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—— Abstract

Higher-dimensional automata (HDAs) provide a geometric model of true concurrency, yet their
standard formulation encodes an artificial total order on events. This representational artifact
causes a fundamental mismatch between the combinatorial structure of HDAs and their observable
behaviour, leading to logical asymmetries and complicating the application of categorical tools. In
this paper, we resolve this tension by developing a semantics for HDAs that is independent of event
order, based on interval ipomsets (partially ordered multisets with interfaces) that preserve only
precedence and concurrency. We prove that for any HDA| the traditional ST—trace of an execution
path corresponds precisely to its associated interval ipomset. On the structural side, we show that
the presheaf-theoretic presentation with an unordered base and the combinatorial presentation
of symmetric HDAs are categorically isomorphic. Finally, by characterizing ST- and hereditary
history-preserving (hhp) bisimulation via ipomset isomorphism, we provide a unified, order-free
foundation for HDA semantics. Our results resolve several ambiguities in the literature: they provide
the necessary path-category structure to canonically apply the Open Maps framework, eliminate
representational artifacts in temporal and modal logics, and bridge systematic mismatches between
HDASs and other models of concurrency such as Petri nets.
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1 Introduction

Higher-dimensional automata (HDAs) offer a geometric view of true concurrency: higher-
dimensional cells represent independent events occurring simultaneously rather than through
artificial interleaving. This structure makes HDAs a unifying semantic framework for
concurrency, as Petri nets, event structures, and asynchronous transition systems all embed
into HDAs up to hereditary history-preserving bisimulation [19, 23, 18, 24, 7, 21].

In existing work, pomset-based semantics impose an extraneous event order inherited
from the HDA’s combinatorial structure. This order on conclists is a positional index: it
ranks concurrent events by their place in a list, but the ranking has no counterpart in any
observation, including ST-traces and Petri-net behaviours. Consider two processes executing
actions a and b concurrently. An observer records that both started and both finished,
with no ranking between them. ST-traces capture exactly this content: they record causal
pairings between starts and terminations but impose no order among simultaneous events.
Consequently, the event order causes HDAs to distinguish a || b from b || @ even though no
observation can tell them apart, so pomset labels frequently treat as distinct executions
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that are observationally equivalent. This mismatch has tangible consequences for logic. In
temporal and modal logics for HDAs [2, 8, 3, 25], the imposed order breaks symmetry: a
formula may accept a || b but reject b || a, even though these executions are observationally
indistinguishable.

Such asymmetries are artifacts of the representation rather than of the underlying logic.
Moreover, injecting Petri-net behaviours into ordered HDA frameworks leads to systematic
mismatches [6, 4], pointing to a deeper structural problem: the standard event ordered
representation is fundamentally incompatible with the categorical tools used to reason about
concurrency. Specifically, while the Open Maps framework [16] provides a standard recipe
for deriving modal logics that characterize hereditary history preserving bisimulation (hhp-
bisimulation), its application to HDAs has remained ambiguous. The reliance on ST-traces
lacks the necessary path-category structure, leaving the relationship between observational
traces and categorical logic poorly defined.

Two distinct notions of event order appear in the HDA literature, and they have different
histories. The first is the order built into the combinatorial definition of HDAs, which assigns
distinct combinatorial cells to (a || ) and (b || a) even though no observation can tell them
apart. The second is the order carried by ipomset labels assigned to paths in the pomset
semantics of HDAs.

For the first, two responses exist in the literature. Kahl extended the combinatorial
structure with permutation morphisms to obtain symmetric HDAs [17]. Struth and Ziemianiski
took the dual route of dropping the order from the base category, working over an unordered
presheaf site [22], and conjectured that the two presentations describe the same class of
HDAs. The conjecture was not proven. Section 2 and Section 3 settle it: we establish a
categorical isomorphism between the unordered presheaf base and Kahl’s symmetric base,
so the two approaches coincide. This is what allows us to import Kahl’s Symmetrization
Theorem into the presheaf framework and obtain order-free semantics for all HDAs, not only
the symmetric ones.

The second has a more layered history. Fahrenberg et al. [9] introduced gluing composition
for ipomsets as an algebraic operation, independently of HDAs: their construction places
no order on the pomset carrier and uses a canonicality condition on the interfaces to make
gluing well-defined. When the path-labelling theory of HDAs was developed in [10], an event
order on the carrier was added to control gluing in full generality; within [10] this choice is
internally consistent and serves a real purpose. The same choice, however, becomes a source
of friction downstream: work building on [10], including the temporal and modal logics
of [2, 8, 3, 25] and the language-theoretic developments of [5, 11], inherits the carrier-level
order and with it a residual asymmetry: a formula can accept a || b but reject b || a, and
language-theoretic statements about HDA paths have to carry the order through. These
executions are observationally indistinguishable, so the asymmetry is an artifact of the
labelling rather than of the underlying behaviour.

Our contribution on this side starts from the gluing of [9] but goes further. We work in
the order-free setting it makes available and define isomorphism of ipomsets directly there
(Definition 23), without the event-order constraint that ordered approaches require their
isomorphisms to preserve. We then take ipomset isomorphism classes as the labels of HDA
paths (Section 6) and prove that this choice is canonical in a precise sense: each isomorphism
class corresponds exactly to an ST-trace of the path (Section 7), the established observational
semantics of HDAs introduced by van Glabbeek [23]. This is the argument that the order-free
presentation is not merely available but correct: ipomset-isomorphism classes are the natural
observable content of HDA paths, because they recover the trace semantics that the field
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has long accepted as canonical. The downstream effect is that the residual asymmetries in
the logics and languages built on [10] dissolve: a || b and b || @ become genuinely isomorphic
ipomsets, and the modal and temporal logics for HDAs can be revisited on a foundation that
no longer carries the artifact.
We summarize our contributions below.
Categorical isomorphism (Sections 2—3): HDAs over the unordered presheaf base
of [22] are categorically isomorphic to the symmetric HDAs of [17]. This imports Kahl’s
Symmetrization Theorem into the presheaf framework, so order-free semantics applies to
all HDAs.
Order-free path labels (Section 6): A canonical interval ipomset is assigned to each
HDA path via a labelling functor, intrinsic to the execution and free of representational
artifacts.
Trace correspondence (Section 7): Ipomset isomorphism classes correspond exactly
to ST-traces, identifying ipomsets as the faithful semantic counterpart to the established
observational semantics.
Bisimulation and Open Maps (Section 8): ST- and hhp-bisimulation are character-
ized via ipomset isomorphism. The order-free path-category structure provides the input
the Open Maps framework requires, resolving the previous ambiguity in deriving modal
logics that characterize hhp-bisimulation.

2 Base categories

This section introduces the base categories underlying our variants of higher-dimensional
automata. They differ in how they represent event ordering and symmetry. The category
[J captures ordered concurrency through labeled event lists, while = omits the event order,
retaining only labels. The generator based version =, extends [ by freely adding permutation
morphisms. We prove that 5, = Z, showing that adding event symmetries is equivalent to
removing the event order. After establishing this equivalence, we identify =, with =.

2.1 The labeled precube category []

Let X be a given set of actions.

» Definition 1 (Concurrency list, [22]). A concurrency list (or conclist) is a tuple (U,--+, A)
where U is a finite set equipped with a strict (i.e., irreflexive) total order --», called the event
order. The function \: U — X is a labelling map.

The set U models the concurrent local events active in a cell of an HDA, whereas the event
order --+ can be seen as their index order.

» Definition 2 ([1]). A conclist map from a conclist U to V is a pair (f,e) such that:
f:U —V is a label and order-preserving function;
e:V —{0,1,1} is a function such that e=1(r) = f(U).
The composition of morphisms (f,€): S =T and (¢,¢) : T = U is (g,{) o (f,e) = (go f,n),
e(t) ifu=g(t) for somet €T,
where n(u) = )
Cu) if u g g(T).

The full labeled precube category U¢yy; has conclists as objects and conclist maps as
morphisms.
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Figure 1 Example of conclist maps (f,e) : U — V (on the left) and (g,{) : V. — W (on the
right).

a
%
b
%
e
%
d
%
X C

Figure 2 Illustration of (g,¢) o (f,e) : U — W, the composition of the conclist maps of Fig 1.

The restricted category O is the full subcategory on canonical conclists (n, A) with carrier
{1 --» .-~ --» n} (and (0) = 0). The inclusion O < Oy, is an equivalence; hence their
presheaf categories are naturally equivalent [10].

