it is easy to see that only two cases are possible. Either 7 =9
and exactly 3 terms with bases among Ay41,...,As are | - |p—dominant. Or T = 10 and
exactly 2 terms with bases among Ay,41,...,As are | - [;-dominant. Crucially, in both cases
all terms with bases among A\p,41,...,As are | - |[,-dominant.

We now employ Lemma 14 for | - |,. Let the projection m,(C) to the |- |,-dominant terms
have dimension r. If 7 = 6, then we have 7 —r + 1 = 2, and so there exists w € C such that
1 < #supp(my(w)) < 2. Then, the associated sequence is in the MSTV class. Otherwise, if
r <5, we can find w € C such that # supp(m,(w)) = 0. Recall from the previous paragraph
that supp(m, (w)) contains no components that correspond to terms with bases Ap41,. .., As.
In other words, the associated sequence of w has at most 5 non-zero terms, all of them
having bases of the same modulus |A;|. By Theorem 11, there exists an absolute value for
which at most 2 of these terms are dominant, placing this sequence in the MSTV class. <«

These theorems show that ORBIT(d,t) is decidable for (d,t) = (6,4), (9,5), and (12,6).
Furthermore, those are the smallest d for which ORBIT(d, t) with, respectively, ¢t = 4, 5,6 can
be decided using the properties of the MSTV class.
By Corollary 17, the inequality
k
d< k44— {?’J (3.3)

implies that either there exists an Archimedean absolute value | - |, with at most k + 2
dominant terms, or there is a prime ideal p C Ok such that the absolute value | - |, has at
most k 4+ 1 dominant terms.

1 Recall that in Corollary 17, the dominant terms are constructed by applying Theorem 11 to A1, ..., Am.
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The condition (3.3) is optimal, as witnessed by the following family of examples. In
particular, it is easy to see that SIMSKOLEM with (5,1), (8,3) and (11,5) are not MSTV-
reducible.

» Example 21. Given integers d, k such that

d>2k+4—{k;3J, (3.4)

we show instances of SIMSKOLEM(d, k) that are not MSTV-reducible.

First, we consider odd k; that is, the case where k + 3 is even. Let s := (k + 3)/2 and
notice that d — s > k + 1 follows. Let Ays be as defined in Example 12. Let Ag11,..., Ag—s
be Gaussian primes'? smaller in modulus than any prime factor of \; with 1 <i < s. We
choose d characteristic roots Ags U {Ast1,. .., Ad—s}-

Using the argument of Example 12, we see that for every Archimedean absolute value
the dominant roots are Ai,...,As, A1, ..., A, that is, there are 2s = k + 3 dominant roots.
Among non-Archimedean absolute values, we identify the absolute values | - |, where p is a
prime factor of some element in Ass. For each of them, there are s +d — 2s > k + 2 dominant
roots. Moreover, for the absolute values |- |5, with i > s+ 1, there are d — 1 dominant terms,
and for all other non-Archimedean absolute values all d roots are dominant.

Now we choose our &k LRS as uSP, o ,u%k) with

s s d—s
ulh =TGN RN G TN+ D (s T
j=1 j=1 j=s+1

Let |- |, be an arbitrary absolute value and let ¢ denote the number of dominant roots with
respect to it. Denote by C' C Q7 the vector subspace spanned by the associated vectors of
u®, ... u®. We show that # supp(m,(w)) > £ — (k — 1) for any non-zero vector w € C.
Indeed, assume that among components that correspond to | - |,-dominant roots there are
k components I = {iy,...,i;} such that for some w # 0 we have w; = 0 for all i € I.
Then u, ..., u® restricted to components in I are linearly dependent; yet these vectors
constitute a k x k Vandermonde matrix V (i1, ..., %) whose determinant is non-zero, which
is a contradiction.

Consequently, there is no linear combination of the LRS with at most 3 Archimedean
dominant roots or at most 2 non-Archimedean dominant roots, so this (d, k)-instance is not
MSTV-reducible.

We now prove that some SIMSKOLEM(d, k) instances that satisfy (3.4) are not MSTV-
reducible, for all even k as well. Assume that for some even k there exists d as in (3.4) such
that SIMSKOLEM(d, k) is MSTV-reducible. From Equation (3.4) we have

d+1>2k+4{k;3J+1—2w+]J+4{G#i?+3J,

and therefore, SIMSKOLEM(d + 1,k + 1) is MSTV-reducible by Lemma 15. This contradicts
what we have just proved about the odd k case.

