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—— Abstract

We study a Gibbs partition model (composition scheme) under a new condition on the component

weights, leading to a previously unobserved regime for the number of components. We establish
a condensation phenomenon producing a unique giant component, and prove a Cox process limit
describing a sublinear power-law growth of sizes of non-maximal components. Our results are
motivated by applications to lattice paths and random walks, including simple random walks in the
cube, Delannoy paths, pairs of Dyck bridges, urn models and card guessing games.
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1 Introduction and main results

Combinatorial structures frequently decompose into smaller building blocks or components.
This phenomenon pervades combinatorics, probability theory and statistical mechanics,
specifically in the study of permutations, random walks, trees, graphs, mappings and many
other objects. An important direction of research is the formulation of a general theory for
studying the asymptotic component distribution, which can be applied to all the special
cases. Successful lines of research are partition models satisfying a conditioning relation [4, 8]
and the Gibbs partition model [30, 13], also called composition scheme in the combinatorial
literature [14].

In this work we study a novel regime for the Gibbs partition model, in which the weight
sequences satisfy growth assumptions (1) and (2) stated below. We determine limit laws
that govern the number and sizes of components. Specifically, the number of components
tends to infinity at a slowly varying order. A unique giant component that makes up almost
all the mass emerges, with the ith largest components for ¢ > 2 exhibiting sublinear power
law growth with exponents asymptotically and jointly governed by a Cox point process
? Niccold Bosio, Malﬁkus Kuba, and .Benedikt Stufler;

37 icensed under Creative Commons License CC-BY 4.0
37th International Conference on Probabilistic, Combinatorial and Asymptotic Methods for the Analysis of

Algorithms (AofA 2026).
Editor: Konstantinos Panagiotou; Article No. 10; pp. 10:1-10:12

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fir Informatik, Dagstuhl Publishing, Germany


mailto:niccolo.bosio@tuwien.ac.at
https://orcid.org/0009-0007-0739-8735
mailto:kuba@technikum-wien.at
https://orcid.org/0000-0001-7188-6601
mailto:benedikt.stufler@tuwien.ac.at
https://orcid.org/0000-0001-9162-2144
https://doi.org/10.4230/LIPIcs.AofA.2026.10
https://arxiv.org/abs/2411.03930
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

10:2

Gibbs Partitions and Lattice Paths

limit. This behaviour appears to be new in the literature on random partitions, such as
random multisets [29, 28, 27], Gibbs partitions [8, 15, 13, 31, 34, 32, 33] and composition
schemes [14, 5, 7].

Our results are motivated by applications to families of random walks in three dimensions.
In particular, we study a random walk on the cube from (n,n,n) to the origin with unit
steps, generalizing classical Dyck paths to dimension three. We show a transition from /n
returns to the diagonal in dimension two to log(n) in dimension three, with a new type of
limit law. Further applications include Delannoy paths in the cube, pairs of Dyck bridges,
colored lattice walks, urn models and card guessing games; these are treated in the journal
version of the present manuscript [10].

1.1 The Gibbs partition model

Let (wn)n>0 and (vk)r>0 be two sequences of nonnegative real numbers, the component
weights and component-count weights. We denote their generating functions by

Wi(z) = anz", Viz) = kazk.

n>0 k>0

The associated composition scheme is

k
U(z) =V(W(2) = > un2", un =Y vew®,  wl = > J[wn,.

n>0 k>1 ni+-+ng=ni=1
N1yeeeyNp>1

For n > 0 and k > 0 with w,gk) > 0, the Gibbs partition model is defined by

Uk H§=1 W,

Pn(n1,...,ng) = ”
n

We let (K71, ..., Ky, ) denote a random sequence following the P,-distribution. This way, N,
is the number of components. We let K () > K(3) > ... denote the ordered component sizes.

Standing assumptions. A function L is called slowly varying if L(cx)/L(z) — 1 as © — o0
for every constant ¢ > 0. The following conditions are assumed throughout.
1. The composition scheme V(W (z)) is critical.