Intuition. Fix a conclist map (f,e) : U — V with |U| =m, |V| =n (m <n). Viewing V
as the list of n potential concurrent events, e classifies each v € V' as not yet started (0),
executing (1), or terminated (1). The map f specifies how the m active events of U appear
(by name and order) inside V; thus f is determined by the inactive set V' \ e7*(I). See Fig 1
and 2 for examples of conclist maps and their composition.

Isomorphisms. A conclist map (f,¢) : U — V is an isomorphism iff f is bijective; then
necessarily € = . We write U = V for isomorphic conclists. If two conclists are isomorphic,
then the isomorphism between them is unique [11].

Insertion maps ¢;. For canonical conclists U = [n—1,\] and V = [n,N], let ¢; : U —
V (1 < i < n) be the unique order- and label-preserving injection whose image omits the
i-th element of V. It has the following explicit expression

i) = {j T

j4+1 >

Canonical coface maps. For canonical conclists U = (n—1,A) and V = (n, ') and k € {0, 1},
the coface map df, : U — V (1 <i < n) is the unique conclist map (1;,¢) such that ¢; is the
insertion map, (i) = k, and £(j) = I (j # 7). When n is clear we write d¥.
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2.2 The symmetric labeled precube category =

» Definition 3 (Concurrency set). A concurrency set (or concset) is a pair (U, \) where U is
a finite set and \ : U — X is a labelling map. That is, concsets are just conclists without an
event order.

A concset map from U to V is a pair (f,e) such that

f:U — V is an injective, label-preserving function;

g:V — {0,r1,1} satisfies e~ 1(1) = f(U).

Composition of concset maps is defined as in Definition 2.
Write Z¢,,; for the full symmetric labeled precube category on all concsets and concset
maps. The restricted subcategory = has as objects the canonical concsets (n, A) with carrier
{1,...,n} (and (0) = 0). As previously, the inclusion = < Zy,;; is an equivalence.

Interpretation. A similar interpretation applies here; given a concset map (f,e) : U = V
with |U] = m and |V| =n (m < n), the function € : V' — {0, 1, 1} classifies each event of V'
as not yet started (0), ezecuting (), or terminated (1), and f : U < V embeds the m active
events by ensuring e~1(7) = f(U). However, unlike the ordered case [J, the absence of an
event order in = means that € does not need to determine f.

Ezample. From (2, aa) to (3, aab), take e = (1, 1, 0) on the target. There are two distinct
label-preserving injections f1, fo that map the two a’s of the source to the two a’s of the
target (identity vs. swap). Thus the same ¢ admits multiple f’s. Consequently, concset
isomorphisms are not unique; in fact, any permutation of equally labeled events yields another
isomorphism.

Forgetting order. There is an obvious forgetful functor s : [ — = that erases the event

order on objects and sends a conclist map (f,€) to the same pair viewed as a concset map.

Thus O is a wide subcategory of Z. The inclusion is not full (e.g. nontrivial permutations

exist in E but not in ). We henceforth identify [J with its image under s and write O C =.

Canonical coface maps. For canonical concsets U = (n—1,7) and V = (n,~’) we define
analogously dfn : U — V with the same ¢ and insertion map ¢; (now without the event
order).

2.3 The generator based categories =, and [J,

This section introduces the base categories for our HDA variants, which differ in their
treatment of event ordering and symmetry. While O represents ordered concurrency, =
omits event order to provide a coordinate-free foundation. We introduce Z, by freely adding
permutation morphisms to [J and prove =, = =. This isomorphism demonstrates that
adding symmetries is equivalent to removing event order, allowing us to identify =,

with = henceforth.

Symmetric group and induced permutations on faces. For n > 0 let &,, be the symmetric
group on {1,...,n}; write & =| | .,6,. Forn>1,0 € &,, and i € {1,...,n}, define the
induced permutation on faces d;6 € &,_1 as the unique permutation making the square
commute:
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-1 —% & [0 —1]

Lﬂl(i{ Jb < 0di) = Oorgry. (1)

[n] ——F—— [n]

Intuitively, d;f is obtained from 6 by deleting position #~*(i) in the domain and i in the
codomain and renumbering. It can be expressed componentwise as

0(4) J<07@), 0(j) <i
4,6(j) = 9(]:) -1, g < 9:1(1:), 0(3:) >4 |

0(j +1), J =076, 0(7+1) <4,

0(i+1)—1, j>071%), 0(j+1) >i.

» Definition 4. The category =, is presented as follows.
1. Objects. Canonical conclists (n,\) with n > 0 and a labelling map X : (n) — 3.
2. Generating morphisms.
a. Coface maps. For eachn > 1,1 < i <mn, k € {0,1} and label \ : (n) — X, let
d¥ : (n—1, o) — (n, \),
b. Symmetry maps. For eachn > 1 and 7 € G, let 7: (n, A\) = (n, Ao~ 1),
3. Relations.
a. Cubical (face) identities. Fori <j, djdf = dFfdj_; : (n—2, Xoriou;-1) = (n, ).

b. Group identities.! id(,,x) is the identity and T o 0 = (70).

c. Permutation—face interchange. For each 7€ &, and 1 <i<n, df od;,0 =00 d’g,l(i)
The category 24 is obtained by freely adding identities and composites to these generators
and quotienting by the stated relations.

We define the category 0, as the subcategory of =, obtained by forgetting about
permutations, that is, by removing the symmetry generators and the corresponding relations.
Concretely, O, is defined by omitting Items 2(b), 3(b), and 3(c) in Definition 4.

2.4 Relation between the base categories

The goal of this paragraph is to establish relations between precubical categories we introduced
so far and that we use in later sections. The goal is to show that these categories fit into the
diagram

o

)
Dfu” +— 0 — |:|g

Lol

) o~ —
Sfyull S o ——— Oy

We want to prove that the left horizontal functors are natural equivalences (this part is fine)
and that the right horizontal functors are isomorphisms. The latter allows us to identify =
and =, and use generators-and-relations and concset maps interchangeably.

L For brevity we often write simply id instead of id(n,»); the intended domain and codomain are always
clear from the context.
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Below is the construction of the functor F' : 5, — = and the proof that it is an
isomorphism.

» Lemma 5. There exists a unique functor F': E, — = such that
F((n,\) = (n,\) (the identity on objects).
F(d¥: (n,A) = (n—1,Xo0;)) = (1;,eF), where e¥(j) = k if j = i and T otherwise.
F(1) = (7, const ).

Proof. Since Z, is presented by generators (face maps and permutations) and relations, it
suffices to check that the assignment F' preserves the defining relations.

Cubical relations. For i < j, the relation d?df = dfdﬁ_l holds in Z,. Applying F yields
(Lj,sf) o (ti,eF) and (15,eF) o (Lj,l,a-:f_l)7 which coincide since ¢j o t; = ¢; 0 ¢j—1 and the
resulting e-components agree pointwise by inspection.

Group relations, for o,7 € S, functoriality follows immediately from (o, const_r) o
(7, const_r) = (o o 7, const_r), and identities are preserved.

Permutation—face interchange. For § € S, and i, both composites F(f) o F(dgk,l(i))
and F(dF) o F(d;0) have first component 6 o Lg-1(;) = ti o d;fl. A direct application of the
composition rule in = shows that their e-components coincide, taking value k at ¢ and
I elsewhere. Thus F preserves all defining relations and induces a well-defined functor

F:5,—E.
Uniqueness. Since = is presented by generators and relations, F' is uniquely determined
by its action on generators. <

» Definition 6. The canonical presentation of a morphism v of B, is an equation
U:df:0-~-0df; Odfl1 o7 such that iy < --- <i,.

» Lemma 7. Every morphism v of 4 has a canonical presentation.

Proof. Fix any presentation v = uj o - o u,, over the generators {df} U {0 € &.}. We
construct, by induction on m, a factorisation NF(v) = Dor with D = df: 0---0 dfll,

i1 < -+ <ip, T €GB, and show that NF(v) equals v in Z4 (i.e. is obtained by applying
only the defining relations).

Base case m = 0. NF(id) = id oid is canonical.

Inductive step. Write v = wo g with g a generator and suppose NF(w) = D oo is canonical,
where D = dfz 0---0 dfll with o € &,.. We define NF(v) by cases on g.

Case 1: g = 0 € &, (a permutation). Put NF(wo#f) := Do (6c). This uses only the
group law (Def. 4.3(b)) and clearly preserves canonicity of the coface block.

