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—— Abstract

We introduce classes of supergraphs and superpermutations with novel universal graphon and
permuton limiting objects whose construction involves the two-parameter Poisson-Dirichlet process
introduced by Pitman and Yor (1997). We demonstrate the universality of these limiting objects
through general invariance principles in a heavy-tailed regime and establish a comprehensive phase
diagram for the asymptotic shape of superstructures.
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1 Introduction

A recurring theme in modern probability is that seemingly unrelated discrete models admit
common universal limiting objects. Classic examples include invariance principles for partial
sums, leading to Brownian motion, and scaling limits for random trees, leading to the
Brownian continuum random tree introduced by Aldous [1]. In this paper we identify a new
family of universal limit objects that we call Poisson—Dirichlet graphons and permutons. We
show that they arise universally when large random graphs and permutations are assembled
by a composition (or substitution) mechanism in a heavy-tailed regime.

It is well known that many discrete structures admit decompositions into substructures.
Examples include graphs built from modules, permutations built from substitution blocks, or
trees built using grafting rules. Motivation for the mathematical study of these objects comes
from data structures in computer science. Efficient structures often organise information by
partitioning it into smaller parts and implementing rules to navigate between and within
these parts [22].

To formalise this systematically, we work with supergraphs and superpermutations: an
object is specified by a head (encoding inter-class relations) together with a family of
components (encoding intra-class relations), and we retain enough rooting information to
make the decomposition unique. For graphs, each component governs adjacency within its
vertex class, while the head governs adjacency between different classes. For permutations,
the component orders the elements inside a block, while the head permutation orders the
blocks relative to each other. We assign non-negative weights to the head and component
structures, and define a random superstructure of a given size n generated with probability
proportional to the product of these weights.

We view these objects through the lens of graph limits and permutation limits. The notion
of graph limits was developed in a series of papers, see [10, 11, 12, 13, 18, 23, 26, 24, 25, 27, 28].
Limiting objects, called graphons, are symmetric measurable functions W : [0, 1] — [0, 1].
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They encode asymptotic subgraph densities, and are strongly connected to the study of further
shape characteristic such as uniform spanning trees [19]. Limits of random permutations
are called permutons [21]. A permuton is a probability measure on the unit square [0, 1]?
with uniform marginal distributions. They serve to encode asymptotic pattern densities in
sequences of finite permutations.

Our focus is on a heavy-tailed regime in which randomly generated superstructures
typically exhibit a large number of macroscopic components. The limiting mass distribution
of component sizes is given by the two-parameter Poisson-Dirichlet point process introduced
by Pitman and Yor [30]. In this regime, novel universal limiting objects that we call
Poisson-Dirichlet graphons and permutons emerge. We describe their finite marginals using
a two-parameter Chinese restaurant process construction. We also provide an extensive
phase diagram of repellent regimes in which the asymptotic shape is dominated by the head
structure, or a single large component structure, or a mixture of the two. Detailed proofs of
all results are given in the journal version [34].

2 Convergence of random supergraphs

2.1 Supergraphs

A class C of labelled graphs is a collection of graphs that is closed under relabelling of vertices.
That is, if a graph belongs to the class C then so does any isomorphic copy of it. For any
non-negative integer n > 0 we let C,, C C denote the subset of all graphs with vertex set [n].
Suppose that

o.)g:C—)RZO

is a function satisfying we¢(C) = we(C') if C,C" € C are isomorphic. We say w¢ assigns to
each graph of C its weight. We let

Cnlw = Z we(C)
ceC,

denote the inventory of size n. The exponential generating series of the class C with weight
function we is defined as the power series

z
n!
n>1

We let pc denote its radius of convergence.
Given classes H and C of labelled graphs we may form the class

G=HoC

of all corresponding (two-dimensional) supergraphs obtained by taking a graph H from the
class ‘H and blowing up each vertex v of H by a graph C, from the class C. Vertices from
distinct components C,, and C,, for v # w are adjacent if and only if the vertices v and w are
adjacent in H. We keep the information on the “head” structure H, the underlying partition
of the final vertex set and the bijective correspondence of these classes to the vertices of H
as a rooting in order to ensure that the decomposition into components is always unique.

With ‘H and C equipped with weight functions wy, we, the wg weight of a supergraph
from G is defined as the product of the weight of its head-structure and the weights of its
components.
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We let G,, denote the random graph from the set G,, drawn with probability proportional
to its weight. Likewise, we define random graphs H,, from the set H,, and C,, from the set
Cy, each with probability proportional to their weights. Of course, we only consider integers
n for which the inventories are positive. Throughout, we set

Cn = 7|C;;|!wc and h, = 7|H:l‘!w“ )
Furthermore, we set C(2) = >, <, ¢p2" and H(z) = >, <4 hn2™.

We emphasize that the special case of uniform random graphs corresponds to setting all
weights equal to 1.

The classes ‘H and C may also be allowed to be classes of supergraphs, therefore giving

rise to supergraphs with a higher dimension.

2.2 Poisson-Dirichlet graphons in a dilute regime

The head structure and component structure of G,, may interact with each other in different
ways. We establish a regime where both the asymptotic shapes of C,, and H,, influence
the limiting shape of G,,, yielding a novel limiting objects governed by a two-parameter
Poisson-Dirichlet process.

