
A Machine-Independent, Log-Sensitive Space-Cost
Measure for the Weak Lambda-Calculus
Thibaut Balabonski # Ñ

Université Paris-Saclay, CNRS, Laboratoire Méthodes Formelles, 91190 Gif-sur-Yvette, France

Abstract
We propose a simple space-cost measure for the λ-calculus, that extends the natural model measuring
the size of the terms by also taking into consideration their origin. This new model is able to capture
sublinear space complexity and we prove that, in the context of weak reduction, it is reasonable
with respect to standard complexity theory. Precisely, the weak λ-calculus and Turing machines can
simulate each other with a constant-factor space overhead, for any computation of logarithmic or
higher space complexity. This means that the weak λ-calculus equipped with our cost model gives a
proper characterization of the classical space complexity classes, including LOGSPACE and PSPACE.
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1 Introduction

The λ-calculus is born as a model of computability in the 1930s [12], together with Turing
machines and equivalent to them in terms of expressive power [34, 33]. These two models
are deeply different, with complementary strengths: Turing machines focus on elementary
operations on low-level representation of data, while the λ-calculus emphasizes higher-level
and compositional computation mechanisms. Their difference is a strength of computability
theory: it multiplies the available points of view and proof techniques.

However, when computability theory started being refined into complexity theory in the
1960s/70s, the λ-calculus disappeared from the picture. Foundational papers [13, 19] as well
as reference textbooks [20, 28, 6] mostly use Turing or RAM machines, and derivatives thereof.
In a sense, increased preciseness came at the cost of a narrower range of available tools1.

An important contribution of complexity theory is the characterization of classes of
algorithmic problems, that can be solved with constrained time or memory resources, like
PTIME (problems solvable in a polynomial number of elementary steps with respect to the
size of the input) or LOGSPACE (problems solvable with memory space logarithmic in the
size of the input). A key concept that makes these classes robust and theoretically meaningful
is Slot and van Emde Boas’ notion of reasonable computation models [30], described as
“machines that can simulate each other within a polynomially-bounded overhead in time
and a constant-factor overhead in space”. This reasonability criterion is what ensures that
complexity classes are universal, and not tied to a particular computational device. So if we
want to reintroduce the λ-calculus in the picture, make it an appropriate tool for expressing
complexity classes, and allow complexity theory to benefit from its specific properties and
techniques, an essential step is to connect the λ-calculus with this reasonability criterion.

1 This divorce between two pillars of theoretical computer science is even reflected in the thematic
classification of theoretical computer science into “track A” and “track B” used by EATCS since its
creation in the 1970s, or by the influential Handbook of Theoretical Computer Science [35, 36]: each of
complexity theory and λ-calculus lives on its own side.
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9:2 A Machine-Independent Log-Sensitive Space-Cost Measure for the Weak λ-Calculus

Is the λ-calculus a reasonable model? There are straightforward ways of expressing
the complexity of a computation in the λ-calculus. First, β-reduction defines a notion of
computation step which makes a natural unit of time. Second, the size of a λ-term gives
a convenient basis for expressing space, dubbed “ink space” by reference to the quantity
of ink used for writing down a term. The question is whether these natural measures of
space and time, or variants thereof, can be related to known reasonable measures like Turing
complexity.

This is not straightforward [17], and some facts even make it counter-intuitive. First,
β-reduction is a non-atomic computation operation expressed using a subtle capture-avoiding
term substitution operation. Can it really be an appropriate “unit”? Or do we need an
implementation model before saying anything about complexity? Even more disturbing,
there are simple examples of computations in the λ-calculus that build a term of exponential
size in a linear number of steps [1], which is utterly impossible in a Turing-like model and
suggest a tension between time-reasonability and space-reasonability in the λ-calculus.

Yet the model is now known to be reasonable. First positive results about the adequacy
of the natural cost measures for the λ-calculus came in the 1990s, for time [11] as well as ink
space [26], and have been recently improved. Concerning time, the number of β-reductions
has first been proved to be an adequate time complexity measure in the context of weak
reduction strategies: strategies that never reduce inside λ-abstractions, and correspond to
usual programming language semantics [11, 29, 24]. This has been extended in the 2010s to
strong strategies allowing full normalization [2]. The puzzling problem of having a single
implementation model reasonable for both space and time has been solved for the first time
only in 2020 for the weak call-by-value λ-calculus [16].

Breaking the linear space barrier. The “ink space” cost model, which defines space cost
as the maximal size of the terms in a reduction sequence, is simple and natural but has an
intrinsic limitation: since the given input is a part of the initial term being reduced, the
measured space cost is always at least the length of the input. In other words, no sublinear
space complexity can be measured this way: this model is adequate for characterizing
PSPACE, but not LOGSPACE.

The same limitation naturally exists in Turing machines, since the input is initially written
on the tape. The solution for Turing machines however is simple and well-known: just take
a machine with a separate read-only tape for the input, and measure space complexity on
the “main” tape, called work tape [31]. This model cleanly separates the program (the rules
of the machine), the input, and the computation data that lives on the work tape.

In the λ-calculus this separation is not immediately apparent: a computation is represented
by a sequence of terms, each of which mixes parts of the original program, parts of the input,
and auxiliary computation data. A crucial step for characterizing sublinear space within
the λ-calculus is thus finding a way to separate intermediate computation data from the
program and the input.

This separation is natural in abstract machines for the evaluation of λ-terms [25, 22],
which are implementation models in which the code is often not modified but accessed
via pointers, and where dedicated components of the machine (typically an environment
and a stack, although specifics may vary) contain all the auxiliary data. Indeed, a first
solution precise enough to capture LOGSPACE emerged recently [5], which is based on a
carefully crafted abstract machine. The drawback of this approach however is that the cost
is measured on a specific implementation, and is not easily related to an accessible property
of the underlying λ-terms. The authors mitigated this issue by proposing in a companion
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paper a system of non-idempotent intersection types [3] precisely capturing the evaluation
cost of their machine. However, such systems are quite complex, and even though this type
system is expressed in the λ-calculus, it is still fundamentally linked to a specific machine.

Research question: is there a natural space-cost model for the λ-calculus, independent
from any implementation architecture and able to capture sublinear space complexity?

Contribution. In this work, we propose a space-cost model for the weak λ-calculus which
is (almost) as simple and natural as ink space, and yet precise enough to be log-sensitive:
our contribution offers the first characterization of the LOGSPACE complexity class that is
directly expressed in the λ-calculus independently of any implementation.

Intuitively, this space cost measure is ink space, except for some subterms that can be
traced back to parts of the initial term. For those unaltered fragments, we only count the
cost of locating the original subterm in the input.

Outline. We first define our space-cost measure in the pure λ-calculus, revisiting standard
theory of residuals and descendance to characterize “unaltered” subterms (Section 2), then
introduce a decorated variant of the λ-calculus which provides a simple way of tracking
descendants of initial subterms and thus allows a simpler characterization of space complexity
(Section 3). In a second part, we show that this decorated weak λ-calculus and Turing
machines can simulate each other with a constant-factor overhead in space complexity
(Sections 4 and 5). Alternatives are discussed at the end (Section 6). This version has been
edited for space constraints. Detailed proofs are to be found in the full version [8].

2 A space-cost measure for the weak λ-calculus

We take the usual definition of the λ-calculus [10], with terms defined by the grammar below.

t ::= x | t t | λx.t

Terms are considered modulo α-renaming of bound variables. We write fv(t) for the set of
free variables of the term t. A term is closed if it has no free variable. The only computation
rule is β-reduction.

(λx.t) u →β t{x←u}

It is based on a capture-avoiding substitution operation t{x←u} that replaces every free
occurrence of x in t by u. In weak reduction, this reduction rule can be applied anywhere
except inside the body of a λ-abstraction λx.t. We write t→w t′ when the term t reduces to
the term t′ in one weak step, and t→∗w t′ (resp. t→n

w t′) when t reduces to t′ by a possibly
empty sequence of successive weak steps (resp. a sequence of n steps).

2.1 Identifying and tracking subterms
The key ingredient in our cost measure is identifying the parts of a given reduced term that
are fragments of the input and thus should not count as “work space” in our computation.
For this we have to track “term parts”, which we call subterms, along reduction sequences.

This idea of tracking a subterm of interest along reduction has long been part of the
theoretical corpus of λ-calculus and rewriting theory. Tracked elements are particularly known
under the name of residuals when we are concerned with what remains of a given redex after
some reduction steps. Residuals are a classic tool for studying confluence properties of the
λ-calculus [14, Chapter 4] [21] and are also at the root of optimal reduction theory [27, 18, 7].

LICS 2026



9:4 A Machine-Independent Log-Sensitive Space-Cost Measure for the Weak λ-Calculus

▶ Example 2.1 (Residuals). Take the step t = (λz.z) ((λx.t)(λy.y))→w (λz.z) t{x←λy.y}= t′.
The original term t contains two redexes: one defined by the application of the λ-abstraction
λx.t, which is reduced, and one defined by the application of the λ-abstraction λz.z. The
latter still appears in the reduced term t′ under a different form: while its argument has been
modified, the main structure of the redex remains present. This redex of t′ is a residual of
the λz-redex of t.

Extending this notion of residual from redexes only to any subterm gives a descendance
relation between subterms of an input term and subterms of a reduced term. While this
extended notion also already exists [32], it is not of common use and is rarely formalized, so
we include in this section a full definition.