Case 2: g = d) (a coface). TFirst transport df through the current permutation o to the
left using the permutation—face interchange in the form cod} = d :(i) o dy ()0, which follows
from d;? od;f = Qod’g_l(j) by setting @ = o, j = o(i). Hence Doood}f = DOdc’f(i) o (dy(3)0).
Set 0’ := dy(;y0 € 6,41 (the induced permutation on one fewer coordinate). It remains to
insert the single coface d (f(i) into the sorted block D.

Insertion lemma. Given a sorted block D = dfj o---0 dfll with 41 < --- <, and a coface df
on its right, there exists a finite sequence of applications of the cubical identity

dyods = djody , (p<q) (v)

. . £, 4 . .
that rewrites D o d} into a sorted block D' Dodf = d;' o---0 df,l iy <--- <1, where
1

s/
k

each swap with a left neighbour dj (with p < j) replaces the pair by dyod;,1ie. decrements

84:7
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the index of the moving coface by 1. Concretely: starting from the right, compare j with i;

while j < i, apply (b) to swap with dff and update j < j — 1; when j > 4, stop and place

df immediately to the left of dfz. This terminates since j strictly decreases on each swap.
Applying the insertion lemma with j = o() yields a sorted block D’ such that Dodk(i) =

o

D’ with indices strictly increasing. Define NF(w o df) := D’o¢’. By construction we
used only the interchange law and the cubical identities, hence NF(w o d}f) is equal to
wodf in Hy, and its coface block is sorted. In both cases we obtain a canonical form for v,
completing the induction. Therefore every morphism v of =, admits a presentation of the
formdﬁfmuodflloTwithil<~~<ir. |

» Lemma 8. F' is surjective.

Proof. Let (f,e) : (m,A\) — (n,u) be a morphism in E. Set J := f([m]) C (n) and
I=m\J={i1 < <} (r=n—m) Let vy : J < (n) be the inclusion and
let p : (m) = J be the unique increasing bijection (J = {j1 < -+ < jm}, s0 p(t) = ji).
Define the permutation 7 := p~to f € &,,, so that f =150 po7. Then 7 is the unique
permutation satisfying 7(i) < 7(i') iff f(i) < f(i'); equivalently, f o 71 is order-preserving.
Define in 2, a := df: 0---0 dfll o7 with ks := e(is) € {0, 1}.

First component. Write ¢y := t;,0---01;, : (m) < (n). Claim. ¢; = tyop. (Induction on r:
composing the standard injections that skip I yields the order-preserving bijection (m) — J
followed by inclusion.) This is because for each ¢t € (m), by definition ¢7(¢) is the ¢-th smallest
element of J, i.e. ¢ (t) = j;. Since ¢y is the inclusion of J, (tj 0 p)(t) = t7(js) = je = ¢1(t),
for all ¢. Hence ¢y = ¢y o p. Hence the first component of F(a) equals

ti, 0 o, or=troT = (tyop)oT=f by ().

Second component. Using F(df) = (Lis,af;) and the composition rule in =, a trivial
induction on r gives after composing the r cofaces

~ ks ifv=is€el,
g(v) =
T ifveld

Composing with F(7) = (7, const_r) does not change € (the status I is constant and the injec-
elis) =ks ifv=1i5€l,

- if v e J = f(m]),
which is exactly . Therefore F(a) = (f,¢), so F is surjective. <

tion image is J). Thus the second component of F'(«) is v — {

» Lemma 9. F is injective.

Proof. Let o, &' be morphisms with canonical presentations o = df: 0.0 dfll o, and
o = df,:”,/o . ~odi.€,lllo7",wherei1 <-e-<igpandi) <--- <il,. Assume F(a) = F(o/) = (f,¢);
we show the canonical data coincide. Step 1 (recover I and k’s from €). In E we have
e () = f(Im]). Hence I := (n)\ f(Im]) = {v € (n)|e(v) # I}. But for a canonical
word, I = {i; < --- < iy} and €(is) = ks. Thus I and the tuple (ks)5_; are uniquely
determined by (f,e). Applying the same to o' yields I' = {i} < --- <il,} =TI and k) = ks,
sor’ =r, i, =i, and K, = k, for all s.

Step 2 (recover T from f). Let J := f([m]) and p : (m) =5 J be the increasing bijection.
By the insertion-of-holes identity ¢; o ---o¢; = ¢y o p, the first component of F(«) is
f = (tjop)or. Hence 7 = p~! o f, which is uniquely determined by f. The same
computation for o’ gives 7/ = p~! o f = 7. We have shown that different canonical data
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Table 1 Base categories at a glance.

Category Objects Morphisms & generators

O canonical conclists conclist maps; generated by coface maps

= canonical concsets concset maps; generated by coface maps and permuta-
tions

cannot map to the same (f,¢): from F(a) = F(o') we obtained r = 1/, iy, = i, ks = K,

and 7 = 7/. Thus a and o’ have the same canonical presentation, hence are equal in =,.

Therefore F is injective. <

Once surjectivity and injectivity have been established, we obtain the following result.
» Proposition 10. The functor F': 2, — E is an isomorphism of categories.

Consequently, the subcategories obtained by forgetting permutations are also isomorphic,
that is, 0, = [. From now on, we simply write 2 = &4 and [ = [, and freely
use their descriptions by generators and relations. The base categories that will be used
throughout the remainder of the paper are summarized in Table 1.

3 Precubical sets and HDA

We now turn to the presheaf formulation of HDAs over these bases. We establish that the
symmetric HDAs of Kahl [17] (based on Zy) and those of Struth and Ziemianski [22] (based
on Z) are categorically isomorphic. Crucially, this equivalence allows us to leverage
Kahl’s Symmetrization Theorem, the result that every HDA is hhp-bisimilar to its
symmetric expansion. This justifies our order-free semantics as a behavioural model for the
entire class of HDAs, not only the symmetric ones.

3.1 Precubical sets over a base

» Definition 11 (Precubical set over a base). Let C € {00, E} be one of the base categories
introduced above. A precubical set over C is a presheaf X : C°P — Set. A map of precubical
sets g : X = Y over C is a natural transformation. We write C for the corresponding
presheaf category.

One can equally define presheaves over the symmetric base =,. However, since we have
shown that Z; and Z are isomorphic, these bases give rise to equivalent presheaf categories,
as stated below.

» Proposition 12 (Equivalence of presheaf categories). There is an isomorphism of presheaf

categories 2 = H.
Proof. Since by Prop 10 F': 5, =, Zisan isomorphism of categories, the induced pullback
and pushforward along F' yield an isomorphism of presheaf categories 2 = 5. |

Terminology and correspondence.
Case C = [. This yields the classical notion of a precubical set in the sense of van
Glabbeek [23] and Fahrenberg et al. [10, 11], based on ordered concurrency lists.
Case C = E. This gives rise to the symmetric precubical sets of Kahl [17] and of Struth

and Ziemianski [22], where concurrent events are represented without an explicit order.

Since E ~ =, both constructions define the same class of symmetric precubical sets.
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Notation.
For any coface morphism df, : U — V, with |U| = n, in the chosen base C € {{J, Z} we
set 511»“7” =X [df’n], and this notation is used uniformly for all bases.

Given an n-cell z and a permutation 7 € &,,, we write 7 - x for X[r](z) € X(n,Ao771)
If X is a presheaf over a category C, where C is either O or E, and U is an object X[U]
represents the set of those n-cells in X in which exactly the events in U are active. Elements
of X[U], form the set of cells Cellx of X. Specifically, we have:

Celly = || X[
U€obj(C)

For any x € X[U], elements of U are called events of . We write ev(z) = U.

Figure 3 Precubical set X with two 2-dimensional cells.

» Example 13 (Example of a precubical set). Figure 3 shows a visualization of a precubical
set X, in which all one dimensional cells have the same label. So we ignore A in the conclist
notation and write (n). The precubical set X is given by the following;:

X[O] = {avb7 & d767f}7 X[l] = {p,q,s,t,u,v,l}, X[Q] = {xay}a

and face maps:

6?(]7) =a, 6% (p) =b, 5?(@ =a, 6% <Q) =G 6?(“) =d, 6% (u) =6,
8(s) =b, 6i(s) =d, &(t)=¢, 6i(t)=d,  &(v) =b, 6i(v) = f,
63(1‘) =4q, 6%('17) =S, 6?(1:) =D 5%(1') =1,

Gy) =5 &) =1 &y =v 5y =u

In the figure, > has one element and the indices refer to the names of the cells.

