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—— Abstract

This paper traces early historical developments of analytic combinatorics through a single object:

the finite difference AF0™ (the ordered Stirling numbers). We examine how Laplace transformed this
discrete quantity into real integral representations to derive saddle-point approximations, establishing
an early encoding-integration—approximation pipeline. Cauchy’s 1815 memoir then moved the same
problem toward complex-analytic territory. Through this narrative we illustrate a pivotal transition:
from an eighteenth-century algebra of formal identities to a nineteenth-century discipline of &-
inequalities.
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1  Analytic combinatorics: when identities meet inequalities

Schematically, combinatorics works with identities, while analysis often proceeds through in-
equalities. Enumeration in combinatorics often consists of establishing exact correspondences
through structural decompositions, bijections, encodings, recurrences, and generating func-
tions. Analysis, particularly asymptotic analysis in its post-Weierstrassian form, characterizes
limiting properties through estimates: convergence rates, bounds, error terms, asymptotic
expansions, and uniformity. Analytic combinatorics, lying at this junction, converts exact
enumerative identities into quantitative asymptotic formulae by analytic means.

The modern formulation by Flajolet and Sedgewick [16] offers a canonical realization:
combinatorial classes are first encoded by formal generating functions; these generating
functions are then viewed as analytic functions; and coefficient asymptotics are extracted
from the analysis of singularities, saddle points, or related analytic properties. Perturbations
of the same functions further provide access to parameters of random structures. For a
historical study, however, a broader perspective is necessary. Generating functions and
singularities are central to the modern theory, but integral transforms, finite-difference
operators, and differential equations can fulfill the same conceptual role: encoding a discrete
problem in a form amenable to asymptotic prediction.

The meaning of “analysis” itself has evolved over time. For Euler, Lagrange, Laplace,
and even Cauchy in many respects, the term did not primarily denote an e-§ theory of
limits, but referred more broadly to the calculus of series, summations, integrals, finite
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differences, differential equations, and symbolic transformations. In that eighteenth-century
sense, analysis was largely an algebra of identities [20], and while questions of convergence
and divergence were present, they were not yet organized by the later discipline of uniform
estimates and domains of validity. Laplace’s and Cauchy’s work stands directly on the
threshold between this older algebra and the subsequent discipline of controlled estimates.

This overarching transition has been investigated from several viewpoints: the foundations
of analysis from Euler to Riemann [21, 4], Cauchy’s role in the search for rigor [20], the
rise of modern real and complex analysis [22], and the transformation of the calculus of
chances [10, 24, 25]. Here, we track this conceptual revolution through a single, deliberately
narrow object: AFs™.

The passage described above can be roughly illustrated in the following diagram. It is
intentionally over-simplified: eighteenth-century practice was neither naive nor purely formal,
just as modern analysis has retained much of the older operational art. Nevertheless, the
historical direction is real, and the examples explored in this paper sit exactly upon that

arrow.
18th-century practice modern practice
algebra of identities rigorization discipline of estimates
formal-operational rigorous—controlled
series, transforms, finite differences singularities, bounds, error terms

2 Laplace as a transformer

Pierre-Simon Laplace (1749-1827) lived through one of the most turbulent periods in French
history: the last decades of the Ancien Régime, the Revolution (1789-1799), the Consulate
and Empire (1799-1815), and the Bourbon Restoration (1815-1830). Born in Normandy, he
moved to Paris around 1769, was elected to the Académie des sciences in 1773, taught at the
Ecole normale and Ecole polytechnique, and joined both the Bureau des longitudes and the
newly founded Institut de France that same year. His career was deeply intertwined with
the institutional reorganization of French science from the late Enlightenment through the
Napoleonic era [18, 2]. A remark often attributed to him:

“Ce que nous connaissons est peu de chose; ce que nous ignorons est immense,”

reflects the humility that accompanied his extraordinary confidence in analysis [17].