First, remark that a given term may contain several occurrences of the “same” subterm,
like λz.z appearing twice in t in Example 2.1. Although they are identical, these occurrences
play different roles in the term and its reductions: we want to consider them as distinct
subterms of t. For this, we formally characterize each subterm s in a term t by its position
in the syntax tree of t, described as a sequence of directions from the root of the term.

▶ Definition 2.2 (Sequences). Let Σ be a set of symbols. A sequence on Σ is an ordered
list S = a0; a1; . . . ; an−1 of elements of Σ, its length |S| = n is the number of elements in S.
We write ’;’ for the associative operator concatenating symbols and sequences of symbols. Its
neutral element (the empty sequence) is written ε. A sequence S1 is a prefix of a sequence S2
if S2 can be written as S1; S3, with S3 possibly empty. We write Σ∗ for the set of all sequences,
and Σn for the set of sequences of length n.

Remark that for any a ∈ Σ, the notation a can denote either the element itself, or a sequence
of one element. The context usually makes clear which one is meant. In some contexts, Σ is
also called alphabet, symbols a ∈ Σ are called characters, and sequences are called strings.

▶ Definition 2.3 (Positions of a term). A position is a sequence on the set {0, 1, 2}, that
describes a path in the syntax tree of a λ-term. The set P(t) of the positions of a λ-term t is
defined as follows:

P(x) = {ε}
P(λx.t) = {ε} ∪ {0; p | p ∈ P(t)}
P(t u) = {ε} ∪ {1; p | p ∈ P(t)} ∪ {2; p | p ∈ P(u)}

The position of a β-reduction is the position of the reduced redex. A weak position is a
position that does not contain 0.

▶ Definition 2.4 (Subterm at position p, replacement). Assuming p ∈ P(t), the subterm at
position p in t, written t|p, and its replacement by a term s, written t[s]p, are defined as
follows.

t|ε = t t[s]ε = s

(λx.t)|0;p = t|p (λx.t)[s]0;p = λx.(t[s]p)
(t u)|1;p = t|p (t u)[s]1;p = (t[s]p) u

(t u)|2;p = u|p (t u)[s]2;p = t (u[s]p)

Contrarily to substitution, the replacement is not capture-avoiding.

As said above we identify the notion of subterm with that of position: even if t|p1 and t|p2

may be identical, they are by definition distinct subterms of t whenever p1 ̸= p2.
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▶ Example 2.5 (Positions/subterms). Let t be the λ-term given below, as a term on the left
and as a syntax tree on the right, with dots ′.′ denoting the applications in the tree.

(λz.z)
((

λx.x(λy.y(λz.z)x)
)

(λz.z)
)

.
λz
z

.
λx
.

x λy
.

.
y λz

z

x

λz
z

Its subterm t|2102 at position 2102 is λy.y(λz.z)x. It also has three distinct λz.z subterms,
at positions 1, 22, and 2102012.

The notion of descendance along a reduction step t →w t′ relates positions of t′ to
positions of t, and allows tracking subterms along reduction. Remark that a β-reduction
t→w t′ at position p in t can be written t→w t[u{x← s}]p, with t|p = (λx.u) s.

▶ Definition 2.6 (Descendants). Let ρ : t →w t[u{x← s}]p, with t|p = (λx.u) s, be a weak
β-reduction step at position p in t. Let q ∈ P(t) be a position in t. The set q/ρ of the
descendants of q after ρ is the set of positions of t[u{x← s}]p defined as follows.

If p is not a prefix of q, then q/ρ = {q}.
If q = p; 10; q′ and u|q′ ̸= x, then q/ρ = {p; q′}.
If q = p; 2; q′, then q/ρ = {p; px; q′ | px ∈ P(u) such that u|px

= x}.
Otherwise, q/ρ = ∅.

In the two latter conditions, using usual hygienic conditions on variable names [10] we
assume x denotes an occurrence of the variable bound by the λ-abstraction of the redex. The
position q is called ancestor of the positions in q/ρ. The notion of descendance extends
transitively to sequences of reduction.

▶ Definition 2.7 (Full descendants). Given a reduction step t →w t′, and two positions
p of t and p′ of t′, we say that the subterm s′ at position p′ is a full descendant of the
subterm s at position p if for any position ps ∈ P(s′), the position p′; ps of t′ descends from
the corresponding position p; ps of t. The position p′ is called root position of s′, and s′

is maximal if no prefix of p′ is the root position of a full descendant. This notion extends
transitively to reduction sequences. Remark that s′ being a full descendant of s implies s = s′.

▶ Example 2.8 (Descendants). Consider the reduction step ρ at position 2 in the term t of
Example 2.5 : t→w (λz.z)

(
(λz.z)(λy.y(λz.z)(λz.z))

)
= t′. This reduction and the corres-

ponding descendance relation can be pictured as follows, with arrows going from descendants
to their ancestors, and dotted boxes around term parts that stay together.

.
t

λz
z

.
λx
.

x λy
.

.
y λz

z

x

λz
z

.
t′

λz
z

.
λz
z

λy
.

.
y λz

z

λz
z

Positions ε, 1 and 10 of t, which correspond to the context part of the reduction, each have
itself has unique descendant. Among them, we have full descendance for 1 and 10, but not
for ε whose right member is modified. Position 210 (resp. 210201) of t, corresponding to the

LICS 2026



9:6 A Machine-Independent Log-Sensitive Space-Cost Measure for the Weak λ-Calculus

subterm x(λy.y(λz.z)x) (resp. y(λz.z)) of the body of the reduced λ-abstraction, has a unique
descendant 2 (resp. 2201). Position 2201 of t′ is a full descendant of its ancestor in t, while
position 2 of t′ is not a full descendant of 210, since the corresponding subterm has been
effectively modified by the substitution. Position 22 (resp. 220) of t, corresponding to the
argument of the reduced redex, has two full descendants 21 and 2202 (resp. 210 and 22020),
corresponding to the two copies of the argument. Two sets of positions of t do not have any
descendant in t′, since they disappear in the reduction. This concerns on the one hand the
positions 2 and 21 that define the redex, and the positions 2101 and 210202 of the substituted
variable occurrences. On the other hand, any position of t′ descends from a position of t (the
sets of descendants of all the positions of t after ρ are even a partition of the positions of t′).

2.2 Space cost
The space-cost measure we want to define relies on the notion of descendance. This means the
space cost of a given intermediate state of computation depends on the reduction sequence
that led from the initial state to this intermediate state. In other words, the space cost of
a given term t is always relative to a reduction sequence t0 →∗w t from an initial term t0.
The cost measure relies on two constants cv (cost of a variable) and cp (cost of a pointer),
which estimate a fixed cost for representing a variable and identifying a subterm of the initial
λ-term t0, respectively. These two values are deduced from the initial term t0 and are fixed
along any reduction sequence starting from t0.

▶ Definition 2.9 (Size and depth). We define the size |t| of a λ-term t as the number of
positions in its syntax tree (equivalently, the number of constructors in the term).

|x| = 1 |t u| = 1 + |t|+ |u| |λx.t| = 1 + |t|

We call variable depth vd(t) of a λ-term t the maximal number of binders between a variable
occurrence and its own binder. Equivalently, vd(t) is the maximum index used in the de
Bruijn notation for t [15].

A distinctive property of weak reduction is that t→w t′ implies vd(t′) ⩽ vd(t), coming
from the fact that the path between a variable occurrence and its binder is never modified.

▶ Definition 2.10 (Space cost). Let t0 be a λ-term and ρ : t0 →∗w t a reduction. Define the
pointer cost cp and the variable cost cv:{

cp = max(1, ⌈log(|t0|)⌉)
cv = max(1, ⌈log(vd(t0))⌉) or cv = 1 in case vd(t0) = 0

The space cost of the term t after the sequence ρ is the sum of the costs of the positions of t,
where the cost of a position q is:

if q is in a maximal full descendant of a closed subterm of t0:
cp for the root position of the descendant,
0 for any other position.

if q is not in a maximal full descendant of a closed subterm of t0:
cv for the position of a variable occurrence,
1 otherwise.

The space cost of t0 after the empty reduction t0 →0
w t0 is cp. The space cost of a reduction

sequence t0 →w t1 →w . . . →w tn is the maximal space cost of a term ti of this sequence
after the prefix reduction t0 →w . . .→w ti. Note that log is the binary logarithm.
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▶ Example 2.11 (Space cost). Consider the reduction step ρ : t→w t′ of Example 2.8. The
initial term t has size |t| = 16 and variable depth vd(t) = 1 hence we fix a pointer cost
cp = 4 and a variable cost cv = 1. The space cost of t′ after the reduction ρ is 5 + cv + 4cp,
decomposed in the following way:

the four occurrences of λz.z all are full descendants of closed subterms of t, each one
contributes cp to the total cost,
positions ε, 2, 22, 220, not in a full descendant, each contribute 1,
positions 2201 and 22011 are in a full descendant, but not in a closed full descendant,
they contribute 1 and cv, respectively.

The main goal of the rest of the paper is to establish that this space-cost model, that we
defined while staying in the traditional pure λ-calculus, is reasonable for any weak reduction
sequence. However, we will start by proposing an alternative characterization of this cost
model, which reduces the technically complex notion of descendant and its dependency on
reduction history to a simple and history-free annotation mechanism.

3 Simple characterization of the cost measure with a marked calculus

In this section we introduce a decorated λ-calculus, called λ{}, which automatically tracks
full descendants of closed initial subterms while strictly preserving the reduction behaviour
of the weak λ-calculus, and equip this decorated calculus with a space-cost measure provably
equivalent to the measure of Section 2.