» Example 14. Let Y € O be the precubical set with a single 2—cell z € Y[(2,ab)], and no
cells in higher dimensions. Such a configuration cannot occur in a symmetric precubical
set. Indeed, the transposition 7 : (2, ab) = (2,ba) is a morphism in =, so for any Z € g,
the induced map Z[7] : Z(2,ab) — Z(2,ba) is a bijection. Hence, the existence of a cell in
Z(2,ab) forces the existence of a corresponding cell in Z(2, ba). This obstruction persists in
the autoconcurrent case a = b. If z were the only 2—cell, symmetry would imply 7 - x = z for
the transposition 7 = (2 1), yielding d{x = d{(7 - z) = dg,l(l)x = djz, a contradiction.

» Definition 15 (Higher-dimensional automaton over a base). Let C € {{0,E}. An HDA over
C is a pair X = (X,ix) where:

XeCisa precubical set over C;

ix € X[0] is the initial 0—cell.
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For a natural transformation f : X =Y, we write fy : X[U] — Y[U] for its component at
U e C. Given HDAs X = (X,ix) and Y = (Y,iy) over C, a morphism X — Y is a natural
transformation f : X = Y such that its 0-component preserves the chosen initial cell, i.e.
folix) =iy.

HDAs over O coincide with the classical (ordered) HDAs, while HDAs over Z are the
symmetric HDAs.

Final cells are omitted here without loss of generality: HDAs need not have designated final
states; these can be added as an external structure when modelling successful termination,
but are irrelevant for the properties studied here.

» Definition 16 (Symmetriser; [17]). Let X € 0 be a precubical set. The free symmetric
precubical set generated by X is the presheaf SX € E defined as follows:
On objects. For each canonical conclist (n, A),

(SX)(n,A) = {(0,2)|0€6&,, x€X(nAol)}.
On cofaces. For d}f: (n—1, o) — (n,\),
(SX)[df)(0,2) = (dif), X|dg-r(;)(2)),

where d;0 € &,_1 is the induced permutation on faces defined in ((1)).
On permutations. For 7 € &,

(SX)[7](0,2) = (70, ) : (SX)(n,A) — (SX)(n,Aor™h).

The above assignments respect the cubical identities and the permutation—face interchange law
of 2, so they extend uniquely to a functor SX : E°°? — Set. We call SX the symmetrisation
of X. For an HDA X = (X,ix) over O, the free symmetric HDA is

SX = (SX, (id.ix))

For each n—cell z € X[n,\] and 7 € &,,, the element (0, z) € (SX)(n, Ao 0~!) represents the
same n concurrent events as x, but with their linear order permuted by 6. In the symmetric
interpretation, this element corresponds to the cell 7.x. Hence, the symmetrisation SX
contains all cells of X together with their symmetric variants — one for each permutation of
their n events. Consequently, every n—cell of X gives rise to n! distinct copies in SX.

Terminology. Since our interest lies in symmetrisations, we use the following terminology.

For a precubical set X, we call SX its symmetrised precubical set; objects of this form will
be referred to as sprecubical sets. For an HDA X = (X,ix), we write X := (SX, (id.ix)) for
its symmetric HDA (or sHDA).

~
—_

Remark. There also exists a functor s* : = — [J obtained by precomposition with the
inclusion s : 0 < &, that is, s*(X) := X o s. This functor keeps the same underlying sets of
cells and the same coface maps, but discards all symmetry morphisms of =. Consequently, it
also forgets the identifications between a cell and its permuted copies that were induced by
those symmetries in the first place. For a symmetric precubical set Y, the ordered precubical
set s*Y thus contains all cubes of Y, but treats previously equivalent permuted cells as
independent ones. For instance, if Y = SX as in Example 14, then Y contains a 2—cell in
shape (2, ab) together with its permuted companion in shape (2, ba). After applying s*, both
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Action Action
A ! A !
a | a |
1 (o] |
! !
e ;
| d]
i —>

Duration Duration

G

b=——c

Figure 4 Interval ipomsets (below) with their corresponding interval representations (above). An
event with a dot on the left (resp. on the right) is an element of a source (resp. target) interface.
Full arrows indicate precedence order.

cells remain present, but the symmetry morphism between them is no longer available; in
s*Y they are interpreted as two independent ordered squares. Applying the symmetriser
again to s*Y freely adds new symmetric copies of each of these cells, so y and (12).y each
generate their own pair of permuted variants. In general, every n—cell of Y gives rise to n!
copies after the first symmetrisation, (n!)! copies after the second, and so on, resulting in a
factorial growth under iteration.

4 Pomsets

Partially ordered multisets (pomsets) have long been used to model true concurrency and
have played a central role in theoretical and applied concurrency research [13, 14, 20]. Earlier
work on higher-dimensional automata (HDAs) extended pomsets by adding an event order
on incomparable events and by using interfaces to distinguish the beginning and end of a
run [9, 10]. In this paper we drop the event order: unlike [10], we describe the observable
content of HDA paths using pomsets that carry only the precedence order, while following
the interface construction and gluing composition of [9].

» Definition 17 (Pomset). A partially ordered multiset (pomset) is a tuple (P,<p,Ap)
where P is a finite set, Ap : P — X is a labelling function over an alphabet ¥, <p is a strict
partial order on P called precedence order.

To model concurrency using pomsets, elements of a pomset P represent events, and © <p y
signifies that event = must occur before event y. Two distinct events x,y € P are concurrent,
written x || y, precisely when neither x <p y nor y <p . An event x € P is minimal if no
event precedes it and mazimal if it precedes no event; we denote the sets of minimal and
maximal events by Ppnin and Pypay, respectively. A subset Q C P is an antichain if any two
distinct elements of () are concurrent. An antichain is maximal if it is not properly contained
in any larger antichain. In a pomset, antichains correspond precisely to concsets.

» Definition 18 (ipomset ). Let U = (m, ) and V = (I,7) be canonical concsets. A pomset
with interfaces (ipomset) consists of a pomset P and two injective, label-preserving functions
U p 2 V, such that sp(U) C Pupin, called the source interface, and tp(V) C Prpax,
called the target interface. We denote it by P = (sp, P, tp) : U = V.
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The source and target interfaces of an ipomset are antichains, hence concsets. In this paper
we work exclusively with interfaces whose domains are canonical concsets and whose maps are
canonical, namely either the identity or the standard injection ¢;: (n—1) < (n). Although
concsets in general admit multiple label-preserving bijections (see Example 20), all interfaces
appearing here are uniquely determined, and no further choices arise.

As we drop the event order, we follow the gluing construction for pomsets with interfaces
from [9]. This gluing operation is associative, admits a unit, but is not commutative; com-
mutativity is neither expected nor needed here, since gluing models sequential concatenation
of paths.

» Definition 19 (Gluing composition of ipomsets ). Let (s1,P1,t1) : (n,v) — (m, ) and
(82, Py, ta): (m,p) = (k, k) be ipomsets. Their gluing composition is the ipomset (s1, Py *
Py, ta) : (n,v) — (k,K), where the carrier is Py Py := ( (Py U Py) /t1(i) = s2(i), <
, A U )\2)7 the disjoint union of Py and Py with the interface elements identified: t1 (i) = s2(i)
for alli € [m], the precedence order is < = (<1 U <y U (Pi\t1[m]) x (P2\s2[m])) and the
labelling function is inherited component-wise: A1 on Py, and Ao on Py. We regard P, and
Py as sub-pomsets of Py * Py via the canonical injections.

Although different choices of interface identifications may in general lead to non-isomorphic
gluing results (see Example 20), such situations will not arise in this paper. Indeed, all
ipomsets we consider have interfaces whose domain and codomain are canonical concsets,
so the gluing operation is uniquely determined. Moreover, every interface map f is strictly
order preserving in the sense that for all 7,7, 1 <y 7 <= f(i) <n f(j), where <y denotes
the usual strict order on natural numbers. In particular, interface identifications preserve
<y, ruling out any ambiguity in the gluing construction.

» Example 20. Changing the identification of interface events may lead to non-isomorphic
gluing results. For instance, consider the following two gluings of discrete ipomsets.
Order-preserving identification. Identifying the interfaces via the order-preserving bijection
t1(2) = s2(3) for i = 1,2 yields

* =

b= t1(2)° b= 82(2)

a—sb =t1(1)s b= s59(1)—c ( a—sb—c >
b

This is the situation that arises throughout this paper.
Order-reversing identification. If instead the interface is identified via the permutation
t1(1) = s2(2) and t1(2) = s2(1), one obtains

* =

a—b =t1(1)e ob = 52(2)—c a—sb
b=t1(2>' b= 82(1) ( )

b c

Such a gluing is admissible in general for ipomsets, but it violates order preservation of the
interfaces and therefore does not occur under the assumptions imposed in this paper.