2. Component weights: there exists a slowly varying function L,, and p,, > 0 such that
wn ~ Lu(m)n o™ Wi(pw) € 10,00 (1)
3. Component-count weights: for some a > —1 and a slowly varying function L,,
Vp ~ Ly(n)n® "W (py,) ™" (2)
Let X > 0 denote a random non-negative integer with probability generating function
E [2] = W(pw2)/W (pu). 3)

By Karamata’s theorem [23, Rem. 1.2.7], P(X > x) is slowly varying and L, (n) =
o(P(X > n)).
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1.2 Main results
Our first result describes the number of components.

» Theorem 1. Uniformly for all integers k = x/P (X > n) with = in a compact subset of
10, oo[ we have

P(N,=k)~P(X >n)z%exp(—z)/I'(a+ 1).
Furthermore,
N,P(X >n) -5 2
for a Gamma(« + 1, 1)-distributed random variable Z. For each ¢ > 1

g Tlg+a+1)

BN ~ P (X > )™ = s

Next, we turn to the component sizes. Define the “delete first maximum” operator
7t Ups1 N§ = Upso N, which removes the leftmost maximum coordinate. Let X1, Xo, ...
be independent copies of (X | X < n), independent of N,,.

» Theorem 2. We have

o (€0 K ) 0 ) — 0

Consequently, Kqy/n 241 and Ky = 0p(n).

Theorem 2 reveals condensation: a unique giant component captures almost all mass,
while the remaining components behave as independent copies of (X | X < n).

1.3 Point process limit

To determine the higher-order asymptotics of K ;) and the precise behavior of K ;) for i > 2,
we assume additionally:

P(X ¢
nl;ngo IP’((X>>7:1)) exists for all 0 < ¢ < 1. (4)
» Proposition 3.

1. (Equivalence) Assumption (4) holds if and only if there exists v > 0 with
P(X >nt)
lim ———~>=¢t"
oo P (X > n) 5)
forall0 <t < 1.
2. (Sufficient condition) If there is v > 0 and some slowly varying function L with

L(logn)

L, (T‘L) ~ T, (6)

log
then (5) holds with the same . In this case
_1 L(logn)

P(X ~ W (puw .
(X >n) (Pw) Tlog" n

3. (Partially necessary condition) If L, is eventually monotone and (5) holds with v > 0,
then (6) holds for some slowly varying function L.
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We remind that a Cox process directed by a random measure ZA is a point process
= such that, conditionally on Z, = is a Poisson point process with intensity measure ZA,
i.e. Z(A) | Z ~ Poisson(Z - A(A)) for every Borel set A, with counts on disjoint sets being
conditionally independent given Z. Condition (4) allows us to define a locally finite Borel
measure A on |0, 1] such that

A[a, b)) =a™ 7 = b7
forall0 <a<b<l1.

» Theorem 4. Suppose (4) holds. The point process 25\22 dros(x ;) LK (;y>1 converges vaguely
“log(n)

towards a Cox process on |0,1] directed by ZA for Z ~ Gamma(a + 1,1).
If v > 0, the limiting point process is simple with ranked points Y(5) > Y(3) > ...
Since N,, grows at a slowly varying scale by Theorem 1, we have 0 < n — Y ", Ky <

(Nn — m)K(n41) = 0p(K (). Using Skorokhod’s representation theorem, we may find a
probability space where the joint limits hold almost surely, yielding for each m > 2:

Kgy=n—Y n@t® K, =nYmtel),
1=2

Thus the largest component is 7 minus a sum of sublinear power-law corrections, and the
mth largest component has logarithmic order Y(,,)logn.