3.1 The λ{}-calculus and its space-cost measure
Conceptually, our decorated λ{}-calculus is the traditional pure λ-calculus, plus a boolean
at each position indicating whether the corresponding subterm is marked or not, with the
intent that marked subterms correspond to full descendants of closed subterms of an initial
λ{}-term. Said initial λ{}-term and the exact reduction path to the current λ{}-term are
unknown and irrelevant: marks only identify subterms whose contents need not be taken into
account, since they could be represented by an appropriate pointer. To convey this intuition
in the syntax, we write braces around marked subterms, and keep traditional λ-calculus
syntax otherwise.

▶ Definition 3.1 (λ{}-Terms). The grammar of λ{}-terms is

t ::= θ | {θ} λ{}-terms
θ ::= x | t t | λx.t λ{}-preterms

A λ{}-term of the form {θ} is said to be marked. Free variables fv(t) of a λ{}-term t are
defined as usual, with the additional equation fv({θ}) = fv(θ) (meaning that marks do not
interfere with the definition). A λ{}-term is closed when it has no free variable.

The two-level syntax makes explicit the fact that each position can have at most one mark.
By the definition below, the marks themselves do not count as positions in the λ{}-terms.

▶ Definition 3.2 (Positions/subterms). Positions and subterms are as in Definitions 2.3
and 2.4, with these additional equations:

P({θ}) = P(θ) {λx.t}|0.p = t|p {t u}|1.p = t|p {t u}|2.p = u|p

As before, we identify subterms and positions. By this definition we have {θ}|ε = {θ}. The
λ{}-preterm θ is not considered to be a subterm of {θ}. Rather, {θ} is a variant of θ whose
root constructor is marked.

LICS 2026



9:8 A Machine-Independent Log-Sensitive Space-Cost Measure for the Weak λ-Calculus

▶ Definition 3.3 (Full marking and unmarking). The full marking {|t|} of a λ-term t is the
λ{}-term obtained by marking every closed subterm of t. Such λ{}-terms serve in particular
as initial terms.

{|x|} = x {|t u|} =
{
{{|t|} {|u|}} if fv(t u) = ∅
{|t|} {|u|} otherwise {|λx.t|} =

{
{λx.{|t|}} if fv(λx.t) = ∅
λx.{|t|} otherwise

A λ{}-term is fully marked if it can be obtained by fully marking a λ-term. The unmarking
t∗ of a λ{}-term t is the λ-term obtained by removing all its marks. The operation naturally
extends to preterms.

{θ}∗ = θ∗ x∗ = x (t u)∗ = t∗ u∗ (λx.t)∗ = λx.t∗

Remark that a λ{}-term and its unmarking have the same positions.

The notion of well-formed λ{}-term captures invariants of the terms t that are obtained
after a sequence of reduction steps starting from a fully marked λ{}-term {|t0|} (see Lemma 3.12
for the invariance statement).

▶ Definition 3.4 (Well-formed λ{}-terms). A λ{}-term t is well-formed when:
every marked subterm of t is closed and fully marked,
every closed subterm of t contains at least one mark.

The first condition is an essential property of our marking. It reflects the fact that any
subterm of a full descendant is also a full descendant. The second property is ancillary, and
roughly means that no closed term can be built by weak reduction without reusing some parts
of already existing closed terms (which helps in the proof of Lemma 5.17).

▶ Definition 3.5 (Term substitution). The substitution t{x← s} of x by s in t is defined as
usual, extended by the equation {θ}{x← s} = {θ{x← s}}. Remark that, if t is well-formed, any
marked subterm {θ} is closed and thus satisfies {θ}{x← s} = {θ}.

Reduction in the λ{}-calculus behaves exactly as weak reduction on the underlying λ-terms.
Note that whenever we trigger a redex that is under a mark, this mark is permanently
removed as a side effect. Indeed, the term is modified by the reduction.

▶ Definition 3.6 (Marked reduction). One-step reduction t _ t′ in the λ{}-calculus is defined
by the following inference rules.

(λx.t) s _ t{x← s} {λx.t} s _ t{x← s}

t _ t′

t u _ t′ u

u _ u′

t u _ t u′
θ _ t′

{θ}_ t′

Descendants are defined as in the λ-calculus (Definition 2.6). A computation is a reduction
sequence {|t0|} _∗ t starting from a fully marked closed λ{}-term.

▶ Example 3.7 (Marked reduction). The full marking of the λ-term t of Example 2.5 is
{|t|} =

{
{λz.z}

{{
λx.x

(
λy.y{λz.z}x

)}
{λz.z}

}}
. From it we can derive a marked reduc-

tion step {|t|} _ {λz.z}
(
{λz.z}

(
λy.y{λz.z}{λz.z}

))
= t′′ where the result t′′ is a well-formed

(but not full) marking of the λ-term t′ such that t→w t′ seen in Example 2.8. Remark that
two marks have been removed at prefix positions of the reduced redex.
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The space cost measure relies on the same two parameters cv (cost of a variable) and cp

(pointer cost) as Definition 2.10, which are now relative to some unspecified initial λ{}-term
and fixed along any reduction sequence. Marked subterms identify the full descendants
of the initial λ{}-term, whose cost is cp. As a consequence, the space cost can now be
defined for an isolated λ{}-term (whose origin is implicit) rather than only on an explicit full
reduction sequence. Remark that, contrarily to Definition 2.10, this definition of space cost
also seamlessly allows composing reduction sequences and their costs, which will be useful in
the forthcoming proofs.
▶ Definition 3.8 (Space cost). Given two constants cv and cp, the space cost ∥t∥cv,cp

of a
λ{}-term t is defined by the equations:

∥{θ}∥cv,cp
= cp ∥t u∥cv,cp

= 1 + ∥t∥cv,cp
+ ∥u∥cv,cp

∥x∥cv,cp = cv ∥λx.t∥cv,cp = 1 + ∥t∥cv,cp

The space cost of a reduction sequence ρ : t0 _ t1 _ . . . _ tn is ∥ρ∥cv,cp
= max(∥ti∥cv,cp

).
The space cost of a computation ρ : {|t0|} _ . . ., with t0 a closed λ-term, is the space cost
∥ρ∥cv,cp

of the sequence with pointer cost and variable cost defined as{
cp = max(1, ⌈log(|t0|)⌉)
cv = max(1, ⌈log(vd(t0))⌉) or cv = 1 if vd(t0) = 0

▶ Example 3.9 (Space cost). Consider the λ{}-term t′′ = {λz.z}
(
{λz.z}(λy.y{λz.z}{λz.z})

)
obtained as result in Example 3.7. Given two constants cv and cp, the space cost of t′′ is
∥t′′∥cv,cp

= 5 + cv + 4cp.

3.2 Adequacy with the weak λ-calculus
We first show that the λ{}-calculus mirrors the weak λ-calculus, with marks properly tracking
full descendance.
▶ Lemma 3.10 (Soundness). If t _ t′ in the λ{}-calculus, then t∗ →w t′∗ in the weak
λ-calculus. Conversely, if t∗ →w u in the weak λ-calculus, then there is t′ such that t _ t′ in
the λ{}-calculus and t′∗ = u. Moreover, both reduction steps induce the same descendance
relation on the positions of their source and target.
▶ Lemma 3.11 (Descendants). In any reduction ρ : t _ t′ of the λ{}-calculus, a subterm s′

in t′ is marked if and only if it is a full descendant of a marked subterm of t along the step ρ.
▶ Lemma 3.12 (Well-formedness preservation). The full marking {|t0|} of any λ-term t0 is
well-formed. If a λ{}-term t is well-formed and t _ t′, then t′ is well-formed.

We deduce that the space-cost measure defined for λ{} in this section is equivalent to the
space-cost measure defined for the weak λ-calculus in Section 2.
▶ Theorem 3.13 (Space cost soundness). Let t be a closed λ-term. Let {|t|} _∗ u be a
computation in the λ{}-calculus, and ρw : t→∗w u∗ be the corresponding computation in the
weak λ-calculus. Let cp and cv be the cost constants given by the initial λ-term t. Then
∥u∥cv,cp is equal to the space cost of u∗ after reduction ρw.
▶ Corollary 3.14 (Space cost soundness). Let t be a closed λ-term. The space cost of any
computation {|t|} _∗ u in λ{} is equal to the space cost of the corresponding computation
t→∗w u∗ in the weak λ-calculus.

As a consequence we may from now on reason on λ{}, and the simulation results we
establish in Sections 4 and 5 between λ{} and Turing machines will also be valid in the weak
λ-calculus.
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4 Simulation of Turing machines in λ{}

In this section, we detail a space-preserving encoding of Turing machines in the λ{}-calculus.
Our encoding is an adaptation of the log-sensitive encoding by Accattoli, Dal Lago and
Vanoni [23, 4], targeting the “deterministic λ-calculus”: a restriction of the λ-calculus in
CPS style ensuring that there is at most one weak redex in any term, and thus that weak
reduction is deterministic.

Beyond the obvious required adaptation of explicitly handling marks and studying the
associated space cost, it appeared also necessary to modify the original encoding of arithmetic
operations. We replaced simple recursive algorithms by tail-recursive ones, to avoid an
accumulation of pointers in the continuations of recursive calls. Beyond these two points,
the encoding is similar to [4], as we only introduce some minor twists such as unnesting
continuations and reordering variables to ensure that all intermediate terms are closed.