» Definition 21 (Interval Ipomset [12]). An interval ipomset s an ipomset P such that for

any x,y,z,w € P, if t <p z and y <p w, then x <p w or y <p z. In other words, it does
o%o}

not contain an induced subpomset of the form: 2+2 = [.*).

» Proposition 22 ([10, 15]). Let P be an ipomset. Then P is an interval ipomset if and only
if P can be expressed as a finite gluing of discrete ipomsets.
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In this work, we focus solely on interval ipomsets: all ipomsets are assumed to be
interval even if not stated explicitly.

» Definition 23 (Isomorphism of ipomsets). Let P = (sp,P,tp): U — V and Q =
(s0,Q,tq): Ug — Vg be ipomsets. An isomorphism P = Q is a bijection f: P — Q
such that A\p = Ago f,x <py <= f(x) <q f(y), and f restricts to bijections fu: U — Ug
and fv: V — Vg satisfying sgo fu = fosp andtgo fiy = fotp. Equivalently, the following
diagram commutes:

U il P tr 1%
fUJ{ J{f J{fv
Uq 50 Q = Vo

There is at most one isomorphism between two ipomsets in the presence of event order [10].
This uniqueness fails in our case.

Remark (Numbering vs. ordering of interfaces). The integers {1,...,n} appearing in a
canonical concset (n, A) are names for interface slots, not a ranking of the concurrent events
inside the pomset carrier. The order-preservation constraint imposed on interface maps in
Definition 18 is a canonicality condition: it ensures that the gluing operation of Definition 19
is uniquely determined, ruling out the ambiguity illustrated in Example 20. It does not
impose any order on the carrier itself. The precedence order <p on P remains a partial
order, and concurrent events stay incomparable. Accordingly, the notion of isomorphism in
Definition 23 admits any label-preserving bijection on the carrier that respects precedence
and interfaces, with no requirement to preserve event order. This is precisely what allows
(a || b) and (b || a) to be identified in our setting, whereas ordered approaches cannot identify
them because their isomorphisms must additionally preserve the event order on concurrent
events.

5 Paths in HDAs and sHDAs

We recall the notion of paths in HDAs and sHDAs and the standard relations between them,
fixing notation for later use. We also make explicit the relationship between paths and their
symmetric liftings.

» Definition 24. A path of length n in a precubical set X is a sequence o = (xo, p1,T1, P2, - -,
©n, Ly), where x; € X [U;] are cells, and for all j, either

pj = d?j € O0(U;-1,Uj) a source map and x;_1 = 5% (x;) (up-step), or

pj = d%j e 0Oy, Uj,l),éilj (xj—1) = x; (down-step).
A path in a sprecubical set'Y is a path in the underlying precubical set s*Y .

» Lemma 25 (Paths in a symmetrised precubical set). Let X € 0 and consider its symmet-
risation SX € E. A path of length n in the sprecubical set SX is equivalently a sequence
a = ((To.l‘o), o1, (T1.21), -+, Pn, (Tn.ﬂjn)), where each z; € X[U,|, each 7; € S, is a
permutation, and each p; = dﬁj is a coface map in Z, such that for every j=1,...,n:
(i) (step condition) either
ki =0 and (Tj_1.2¢j_1) = (SX)[dgj](Tj.mj), or
k’j =1 and (Tj.xj) = (SX)[d;j](ijl.xjfl).
(ii) (permutation coherence) the permutations satisfy

Tj_lzdpjTj Z'fkao, and szdpjTj_l kajzl
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Proof. By definition, a path in the sprecubical set SX € Z means a path in the underlying
precubical set s*(SX) € 0O, i.e. a sequence of cells related by face maps in the sense of
Definition 24. Unfolding the presheaf action of SX on a coface map d’; , we have

(SX)[dy)(r.x) = (dp7. X[dE -1 (](2)),

where d,7 denotes the induced permutation on the corresponding face. Hence, for an

up-step (k = 0) the condition (r_.z_) = (SX)[d)](r4.x4) is equivalent to the pair of

equalities 7 = dp74 and z_ = X[dg,l(p)](:mr), and for a down-step (k = 1) the condition
+

(t4.24) = (SX)[d}](T—.x_) is equivalent to 74 = dp7— and x4 = X[di,l(p)](x,). Applying

these equivalences stepwise along the sequence yields exactly the up-step/down-step clauses

in (i), and the permutation coherence equations in (ii). Conversely, if the equalities in (i)

(equivalently, the expanded conditions above) hold at every step, then each consecutive triple
forms a valid face step in s*(SX), hence the whole sequence is a path in SX. <

Relation between paths in X and in SX. Let X be a precubical set and let o =
(zo, dfll,:cl, . ,df:n”,xm) € Pathx be a path in X. A lifting of o to the sprecubical set SX
is a path of the form 8 = ((70.2z0), di!, (T1.21), ..., dim, (Tim.%m)) € Pathgx, where the
permutations 7g, ..., 7, and indices p1,...,p,, satisfy

pj = Tj—k,(i;) and o1 =y iR =0, Vi=1,...,m.
T; = dp].Tj,1 if kj = 1,
Among all liftings of «, the canonical lifting Soe = ((id.zo), dfll, (id.zy), ..., df:, (id.@y,))
is obtained by choosing 7; = id for all j.
Conversely, Lemma 25 shows that every path 8 € Pathgx is of this form for a unique
underlying path « € Pathy, obtained by setting i; = T]-_ilkj (py)-

Path notation and operations. Let a = (zg, ¢1,...,¥n,Tn) be a path in a precubical set
X or in a sprecubical set SX. A path in an HDA X = (X,ix) is a path in the underlying
precubical set X whose first cell is the initial cell ix. Similarly, a path in the symmetric
HDA SX is a path in SX whose first cell is (id.ix). We write Pathy and Pathgx for the
sets of all paths in X and SX, respectively, and Pathy C Pathy and Pathgy C Pathgx
for the corresponding sets of paths starting at the initial cell. This distinction matters for
the semantics below. The ipomset label are defined for all combinatorial paths in Pathx
and Pathgy, independently of the initial cell. By contrast, the ST—trace is defined only for
executions, that is, for paths in Pathy and Pathgy.

If o = (20,01, ¢n,Zn) and B = (yo,¥1,...,%m,Yym) are paths in X or in SX with
Ty = Yo, their concatenation is the path ax g = (a:o, Pl s Py Ty V1, Y1, - - - ,d)m,ym). In
this case, we say that « is a restriction of a * (.

» Example 26 (Paths and liftings in the symmetrised square). Consider the HDA X = (X,ix)

depicted on the left of Figure 5, consisting of a single 2—cell x € X (2, ab), together with its faces.

The symmetrised HDA SX is shown on the right of the figure and contains two 2—cells, = €
(SX)(2,ab) and 2’ € (SX)(2,ba), with 6¥(x) = 65(2’) for k = 0,1. Consider the path in X
a = (09(z), d3, =, di, 05(x)), which enters the square x along the b-edge and exits it
along the a—edge. In the symmetrised precubical set SX, the path a admits exactly two
liftings. The canonical lifting passes through the cell € (SX)([2,ab]) and is given by
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Sa = (69(z), d3, =, di, 63(z)). The second lifting passes through the symmetric copy
x' € (SX)(2,ba). Since the event order is reversed, the face indices are exchanged, yielding
the path o = (63(2'), dY, 2/, d}, 61(2')).

: a : a
b T b iz, 4
start — start
a

Figure 5 HDA X on the left with its symmetriser SX" on the right.

The following is an example in 3 dimensions. It illustrates how the symmetriser affects
paths and how permutations must act coherently along a path in SX.

» Example 27. Consider the precubical set X represented in Figure 6, where x, z € X|[3]
the two 3-cells sharing the 2-cell y, and consider a = (z, d}, y, d3, 2) € Pathy, which first
terminates the event ¢ and then initiates the event d. There are 3! = 6 distinct liftings of «
in SX. These include:

1. 8 = ((12)~ z, di, (12)-y, d3, (12)- z), the symmetric lifting corresponding to the
transposition (12) acting on ev(x).

2. /= (o-z, dl, (12)-y, d?, o-z), where o = (123), the reduced permutation is dyo = (12).
Here the intermediate 2-cell is (d10)-y = (12)-y, and the face maps d} and df correspond
to di and dj on the underlying path «, as enforced by the equivariance squares (via the
permutation o and the equation 6_ = d;0,).