2  Applications

A random walk in the cube

We illustrate our results on a natural lattice-path model. Consider a random walk from
-1 0 0

(n,m,n) to the origin with unit steps ( 0 ) , (—()1) , ( o ), chosen uniformly at random from

the ( 3n ) possible paths; see Figure 1. Let N,, denote the number of returns to the space

n,n,n
diagonal = y = z. This model generalizes classical Dyck paths from (n,n) to (0,0), where

the expected number of returns to x = y grows as /n.

Figure 1 Two sample paths from (4, 4,4) to (0,0,0): the left path has two returns, the right path
has three returns to the diagonal.
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Every path from (n,n,n) to the origin decomposes uniquely into a sequence of arches:
maximal segments between consecutive diagonal visits. Let a, ; denote the number of
paths with exactly j returns and a,; the number of irreducible arches of size n. The arch
decomposition gives the symbolic equation P = SEQ(q.A), yielding the bivariate generating
function

Alz,q) = Z Zan,jqun = my (7)

n>0§>0

where Ay(2) =1—1/P(z) and P(2) =), <, (n?n) z". The structure (7) is precisely a com-
position scheme V(W (z)) with V(z) = 1/(1 — z) and W (z) = A;(z). Applying Theorems 1-4
with oo = 1 gives: the number of returns satisfies Nn/(%f logn) — Gamma(2,1); a single
giant arch absorbs a 1 — o(1) fraction of n; and the ranked non-maximal arch sizes follow the
Cox process limit of Theorem 4. This establishes the v/n — log(n) transition from dimension

two to dimension three.

Colored walks

In the following, we consider colored paths in the cube. Let r > 0 be an integer. An
r-coloured bridge is an r-tuple (By, ..., B,.) of (possibly empty) bridges B;. Each bridge itself
is a path from an upper corner (k, k, k), k € Np, to the origin. As a visual representation, we
think of them appended one after the other, B; is colored in color i, 1 < ¢ < r. Note that not
all colors need to be present. See Andrews [2] and [16, 18] for some combinatorial properties
of these walks, and links with multicompositions. We also refer to the recent works [6, 7] for
the appearance of colored walks in composition schemes. The bivariate generating function
Al"l(z,q) of the number of colored paths with r colors of length 3n from (n,n,n) to the
origin with exactly j returns to the diagonal is given by

1

A[r](z7 q) = 7(1 — qu(z))T’

with A;(2) =1— % and P(z) =3, .5 (,,>™ )z™. Thus, our results apply, with v = r

m,m,m
similarly to our previous example.

Card Guessing games

Card guessing games are of great interest and have been considered in the literature in many
articles, starting with the works of Diaconis [11] and Diaconis and Graham [12]; we refer the
reader to [21] for more pointers to the literature, in particular for applications to real world
problems. The card guessing game of our main focus can be described as follows. A deck of a
total of N cards is shuffled, and then the guesser is provided with the total number of cards
N, as well as the individual numbers of say hearts, diamonds, clubs and spades. After each
guess, the person guessing the cards is shown the drawn card, which is then removed from
the deck. This process is continued until no more cards are left. Assuming the guesser tries
to maximize the number of correct guesses, one is interested in the total number of correct
guesses. Of course, this card guessing procedure can be considered with an arbitrary number
m > 2 of different types of cards. The simplest case of m = 2 different types of cards, say,
colors red (hearts and diamonds) and black (clubs or spades), is now very well understood,
leading to connections to urn models, Dyck paths, hitting times in Brownian bridges [12], as
well as new phenomena in Analytic Combinatorics; see [21] for details.

10:5
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In the general setting of m different types, a main interest has been in deriving asymptotics
for the expectation of the total number of correct guesses [12, 17, 26]. Here, two different
settings have been treated in the literature so far. In the first setting, one starts with a
fixed number of cards m of different types and equally many cards n = ny, of each type k,
1 < k < m, as n tends to infinity. Second, one studies the case of m — oo and the individual
numbers of cards ny € N all equal and fixed, or bounded. It is highly desirable to shed more
light on the fundamental result of Diaconis and Graham for the expected value in the first
setting, mentioned before.