We will now show that for every parameter d — k there exists sufficiently large d such
that SIMSKOLEM(d, k) is MSTV-reducible. This is most naturally formulated in terms of
the reduced Subspace Orbit Problem: for every target dimension ¢ there exists d such that
ORBIT(d, t) is MSTV-reducible, and hence is decidable.

12 As before, chosen so that they are not associates to each other or their conjugates.
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» Theorem 2. SIMSKOLEM(d, k) is decidable for all (d,k) satisfying d — k < 2logsd.
Equivalently, ORBIT(d,t) is decidable whenever t < 2logs d.

Proof. We have shown the statement for all ¢ < 6. Suppose that ¢ > 7 and that the theorem
has been proven for every target dimension smaller than ¢. Pick d, k such that d — k = ¢ and
d —k < 2logs d, and consider an arbitrary instance of SIMSKOLEM(d, k). Notice that for
d—k>7wehaved—k <37 ! andso ¢ >3% 1 >d— k. This implies k > 2.

We apply Corollary 17 with a parameter %, from which we argue that there exists
an absolute value | - |, with £ < % dominant terms, either Archimedean or not. We can
now apply Lemma 14 for the subspace C' C Q% spanned by k vectors of our sequences.
Let r := dimm,(C). Notice that » < min{¢,k} = ¢. If { —r € {0,1}, then by Lemma 14
there exists a sequence with at most 2 | - |,-dominant terms. Therefore, the problem is
MSTV-reducible.

We now assume that ¢ — r > 2. Since £k — r > 1, we deduce from Lemma 14 that this
instance reduces to SIMSKOLEM(d — ¢, k — r) by eliminating the | - |,-dominant terms. Notice
that d — ¢ — (k —r) < d — k — 2 by our latest assumption. Moreover,

d—k—2

2d d .
egE@d—ezg;»d—ezza%*l::a el

so we have d — ¢ > 3d7272(k7r). The problem we reduced to has a strictly smaller target

dimension, as d — ¢ — (k — r) < d — k follows from ¢ — r > 2. Consequently, SIMSKOLEM(d —
¢,k —r) is MSTV-reducible by induction on target dimension. |

4 Hardness

In this section we show that if for some C € (0,1) there is an algorithm to decide ORBIT(d, t)
for all £, d such that ¢ < Cd, then the Skolem Problem is decidable.

Given a Q-LRS u, pick multiplicatively independent algebraic numbers p1, ..., s # 0
such that we may write

for some Laurent monomial L(xy,...,xs) and some polynomial P(x,...,xs) with algebraic
coefficients (let g correspond to n + 1 and z; correspond to u?).'* Note that monomials of
P correspond to terms in the exponential polynomial representation of u. Note also that
un, = 0 if and only if P(n+ 1, u¥, ..., u?) = 0. We want to find polynomials Q1, ..., Q such
that the LRS defined by @1 P, ..., QP form an instance of SIMSKOLEM(d, k) with d small
compared to k.

» Lemma 22. Given a non-degenerate LRS u with associated polynomial P(xg,..., ),
there exists a family of SIMSKOLEM instances I1, I, ... such that each I, consists of k = £5T1
non-degenerate LRS that satisfy a recurrence relation of order d < €5+ 4 B{* for a constant B
that only depends on P. Moreover, the set of simultaneous zeros Z(Iy) is equal to Z(u).

Proof. We will identify monomials z{'°z}" ... 2™ with points in ZT! by
mo ,.m me
xox™t ol (Mg, ma, ..., M)

3 The Wi are not necessarily the characteristic roots of u because one may need to take roots. For example
if there is a multiplicative relation A3 = A2, one can take pu1 = )\}/ 2 for some definition of )\}/ 2
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Let R be the set of points (mg,m1,...,ms) such that P has a term zfz]™...27 for
0<my<wlit
We fix an arbitrary integer £ and construct the instance I,. Let

Ce: {(mo,mla"'7ms) EZSJ’_l:OSmi Sz_l}

Let k = (Tt = |Cy|, and let Q1, ..., Qs be the monomials represented by each point in Cj.
Let T be the set of monomials present in @1 P, ..., QrP. Consider the Minkowski sum

R+Ci={x+y:xeR, yely}.

We have T'C R+ Cy C Cyy, where r is the largest component of any point of R.