4.1 Turing machines
In order to be able to capture sublinear space complexity, the considered Turing machine
model uses two tapes [31]:

a read-only input tape, whose length and contents are fixed,
a read-write work tape, whose characters can be overwritten and which may extend
indefinitely in both directions.

▶ Definition 4.1 (Index in a sequence). A valid index in a sequence S over a set Σ is an
integer i such that 0 ⩽ i < |S|. When i is a valid index, we write S[i] for the symbol at
index i in S, the first index being 0 (if S = a0; a1; . . . ; an−1 with all ai ∈ Σ, then S[i] = ai).
If i is not a valid index, then S[i] is undefined, which we write S[i] = ⊥.

We write S[a..b) for the subsequence of S ranging from index a (included) to index b

(excluded), and S[a..) as a shortcut for S[a..|S|). The mirror of S, written S▷◁, is the sequence
S in reverse order.

▶ Definition 4.2 (Turing machines). Let Σ be a finite alphabet, not containing the three
reserved symbols ⋄ (blank), ⋄l (left end) and ⋄r (right end). Define ΣI = Σ ∪ {⋄l, ⋄r} and
ΣW = Σ ∪ {⋄}, the input alphabet and the work alphabet over Σ. Define ∆ = {←, ↓,→}. A
Turing machine over Σ is a tuple M = (Q, q0, qa, qr, δ) where

Q is a set of states,
q0 ∈ Q is the initial state and qa, qr ∈ Q the final states,
δ : ((Q \ {qa, qr})× ΣI × ΣW)→ (∆× ΣW ×∆×Q) is a total transition function.

A binary machine is a machine over the binary alphabet B = {0, 1}.

In a Turing machine configuration, each tape has its own head, determining the current
read position (which is also written on the work tape). Following [4], we specify the input
tape by a pair (I, n), where I ∈ Σ∗I is the full contents of the tape, delimited by the special
characters ⋄l and ⋄r, and n is an index giving the position of the input head. The work tape
is specified by a triple (Wl, b, Wr), where b ∈ ΣW is the character pointed by the work head,
and Wl, Wr ∈ Σ∗W are two sequences describing the already visited parts of the work tape to
the left and to the right of the head, read from the head to the appropriate end. This means
the full tape contents is given by the sequence W ▷◁

l ; b; Wr. The work tape has initially only
one cell, pointed by the work head and containing the blank symbol ⋄. Any position of the
work tape is initialized with the blank symbol ⋄ when it is visited for the first time. No cell
is ever deleted (but the contents of a cell can be overwritten with the blank symbol ⋄).
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▶ Definition 4.3 (Configurations). A configuration is a tuple ⟨I, n | Wl, b, Wr | q⟩ giving
the two tapes as well as the state q ∈ Q. The initial configuration for an input I ∈ Σ∗ is
⟨⋄l; I; ⋄r, 0 | ε, ⋄, ε | q0⟩. A final configuration is any configuration ⟨I, n |Wl, b, Wr | q⟩ with
q ∈ {qa, qr}. It is accepting if q = qa and rejecting if q = qr.

The transition function of a machine determines computation steps based on the current
state and currently read characters. The function is written δ(q, a, b) = ⟨d | b′, m | q′⟩. In
any non-final configuration it produces a move d on the input tape (↓ for stay, ← or → for
moving left or right), a character b′ written at the current position of the work tape, a move
m on the work tape, and a target state q′. Following [31] we assume the transition function
is such that the input head never exits the boundaries of the input tape (meaning that n is
always a valid index in I).

▶ Definition 4.4 (Transitions). Let C = ⟨I, n | Wl, b, Wr | q⟩ be a configuration such that
δ(q, I[n], b) is defined. We write C 7−→ C ′ if C ′ is the configuration obtained after applying
this transition.

▶ Definition 4.5 (Space cost). The space cost of a configuration C = ⟨I, n |Wl, b, Wr | q⟩ is
the size |C| = 1 + |Wl|+ |Wr| of its work tape (including blank cells). The space cost of a
computation C0 7−→ C1 7−→ . . . 7−→ Cn is the maximal space cost of a configuration Ci.

4.2 Configurations
The representation of Turing machine configurations uses the usual Scott encodings of
characters, strings and tuples, detailed below. A configuration ⟨I, n |Wl, b, Wr | q⟩ is a tuple
of the six elements. Our encoding makes marks explicit, with the following invariants:

the representation of single characters and of the empty string are fully marked, as they
are atoms in weak reduction,
the representation of the read-only input string is fully marked, as it is present from the
beginning and is never changed,
any other string will be built from scratch and will evolve during computation, and as
such will not contain any mark, except in the final empty string.

▶ Definition 4.6 (Characters and strings). Let Σ = {a1, . . . , aσ} be an alphabet of cardinal
σ. The encoding [a]Σ of a character a ∈ Σ is a σ-way choice function. The encoding JSKΣ
of a string S of length n is a (σ + 1)-way choice, which is either the empty string, or one
character appended in front of a string of length (n− 1).

[ai]Σ = {|λx1 . . . xσ.xi|} = {λx1. . . . {λxi . . . xσ.xi} . . .}
JεKΣ = {|λx1 . . . xσxε.xε|} = {λx1. . . . {λxσ.{λxε.xε}} . . .}

Jai; SKΣ = λx1 . . . xσxε.xi JSKΣ

The marked encoding {|S|}Σ of a string S is the full marking of JSKΣ.

With this encoding, the space cost of a string is bounded by a constant times its length
plus the cost cp of a pointer. We introduce the notation below for expressing such space
complexity bounds.

▶ Definition 4.7 (⩽α). Let α be a constant, and c, c′ two numbers. We write c ⩽α c′ when
c ⩽ α× c′.

▶ Lemma 4.8 (Cost of string representation). Let Σ be an alphabet of size σ. There is a
constant α such that for any character a ∈ Σ, any string S ∈ Σ∗, and any cp, cv ⩾ 1 we have
∥[a]Σ∥cv,cp

⩽αcv
cp and ∥JSKΣ∥cv,cp

⩽αcv
cp + |S|.
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This encoding however, does not allow us to build a universal App term satisfying
App [a]Σ JSKΣ _∗ Ja; SKΣ in weak reduction. Instead, we need one AppΣ

ai
for each character ai

of each alphabet Σ = {a1, . . . , aσ}. The AppΣ
a terms also take a continuation K as final

parameter, as will all other main terms in this encoding, for smooth integration in the marked
equivalent of the deterministic λ-calculus. There is a small divergence here from the encoding
of [4], in which the continuation is always the first argument. While this difference is minor,
we believe the present version slightly simplifies the encoding and improves its clarity.

▶ Definition 4.9 (AppΣ
a ). For any alphabet Σ = {a1, . . . , aσ} and character ai ∈ Σ, define

the λ{}-preterm

AppΣ
ai

= λs.λk.k (λx1 . . . xσxε.xi s)

Note that we consider AppΣ
a as a λ{}-preterm, which will usually appear marked as in the

lemma below.

▶ Lemma 4.10 (AppΣ
a ). Let Σ be an alphabet of size σ. There is a constant α such that

for any character a ∈ Σ, string S ∈ Σ∗, λ{}-term K, and constants cp, cv ⩾ 1 we have
{AppΣ

a } JSKΣ K _2
c K Ja; SKΣ with space cost c ⩽αcv cp + |S|+ ∥K∥cv,cp .

A number n is encoded as the sequence nb of its binary digits, thus a string over the
alphabet B, starting with the lowest-order digit, with no trailing 0s, and 0 encoded as the
empty sequence. Thus the length of nb is proportional to log(n), and the cost of JnbKB is
proportional to log(n) + cp (there is one pointer at the end).

▶ Definition 4.11 (Numbers). Define the encoding JnbKB of n as

J0bKB = JεKB = {λx0.{λx1.{λxε.xε}}}
J2× nbKB = J0; nbKB = λx0x1xε.x0 JnbKB

J2× n + 1bKB = J1; nbKB = λx0x1xε.x1 JnbKB

▶ Example 4.12. An encoding of the number 6 goes as follows:

J6bKB = J0; 1; 1KB
= λx0x1xε.x0 (λx0x1xε.x1 (λx0x1xε.x1 {λx0.{λx1.{λxε.xε}}}))

Each digit is coded by three λ-abstractions, one variable and one application, and the end of
the sequence of digits is represented by the marked λ{}-term {λx0.{λx1.{λxε.xε}}}. The total
space cost is thus ∥J6bKB∥cv,cp

= 3(4 + cv) + cp.

▶ Lemma 4.13 (Number representation cost). There is a constant α such that for any natural
number n and constants cp, cv ⩾ 1 we have ∥JnbKB∥cv,cp

⩽αcv
cp + log(n).

▶ Definition 4.14 (Turing machine configurations). A Turing machine configuration C =
⟨I, n | Wl, b, Wr | q⟩ is represented by a Scott tuple of the encodings of its six components,
where the input string I is fully marked.

⟨⟨C⟩⟩ = λx.x {|I|}I JnbKB JWlKW [b]W JWrKW [q]Q

We also write ⟨⟨C⟩⟩ = ⟨{|I|}I, JnbKB | JWlKW, [b]W, JWrKW | [q]Q⟩.