Laplace’s scientific work is associated above all with celestial mechanics and probability.
His Mécanique céleste sought to carry Newtonian gravitation to its analytical completion,
replacing much of Newton’s geometry by the language of differential equations, perturbation
theory, and approximation. His Théorie analytique des probabilités [29] transformed the
older calculus of chances into a broad discipline built on generating functions and integral
asymptotics, extending these techniques to central limit theorems, finite differences, Bayesian
inference, the method of least squares, and applications in demography, judicial decisions,
and error theory [18, 10, 25, 19]. The word analytique in the title is programmatic, not
decorative.

Two of Laplace’s own formulations make this explicit. At the end of the FEssai philo-
sophique [30], probability appears as calculation applied to common sense:

“Au fond, la théorie des probabilités n’est que le bon sens réduit au calcul.”
Earlier in the same text he describes analysis as an engine of discovery:

“Mais la langue de ’analyse, la plus parfaite de toutes, étant par elle-méme un instrument
puissant de découvertes. . .”
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Together they express the conviction that once a question has been translated into the
right analytic language, calculation can reveal laws invisible in the original finite problem.
Gorroochurn’s phrase “The Laplacean Revolution” captures the point well: Laplace did not
merely add results to probability; he reorganized it around analytic methods [19].

His characteristic procedure moved in three stages: formulate the problem exactly,
transform it into an analytic expression, typically an integral representation obtained through
generating functions, finite differences, or transforms, and extract an approximation by
the asymptotic techniques he developed. He verified his approximations systematically
by numerical calculations, often of a kind that would be out of reach for most modern
mathematicians without a computer. Roger Hahn’s summary of his scientific creed:

“From phenomena to laws, and from laws to causes.”

The first half of this creed describes exactly what Laplace does with finite differences: from
phenomena to formulae, from formulae to approximations, and from approximations back to
laws [23, p. 209]. In short, a powerful Laplacean analytic pipeline: encoding, integration,
approximation.

This pipeline is strikingly close to the broader spirit of analytic combinatorics [16].
Laplace’s forms are older and more varied: generating functions, finite differences, and
transforms are converted mainly into real integrals, and estimates come from maximum points,
saddle-point expansions, and numerical quadrature rather than from complex singularity
analysis. If the statistical inference part of the Théorie analytique is set aside, a large portion
of its discrete probability can be read as eighteenth-century analytic combinatorics.

Laplace’s analytic cycle

Problem
L Structure
int(y we
0 R . .
Asymptotic B ( Generating functions
Approximations | integrate LIntegral representations
J

Figure 1 A schematic view of Laplace’s method: from problem to analytic representation, from
representation to asymptotics, and back to interpretation.

For this paper, the relevant Laplace is the analyst of enumeration, approximation, and
probability. His treatment of finite differences, lottery problems, occupancy-type questions,
and large-number approximations illustrates the older meaning of analysis discussed in § 1:
formal transformations, expansions, substitutions, and integral representations, guided by
asymptotic calculation and tested by numerical effectiveness. These procedures were not
yet organized by the later standards of convergence, uniformity, and error control, but they
already point toward the asymptotic treatment of combinatorial quantities.

3  Théorie analytique des probabilités: the book and its legacy

We begin with a brief introduction to Laplace’s Théorie analytique des probabilités [29],
following the structure of the definitive third edition (1820). For comprehensive commentary
on its probabilistic and statistical legacy, see [37, 25, 18].
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The volume comprises three main components:

Essai philosophique. Published separately as an introduction [30], it expresses the

foundational philosophy of probability as rational belief quantified by mathematical

analysis.

Book I: Calculus of generating functions.
Generating functions (Part I). Encoding discrete sequences via formal power series
in one or two variables. This section treats shifts, convolutions, and partial sums
as algebraic operations, laying the groundwork for the calculus of finite differences,
interpolation, and series summation.
Approzimation of large-number formulae (Part II). The translation of discrete genera-
ting-function coefficients and finite sums into real definite integrals, which are sub-
sequently evaluated via saddle-point expansions. The asymptotic formulae for AFs™,
discussed extensively in § 5, reside here.