We now view Q;P, 1 <i <k, as LRS by assigning zo = n + 1 as well as x; = p7 for all
1 < j <s. They constitute I;. These k LRS are linearly independent. Indeed, their linear
dependence would imply linear dependence of the LRS ugf) =Qi(n+1,uy,...,u?), which is

impossible as each ul) = (n 4 1)mop™™ . =™ for distinct tuples (my,. .., ms). The LRS
corresponding to Q1 P, ..., QP thus form a SIMSKOLEM(d, k) instance with

d < |T| < |R+Col < [Cour| = (4 7)H < 0571 4 B2,

where B is a constant depending only on r and s. Note that the quotients of distinct
characteristic roots of the LRS are not roots of unity since such quotients are always Laurent

monomials of the ju;. Indeed, let uf* ... uls for t1,... t, € Z be a root of unity of order m > 0.
Then (mty, ..., mts) needs to be a multiplicative relation of uq,...,us contradicting our
assumption.

Since Q;(n + 1, ut,...,ul) #0 for all 1 < i < k, n € N, the set of simultaneous zeros
Z(I) is exactly the set of n such that P(n + 1, uy, ..., u?) = 0. Therefore, it is exactly the
set Z(u). <

So, for k arbitrarily large, the Skolem Problem on u reduces to SIMSKOLEM(J, k) with
d < k+ Bk#T

for some constant B depending on u, by solving an instance given by Lemma 22 to decide if
Z(u) # @. Therefore, if SIMSKOLEM(d, k) is decidable for some d > k + Bk=T > d, then
one can determine whether Z(u) is non-empty. This is employed in the proof of the hardness
result next.

» Theorem 23. If there exists C € (0,1) such that ORBIT(d,t) is decidable for all (d,t) that
satisfy t < Cd, then the Skolem Problem is decidable.

Proof. Under the hypothesis, SIMSKOLEM(d, k) is decidable for all d > %(d — k) by Proposi-
tion 8. We now use this to decide for any non-degenerate LRS w whether Z(u) # @. Given u
with a polynomial P(zg,...,xzs), we shall find d > k > 0 such that

éw—k)gd (4.1)

while some instance of SIMSKOLEM(d, k) encodes the Skolem Problem for u. As in Lemma 22,
consider k = £511 as £ increases, and recall the constant B defined ibid. We set d := ¢5+1 4+ B/¢*.
In order to satisfy (4.1), we choose ¢ > %B as we can take ¢ arbitrary large.
SIMSKOLEM(d, k) is decidable by the hypothesis of the theorem. Let d be the order
of the LRS in the instance I; constructed in Lemma 22. By construction, d > d and so
SIMSKOLEM(d, k) is decidable, too. We can thus answer whether Z(u) # . <

4 This different treatment of zo is necessary due to the difference in how powers of n affect the order of
an LRS.
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5 Complexity

In this section, we will prove complexity upper bounds on the reduced Subspace Orbit

Problem in the MSTV-reducible cases we have identified.

We emphasise that unlike in previous sections, we consider ORBITk over the field K = Q.
Our input I will be a matrix M € Q4*? such that no ratio of distinct eigenvalues of M is
a root of unity, an initial vector & € Q?, and a linearly independent set of rational vectors
{vM ... oM} spanning a target subspace S C Q% Let ||I| measure the bit-size of an
input 1.

Recall from Section 1 that an input to SIMSKOLEMq(d, k) is k linearly independent,
non-degenerate LRS {u(l), . ,u(k)} satisfying the same recurrence relation of order d; we
assume the input is structured as a vector of rational coefficients of the recurrence relation,
along with k& rational vectors of initial values. We denote the sum of their bit-sizes by
I, )],

The notation poly(z) will denote any quantity bounded above by @) and 2P°¥(®) any
quantity bounded above by 2% .

To decide ORBITq(d, t) with ¢ < 2logs d, we proceed as follows:

Steps 1. Show that ORBITg on (M, x,S) reduces to SIMSKOLEMg on u(!), ... u*) such
that [[(u™, ..., u™)| = poly(||(M,, S)])).

Steps 2. If there is a linear combination of the LRS u(? that lies in the MSTV class,
then such a linear combination exists, whose coefficients (of the exponential polynomial
form (2.3)) have bounded degree and height.