We recall the notion of adjacency of paths, as introduced by van Glabbeek [23]. Adjacency

and the derived notion of congruence apply uniformly to paths in a precubical set X and in

its symmetric counterpart SX [17].

» Definition 28 (Adjacency of paths). Two paths a and o are said to be adjacent, written
o« o, if one can be obtained from the other by a single local replacement of one of the
following forms, for indices i < j:

(1) (d}, @, d) ~ (d}_y, 2y, d7), (3) (7, mp, dy) ~ (dj_y, @), dY),
(2) (djlv e, d,}) ~ (dgv SU%, d}fl); (4) (d?a Te, dzl) ~ (dzla xlb d?—l)‘

For any « of length m and 1 < ¢ < m, there exists a unique path a*) obtained from «
by applying the corresponding adjacency replacement to the segment (¢, ¢, wet1) of « [23].
We write o« a0,

Adjacency rules (1) and (2) exchange two faces of the same polarity and are reversible,
whereas rules (3) and (4) interchange a start with a termination and are directed. The
reversible rules generate a symmetric equivalence relation on paths, called congruence, which

is the notion relevant for our purposes. The directed rules induce subsumption; see [11].

» Definition 29 (Congruence of paths). Congruence =~ is the relation on paths generated by,
for indices i < j:

(d?7 Ty, d?) = (dgfla 1‘2, d?)7
(d}, we, df) =~ (df, x), dj_y);

Yxa*xd~yx**d whenever a >~ f3.
where in each case x is the unique cell determined by the adjacency replacement in Defini-
tion 28.
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6 Observable content

This section collects the notions used to describe the observable behaviour of paths. We
recall the ST—trace semantics and introduce an event order free pomset-based notion of path
labels. This formulation and its extension to sHDAs are new. We then study how observable
content behaves under symmetric liftings.

6.1 ST-trace

Fix a down-step (xy, d}Hl,aﬁgH) occurring in a path

_ 1
= (20, P1, 15,00, Tes djy s Tt 1, Pe42, -+ Tm)

in a (s)HDA. By [23, 17], there exists a unique index k < £ such that
o b o0 121 Q1) 22 BEL Ok ()

where each step is obtained by applying the unique adjacency replacement at the indicated
position.

This means that the down—step can be moved successively towards the beginning of the
path by adjacency replacements in the sense of Definition 28, until it sits immediately after

its matching start step and cannot be moved further.
1
Go41

when the adjacent segment (¢y, z, d%ul)

tion 28, that is, when the indices of the two consecutive face maps satisfy the corresponding

More explicitly, the down—step d can be commuted one position to the left precisely

matches one of the adjacency patterns of Defini-

inequality condition ¢ < j required there.
The process stops exactly at position k because this condition fails: in ¥tV the adjacent
segment has the form (d?)c s Tht1, d}k ), where the indices coincide and no adjacency replacement

is applicable. We then write start(ip41) = k.

» Definition 30 (ST-trace [23]). Let o = (zo, di%xh ... ,dii”,xn) € Pathgx, and let A(i;)
denote the label of the event whose start or termination is represented by the face map dZ_j.

For each step define

ST . + Zf k/’j - 0,
start(ij) if k; = 1.
Then ST-trace(er) = (A(i1)77 ..., A(in)7" ).
The ST-trace records not only when each action starts (4) and terminates, but also links
each termination to the position of its corresponding start via the index start(i;). In this

way, the ST—trace encodes the causal pairing between the beginning and ending of individual
actions, capturing their overlap and nesting (see [23] for the original formulation).

6.2 Observable content as pomsets

Recall that for a cell z in a (s)precubical set, ev(x) is a canonical conclist (concset). In this
section, we systematically forget the event order and regard ev(x) only as its underlying
concset. We now extend ev from cells to paths.
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A

>

Ty z 0.2 Yo .2
b lo—so—+0 b o—-)o—go
/i—_-__/_ 1 /i__-__/_ 1T
C d c d

Figure 6 On the left hand side, a precubical set X consisting of two 3-dimensional cubes
z € X(3,abc) and z € X (3, abd) attached along a common 2-dimensional cell y € X (2, ab). On the
right hand side, Its symmetrization SX, where each cube generates six 3-cells of the form 6-x and
o-z for some 0,0 € &3, all sharing the same boundary faces 7.y and id.y, where 7 € Gs.

» Definition 31 (label of a path). Let X be a precubical set and let o € Pathx. The label of

« s the ipomset ev(a), computed recursively

1. If a = (x) has length 0, then we set ev(a) = (idey(q), ev(), idey(s)) : ev(z) — ev(z);

2. If o = (y,d?, x), then ev(a) is (1, ev(x),idey()) : ev(y) — ev(z);

3. Ifa= (z,d},y), then ev(a) is (idey(z), ev(z), ;) : ev(z) — ev(y);

4. If a = By * -+ x By, is a concatenation of steps B, then ev(a) = ev(B1) * -+ xev(By) .
injection skipping 1.

Since paths in a symmetric precubical set SX are formally paths in the underlying precubical

set s*(SX), the interval-pomset label ev(f3) is also well defined for every 5 € Pathgx.

By construction, ipomset labels are built stepwise along paths; in particular, the label of any
prefix embeds canonically into the label of the full path.

The label of any path « in a (s)precubical set is a finite gluing of discrete ipomsets.
Consequently, by Proposition 22, ev(«) is an interval ipomset for any path «. This is why
we restricted our focus on only interval ipomsets.

Comparison with ordered labels

In the literature, interval-pomset labels of paths are typically defined using conclists, thereby
retaining an explicit order on events; this ordering is used to control the gluing operation [10].
In contrast, we systematically forget event order and work with the underlying concsets.
The gluing operation remains well defined in our setting because all interfaces involved are
canonical, and interface maps are uniquely determined.

Our formulation allows us to identify behaviours that differ only by a permutation of
concurrent events. In particular, the interval pomsets (a || b) and (b || a) are isomorphic in
our setting, whereas they are distinguished in ordered approaches, where isomorphisms must
preserve event order. This resolves a mismatch between pomset semantics and the intended
treatment of concurrency that appears in parts of the literature.

» Example 32. Consider the HDA X and its sHDA SX of Figure 6.
The label of a = (z,d3,y,d3, 2) is the ipomset

ev(a) = (ic.le\:(l.), evExz, 13) * (13, ev(2), idey(z)) : ev(z) — ev(z)
=()- (%)

o(l®
= ( obhe ) s
sc———>de

which corresponds to first terminating the event ¢ and then starting d through the common
face labelled ab.
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The label of 8 = ((6- z), di, (d30-y), d3, (0-z)), where 6 = (12), is
obe obe
() = () ) (‘3:)

()

The label of 8’ = (o- z, di, (12)-y, dY, o- z), where o = (123), is
. de
ev / = <ago> * <aao>
(/B ) ohe ohe

<°C*}d'>
= o(l® .
ohe

Remark on autoconcurrency. All constructions above apply equally in the presence of
autoconcurrency. Distinct concurrent events carrying the same label remain distinguished by
their structural positions in the underlying concsets. Hence, path formation and interval—-
pomset labelling are unaffected by autoconcurrency.

6.3 Compatibility of symmetrisation with Observable content

We relate the observable content of a path in a precubical set X to that of its liftings to
the symmetric precubical set SX. In the following, we consider separately the behaviour of
ST—traces and of interval-pomset labels under symmetrisation.

ST-semantics

Lifting a path to the symmetric setting preserves its ST—trace. In particular, the matching
between start and termination events is invariant under symmetrisation. This follows
from Theorem 6.1 of [17], which shows that every HDA is hhp-bisimilar to its symmetric
counterpart; hhp-bisimulation will be introduced in Section 8.

» Proposition 33. Let X = (X,ix, Fx) be an HDA, and let o € Pathy. If o is a lifting of
a in SX, then ST-trace(a’) = ST-trace(«).

Thus symmetrisation preserves the causal pairing of events: although SX contains multiple
symmetric copies of each cell, these permutations affect only the naming of events, never the
temporal structure of the execution.

Pomset semantics

A similar compatibility holds for the ipomset interpretation of paths. The label of a symmetric
lifting of a path is obtained by permuting the ipomset label of the original path by the
symmetric action.

» Proposition 34. For any path o in a precubical set X and 8 € SX lifting of o, we have

ev(8).