Book II: General theory of probabilities.
Foundational chapters (Chs. 1-5). The core theoretical framework covering general
principles, compound events, limit laws derived from repeated trials, inverse probability,
and the mean behavior of massive datasets.
Applications (Chs. 6-11). The deployment of the theory to practical domains: ob-
servational errors and the method of least squares, demography and life expectancy,
annuities and insurance, voting theory, judicial probability, and moral expectation.

Two features of this architecture are especially relevant for the present paper. First, the
generating-function calculus of Book I is not merely a notational convenience but the primary
language in which Laplace formulates and manipulates combinatorial quantities, arguably
the earliest systematic use of generating functions as a general method. Second, the passage
from exact expressions to asymptotics draws on multiple techniques: integral representations,
saddle-point expansions, series inversions, recurrence solutions, chosen to suit each problem.
What unifies the Théorie analytique is not a single tool but a program: encoding, integration,
approximation.

On the other hand, the Théorie analytique is notoriously difficult to read. Todhunter [37],
who cataloged Laplace’s results in detail, frequently noted the omission of crucial algebraic
steps: a difficulty epitomized by Laplace’s habitual phrase “il est aisé de voir”, which reliably
signaled hours of reconstruction ahead [18]. Todhunter further judged the generating-function
method to have “lost much of its value since the cultivation of the Calculus of Operations by
Professor Boole” [37, p. 505], declining to explain it, a judgment that the subsequent history
of Dirichlet series, integral transforms, and the enumerative combinatorics of MacMahon
and Pélya would thoroughly overturn.

The opacity reflects a deliberate epistemological stance. Gillispie [18] emphasizes that
Laplace wrote not to teach but to exhaust a subject. Hahn [23] adds that Laplace viewed
mathematics as a tool for decoding physical reality: if an approximation correctly modeled
the phenomenon, its mathematics was validated by nature. Hald [24, 25] describes the
expansions as fundamentally heuristic since Laplace pushed variables to infinity without
concern for convergence, while Stigler [35] emphasizes the sheer computational force imported
from celestial mechanics into probability.

The historical verdict is that Laplace was the indispensable catalyst. By demonstrating
that discrete problems could be converted into continuous asymptotic approximations, even
when the analysis was heuristic and the exposition opaque, he created the pressure that
would drive the next generation toward rigorous foundations. Cauchy’s development of
complex integration, examined in § 9, can be read as the structural reinforcement needed to
secure what Laplace had already built.
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de Moivre (1712) [13] Stirling (1730) [36]
Partial occupancy Finite differences
{Z} in the
18th century
Laplace (1782—
Saka (1782) [33] 83) [27, 28]
Set partitions / Genjiko Asymptotic ap-

proximations

Figure 2 Four eighteenth-century routes to {Z} and related finite differences.

4  Stirling partition numbers in the eighteenth century

We use the classical finite-difference notation

AR = Y (k) (—1)k=9 4, (1)

0<j<k \J

where Af(z) = f(z + 1) — f(x) denotes the difference operator; this corresponds to the
sequence OEIS A019538. Equivalently,

AFQ® = k! {Z} (2)

where {Z} denotes the Stirling number of the second kind OEIS A008277. The same quantity
may be read as the k-th finite difference of z™ at x = 0, or as k! times the number of
partitions of [n] into k& non-empty blocks. This double character is what makes A*0" so
useful for the present narrative: it carries an exact enumerative meaning, a finite-difference
representation, and an analytic form from which asymptotics can be extracted.

Figure 2 summarizes four eighteenth-century routes to (1) and its shifted relatives.