▶ Lemma 4.15 (Configuration representation cost). There is a constant α such that for
any constants cp, cv ⩾ 1 and configuration C = ⟨I, n | Wl, b, Wr | q⟩ we have the bound
∥⟨⟨C⟩⟩∥cv,cp

⩽αcv
cp + log(n) + |C|.
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4.3 Arithmetic
This section provides adequate representations of the succ and pred functions on numbers.
Remark that the most natural implementation of a function succ working on binary rep-
resentations of numbers follows equations such as succ(1; mb) = 0; succ(mb) (this is indeed
what is proposed in [4]). A direct implementation of this equation however gives a non-tail
recursive algorithm accumulating 0’s that will have to be prepended to the result once the
base case succ(0; mb) or succ(ε) is reached. This possibly logarithmic number of pending
concatenations is not acceptable in our cost model, since each one would itself cost at least
cp, leading to a logarithmic instead of a constant-factor space-cost overhead.

We thus define successor and predecessor functions with tail-recursive algorithms given
by the equations below. In both, the accumulator S is the sequence of elements that will
have to be prepended to the result (in reverse order). The predecessor function assumes its
argument is non-zero.

succ(nb) = succ(ε | nb) pred(nb) = pred(ε | nb)
succ(S | ε) = S▷◁; 1 pred(S | 1; ε) = S▷◁

succ(S | 0; nb) = S▷◁; 1; nb pred(S | 1; b; nb) = S▷◁; 0; b; nb

succ(S | 1; nb) = succ(0; S | nb) pred(S | 0; nb) = pred(1; S | nb)

Both functions will use a common reverse-append auxiliary function. These functions also
classically rely on a fixpoint combinator.

The encoding uses a call-by-value fixpoint combinator, not as a choice of strategy but
only to ensure deterministic reduction. We omit the marks that would disappear after the
first iteration.

▶ Definition 4.16 (Fix). Define the fixpoint combinator Fix by the following λ{}-preterms.

ϑ = λxy.y(λz.xxyz)
Fix = {ϑ}{ϑ}

▶ Lemma 4.17 (Fix). There is a constant α such that for any λ{}-term T and any cp, cv ⩾ 1
we have Fix T _2

c T (λz.Fix T z) with space cost c ⩽αcv
cp + ∥T∥cv,cp

.

The reverse-append auxiliary function takes two bit strings S1 and S2, and computes
S▷◁

1 ; S2 using the following equations.

f(ε | S2) = S2
f(b; S1 | S2) = f(S1 | b; S2)

Its implementation is naturally tail-recursive. The actual term expects a continuation as
third parameter, seen in the base case RAε.

▶ Definition 4.18 (RevApp). Define the reverse-append function RevApp by the following
λ{}-preterms, where RAb describes both RA0 and RA1.

RevApp = Fix {RA}
RA = λf.λs1s2.s1 {RA0} {RA1} {RAε} s2 f case on s1

RAε = λs2.λfk.k s2 if empty, return s2
RAb = λs′1s2.{AppΣ

b } s2 (λs′2.λf.f s′1 s′2) else append head to s2

▶ Lemma 4.19 (RevApp). There is a constant α such that for any two sequences S1, S2 ∈ B∗,
any λ{}-term K, and any cp, cv ⩾ 1 we have RevApp JS1KB JS2KB K _m

c K JS▷◁
1 ; S2KB,

with number of steps m = O(|S1|) and space cost c ⩽αcv
cp + |S1|+ |S2|+ ∥K∥cv,cp

.
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The successor and predecessor functions can now be defined in a tail-recursive way.
Remark that, while the continuation is not directly visible in the code below, its presence is
implied by the final calls to RevApp.

▶ Definition 4.20 (Succ and Pred). Define the successor function Succ and the predecessor
function Pred by the following λ{}-preterms. The subprogram {W} of Pred is arbitrary, and
cannot be reached on a non-zero entry. Notation P1b describes both P10 and P11.

Succ = Fix {S} JεKB
S = λf.λsn.n {S0} {S1} {Sε} s f case on n

Sε = λs.λf.{AppΣ
1 } JεKB (λm′.{RevApp} s m′) if 0, return 1

S0 = λm.{AppΣ
1 } m {λm′s.λf.{RevApp} s m′} if even, ret. n + 1

S1 = λms.{AppΣ
0 } s (λs′.λf.f s′ m) if odd, propagate carry

Pred = Fix {P} JεKB
P = λf.λsn.n {P0} {P1} {W} s f case on n

W = {λx.{λz.zz} {λz.zz}} if 0, give up
P0 = λms.λf.{AppΣ

1 } s (λs′.f s′ m) if even, propagate carry
P1 = λm.m {P10} {P11} {P1ε} if odd, test further

P1ε = λs.λf.{RevApp} s JεKB if 1, return 0
P1b = λr.{AppΣ

b } r {AppΣ
0 } {λr′s.λf.{RevApp}sr′} if ⩾3, ret. n−1

▶ Lemma 4.21 (Succ). There is a constant α such that for any natural number n, any
λ{}-term K, and any cp, cv ⩾ 1 we have Succ JnbKB K _m

c K Jn + 1bKB, with number of
steps m = O(log(n)) and space cost c ⩽αcv

cp + log(n) + ∥K∥cv,cp
.

▶ Lemma 4.22 (Pred). There is a constant α such that for any number n > 0, any λ{}-term
K, and any cp, cv ⩾ 1 we have Pred JnbKB K _m

c K Jn− 1bKB, with number of steps
m = O(log(n)) and space cost c ⩽αcv cp + log(n) + ∥K∥cv,cp .

4.4 Transitions
The transition function δ(q, a, b) of a Turing machine is encoded as a sequence of three choices
in a table, in order on the state q, then on the input character a, then on the work character b

(order of [4] changed to halt early on final states). While b and q are readily available in the
configuration, the input character a has to be retrieved by getting the character of index n

in the input I. A string access function is defined using the following equations.

f(0b | a; S) = a

f(nb | a; S) = f(n− 1b | S) if n > 0

The function takes a continuation as third parameter. As in Definition 4.20, subprogram {W}
cannot be reached on a valid input.

▶ Definition 4.23 (Get). Define the Get function by the following λ{}-preterms.

Get = Fix {G}
G = λf.λni.n {G0} {G1} {Gε} i f case on n

Gε = λi.i {Gε0} {Gε1} {Gε⋄l
} {Gε⋄r

} {W} if 0, get head of i

Gεa = λj.{λf.{λk.k [a]I}} and return char
Gb = λmi.i {Gb∗} {Gb∗} {Gb∗} {Gb∗} {W} m if > 0, get tail of i

Gb∗ = λjm.{AppΣ
b } m {λn.{Pred} n} (λn′.λf.f n′ j) and go on
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▶ Lemma 4.24 (Get). There is a constant α such that for any input sequence I and natural
number n such that 0 ⩽ n < |I|, any λ{}-term K, and any constants cp, cv ⩾ 1 we have
Get JnbKB {|I|}I K _m

c K [I[n]]I with number of steps m = O(n × log(n)) and space cost
c ⩽αcv cp + log(n) + ∥K∥cv,cp .

The main function Compute simulates a step of the encoded Turing machine on the
configuration given as parameter, and then iterates.

▶ Definition 4.25 (Init, Accept, Reject). LetM = (Q, q0, qa, qr, δ) be a binary Turing machine.
The initialization function is the following λ{}-preterm, which builds an initial configuration
when given a valid (encoding of an) input string I = ⋄l; I ′; ⋄r.

Init = λi.λk.k ⟨i, J0bKB | JεKW, [⋄]W, JεKW | [q0]Q⟩

Let Accept and Reject be two arbitrary but distinguishable fully marked closed terms, respect-
ively returned when computation stops on qa or qr.

▶ Definition 4.26 (Compute). Let M = (Q, q0, qa, qr, δ) be a binary Turing machine. Its
transition function is encoded by the following λ{}-preterms.

Compute = Fix {Step}
Step = λf.λc.c (λin.λwlbwr.λq.q {Qq1}. . .{Qqm

} n i b n wl wr i) f

Qqa
= {|λni.λbn.λwlwr.λif .Accept|} halt on final state or

Qqr
= {|λni.λbn.λwlwr.λif .Reject|}

Qq = λni.{Get} n i {Tq} select transition if q ̸∈ {qa, qr}
Tq = λa.a {Aq,0} {Aq,1} {Aq,⋄l

} {Aq,⋄r
} dispatch on input char

Aq,a = λb.b {Bq,a,0} {Bq,a,1} {Bq,a,⋄} dispatch on work char
Bq,a,b = λn.{Dd} n {Mb′,m} [q′]Q for δ(q, a, b) = ⟨d | b′, m | q′⟩

D↓ = λnk.k n update input head
D← = Pred
D→ = Succ

Mb′,↓ = λn′q′.λwlwr.λif .f ⟨i, n′ |wl, [b′]W, wr |q′⟩ upd. work tape
Mb′,← = λn′q′.λwlwr.{AppΣ

b′} wr (λw′r.wl{L0}{L1}{L⋄}{Lε}w′r) n′ q′

Mb′,→ = λn′q′.λwlwr.{AppΣ
b′} wl (λw′l.wr{R0}{R1}{R⋄}{Rε}w′l) n′ q′

Lb = λw′lw
′
r.{Z} w′l [b]W w′r move left

Lε = λw′r.{{{Z} JεKW} [⋄]W} w′r move left (empty)
Rb = λw′rw′l.{Z} w′l [b]W w′r move right
Rε = λw′l.{Z} w′l [⋄]W JεKW move right (empty)
Z = λw′lb

′w′r.λn′q′.λif .f ⟨i, n′ | w′l, b′, w′r | q′⟩ build config.