» Theorem 5 (Diaconis-Graham [12]). The ezpected value E[C,,, . ] of the number of correct
guesses satisfies for fired m € N, with m > 2 fized, and n — oo the expansion

where M = E[max{Ny,..., Nn}] and the random variables Ny are i.i.d. standard normal
distributed.

Except for the case m = 2, it is an open problem to derive the limit law of C), . ., or even raw
moments beyond the expectation. We look into the case of m = 3 and use a decomposition
of Cy, n,n into different random variables. Such decompositions have turned out to be very
fruitful in the two-color case. We use a link between our previous results for the returns to
the diagonal in the cube and the card guessing game to obtain more insight on C,, ,, ,,. The
idea is to decompose the correct guesses according to two aspects: the number of types of
cards being maximal in the deck when a correct guess occurs and the number of different
types still present in the deck.
3k
C(k 0)

n nn — n,n,n’
k=1 £=1
where Cn . n denotes the number of correct guesses with £ cards being maximal in the deck,
while k different types are still present. We refer the reader to [26] for more details of this
decomposition, as well as to [21] for a similar decomposition for two types of cards. Several

snnphﬁcatlons occur [21], and the main interest is into the random variable C’ngn?’)n, as well
as C’n ", n and Cn " n Our results will allow us to give a complete description of Cn?’n3 -

» Proposition 6 ([21]). The number of pure luck guesses C’ngng)n in a card gquessing game

with n cards of each of the three types is related to the number N, of returns to the diagonal
in a simple random walk in the cube:

CE3) | N, ~ Binomial (N,,, 1).

n,n,n

Now that we have a full characterization of the random variable N,, we can fully describe
also Cf?ngn

Connections and further applications

Via a natural bijection ®, the cube walk corresponds to Kreweras walks in Z? with steps
{(-1,0),(0,-1),(1,1)}; the diagonal returns become returns to the origin. Similarly, adding
a diagonal step (—1,—1,—1) gives Delannoy paths in the cube, which correspond to lazy
Kreweras walks and lead to the same type of composition scheme.

Our framework also applies to m-fold Dyck bridges (simultaneous returns of m independent
bridges), where the composition scheme is critical for m < 2 and subcritical for m > 3.
For m = 2, pairs of Dyck bridges are in bijection with diagonal walks in Z?; we obtain
Nn/(lo%) — Gamma(2, 1), correcting an error in [22].
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3 Proof ideas

All proofs are given in the journal version [10]. We outline the main ideas.

Number of components (Theorem 1)

The key identity is w,p?, = > 15, W (pw)*P(Sk = n), where Sy = X1 + -+ + Xj, is a sum
of i.i.d. copies of X. Since P(X =n) ~ Ly, (n)n~'/W(py) and P (X > n) is slowly varying,
results of Alexander and Berger [1] (extending [25, 24]) provide a local limit theorem for
sums of heavy-tailed random variables: uniformly for & with kL,,(n) — 0,

P(Sk =n) ~ kP(X =n)(1 - P (X > n))F, (8)
and there exists ¢ > 0 independent of n such that for all large enough n and k£ > 1
P (S, =n) < ckP(X =n)(1 —P(X >n)). (9)

To be precise, [1, Thm. 1.1] considers step-distributions that are almost surely positive and
hence states (9) for k& < n. However, we may write

min(k,n) j
P(Sp=n)= Y (?)P(X = 0)"P(X > 0)'P (ZX =n|X1,...,X; > 0) :
j=1 i=1

Applying [1, Thm. 1.1] to the sum of independent copies of (X | X > 0) and a quick
calculation then yields (9).
Now we want to study the asymptotic behaviour of w,, it is in fact possible to prove that

Un ~ pg"P(X = n)Ly(1/pn)p, " 'T(a+1).