De Moivre (1712). In De mensura sortis, Problems 18 and 19 concern an occupancy ques-
tion. A die has k faces; n trials are performed; a set of f faces is specified. By
inclusion—exclusion, the probability that each specified face occurs at least once is

Pig(n)= > ({) (—1)’ (1 - ;)n, (3)

0<i<f

so the corresponding count of sequences is k" Py ¢(n) = Af(k— f)™. Only when f = k does
this reduce to A*Q" = k'{:} Problem 19 is asymptotic in spirit: when f is small relative
to k, de Moivre obtains Py ¢(n) ~ (1 —r~")/ with 1/r = 1 —1/k, anticipating a recurring
heuristic in which exact inclusion—exclusion reduces to a binomial law [37, 24, 10].

Stirling (1730). In Stirling’s finite-difference calculus the same quantity takes an operator-
theoretic form: the powers z™ expand in the falling-factorial basis as

" = Z {n} 1 xizm(x—l)~-~(x—j+1),
0<j<n 7

with the coefficients recovered by (2). The Stirling number is now a connection coefficient
between two polynomial bases, not a count of occupancies: a viewpoint that turns it into
an analytic object susceptible to transformation [26, 9].
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Saka and Genjiko (1782). The Genjiko connection points to the purely partition-theoretic
meaning [14]. In the incense game one records which samples are judged identical; the
resulting pattern is a set partition. For five samples the total is the Bell number Bs = 52
(OEIS A000110); fixing k distinct scents gives {}}. Where de Moivre’s full-collection
case yields the surjection count k!{;‘}, Genjiko patterns count unlabelled blocks, giving
{i} itself.

Laplace (1782-83). Laplace brings this exact finite quantity into the domain of large-number
approximation. The expression (1) for A¥Q" is alternating and numerically unstable for
large n and k; more effective means of computing its value must be developed. This
is the decisive analytic-combinatorial step: the identity is transformed into an analytic
representation from which large-parameter behavior can be extracted: by real integrals and
dominant points in Laplace’s setting, by the saddle-point method applied to generating
functions in the modern theory.

These four viewpoints explain why A¥s” is so revealing for the early history of analytic
combinatorics: it lies simultaneously near probability, finite differences, set partitions, and
asymptotic analysis. The next task is to examine how Laplace treated this quantity: encoding,
integration, and approximation in the cycle of Figure 1.

5 Laplace’s treatment of AFs”

Laplace’s analysis of finite differences of powers is the central test case for his general theory
of approximation [27, 28, 18]. The object is the family A*s" whose specialization at s = 0
gives the ordered Stirling numbers (A019538) through (1)—(2). Laplace treats these finite
differences not merely as discrete counts or lottery probabilities, but as analytic quantities
depending on large parameters.

His procedure follows the analytic cycle of Figure 1. For negative powers, the alternating

sum is first converted into a real integral:

st = 5 (e =g [Tt - ta @)

0<j<k N

The integrand is then expanded near its maximum, where the first derivative vanishes, and
the resulting local Gaussian approximation is prolonged into a full asymptotic expansion.
This is the saddle-point method applied to a real integral, distinct from the later Cauchy
contour-integral approach.

Laplace then formally passes from negative to positive powers. In modernized notation,
his principal expansion for A¥s™ may be written as

AFgn est (et — 1)k (1 1563 — 12b3by )
)

- 1663 ®)

n! uZea
a4 /2w (n +1- (ea—1)2
+1 ek

where the real saddle parameter a is determined by 0 = *= — s — 5=, and by, b3, by denote
successive coefficients in the local expansion [27, 28]. Laplace derives not just a leading term
but a full asymptotic expansion. He also proposes arguments to justify the passage from

negative to positive exponents. David and Barton summarize the situation memorably [11,
p. 307):

“What is interesting and characteristic of Laplace is that two false steps seem to cancel one
with another. In ordinary mortals this might be ascribed to luck, but this sort of thing
happens too often in Laplace to be ascribed to chance.”
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Equally striking is Laplace’s sensitivity to parameter ranges. Recognizing that (5)
degenerates when a is small, he introduces a second expansion for the near-diagonal regime,
where n — k is small relative to % + s:

)n—k

atn (54 (n= k)(n =k~ Dk ©)
(

T (n—k) 24(%_,_8)2

A further representation covers the complementary regime, so that all ranges of variation
of k relative to n are covered.
David and Barton emphasize precisely this scope in Combinatorial Chance [11]:

“... Laplace gave what is probably the ultimate possible. Curiously enough, Laplace’s work

appears largely to have been ignored by subsequent writers, and in times only just past
approximations have been suggested which follow more or less the procedure of Laplace but
which differ from his in that they are nothing like so good.”