▶ Lemma 4.27 (Compute (one step)). Let M = (Q, q0, qa, qr, δ) be a binary Turing machine,
and Compute be its encoding in the λ{}-calculus. There is a constant α such that for
any two configurations C, C ′ on input I such that there is a transition step C 7−→ C ′,
and any cp, cv ⩾ 1 we have Compute ⟨⟨C⟩⟩ _m

c Compute ⟨⟨C ′⟩⟩ with number of steps
m = O(|I| × log(|I|)) and space cost c ⩽αcv cp + log(|I|) + |C|.

▶ Theorem 4.28 (Soundness (Full simulation)). Let M = (Q, q0, qa, qr, δ) be a binary Turing
machine. There are constants n0 and α such that for any input string I ∈ B∗ of length
|I| ⩾ n0, if ⟨⋄l; I; ⋄r, 0 | ε, ⋄, ε | q0⟩ 7−→∗c ⟨⋄l; I; ⋄r, n | wl, b, wr | qf ⟩ with qf ∈ {qa, qr},
with space cost c, then there is a computation

{{{Init} {|⋄l; I; ⋄r|}I} {λc.{Compute} c}} _∗c′ R

with R = Accept or R = Reject, with space cost c′ ⩽α c + log(|I|).
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Remark that the global complexity of the simulation does not mention cv nor cp, contrarily
to all previous lemmas in this section. These two constants are eliminated in the proof for
distinct reasons:

the variable cost cv depends only on the machine, and is in particular constant with
respect to the input string I, and thus asymptotically bounded by log(|I|) ;
the pointer cost cp depends on the encodings of the machine and of the input, in which the
input dominates asymptotically, thus cp is bounded by a constant factor times log(|I|).

Therefore, any Turing machine with a logarithmic or higher space complexity can be simulated
in the λ{}-calculus (and thus in the weak λ-calculus) with a constant-factor space overhead.

5 Space-sound implementation of λ{}

We will now show that our λ{}-calculus can be implemented on a Turing machine, with a
constant-factor overhead in space complexity. For this, we present a weak reduction machine,
which keeps a read-only copy of the input λ-term and uses explicit pointers to closed subterms
of the input.

While the machine is kept at a semi-abstract level, the λ{}-terms are encoded by sequences
of symbols that will be easily represented on a Turing machine tape, and auxiliary operations
are decomposed in such a way that their Turing implementation is transparent. A compilation
scheme also translates from named λ-terms to nameless programs using de Bruijn indices.
The machine and the compilation scheme are inspired by Forster, Kunze and Roth [16],
with two major differences: first we include a read-only input and manage explicit pointers
to the input, and second we relax the reduction strategy to avoid an early restriction to
call-by-value.

5.1 Programs and configurations
In our implementation, we represent λ{}-terms as unambiguous and easy-to-parse sequences
of symbols, based on a prefix encoding.

▶ Definition 5.1 (Programs). A raw program P is a sequence over the (infinite) set of symbols
ΣP = {app, lam, mal} ∪ {var k | k ∈ N} ∪ {ptr a | a ∈ N}. A well-formed program T is
generated by the following grammar.

T ::= var k | app ; T ; T | lam ; T ; mal | ptr a

An input program is a well-formed program without ptr a symbols.

▶ Definition 5.2 (Compilation). The compilation function LtM translates a closed λ-term
t into an input program. The auxiliary function LtMρ takes a possibly open term t and a
sequence ρ ordering the free variable names of t for computing de Bruijn indices.

LtM = LtMε LxMρ = var k if ρ[k] = x and ∀j < k, ρ[j] ̸= x

Lt uMρ = app; LtMρ; LuMρ Lλx.tMρ = lam; LtMx;ρ; mal

▶ Example 5.3 (Compilation). The λ-term t = (λz.z)
((

λx.x(λy.y(λz.z)x)
)

(λz.z)
)

from
Example 2.5 is compiled as a the following input program I, in which the indentation is not
part of the syntax but emphasizes the structure.

app; lam; var 0; mal;
app; lam; app; var 0;

lam; app; app; var 0; lam; var 0; mal; var 1; mal; mal;
lam; var 0; mal
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A state of our machine combines an initial, read-only input program with a work program
representing the ongoing computation.

▶ Definition 5.4 (Configurations). A configuration is a pair ⟨I | T ⟩ with I an input program,
and T a well-formed program, called working program, which may contain pointers to the
input program I. The initial configuration for evaluating a λ-term t is ⟨LtM | ptr 0⟩.

A working program T of appropriate shape in a configuration ⟨I | T ⟩ represents a λ{}-term t.
In this readback operation, the input program I is used to interpret the pointers of the
program T .

▶ Definition 5.5 (Readback). The readback operation≫ρ
I interprets a well-formed program T

as a λ{}-term t, depending on an input program I and a sequence ρ of names for the free
variables of t.

var k ≫ρ
I ρ[k]

app; T1; T2 ≫ρ
I t1 t2 if T1 ≫ρ

I t1 and T2 ≫ρ
I t2

lam; T0; mal ≫ρ
I λx.t0 if T0 ≫x;ρ

I t0, with x fresh
ptr a ≫ρ

I {|t|} if there is b such that I[a..b)≫ρ
I t

The index b in the last equation is unique, and exists if and only if a is the first index of a
well-formed subprogram of I. We write ≫I for ≫ε

I . A closed program is a T that reads back
to a closed λ{}-term.

Remark that a translation from λ{}-terms to working programs would be ambiguous, even
with a fixed input program I: if I contains two inadvertently equal subprograms representing
a λ-term t, then the marked term {|t|} could be represented by either pointer. Readback, on
the other hand, is deterministic modulo α-renaming.

▶ Example 5.6 (Readback). In this example we write [T ≫ρ
I ] for the unique term t such that

T ≫ρ
I t. Given the input program I from Example 5.3, and the name x, we have:

[lam; app; app; var 0; ptr 12; var 1; mal≫x
I ]

= λy.[app; app; var 0; ptr 12; var 1≫y;x
I ]

= λy.[app; var 0; ptr 12≫y;x
I ] [var 1≫y;x

I ]
= λy.[var 0≫y;x

I ] [ptr 12≫y;x
I ] [var 1≫y;x

I ]
= λy.y [ptr 12≫y;x

I ] x

= λy.y {|λz.z|} x

= λy.y {λz.z} x

where ptr 12≫y,x
I {|λz.z|} since I[12..15) = lam; var 0; mal and lam; var 0; mal≫y,x

I = λz.z.

The space cost of a configuration only counts the space cost of its working program, and
represents the cost of actually writing down this program: each atomic symbol costs 1, and
the natural numbers in var k and ptr a cost the actual size of their (binary) representation.
The latter is more low-level than the cost measure on λ{}-terms, since the cost of each index
or pointer is computed from its actual value rather than given by a program-wide constant.

▶ Definition 5.7 (Cost of programs and configurations). We write ∥⟨I | T ⟩∥ for the space cost
of a configuration ⟨I | T ⟩, and ∥P∥ for the space cost of a raw program P .

∥⟨I | T ⟩∥ = ∥T∥
∥var k; P∥ = max(1, ⌈log(k)⌉) + ∥P∥ ∥c; P∥ = 1 + ∥P∥ if c ∈ {app, lam, mal}
∥ptr a; P∥ = max(1, ⌈log(a)⌉) + ∥P∥ ∥ε∥ = 0
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▶ Lemma 5.8 (Cost of programs). Let I be an input program and t0 a closed λ-term such that
Lt0M = I. Define cv = max(1, ⌈log(vd(t0))⌉) and cp = max(1, ⌈log(|t0|)⌉). For any program
T , if T ≫ρ

I t for some sequence of names ρ and λ{}-term t such that vd(t) ⩽ vd(t0), then
∥T∥ ⩽ 2× ∥t∥cv,cp .

5.2 Reduction
Computation steps of the machine are defined by two rules only.

A subprogram app; lam; U ; mal; S, where U and S are well-formed subprograms, may
trigger a β-step that substitutes S into U . This rule relies on parsing operations identifying
the subprograms S and U (Definition 5.9), and on program substitution (Definition 5.13).
A pointer ptr a can be dereferenced, which means reading the target subprogram U in I

and copying it in place of the pointer. This operation (Definition 5.10) also detects closed
subprograms of U : these should not be copied but instead referenced by new pointers.

The main parsing function T (Q, a) applies to a raw program Q and an index a, assuming
that a is the first index of a well-formed subprogram Q[a..b) of Q, and returns its end
index b if Q[a..b) is closed, or a special symbol ⊥ otherwise. The parsed program is assumed
to be well-formed, thus this function does not check program validity. It locates the end
of the subprogram by counting app symbols and subprograms, and delegates parsing of
λ-abstractions to an auxiliary function A(Q, a) counting lam and mal symbols.

▶ Definition 5.9 (Parsing functions). A(Q, a) parses the body of a λ-abstraction starting at
index a in Q (not counting the opening lam, but including the closing mal), and returns the
next index. The auxiliary function AQ(a, k) takes the current number k of open binders as
an additional parameter.

A(Q, a) = AQ(a, 1)
AQ(a, 0) = a AQ(a, k)

(k > 0)
=


AQ(a + 1, k + 1) if Q[a] = lam
AQ(a + 1, k − 1) if Q[a] = mal
⊥ if Q[a] = var n with n ⩾ k

AQ(a + 1, k) otherwise

The main function T (Q, a) parses a λ{}-term starting at index a in Q and returns the next
index, or ⊥ if the term is not closed. The auxiliary function TQ(a, s) takes as an additional
parameter the number s of subterms that are required to complete all pending applications.