Proof. We employ induction on m the length of 5 (the same as the length of «).
If 8 := (0.x) thus a := (), then

1

ev(a)

ev(B) = (id,ev(8.x), id) : ev(z) = (id, ev(x), id) = ev(a).
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If 8= ((6-1.9), d?j, (0j.x)) thus o = (y7dg_,1(ij)7:1c))7 then ev(3) = (v, ev(6;.z), id).

Further ev(a) := (1p-1(;,) ev(z), id ) : ev(y]) — ev(z) Zev(B)

In the case of down S‘Eep, we proceed similarly.

If B = B1 % B2, then & = a1 * g such that Gy is a lifting of oy for £ = {0,1}. By induction

hypothesis, there exist isomorphisms f; : ev(ay) =N ev(f1) and fo : ev(as) N ev(fa).

By the equivarience condition in Lemma 25, and Def.31 of ev, f; and fs coincide on

the interface along which the gluing is performed. Hence the union f := f; U f5 is a

well-defined bijection on the carrier of the glued pomset ev(ay) * ev(ag). Moreover, f

acts on the external interfaces. Therefore f is an isomorphism i.e. ev(a) = ev(f). <
These results show that symmetrisation is compatible with both observable semantics:
ST—traces are preserved, while interval-pomset labels are preserved up to isomorphism.

7 Relation between Pomset Labels and ST—Traces

This section makes precise the relationship between ST—traces and interval-pomset labels.
Although both semantics are widely used to describe the behaviour of paths, their exact
correspondence depends on subtle structural conditions that are often left implicit. We first
show how equality of ST—traces is reflected at the level of pomset labels, and then analyse
the converse direction.

» Lemma 35. Let o € Pathy and 8 € Pathy, where X and Y are (s)HDAs. If o and 3
have the same ST-trace, then ev(a) = ev(f3).

Proof. Write o = (v, ..., a,) and 8 = (So, .. ., B,) for paths of the same length, and let a<,,
and B<,, be their prefixes of length m. We prove by induction on m that ev(a<,,) = ev(B<m)
as ipomsets (Def. 23). Base case m = 0. Both prefixes are the initial cell. Hence
ev(a<p) and ev(f<p) are the empty ipomset, so the isomorphism is trivial. Induction step.
Assume ev(a<.,) = ev(f<p,) and consider the last steps oy, — ame1 and By, — Bmya. Set
Tm = eV(Q<m) = (Sms Py tm) 1 Un = Vi, and pr, = ev(B<m) = (80, Qm, th,) 1 UL — V).
By the induction hypothesis, there exists an isomorphism (fo,,, fJ, fV) : 7 = py, that is,
fm @ P — Q@ is a label-preserving bijection reflecting and preserving precedence, and
YU, - U, fV :V, — V. are the induced interface bijections making the interface
squares commute.

Um Sm Pm tm Vm
ffil lfm ifx
Up —— Qu e Vi

Since ST-trace(a) = ST-trace(5), the (m+1)-st trace symbol for a and /5 coincides. We
distinguish two cases.

Case 1: the common trace symbol is at. Then both last steps are starts of an a-labelled
event. By definition of ev, we have ev(a<pmi1) = T * ES, ev(B<mi1) = pm * EX', where
E} and E}' are the elementary ipomsets that add one fresh a-event, glued along the current
target interfaces V,,, and V!, respectively. There is an evident isomorphism E} = Ef " whose
induced bijection on the gluing interface is precisely fV : V,, — V;, (it maps the unique new
a-event to the unique new a-event). by the stepwise definition of path labels, the carrier
bijection f,, extends to an isomorphism ev(a<m+t1) = ev(B<mt1)-
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i iR
Pp ——"—— Puia Ry, ——————— Puia
| |
fml U fmet1 gml Ut
v v
Qm i ? Qm+1 R;.,JLF —/} Qm+1
Q 'R

Case 2: the common trace symbol is a, . Then both last steps are terminations of the
k-th currently-open a-event (in the standard ST bookkeeping). Let e € V,,, be the interface
element of 7, corresponding to that k-th open a-event, and let ¢/ € V! be the corresponding
element of p,,. Because the prefixes have the same ST-trace and (fo,, f5, fV) is an ipomset
isomorphism, the induced bijection fY respects this bookkeeping, hence fV (e) = ¢’. By
definition of ev, we have ev(a<my1) = Tm * E ., ev(B<mi1) = pm* E where B,

a,e’
(resp. E;e,/) is the elementary ipomset that terminates the distinguished interface element e
(resp. '), glued along V;,, (resp. V;,). There is an isomorphism E, , = E e,/ whose induced
bijection on the gluing interface is fY and which maps the distinguished element e to ¢’

Vip ——— R,

fT"/Ll lgm

Vi ———— Ry

By the stepwise definition of path labels, we obtain ev(a<m+1) = ev(B<m+1). Thus in either
case the isomorphism extends from length m to length m-+1. By induction, ev(a) Z ev(8). <=

One might expect the converse to hold, namely that ev(a) = ev(f) implies equality of
ST—traces. This is not true in general. Ipomset semantics abstract away from the precise
temporal order of starts and terminations of concurrent events and therefore identify paths
that are merely congruent. For instance, the ST-traces a*bta'b? and b+taTa?b! are distinct
but induce the same interval ipomset (a || b). Nevertheless, ipomset isomorphism retains
enough information to recover temporal behaviour up to congruence. Achieving this requires
additional structure, which we develop next.

» Definition 36. Let o = (zo,d}!, @1, d}?, ... d{™ &) and B = (yo,d", y1,d¥2,. .. dFm y).
We say that o and 8 have matching events if ev(xzj_1, df}j,xj) =ev(y;_1, dfjf,yj). We write

a=p.

» Lemma 37. Let X and Y be (s)HDAs, and let o € Pathy and § € Pathy. If a = 3, then
ST-trace(or) =ST-trace(B).

Proof. By definition of =, the paths « and § have the same sequence of face maps. That is,
. k Kom, k km

we can write o = (20, d;', 71, . . . ,dim:, Tmy1), and B = (yo,d;!, Y1, -, dim;’lﬂymﬂ), for

the same indices (¢;, k;). Since the ST-trace construction depends only on the sequence of

face maps (dfll, . ,dfrfjll) and not on the intermediate cells, it follows immediately that

ST-trace(«) = ST-trace(f). <

The notion of matching events captures exactly the stepwise information needed to determine

the ST—trace. However, matching events alone is insufficient to relate arbitrary paths.

To realise ipomset equivalence stepwise, we therefore pass to symmetric HDAs, where all
permutations of concurrent events are explicit.
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» Lemma 38. Let X be a precubical set, and let o € Pathx and P an ipomset. If ev(a) = P,
then there exists o € Pathgx lifting of a such that ev(a/) = P

Proof. Fix o/ € Pathgx lifting of a. We employ induction on m, the length of a.
If a« = () there exists a unique permutation o such that o(ev(z)) = P. Define o' := (0.z).
Hence ev(a/) = P, establishing the base case.
If o = (y,d?, ). On the one hand ev(a) = (¢, ev(z),id) : ev(y) — ev(z). Since
ev(a) & P by an isomorphism f (defined uniquely by permutation 6 € &), we have the
following diagram

Up ——— ev(x) — 4 ev(z)

fU(J: J{f J{f

Ly (i) v id v

Define o/ = ((diﬁ.y),dg(i), (0.x)). By definition, ev(a/) = P.
Ifa= (:E7 d}, :v), we proceed similarly by taking o/ = ((G.m), dg(i), (dié).y))
If &« = a1 * o is a concatenation where o and g are shorter than o and P = ev(«) via
an isomorphism f, write P; for ¢ = 1,2 for the ipomsets such that P; = f(«;). By the
induction hypothesis, there exist of and o4 lifting of o and ao such that ev(a}) = P;.
Take o = o) * o, so that ev(a/) = ev(a) x ah) = Py x P, = P.

<

» Lemma 39. Let X and Y be precubical sets, and let o € Pathx and 8 € Pathy. If
ev(a) = ev(f), then there exist o' € Pathgx lifting of a and ' € Pathgy lifting of 8 such
that ev(a') = ev(f’).

Proof. Apply Lemma 38 for P = ev(f). <
Now we align paths up to congruence while preserving matching events.

» Lemma 40. Let X and Y be (s)precubical sets, and let o € Pathx and 8 € Pathy. If
ev(a) = ev(p) then there exists a path v ~ o € Pathx such that v = j.