As a claim about rigor the phrasing is exaggerated, but as a claim about asymptotic
completeness it is suitable: the regime structure with full asymptotic expansions was already
in place. What later analysis had to supply were domains of validity, error estimates, and
uniformity.

Laplace’s use of Gamma-type real integrals [32, 12] also pushes directly toward the
later problems of convergence, continuation, and singular behavior. Although Cauchy’s
integral formula was available from 1825 and Poincaré’s formal definition of asymptotic
expansion from 1886, a fully rigorous saddle-point treatment of the case s = 0 had to wait
for Moser and Wyman’s 1958 analysis of {Z} [31, 3]. The lesson is central to this paper: the
analytic-combinatorial architecture was already visible in the eighteenth century, while the
rigorous foundations required much later tools.

6 Laplace’s lottery with 10 000 numbers

Laplace’s most vivid application of his finite-difference asymptotics is the classic lottery,
or coupon-collector, problem [28; 29, 25]. A lottery contains k numbers; one number is
drawn per trial, with replacement. The probability that all £k numbers have appeared after n
drawings is

aem =50 = 8 (e (-5)" ¢

0<r<k

Laplace specifically calculates the threshold n at which one may bet at even odds that
all numbers have appeared (i.e., solving P(n) = 1). The relevant scale is n ~ klogk, a
delicate regime where the leading approximation alone cannot determine the precise integer
threshold.

His calculation relies on the real saddle-point expansion for A*0™. In his early memoir [28],
setting ¢ = e~ /% (later updated to ¢ = e~(»+1/F in the 1820 edition [29]), he derives:

n n+k
P — e ka1 _ 2.0, 8
k(n) = e (+2kq 5 ¢+ ) (8)
The leading factor e~*¢ is the standard Poisson approximation; the subsequent correction

terms render Laplace’s estimate significantly sharper. Equating this to % yields

n n+k 5, log2
2 1T o T T

q— n = —klogq.
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For an astronomically large lottery of £ = 10000, the first approximation gives gy = 11(‘))%020,

resulting in ng = 95768.5. .. drawings. Correcting ¢ using the higher-order terms [28, 29|
refines this to:

g = 0.00006932250. . ., n=95767.41....

Thus, the wager is slightly unfavorable at 95767 drawings and slightly favorable at 95768.
Direct calculation was utterly impossible at the time (log;, {?gggg} > 347408). Because
n = —klog ¢, a tiny variation in ¢ is amplified by 10 000, shifting the integer threshold. Modern
exact evaluation confirms Laplace’s extraordinary precision at the individual-drawing level:

Pioooo(95767) ~ 0.499986, and  Pigoo(95768) ~ 0.500020.

Laplace subsequently generalizes this to the Genoese lottery of France [29, 25], where
m numbers are drawn simultaneously without replacement from a pool of k (specifically
k =90,m = 5). The probability of a complete set after n drawings is

Pim(n) = Y (ﬁ)(—w((lgi;))n: Ak[(i;])ﬂs—% ©)

0<r<k m

which he expands into finite differences of powers to bring it under his established asymptotic
framework.
Using the analytic reduction Laplace obtains n = 85.53...: 85 drawings are not quite
enough but 86 suffice. A much simpler approximation replaces the exact inclusion—exclusion
. 5 vn) 90
with (1—(1- &)™)
is misleading. David and Barton are emphatic [11, p. 317]:

= %, giving n = 85.204 . . ., close enough for k£ = 90. But the agreement

“De Moivre’s approximation is not at all useful. While the approximations of Laplace become
better with increasing n, that put forward by de Moivre will actually become worse, and it
is suggested that this approximation should never be used.”