Steps 3. Apply bounds on the zeros of non-degenerate LRS in the MSTV class to prove
upper bounds on the simultaneous zeros of u(¥, ... u(®),

We note that Steps 1-3 as listed justify the correctness of Corollary 34, which provides an
effective upper bound on the solutions 7 to ORBITg. The actual decision procedure amounts
to the “guess and check” described in the proof of Theorem 35. To this end, our complexity
results require neither finding the sequences u(”) (Step 1), nor explicitly computing an MSTV
sequence (Step 2).

For Step 1, the reduction from ORBITg to SIMSKOLEMg, we need to prove that there is
a basis of S* which is not too large. We use a version of Siegel’s lemma, by Bombieri and
Vaaler [12, Theorem 2].

» Theorem 24. Let A € Z"*™ be a matriz with n > m, whose rows are linearly independent.
Suppose |a;;| < B foralll <i<m and1 < j <n. Then there are n—m linearly independent
integral solutions ") = (xil), e argf))T to Az = 0 such that

[ max|a| < G=1y/|det(AAT)],
J

i=1

where G is the greatest common divisor of all the m x m minors of A.

» Lemma 25. Let S be a subspace of Q% with dim S = d—k. There is a basis w™V, ... w®)
Q? of St such that |[w || = poly(]|S||).

Proof. S is specified by a set of linearly independent rational vectors vV, ..., v® e Q¢
where t = d — k. The lowest common multiple L of the denominators of all the entries has
modulus at most 2#/5Il, Let A be an integral ¢ x d matrix whose rows are Lo ... Lo®.
By Theorem 24, there are d — ¢ linearly independent integral solutions w(®, ... w(@* to
Az = 0 that satisfy
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d—t
[T max [w{”] < /| det(AAT)].
i=1 7
Then w®, ... w@ " is exactly a basis of S*. It remains to show

/| det(AAT)| < 2re(UISID

to get the claimed result. By Hadamard’s inequality,
| det(AAT)] < (max|(AAT)y])'t"? < (dmax |Ay[*)"t"/?
1,] ]

< (dL?)! (max [v}"])214t/2 = 2pov(ISI) <
2,7

» Lemma 26. The characteristic polynomial g4 of a matriz A € Q4% has coefficients of bit
size poly([|Al]).

Proof. First, write A = éB, where B has entries in Z, noting we can choose a # 0 such
that ||al|, || B|l = poly(||A])). Let gp(z) = 2% + ciz®t + - +¢c4. If J C {1,...,d} then let
Bj denote the principal submatrix formed of rows and columns with indices in JJ. Then the
coefficients ¢, may be expressed as a sum of principal minors of B (see e.g. [30, p.294]) as

¢ = Z (—1)"det(By) .

[J|=r

Write B = (b;;)1<i,j<a- There are (*) many r x r principal minors of A so by Hadamard’s
inequality applied to B; we get

d T
lex| < ( > ( max bij|> /2 < dY||B||4d??
r

1<i,j<d

and therefore ||c.|| = poly(|]|A]). Now note that gg(a- A) = 0 and after dividing by a?, it is
easy to see that ga(z) is

C C
gale) =at+ Lattp O

so indeed every coefficient ¢,./a”, 1 < r < d, has bit-size poly(||4|]), since ||al|, |c || =
poly(||Al]), for all 1 < < d. <

The proposition below refines a reduction from Proposition 8.

» Proposition 27. OrBITq on (M, z,S) reduces to SIMSKOLEMg on uM) ... u¥)  for
[, ..., ul®)]| = poly(||(M, =, S)]).

Proof. Let w(), ..., w® be a basis for S*. Then ORBITg on (M,z,S) reduces to

SIMSKOLEMg on the LRS ugf) = ('w(i))TM"as for 1 < i < k (see Proposition 8).

By Lemma 25, we have a basis of St such that ||w®| = poly(||S|) for all i, so we
may bound the initial values Hugf)H = poly(||[(M,x,S)||) for each 0 < n < d —1 and
1 <4 < k. Also, the characteristic polynomial of M is exactly the characteristic polynomial
of a recurrence relation (cy,...,cq) € Q¢ satisfied by each u(?, so by Lemma 26, we have
[ = poly(|(M, z, S)1]). P
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We have completed Step 1. Next, we discuss the exponential polynomial form (2.3) of the
LRS, and so we need to bound the heights and degrees of the coefficients and characteristic
roots.