The idea is that substituting k¥ = z/P (X > n) and using the growth condition (2), the
sum over k in the formula for u,, becomes a Riemann-sum approximation:

unply ~P(X =n) Y Ly(k)k*(1 = P(X > n))*
k

~ B(X = 1) L (1/pa) p®" / e da,
0

where p, = P (X > n). The Potter bounds [23] control the tails of the sum, completing the
asymptotic formula for u,,. We are now ready to prove Theorem 1. We have
k]P) —

Un Py

Writing k£ = z/P(X > n) with x restricted to a compact subset of ]0,00[ and using the
asymptotics above we get

P(N, =k) ~P(X >n)a®exp(—z)/T(a+1).
This local limit theorem implies

N, P(X >n) LN Gamma(a + 1,1).

10:7
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In order to verify convergence of all moments note that for all ¢ > 1 we can notice that for
some constants § > 0 and € > 0 with o — e > —1

supE | (NP (X > n))q+6] < / 2T max (2, 7€) exp(—x) dz < oco.
n>1 0

This completes the proof.
In order to verify convergence of all moments, fix ¢ > 1. Choose § > 0. We know that
there exist constants C' > 0 and € > 0 with &« — e > —1 such that

sup E[(N,P(X > n))?™] < C/ 2T max (2, 27 )e ™ dx < co.
n>1 0

Since N, P(X > n) = Z, where Z ~ I'(o + 1, 1), this higher moment bound implies uniform
integrability of (N,P(X > n))?. Therefore

E[(N,P(X > n))?] — E[Z9],
which proves convergence of all raw moments.

Condensation (Theorem 2)

Conditioned on {NV,, = k}, the Gibbs partition is equivalent to (X1,..., Xy | Sx =n). We
establish a big-jump principle for this conditional law: after removing the unique maximum,
the remaining & — 1 summands become approximately i.i.d. copies of (X | X < n). The proof
proceeds as follows. By Karamata’s theorem and the condition kL,,(n) — 0,

k—1
>
i=1

Hence the sum of the non-maximal terms is o(n) with high probability. By Markov’s inequality

E

Xi,..., X1 < n] ~ (k—1nLy(n)/W(pw) = o(n).

and Karamata’s theorem it follows that there exists a sequence of integers r, = o(n) such
that

k—1
P(inzrn Xl,...,Xk1§n> — 0. (10)
=1

Let

k-1
s:(sl,...,sk,l)ENk_l with Zsi =5 < T
i=1

Define
pr(8) == P(r(X1,...,Xk) =5 | Sk =n)
and
p<n(s) == P((Xy,...,Xk—1) =5 | X1,..., X1 <n).

By (10) it suffices to prove

p-(s) 0. (11)

-l ==

sup
8:5<ry,
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Note that, if 7(X1,...,Xx) = s and Sx = n, then the deleted coordinate must equal n — s,
and that the maximal value can occur at any of the k positions. Hence, for all sufficiently
large n and each s with > s; = s <1y,

k—1
P(r(X1,....Xz) =8, Sp=n) = (k—1) [HP(X:SZ-)} P(X=n—s).
i=1

Since P (Sy = n) is the normalising constant under the conditioning {S; = n},

P(r(X1,....X)=s, Sp=n) k[[[[IZ/P(X=s)] P(X=n—s)

pris) = P (Sy, = n) - P (S; = n)

On the other hand,

Lo P(X =s)
[P(x <n)]""

p<n<3) =

Hence, using (8) and s < r, = o(n)

pr(s) _ L P(X=n-s) ] E
pen(s) ~ " TP (Sh=n) [P(X <n)]
P(X:n—s)
R e
~1.

This verifies (11) and hence completes the proof. The result is lifted from the balls-in-boxes
model to the Gibbs partition by mixing over IV,,: Theorem 1 ensures that N,, is concentrated
at scales where the big-jump principle applies. Compare with [3, 20] for big-jump principles
in other settings.

Point process limit (Theorem 4)
By Theorem 2, it suffices to study the point process &, = Zf;l_l Olog(X:)/logn 1 %, >1 for 1.i.d.