For large parameters, only the full saddle-point machinery gives reliable thresholds.

7 Other Laplacean examples in miniature

The finite-difference and lottery examples are the main thread of this paper, but they are
not isolated. Laplace’s probability theory repeatedly converts finite questions of chance into
coefficient problems, binomial or multinomial sums, finite differences, or recurrence equations,
and then treats the result analytically. A full catalogue would be disproportionate; Table 1
records only the closest analogues to later analytic combinatorics [29, 37, 25, 16].

The purpose of the table is to show that Laplace’s treatment of A*s™ belongs to a wider
repertoire. The exact objects vary: a generating-function coefficient, a finite sum, a finite
difference, a recurrence, a transform, but these are different analytic encodings of the same
kind. What unifies them is not a single modern technology such as singularity analysis but
the Laplacean impulse to render a finite combinatorial or stochastic structure analytically
tractable and then asymptotically predictable. In the remainder of the paper we approach
this movement from the side of Cauchy’s integral transformations: the passage from the
algebra of identities toward the discipline of estimates described in § 1.
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Table 1 Other Laplacean problems with analytic-combinatorial flavor.

Problem Exact form Analytic nature Modern treatment
Dice sums 2°](z+---+2™)" Polynomial coefficients; Saddle-point analysis of
central-term approximation [2°]®(z)"
Binomial tails ) (:L) p"(l—p)"~" Gaussian integral with cor- CLT, local limits, large de-
asr<b rection terms viations

Coincidences D, =n! ﬂ Truncated exponential Poisson approximation,
0=jsn series EGFs, derangements

Problem of (“Jr;*l)p“(l—p)j Binomial tail approximation Ballot enumeration, hit-

points 0=j<b ting probabilities

Duration of Difference equations for Trigonometric or analytic Spectral asymptotics, hit-

play absorbing walks solution; long-time estimate ting times

Multinomial  [z7%---20"](21 + -+ + Dominant-term extraction Multivariate saddle points

urns Zm) Y from multivariate sums

8 Cauchy: the counter-revolutionary revolutionary of analysis

Augustin-Louis Cauchy (1789-1857) was born in Paris on 21 August 1789, only weeks after
the beginning of the French Revolution. His family soon moved to Arcueil during the
revolutionary crisis. Under the Empire he was trained at the Ecole polytechnique and the
Ecole des Ponts et Chaussées, and in 1810 he went to Cherbourg as an engineer on Napoleon’s
port works. The Bourbon Restoration opened his academic career: he became a professor at
the Ecole polytechnique and entered the Académie des sciences in 1816. The July Revolution
of 1830 then changed his life decisively: as a committed legitimist he refused the oath to
Louis-Philippe, left France, taught in Turin, and later followed the exiled Bourbon court to
Prague. He returned to Paris in 1838, but his official university position remained nominal
until after the Revolution of 1848. Thus the revolutions of 1789, 1830, and 1848 repeatedly
reshaped the institutional conditions of his mathematics [1].

This biography makes Cauchy a natural foil to Laplace. Personally and politically he

was counter-revolutionary: a devout Catholic, a legitimist, an opponent of the July regime.

Mathematically he was revolutionary in a precise sense: he changed the standards by which
analytic operations were judged legitimate. Belhoste observes that Cauchy “justified the
requirement of rigor in mathematics by a philosophical and religious theory of knowledge” [1,
p. 215], a theory grounded in traditional Catholicism and unchanged throughout his scientific
life. Where Laplace saw analysis as a “puissant instrument de découvertes,” Cauchy held that
“la recherche de la vérité doit étre le seul but de toute science” [1, p. 217]. The difference
is not merely rhetorical. For Laplace, formal operations were justified by their numerical
results; for Cauchy, they had to be secured by convergence, limits, and domains of validity
before the results could be trusted.