Proof. We employ induction on the length of «.
If m = 0, take v := «a; congruence and matching are trivial. If m = 1, the condition
ev(a) = ev(B) forces the face index and polarity to coincide, so a = 8 and we take v := .
If a = (acl,df,xg,d?,xg) for k = 0,1, then since ev(a) = ev(B), B = (y1,d*, ya, dF, y3)
such that ev(z,) = ev(ys) for s = 1,3. Thus, there are two cases:
if i =r and j = [ then take v = .
If i =1 and j = r then take the replacement segment (exists and unique as detailed in
Definition 28) v = (y1,dF, yb, d¥, y3).
If @« = a1 *xas *xag and 8 = ay * Ba x a3 such that as >~ (5. The required condition follows
immediately from the induction hypothesis. |

Combining the previous constructions, ipomset equivalence can be lifted to stepwise agree-
ment.

» Lemma 41. Let X and Y be HDAs, and let o € Pathy and § € Pathy. If ev(a) = ev(f),
then there exist v € Pathgy lifting of «, 5’ € Pathgy lifting of 8, and o' = ~ such that
ST-trace(a’) =ST-trace(f’).
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Proof. Let 8/ = SB. By Lemma 39, there exists v € Pathgy lifting of « such that
ev(y) = ev(f). By Lemma 40, there exists o’ ~ v such that o/ = 3. By Lemma 37,
ST—trace(a’) =ST—trace(S’). <

We can now return to the original HDAs.

» Proposition 42. Let X and Y be HDAs, and let o € Pathy and 8 € Pathy. If ev(a) =
ev(f3), then there exists v ~ o such that ST-trace(y) =ST-trace(8).

Proof. By Lemma 41, there exist o/ € Pathgxy lifting of «, 8’ € Pathgy lifting of S,
and v = o such that ST-trace(y’) =ST-trace(s’). Further, by [17, Prop. 5.2], there
exists 7 € Pathy such that v ~ a and +' lifting of v. On the one hand we have, ST-
trace(y’) =ST-trace(S’). On the other hand, by Proposition 33, ST—trace(y") =ST—trace()
and ST—trace(3) =ST—trace(f’). Thus, ST—trace(3) =ST—trace(). <

8 Bisimulations for Higher Dimensional Automata

We reformulate history preserving and hereditary history preserving bisimulation for HDAs
inipomset terms, connecting them to open maps [16] and language semantics [10].

» Definition 43. A history preserving bisimulation (hp-bisimulation) between HDAs Y and

Z is a symmetric relation R between paths in'Y and Z such that

1. initial paths (iy) and (iz) are related;

2. for all (p,0) € R, ST-trace(p) = ST-trace(c);

3. for all (p,0) € R and path p' in'Y such that p and p' may be concatenated, there exists a
path o’ in Z such that (px p',0xd') € R;

4. for all (p,0) € R and path p' in'Y such that p s o, there exists a path o' in Z such
that &« o' and (p',0') € R;

The relation R is called hereditary history preserving bisimulation (hhp-bisimulation) if, in

addition, it satisfies:

5. for all (p,0) € R and p' restriction of p, there ewists o’ restriction of o such that
(p',0') € R.

We say that X and Y are (hereditary) history preserving bisimilar and write X = p)p, YV

if there exists a (hereditary) history- preserving bisimulation R between them; this is an

equivalence relation.

ST-bisimulation is defined as the hp-bisimulation but dropping clauses 4 and 5.

» Theorem 44. Two HDAs X and Y are ST-bisimilar iff there exists R CPathy x Pathy

such that:

1. indtial paths (iy) and (iz) are related;

2. (0,0) € R = ev(a) = ev(B);

3. R respects path initial inclusion: for all (p,o) € R and path p' in'Y such that p and p/
may be concatenated, there exists a path o’ in Z such that (px p',0 xo') € R;

Proof. “=” Let R be an ST-bisimulation between X and ). By Lemma 35, R satisfies the
three conditions above.

“<"” Let K be a relation satisfying the stated conditions. By Proposition 42, K induces
arelation R = {(d/,8) | (o, 8) € K, o ~ «, ST—trace(a’) = ST—trace() }.

By construction, R is an ST-bisimulation relating X and ). <
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» Theorem 45. Two HDAs X and Y are (h)hp-bisimilar iff there exists a relation R C
Pathy x Pathy that satisfies conditions 1, 3, 4, (5) of the hhp-bisimulation definition, and
the following replacement of clause 2: (o, 8) € R = ev(a) = ev(f).

Proof. (=) Let R be an (h)hp-bisimulation between X and Y. Arguing as in the proof of
Th 44, R satisfies the stated conditions, with ipomset isomorphism replacing equality of
ST-traces.

(<) Let K be a relation satisfying the stated conditions. Construct the relation R as in
the proof of Th 44. For clause 4 of hp—bisimulation, Since (p, o) € R, there exists a such
that p ~ a, (a,0) € K, and ST-trace(p) = ST-trace(c). By Definition 29, the congruence
p =~ «a is generated exclusively by the reversible rules (1) and (2) of Definition 28.

Step 1: o is £-swappable. Since ST-trace(p) = ST-trace(o), the polarity of the face maps
at positions £ and ¢ + 1 coincides in p and o. Rules (1) and (2). The ST-trace equality
forces o to have two consecutive face maps of the same polarity at positions ¢ and ¢ + 1.
Since rules (1) and (2) are reversible and apply to any two consecutive same-polarity steps

regardless of index ordering, o is ¢-swappable, yielding o s o', Rules (3) and (4). The
ST-trace records start(iey1) explicitly at every down-step. Since ST-trace(p) = ST-trace(o),
we have start,(i¢4+1) = starty (re41). Hence the directed swap condition holds for o at position

. e,
4, giving g e~ g’.

Step 2: (p’,0’) € R. We must find o’ such that p’ ~ o/, (¢/,0’) € K, and ST-trace(p’) =
ST-trace(c’). We proceed by induction on the length n of the congruence chain from p to a.
Base casen =0, i.e. p = «. Then « o P is the same swap as on p. Clause (4) of K applied
to (o, 0) € K yields o % o' and (o/,0") € K where o/ = p'. Hence p’ ~ o trivially and
ST-trace(p’) = ST-trace(c’) by the ST-trace analysis of Step 1. Thus (p’,0’) € R. Inductive
step n > 0. By Definition 29, we can write p = 71 * pg * d and o = 71 * ag * §, where py >~ g
via a congruence chain of length n — 1, using the third clause of Definition 29. We distinguish
three sub-cases according to the position of the /-swap.

Swap inside v, or inside 5. The sub-segment pq is unaffected. The result p’ has the same
decomposition with pg unchanged, so p’ ~ o’ where o’ is obtained by applying the same
swap to «, and (o/,0’) € K by clause (4) of K.

Swap entirely inside py. The induction hypothesis applies directly to pp and «ay, yielding
af with pf ~ o and (71 * oy * 0,0") € K. Setting o := 1 * oy * 0 gives p’ ~ /.

Swap at the boundary between py and & (or between v; and pg). Absorb the two boundary
steps into an extended segment pi = po * (first step of §) and 6~ = ¢ minus its first step,
so that p = v; * p(')" x 0~ and the swap at ¢ now falls entirely inside p(')" . The induction
hypothesis applies to par and ozar (defined analogously), reducing to the previous sub-case.

In all cases we obtain o with p’ ~ o/, (¢/,0’) € K, and ST-trace(p’) = ST-trace(c’), so
(p',0") € R. In the hereditary case, clause 5 follows directly by construction. Hence R is an
(h)hp-bisimulation. <

9 Conclusion

We have developed an order-free semantic foundation for higher-dimensional automata. The
central technical contributions are the categorical isomorphism between HDAs over the
unordered base = and symmetric HDAs, the canonical assignment of interval ipomsets to
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execution paths, the formal correspondence between ipomset labels and ST-traces, and the
characterization of ST- and hhp-bisimulation via ipomset isomorphism. These results have
concrete consequences beyond what is explicitly developed here.

On the logical side, the order-free path-category structure established here provides
the missing foundation for deriving, via the Open Maps framework [16], modal logics that
canonically characterize hhp-bisimulation; the temporal and modal logics of [5, 2, 25] are
natural targets for revisiting under this symmetric foundation. On the structural side, the
elimination of the event order artifact opens a cleaner path toward systematic translations
between HDAs and other models of concurrency such as Petri nets, where the mismatches
documented in [4, 6] were a direct consequence of the representational incompatibility resolved
here.
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