X; ~ (X | X <n) and we start setting a deterministic k, ~ x/P (X > n). The regularity
condition (4) gives P (a < % < b) ~P(X >n)-A([a,b]), so each X; contributes to the
point process with probability of order P (X > n). Since there are k,, ~ «/P (X > n) terms,

the total expected number of points in any interval [a,b] C |0, 1] converges to zA([a, b]).
The Laplace functional of &, is computed explicitly using independence:

- kn—1
E [e_ f¢df"'} =E [elb(m)lﬁvl} — exp ( - 33/ (1 — e ¥®) A(dt)),
10,1]

which is the Laplace functional of a Poisson process with intensity zA; see [19, Lem. 3.1,
Thm. 4.11]. Mixing over N,, via Theorem 1 (uniformly for N,,P (X > n) in compact subsets of
10, 00[) promotes the Poisson process to a Cox process directed by ZA. In fact by Theorem 2
it again suffices to show convergence of the point process

N,—1
S = § 610g(}?i) 1X1>1'
i—1 log(n)

Let € > 0 be given. By Theorem 1 we may choose 0 < a < b sufficiently large such that
N,P(X >n) € [a,b] with probability larger than 1 — € for all sufficiently large n. For

AofA 2026
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each k in the interval P (X > n)~" [a,b] we write k = 23, /P (X > n) so that z;, € [a,b]. Let
¥ :]0,1] — Rx>o denote a bounded continuous function with compact support. By the
previous result we have

E [exp (— / b(t) dEn> ’Nn - k} ~ exp (-m /10,1](1 - exp(—¢(t)))A(dt))

where this asymptotic equivalence is uniform in k for xj restricted to [a,d]. It follows from
Theorem 1 that for some error term R,, satisfying |R,| < € for large enough n we have

E {exp </1/)(t) dEn)}
zj; exp(—zk)

=R, +o0(1)+ Z P(X >n) T+ exp (—a:k/] ](1 —exp(—19(1))) A(dt))
0,1

k:xy €[a,b]

=R,+0(1)+E {exp <Z/ (1 —exp(—v(t))) A(dt)> ,a< Z< b]
10,1]

=2R,+0o(1)+E |:exp <—Z/] ](1 —exp(—9(t))) A(dt))] .

Since € > 0 was arbitrary it follows that

E {exp ( /w) dEnﬂ ~E lexp (z/mu — exp(—(t))) A(dt))] .

By [19, Lem. 3.1, Thm. 4.11] the proof is complete.

Regularity condition (Proposition 3)
The characterization follows from the theory of regularly varying functions. If (4) holds,

then ¢(t) = lim % satisfies g(st) = g(s)g(t), and by [9, Thm. 1.1.9] we get g(t) =t
Since g decreases monotonically, we have v > 0. It is easy to see that (4) implies the same
limit when n grows along all real numbers (as opposed to the integers). This implies that
P(X > exp(y)) varies regularly at infinity with index —v. If L,, is eventually monotone, then

P(X > o)~ 3 Lulk)k™ /W(p)

k>exp(y)

[ e Wi as

xp(y)

- / Lu(exp(2))/W (pu) dz
Yy
as y — 00. By the monotone density theorem,
i
Lu(exp(y)) ~ W (pw)P (X > exp(y)) M

as y — oo. Hence L, (exp(y)) varies regularly at infinity with index —v — 1. In other words,
there exists a slowly varying function L with

L(log y)

Lolw) ~ gy



N. Bosio, M. Kuba, and B. Stufler

Conversely, if L, (y) ~

L(logy)

Toa™ o (y) 88 Y — 0 for some v > 0 and some slowly varying

function L, then by an elementary calculation and Karamata’s theorem

P

> L(logy)
()

(X > )~ Wpa) ! [

n  ylog

:W(pw)fl /100 LI(Z) dz

ogn 2117

_1 L(logn)

~ W (pu .
(Pw) Tlog' 1

This implies
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