T (Q, a) = TQ(a, 1)
TQ(a, 0) = a TQ(a, s)

(s > 0)
=


TQ(a + 1, s + 1) if Q[a] = app
TQ(a + 1, s− 1) if Q[a] = ptr b

TQ(a′, s− 1) if Q[a] = lam and A(Q, a + 1) = a′

⊥ if Q[a] = var n

The copy function extracts a subprogram starting at a given index in the input program,
introducing pointers for closed subprograms.

▶ Definition 5.10 (Copy function). R(I, a) returns a shallow copy of the subprogram starting
at index a of I. The auxiliary function RI(a, w) takes an end index w as an additional
parameter, and introduces a pointer whenever a is the start index of a closed subterm.

R(I, a) = I[a];RI(a + 1, w) with w = T (I, a)
RI(w, w) = ε

RI(a, w)
(a < w)

=
{

I[a];RI(a + 1, w) if I[a] = mal or T (I, a) = ⊥
ptr a;RI(a′, w) if T (I, a) = a′

The last equation assumes a′ ⩽ w, which is guaranteed on a well-formed input.
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Both parsing functions and the copy function assume the given index a is indeed the
start index of a well-formed subprogram in Q (or I), as seen in the soundness lemma below.

▶ Lemma 5.11 (Soundness of parsing and copy functions).
If Q[a..b)≫x

I t and Q[b] = mal, then A(Q, a) = b + 1.
If Q[a..b)≫I t, then T (Q, a) = b.
If I[a..b)≫I t, then R(I, a)≫I {|t|}.

Reminder: if T ≫ρ
I t then any free variable of t is in ρ. This implies that λx.t is closed in

the first point, and t is closed in the last two.

▶ Example 5.12 (Parsing and copy). Consider again the program I of Example 5.3. Then
we have A(I, 2) = 4 and A(I, 6) = 18 and A(I, 19) = 21, from which we deduce T (I, 0) = 21
and T (I, 1) = 4 and T (I, 5) = 21, from which we finally build R(I, 0) = app; ptr 1; ptr 4.

The machine uses a naive implementation of β-reduction based on substitution, similarly
to the “substitution machine” in [16]. We define a substitution on programs, closely reflecting
usual substitution on the represented λ{}-terms. The operation follows the sequence of
symbols rather than its structure, the target de Bruijn index k being updated upon crossing
the symbols lam and mal.

▶ Definition 5.13 (Program substitution). We write P {k←S} for the program P in which the
variable of index k is replaced by the closed program S.

(lam; P ){k←S} = lam; P {k+1←S}
(var n; P ){k←S} =

{
S; P {k←S} k = n

var n; P {k←S} k ̸= n(mal; P ){k←S} = mal; P {k−1←S}

(app; P ){k←S} = app; P {k←S} ε{k←S} = ε

In the rule for mal, it is assumed the target index k is non-zero, which is guaranteed if
substitution is applied to a well-formed program.

▶ Lemma 5.14 (Soundness of program substitution). Let t, s be λ{}-terms with s closed, and
T , S programs such that T ≫ρ

I t and S ≫I s. Then T {k←S} ≫ρ
I t{ρ[k]← s}.

We can now define the two computation rules of the machine. The rule for β-reduction is
triggered by an app; lam pattern, and then uses the parsing functions A(Q, a) and T (Q, a)
to identify the appropriate subterms.

▶ Definition 5.15 (Reduction). The step relation of the machine, written ⟨I | T ⟩⇝ ⟨I | T ′⟩,
is defined by:

⟨I | P ; app; lam; Q⟩ ⇝ ⟨I | P ; Q[0..a− 1){0←Q[a..b)}; Q[b..)⟩ if a = A(Q, 0), b = T (Q, a)
⟨I | P ; ptr a; Q⟩ ⇝ ⟨I | P ;R(I, a); Q⟩

In the first rule it is implied that we have Q[a− 1] = mal.

Contrarily to what is ordinary implied in an abstract machine, these rules are not deterministic:
we do not define here any reduction strategy specifying which computation step should
be triggered in a given configuration. The goal is to be able to implement any reduction
sequence of the λ{}-calculus.

▶ Example 5.16. Consider the input program I from Example 5.3. The first steps in
call-by-name evaluation would be as follows.

⟨I | ptr 0⟩ ⇝ ⟨I | app; ptr 1; ptr 4⟩ ⇝ ⟨I | app; lam; var 0; mal; ptr 4⟩ ⇝ ⟨I | ptr 4⟩
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Remark that the definition of T (Q, a) assumes the target program is closed, which
implicitly restricts the machine to closed reduction (which is little more than weak reduction,
since it allows reduction below abstractions only on closed subterms). This is consistent with
the focus of the paper on closed weak reduction, but could be easily extended.

▶ Lemma 5.17 (Soundness (one step)). Let I be an input program and t0 a closed λ-term such
that Lt0M = I. Define the constants cv = max(1, ⌈log(vd(t0))⌉) and cp = max(1, ⌈log(|t0|)⌉).
Let t, t′ be closed and well-formed λ{}-terms such that t _ t′. For all T such that T ≫I t

there is T ′ such that T ′ ≫I t′ and for all P , Q we have ⟨I | P ; T ; Q⟩⇝∗ ⟨I | P ; T ′; Q⟩ with
space-cost ∥⟨I | P ; Q⟩∥ + c with c ⩽ 2× (max(∥t∥cv,cp

, 2cp + 1) + ∥t′∥cv,cp
).

▶ Theorem 5.18 (Soundness (computations)). For any closed λ-term t, if {|t|} _∗c t′ with
space cost c ⩾ log(|t∗|), then

⟨LtM | ptr 0⟩⇝∗c′ ⟨LtM | T ′⟩

with T ′ ≫I t′, with space cost c′ ⩽ 6c + 2.

5.3 Simulation of λ{} by Turing machines
An abstract machine configuration ⟨I | T ⟩ is naturally connected to a configuration of a
Turing machine with two tapes, whose read-only input tape contains the input program I,
and whose work tape contains the working program T as well as the working data of the
auxiliary operations. For convenience we can assume the alphabet is large enough to offer a
distinct symbol for each program element, plus some extra auxiliary symbols ; it is folklore
that any such implementation can then be encoded into a binary machine while respecting
the complexity. All the operations of the abstract machine presented in this section can be
implemented with polynomial time and constant-factor space overhead. In particular:

the parsing and copy functions are implemented as simple loops, with the parameter s, k

or w as an auxiliary integer data and the index a either represented directly as an integer
data when indexing the input, or indirectly as a special cursor character in the work tape,
program substitution scans a segment of the working program between two special cursor
characters (current position and end position of the segment that receives the substitution),
and maintains as auxiliary data the target index k and the substituted program S.

In all these operations, the working head moves back and forth between the working program
and the auxiliary data, possibly shifting the contents of a part of the tape when the size
of an element changes, all in polynomial time. The space overhead mostly corresponds to
the auxiliary data on the working tape, whose size is bounded by the size of the working
program and the logarithm of the size of the input.

The final unspecified part is redex search in an abstract machine configuration, corres-
ponding to a reduction strategy in the weak λ-calculus. Call-by-value and call-by-name
strategies are easily implemented in our abstract machine:

for (right-to-left) call-by-value, select the rightmost app; lam pattern that is not inside a
matching lam/mal pair,
for call-by-name, select the leftmost such pattern,

and in both, dereference only the pointers needed to make these patterns appear.
Finally, any λ-calculus program with a logarithmic or higher space complexity under

call-by-value, call-by-name or any other LOGSPACE-definable weak evaluation strategy can
be executed on a Turing machine with a constant-factor overhead in space.
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6 Discussion

6.1 Variants of the cost measure
The space-cost measure presented in this paper is actually just one instance, chosen as the
most abstract and (subjectively) clear in a family of related reasonable cost measures. In
particular, all the definitions and proofs we provide here can be adapted to accommodate
the variants discussed below.

Using more pointers. In our main model, we assign a pointer cost to full descendants of
closed subterms only. We could instead remove the closedness restriction and assign a pointer
cost to full descendants of any initial subterm. For this we adapt the notion of full marking,
which now puts a mark at every position of a term, and relax the notion of well-formed term:
every marked subterm is still fully marked, but not required to be closed anymore (on the
other hand, we still have that any closed subterm contains at least one mark). The encoding
of Turing machines is easily adapted by adding appropriate marks. The abstract machine
has to be modified in a slightly subtler way, since the copy function (Definition 5.10) now
has to introduce pointers for any subprogram, and not only for closed subprograms. The
obtained measure seems very close to the one detailed in the paper.

Using less pointers. In the paper we assign a pointer cost to any full descendant of a
closed initial subterm, even when said subterm would cost less than a pointer. We could
instead reduce the measured cost by assigning a pointer cost only for subterms that are
“big enough”, by taking a min between a pointer cost and the actual cost of the considered
subterm. The notion of full marking and the copy function of the abstract machine are
adapted the obvious way, with a check of the actual cost of a subterm or subprogram against
the pointer cost cp. A more interesting difference appears in the encoding of Turing machines,
where the constant costs of the λ-terms defining the machine itself will be (asymptotically, if
not from the beginning) outweighed by the pointer cost, since the latter grows with the input.
This remark applies in particular to AppΣ

a , which will now have a constant cost (that means,
depending on Σ but not on the input of the machine), instead of a pointer cost. Then, it is
not necessary anymore to use tail-recursive versions of Pred and Succ to get a reasonable
encoding, and we can switch back to the simpler presentation of arithmetic used in [4].