Cauchy’s Cours d’analyse of 1821 [6], written for the Ecole polytechnique, placed limits,
continuity, convergence, and proof at the center of the teaching of analysis. It did not
yet contain the fully modern Weierstrassian formalism, but it moved analysis toward what
Grabiner called an “algebra of inequalities” [20]. Cauchy’s use of € and ¢ in the 1820s
anticipates the later idiom of modern analysis, even though the completed e-§ formalism
belongs to the later nineteenth century [20, 21].

For the present story, Cauchy’s decisive contribution is the new analytic environment
he created. Laplace’s asymptotic analysis was based on real integrals and saddle-point
expansions. Cauchy introduced complex functions, singularities, residues, and a sharpened
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concern with analytic legitimacy [4, 22]. This matters both for the narrow modern theory
of generating functions and for the broader analytic-combinatorial frame: once a finite
problem has been encoded analytically, one must ask where the representation is valid, what
its singular or exceptional cases are, and how its asymptotic use is justified. His private
publication vehicle, the Fzxercices de mathématiques, begun in 1826, is emblematic: before
the weekly Comptes rendus, Cauchy effectively created a one-author mathematical periodical
filled with his own notes, memoirs, and applications [1, 34]. Cauchy’s own exclamation,
“Signes. Formules. Théorémes m’assiégent du matin au soir!” [1, p. 214], captures the
pressure of mathematical production under which this output appeared. While Laplace
transformed finite expressions into real integrals, Cauchy transformed the rules by which
such transformations were controlled.

9 Cauchy’s primitive complex analysis of finite differences

Cauchy’s extensive memoir Mémoire sur diverses formules. .. was presented to the Académie
des sciences on 2 January 1815, but was not published until 1844 [8]. As Cauchy explains
in a footnote, the memoir had been cited several times: in the Fxercices de mathématiques
and the Journal de I’Ecole Polytechnique, but never actually printed; moreover, several of
its results still appeared capable of interesting geometers even after three decades. The
judgment remains sound: the memoir is a revealing document of complex analysis at its
embryonic stage, capturing methods and habits of thought in transition between the older
calculus of definite integrals and the emerging theory of complex functions.

The delayed publication grants the text a dual character. Conceived as an 1815 memoir,
it sits close to Laplace’s culture of real definite integrals and asymptotic approximation.
Published in 1844, it arrives after Cauchy had already established much of his mature theory
of limits, convergence, residues, and complex functions [1, 34].

The memoir is “primitive” only in its language, not in its ambition. The formal apparatus
of modern contours, residues, and singularities is not yet organized. Instead, Cauchy operates
with definite integrals, imaginary quantities, variable transformations, and exceptional cases:
a document of complex analysis in formation, emerging from the older integral calculus [5, 22].

Of the memoir’s three parts, the first concerns definite integrals evaluated via double
integration, particularly those that decompose into simple integrals in two distinct ways.

The second part, which relates integrals of the form fooo 22" F(2%) dx to weighted variants
1
x
the conversion of finite differences of powers into definite integrals [8]. Here, Cauchy returns

involving F((x — 1)?), does not bear directly on A¥s™. The third part is our primary focus:
to Laplace’s object (4), albeit with different notation. The core structural question remains
identical: how can an alternating finite sum be represented as a definite integral, and how
does this representation behave when the relative sizes of the exponent (n) and the order (k)
change?

It is here that the memoir positions itself on the lineage from Laplace to modern analytic
combinatorics. Laplace had previously converted finite differences into real integrals to extract
asymptotics via dominant points. Cauchy does not yet deploy the modern contour-integral
method, but he elevates the same problem into a broader language of definite integrals
involving imaginary quantities: essentially the analytic cycle of Figure 1, but with Laplace’s
real-integral saddle formulae replaced by a proto-complex apparatus.