» Proposition 28. Given an order-d Q-LRS u = ),
poly(|jul|), and deg(X\;) < d and ¢; ; € Q(N\;).

i 0 N, we have h(ci ;),h(N;) =

4,J

Proof. Since )\; is a root of the characteristic polynomial
9(x) = agz® + ag_12 -+ ag

of u, where a; € Z, we have deg\; < d. Furthermore, let f(z) = b.z" + -+ + by be
the minimal polynomial of A, and let H(\) denote the “naive height” of A, defined by
H(X\) = max{|bo|, ..., |br|}. Then, since f divides g, by [39, Lemma 3.11 and Remark 2, p.
81] we have

1 1
h(X;) < - log H(\;) + o log(r 4+ 1)

IA

1 . 1
- log (2 vd+ 1H(g)> + o log(r + 1)

poly(|[ul]) -

Now, by [1, Lemma 6], we have ¢; ; = qo +qi1 A + - - - +qd_1/\f_l for rationals |g;| < 2PeW(lluID,
Therefore, using Proposition 7,

d—1 d—1
h(cij) <logd+ > h(gs)+ Y _ sh(X:) = poly([lul)
s=0 s=0
holds as well as deg(c; ;) < d. <
We proceed with Step 2 of our analysis: if there is a linear combination of v, ..., u(®

lying in the MSTV class, then such a linear combination exists of small height and degree.
First, we have a lemma that allows us to restrict ourselves to kernels of dimension 1, which
simplifies the proof. Essentially, the lemma says that if one has a linear combination in the
MSTYV class with minimal support amongst linear combinations in the MSTV class, then in
fact the support is minimal amongst all linear combinations in general.

» Lemma 29. Let C be the span over Q of u™, ... u®) € Q¢, the vectors representing the
LRS v, ..., u®). Suppose that u € C represents an LRS in the MSTV class and has a
minimal support among such vectors in C; that is, if u' € C represents an LRS in the MSTV
class then supp(u’) C supp(u) implies v’ = 0.

Then we have dim(ker v |c) = 1 where V = supp(u) and 7_y is the projection to the
components {1,...,d} \ V. That is, any w € C with supp(w) C supp(u) is of the form
w = nu for some n € Q.

Proof. Since u corresponds to an LRS in the MSTV class, it corresponds to an LRS with
at most  dominant roots with respect to some absolute value | - |,,, where r < 2if | - |, is
non-Archimedean and r < 3 if | - |,, is Archimedean. Suppose supp(w) C supp(u). If w # nu
for any n € Q, then we can choose i such that i € supp(u) corresponds to a | - |,-dominant
term, as well as choose j # 4, so that * ;é . Then w' = w — wj u has w] # 0 and thus
the set of | - |U dominant terms for w' is a bubbet of | - o- domlnant terms for w. Therefore,
the LRS of w’ lies in the MSTV class. Moreover, w’; = 0 and so supp(w’) < supp(u), which
contradicts the fact that supp(w) is minimal and concludes the proof. <
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This lemma allows us to construct a linear combination in the MSTV class of small height.
First, we need an elementary height bound on the determinant of a matrix.

» Lemma 30. For a matriz A = (aij)1<i,j<m € K™*™ over a number field K, we have

h(detA)ﬁ%logm—Fm Z h(aij;) .

1<i,j<m

The proof is elementary, and follows from Hadamard’s inequality and the definition of the
height; it may be found in [8, Appendix A.1].

» Lemma 31. Suppose there exists B = (B1,...,B:) € QF such that Zle Biu® lies in the
MSTYV class. Then there exists such a 8 with h(3;) = poly(||ul]).

Proof. If there exists a linear combination in the MSTV class, then certainly there exists a
linear combination v with minimal support among linear combinations in the MSTV class.
By Lemma 29, if supp(v) = V, then dim(ker 7_y|¢) = 1: any vector in ker m_y|¢ is a scalar
multiple of v and lies in the MSTV class. Let

A= (m (@) | 7oy (w®))

then we just need to find 8 such that Ag = 0.

Since dimker A =1, rank A = k — 1, so we can pick k — 1 linearly independent rows of
A to form a (k — 1) x k matrix B with the same kernel. Let 8; = (—1)"*!det B®), where
B is B with the ith column removed. This is an element of the kernel; indeed, we have by
Laplace expansion that for any vector y = (y1,...,yr)" € QF,

T k
Yy _ )i, Gy _ T
det(B>Z;( D) y;det B\ =y ' B

and so y' B8 =0if y' is any row of B, so BB = 0 and hence AB = 0. Now by Lemma 30,
we have h(;) = poly(||lul]|), as required. <

» Corollary 32. Suppose B8 = (B, ...,B) € QF is such that Zle Biu® = Zf;l Pi(n)A\?
lies in the MSTYV class and is of minimal support. Let K = Q(Aq,...,Ar). Then there exists
~ € K¥ such that v = nB for some n € Q with h(v) = poly(||3|])-

The proof of this corollary follows from using the trace to construct ~; it may be found
in [8, Appendix A.2]. In [8, Appendix A.3], the following bound on zeros of LRS is proven.