Using non-uniform pointers. Our choice of a uniform cost for pointers is an abstraction:
the constant cp can be thought of as an upper bound of the cost of any actual pointer used.
This allows us to avoid making any assumption on the way the term is represented (except
the standard assumption that the representation stays compact). However, this also induces
a disturbing scaling phenomenon when considering the encoding of a Turing machine: code
pointers are not distinguished from data pointers, and the cost of code pointers thus grows
logarithmically with the size of the input, even though code pointers would be naturally
considered to be independent from the input. This scaling phenomenon is visible in the paper:
it is the reason why we use tail-recursive encodings of arithmetic operations in Section 4.3.

As an alternative, we could borrow the low-level notion of pointer cost used in [5] under
the concept of left addresses. For this we replace our uniform pointer cost by the actual size
of a pointer to the target subterm in the initial term, seen as an integer representing the
index of the subterm in a prefix notation of the term. Remark that this is de facto already
the case in our abstract machine, and thus that Section 5 does not need any modification.
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This low-level version allows us to make sure that the λ-terms encoding a Turing machine
have a constant cost (a pointer to a prefix of the term that does not depend on the input
string), and thus allow a naive encoding of arithmetic.

6.2 Comparison with other measures
The log-sensitive space-cost measure proposed by Accattoli, Dal Lago and Vanoni [5, 3]
solves a similar problem than ours: equipping the λ-calculus with a space-cost measure in
such a way that the λ-calculus can simulate -and be simulated by- Turing machines with
a constant-factor space overhead, thus providing a λ-calculus-based way of characterizing
standard space complexity classes.

Interestingly however, the two measures are not equivalent. Although they agree on
which problems can be solved or not under a given asymptotic space constraint, they differ
on the complexity they assign to specific algorithms. In other words, they are extensionally
equivalent, but not intentionally equivalent. This was already apparent in Section 4, in the
discussion about implementing binary arithmetic: both models agree on the fact that the
increment of a binary number can be computed with a logarithmic space cost. However,
the naive recursive algorithm for doing so has distinct asymptotic complexity under the two
measures: it runs in O(log(n)) space according to Accattoli et al’s measure, and in O(log(n)2)
space according to ours. Equivalent extensional expressivity is retrieved here since we can
provide a slightly different algorithm (the tail-recursive version given in Definition 4.20) that
solves the same problem with the required complexity O(log(n)) in our model. Remark
however that even in the family of complexity models presented in this paper, all measures
are not intentionally equivalent: two of the variants discussed in Section 6.1 also give a
logarithmic space complexity to the naive binary increment algorithm.

Beyond this observation, let us look more closely at what is measured by the two models.
Accattoli et al’s measure counts the closures used for the evaluation of the term. An
important property of the model is that evaluation never builds a new term, but only
handles pointers to the input term. In particular, the cost of a closure is the cost of its
term pointer.
On the other hand, our model mixes references to the input term with new term parts.
Accordingly our measure counts a unit cost for any newly allocated term constructor,
and a pointer cost for subterms that are shared with the input.

As a result, Accattoli et al’s model may use more pointers than ours in some situations.
Consider the term (λxy.xy)(λz1.z1)(λz2.z2). After the first two β-steps, Accattoli et al’s
model has three closures, and thus three pointers: one on xy, and one on each argument. In
our model, we have a new, unit cost application of the two arguments (which both have a
pointer cost).

It is not clear whether the above phenomenon alone can create a significant space-cost
gap between the two measures. There is however another important difference, which is
not related to how the space cost of a given configuration is defined, but to the evaluation
model itself: Accattoli et al’s machine is based on a small-step substitution operation (linear
substitution), while ours uses the standard full substitution of the λ-calculus. As a result, even
if we consider the same evaluation strategy (for instance: call-by-value), the two evaluation
models go through significantly different intermediate steps, and finally define their global
space measure as a max on incomparable sets. This remark can be used to forge terms
on which the two measures give significantly different results. Consider for instance the
term tn = (λx.x(x(x(. . . (xx) . . .))))(λz.z) with n occurrences of x in the left member. In
the λ-calculus, the first β-reduction step performs n copies of the argument λz.z, with a
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total space cost proportional to n× log(n) in our model (each copy of λz.z costs cp, itself
proportional to log(n)). In the call-by-name version of Accattoli et al’s machine however,
thanks to on-demand linear substitution, we never need more than 4 pointers at the same
time for evaluating this term.

In the end, it seems that the biggest difference between the two cost measures does not
come from what is measured, but rather from the different underlying evaluation models: the
pure λ-calculus with full substitution, or a refined model with on-demand linear substitution.
This emphasizes a contrast between space and time complexity: a linear substitution-based
model is an appropriate intermediate step for showing the time-reasonability of β-reduction
(it is the path taken for instance in [2]), while it does not seem to be so for space-reasonability.

6.3 Extension to open weak reduction

The technical development in this paper assumes closed terms, and is thus restricted to
closed weak reduction. Note however that it relies only superficially on this assumption, and
could be extended to open weak reduction with moderate work.

In particular, most definitions and results still work as expected when considering the
globally free variables as constants, and interpreting as “closed” any subterm whose only
free variables are constants. The main required adaptations are the following.

Adjusting the variable cost cv to take the constants into account. For this, consider that
each constant x ∈ fv(t0) increments the variable depth vd(t0) of an initial term t0.
Adapting the treatment of variables in the parsing functions in Section 5.2, to avoid
rejecting terms with constants. This requires an additional parameter, similar to the
already present k parameter, to identify the indices that represent constants.
Extending the call-by-value strategy in Section 5.3 to account for “rigid values”: applica-
tions x v1 . . . vn of a constant x to a sequence of values.

6.4 LOGSPACE-definable strategies

The Turing simulation sketched in Section 5.3 is generic relative to the evaluation strategy.
For the space reasonability result to hold in the most general case, we are interested in
“LOGSPACE-definable strategies”, that we informally define as strategies for which the next
redex can be identified using a space that is bounded by the space cost of the current term,
up to a constant factor (in particular, the cost of the strategy will be bounded by a logarithm
in the size of the input whenever we consider a computation that is LOGSPACE with respect
to our cost measure).

Beyond call-by-name and call-by-value, examples of LOGSPACE-definable strategies are
variations around the latter using restricted additional analyses. For instance: left-to-right
call-by-value, with the additional rule that the evaluation of the argument is skipped if
the formal parameter of the function does not appear in the function body, can indeed be
implemented under the required space constraints.

There are also many ways of describing reduction strategies that are not LOGSPACE-
definable. In particular, variations such as the above relying on more complex criteria
are likely to provide a large hierarchy of counter-examples, by building finer and finer
approximations of the optimal weak pure strategy, which is known to be undecidable [7].
Other counter-examples are strategies relying in an insufficiently restricted way on the history
of the reduction (for instance, alternating between subterms in a recursively nested way), or
strategies requiring additional machinery such as call-by-need.
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6.5 Combining time-reasonability with space-reasonability
There is a well-known tension between time-reasonability and space-reasonability, which
appears in the second simulation studied in this paper (implementing the λ-calculus on a
Turing machine). This tension has been solved a first time with respect to ink space, using a
space-aware interleaving machine which alternates between two simple machines respectively
reasonable for time or space [16], and again recently with a simpler unified machine [9]. Both
approaches seem compatible with our log-sensitive space cost measure, and the combination
of either one with the machine built in Section 5 is expected to yield an implementation of
the weak λ-calculus that is reasonable for both space and time, down to LOGSPACE.

7 Conclusion

This work shows that we can alter the “ink space” cost model of the weak λ-calculus to make
it log-sensitive, by not counting the parts of terms that need not be written down since they
can simply be described by a pointer to the input. This gives the first reasonable space cost
model for the weak λ-calculus built directly in the core of the formalism and able to capture
LOGSPACE complexity.

We borrow techniques from both previous lines [16] and [4, 5], and bring the new insight
of the utility of the descendance relation in studying space for the λ-calculus. The obtained
cost measure is more precise than the one in [16], enabling a characterization of LOGSPACE
instead of only PSPACE and above. It is also more abstract than the one defined in [5],
being expressed directly at the level of the λ-calculus with pure β-reduction and avoiding the
indirection through a complex abstract machine relying on linear substitution. Finally, our
cost measure is shown to be adequate for any LOGSPACE-definable weak reduction strategy,
which is an improvement over both previous papers since [16] deals only with call-by-value,
and [5] requires a specific machine for each strategy (the authors provide two such machines
for call-by-value and call-by-name).

The main idea of this paper is quite flexible, and we mentioned several reasonable variants.
On the other hand, some other extensions are less clear, and we leave two open questions.

Could our cost model be captured by an intersection type system, similarly to what
is achieved by [3] with respect to [5]? Given the recent successes of tightly capturing
quantitative properties of reduction by non-idempotent intersection types, this is definitely
worth investigating. It is not clear however whether the system from [3] would be a good
starting point, since the two evaluation models differ significantly.
Can our model be extended to strong reduction strategies? The definition of our cost
measure contains nothing specific to weak reduction and is naturally extended. The
current proof of reasonability however relies on weak reduction in several places. While
some parts are easily generalizable, there are a few deeper reasons to this restriction,
for instance the invariant in the proof of Lemma 5.17, the fact that the “deterministic”
λ-calculus is deterministic only under weak reduction, or the (un)stability of the variable
cost cv along reduction, which is itself related to the presence or absence of α-renaming.
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