One must not read Cauchy’s discussion retroactively through the lens of the modern
coefficient formula, 2-5" = [2"] e°%(e* — 1)*. While this identity is useful to a modern reader,

n!
it is not Cauchy’s starting point. His analysis is organized by the behavior of definite integrals.
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He provides neither modern singularity analysis nor a transfer theorem, but rather a theory
of analytic legitimacy: determining when an analytic representation is valid and how it must
be modified across different parameter ranges.

When the exponent n is smaller than the order k, Laplace’s formulae apply directly. In
certain limiting cases, an auxiliary constant within the integral representation can be set to
zero, yielding formulae containing sines and cosines but no exponentials. However, when n
exceeds k, this naive integral representation diverges. Cauchy’s remedy is to subtract a
suitable polynomial term so that the corrected integral becomes finite.

This subtraction procedure is historically significant: it operates as the finite-difference
analogue of finite-part regularization [8, 34]. Although Cauchy does not employ the later
terminology of analytic continuation, the underlying mechanism is visible. A formula valid in
one regime becomes meaningless in another due to divergence; it is repaired by subtracting
the beginning of an expansion. This same analytic pressure drives the surrounding theory
toward generalized Gamma integrals, sine factors, and continuation across singular ranges.

Cauchy’s treatment is also practical regarding parameter ranges. If n — k is small, the
subtraction method remains manageable. If n — k is large, the number of terms required
grows, rendering the formula unwieldy. Cauchy then introduces a second method utilizing
an arbitrary positive auxiliary constant, yielding integral formulae valid across all relative
positions of n and k. This reveals one of the most interesting features of the memoir: Cauchy
is studying how a formula must adapt when crossing analytic regimes.

Near the diagonal (n = k), the situation simplifies from a deep saddle-point problem to a
local one. The corresponding expansion essentially aligns with Laplace’s second formula (6);
notably, Cauchy’s later work in 1828 [7] obtains this type of expansion via a residue argument.
For integer powers, the range k > n is algebraically trivial (A*s™ = 0). However, Cauchy’s
integral representations transform this triviality into an analytically interesting phenomenon.
Once the exponent varies continuously as a real or complex quantity, the formulae no longer
reduce to a polynomial fact; instead, they generate sine factors, exceptional values, and finite-
part integrals: another junction where finite differences touch the later analytic continuation
of Gamma-type expressions.

The historical significance of the memoir lies in its intermediate position, a fact emphasized
in histories of complex function theory [34, 5]. Cauchy neither replaces Laplace’s real saddle-
point method with a fully modern complex method, nor deploys the later coefficient-contour
formalism. Rather, he reorganizes Laplace’s finite-difference problem within a broader theory
of definite integrals, imaginary quantities, singular cases, and parameter ranges. His analysis
of AFs™ is, in this precise sense, a primitive complex analysis of finite differences: not yet
modern complex function theory, but a decisive step from the algebra of identities toward
the discipline of estimates.

10 Conclusion

The history followed here is deliberately narrow: it centers on the finite-difference family
AFs™ the ordered Stirling numbers. Yet this single object opens onto a wide landscape: a
partial-occupancy count in de Moivre, a connection coefficient in Stirling, a set-partition
number in the Genjiko tradition, a quantity to be approximated in Laplace, and an object of
integral transformation and regularization in Cauchy.

Laplace is the central figure in this story. His analysis of A*s" is not a single estimate
but a range-sensitive scheme of real saddle-point expansions, precise enough to resolve a
lottery threshold at the level of individual drawings. Cauchy’s 1815 memoir then moves the
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same problem toward complex-analytic territory: not yet the fully formed theory of analytic
functions, but a primitive complex analysis of finite differences, singular cases, and finite-part
corrections.

In the modern theory of Flajolet and Sedgewick, this trajectory reaches its systematic

form: “If you can specify it, you can analyse it” [15, 16]. For Laplace and Cauchy the
operative principle was closer to: if you can integrate it, you can approximate it. The tools
differ, and so do the standards of rigor; but the underlying analytic-combinatorial impulse
is already visible. Long before the modern name and infrastructure existed, exact finite
problems were being transformed into analytic objects and read asymptotically.
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