» Theorem 33. Suppose that u, = > _; P;(n)A\}, for polynomials P; of degree at most 8.
Let hp be the largest height of any coefficient of any P; and let hy = maxi_; h(\;). Suppose
that u is non-degenerate and lies in the MSTYV class, that is, there is absolute value |- |, with

|>‘1|v == |>‘r|v > ‘)‘T+1|v > 2> |>\s‘v

and r < 3 if ||, is Archimedean, and r < 2 if |- |,, is non-Archimedean. Let K be the number
field generated by A1,...,\s and the coefficients of Py,...,Ps, and let D = [K: Q]. Then
U, = 0 implies that

n < poly(s) - gpoly(D,hx,hp.6)
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The proof is essentially the same as the decidability proof for LRS in the MSTV class using
Baker’s theorem [31, 38, 10], but the constants are carried through more precisely to achieve
the desired bound ([14, Sections C-F] proves a special case for order < 4 LRS).

As Step 3, we apply this to derive upper bounds on the simultaneous zeros of LRS; and
hence on the solutions to ORBITg(d, t).

» Corollary 34. If M € Q¥*¢, & € Q% and S C Q% of dimension t define an MSTV-reducible
instance of ORBITq(d,t), then M™x € S implies that n < gpoly(d",[|(M,=,5)]])

Proof. By combining Propositions 27 and 28, Lemma 31 and Corollary 32, there is a
non-degenerate LRS lying in the MSTV class defined by

R deg P;

n i\

Up = E Pi(n)\} = E E Ci ;1A
i=1 i=1 j=0

such that if M™x € S then w, = 0, and furthermore h(\;), h(c; ;) = poly(||(M,z, S)|)),
deg(\;) <dand¢;; € Q(A1,...,Ag) for all ¢, j. Moreover, u arises as a linear combination
of d — t linearly independent LRS such that v has minimal support, meaning that R <t + 1.
Therefore, letting K = Q(\1,...,Ag), we have D = [K : Q] < d'*!. Finally, Theorem 33
implies that if u,, = 0, then n < gpoly(d", (M., 5)]) <

Now we may prove our main complexity result. Before stating it, recall that EQSLP is the
complete class for the problem of checking whether a polynomial-size circuit evaluates to
zero. It is known that EQSLP C coRP [34, 2].

» Theorem 35. For every fixed constant T € N, when restricting to t < T, we have that
ORBITg(d, t) for all (d,t) such that t < 2loggd is in NPEISLP C NPRP - Fyrthermore, for
every fized constant D € N, when restricting to d < D, the problem is in coRP.

Proof. Let M € Q%™? x € Q¢, and target subspace S C Q% with dim S = ¢ be given. Since
we assume t < T for fixed T' € N, we have d' = poly(d) = poly(||M]|). By Corollary 34, there
is an upper bound

N — 9poly(d@, (M2, 9)[) _ opoly(|(M,z,5)]))

such that if M™x € S, then n < N. Also, one may compute a basis w), ... w1 of S+
in polynomial time. Let u() = (w(i))TM":c. We present an algorithm which then puts
ORBITg(d, ) in NPRF:

1. Guess an index 0 < n < N;

2. Check whether ugf ) — 0 for all 1 <7 < d —t as follows: build a polynomial-size circuit to

compute (w(i))TM”:c for each 1 < i < d —t, by using repeated squaring on M.

Now suppose that d is bounded. Since N = 2POVUI(M:2.51) wye have | N|| = poly(||(M, z, S)||).
Therefore, ORBITg(d, t) reduces to the Bounded Skolem Problem (as defined in [7]) with
input LRS u,, = (usll))2 + (11,(1(171‘/))2 and integer N. It is shown in [7] that when the
order of the input LRS is bounded, the Bounded Skolem Problem lies in coRP. Since the
order of u is bounded by a function in d, we thus have that the ORBITg(d, ) with bounded
ambient dimension d is in coRP. <
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