In this subsection, we assume

pc>0 —and  py =C(pc) >0, (2.1)
as well as the following regularity conditions. We assume that there exist constants
0<a<l, -0 < <1 (2.2)

and slowly varying functions ¢3;, £¢ such that

Z crph ~ Le(n)yn=° and cnp = O(le(n)n="1) (2.3)
k>n

and
honply ~ Ly (n)n=P~L. (2.4)

Suppose that there exist random graphons W3, and W¢ such that
Ho -5 Wy and  C, -5 W (2.5)

as random graphons.

We define a novel random graphon Wg whose distribution depends on «, 5 (subject
to (2.2)), and the laws Ly = £(Wy) and Lec = £(W¢). The definition involves the two-
parameter Poisson-Dirichlet PD(«, #) process with parameters o and

0 := —ap. (2.6)

In order to stay consistent with parametrization of the Poisson-Dirichlet process, we use 6 as
parameter for the random graphon Wy instead of S.

» Definition 1 (Poisson-Dirichlet graphon). We let
Wg = Wep(a, 0, Ly, L)

denote the random graphon defined as follows.
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1. Generate random points (Vy)e>1 according to PD(«,0). Note that Vy > 0 for all £ > 1
and Yoy Ve =1. For all k >0 set s = Zle V.

2. Generate a family (Wi)i>1 of independent and identically distributed copies of the random
graphon We with law Le.

3. With Wy the random graphon with law Ly, generate G(oo, Wy) (independently from all
other considered random variables) and for alli,j > 1 with i # j set ¢;; =1 if i and j
are adjacent in G(oo, Wy), and g; j = 0 otherwise.

4. This allows us to define, for all i,j > 1, an open rectangle

Qi :]3i717$i[><]sj,1,sj[
of length V; and height V;. We set for all 0 < z,y < 1

Wi(z,y), ifi=j
Gij, ifiF]

5. On the measure zero set ([0,1] x [0,1]) \ U, ; Qi,; set Wg equal to zero.

Wo((1—x)si—1 + 54, (1 —y)sj—1 +ys;) = {

Given an integer k > 1, form the random graph G(k, Wg) on [k] by taking X,..., X}
uniform independent points on [0, 1] and let i, j € [k] with ¢ # j be adjacent conditionally
independent with probability Wg(X;, X;). This random finite graph admits the following
description involving a Chinese restaurant process with an («, ) seating plan.

» Lemma 2. For each k > 1, the random graph G(k,Wg) is distributed like the outcome of

the following procedure.

1. Run an («,0) Chinese restaurant process until step k. This results in a number r > 1 of
tables with ki, ..., k. customers. Customers are represented by integers from [k].

2. Sample an independent copy H of G(r,Wy).

3. For each 1 < i < r sample an independent copy C; of G(k;,We). (That is, the C; do
not share an underlying instance of the graphon We. Conditionally on r they are fully
independent.)

4. Customers u,v € k| that are seated at differing tables i,j € [r], i # j are declared adjacent
in a graph on [k] if and only if i and j are adjacent in the graph H.

5. For each 1 < ¢ <, let u;1 < ... <wuy, denote the customers at table i, and set u;
adjacent to u;, for x,y € [k;] if and only if x and y are adjacent in C;.

In the general setting considered here, the random graphon Wy is the limit of the random
graphs G,, as the number of vertices n tends to infinity.

» Theorem 3. Suppose that Conditions (2.1)—~(2.5) hold. Then
Gy~ Wep(a, —af, Ly, Le)

as random graphons.

The rough proof idea is to show that the maximal components of G,, scale at the order
of n, with precise fluctuations quantified by the ranked points of a («a, 8)-Poisson-Dirichlet
process. Furthermore, these macroscopic components make up all but a negligible part of
the mass. Hence if we sample k£ independent uniformly random vertices of G,,, then these
vertices fall into macroscopic components. The precise induced partition of the & vertices is
asymptotically distributed like the table distribution of an («, §) Chinese restaurant process.
In the limit, a single instance of the random graphon limit Wy, of the head structure of G,
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governs the adjacency relation between vertices belonging to different partition classes. Each
of the finitely many macroscopic components containing some of the k sampled vertices has
an adjacency structure that in the limit is governed by an independent copy of the graphon
limit We.

2.3 Repellent regimes

The preceding section describes a dilute regime where the asymptotic shapes of the head
structure and component structures combine to a new limit object. There exist other regimes
where instead the head structures or component structures dominate, or the limit is a mixture
of the two limiting shapes.

2.3.1 Dense regime

We describe a regime where the head structure dominates. Suppose that py > 0 and

hn = by (n)n~py"

for a slowly varying function Ly and an exponent b > 1. Furthermore suppose that one of
the following cases holds.
i) We have py = C(pc) and

—a —n

cn =Le(n)n™"pg

for a slowly varying function f¢ and an exponent a > 2, such that 1 <b < a,orb=a
and f¢(n) = o(ly(n)).
ii) We have py < C(pc) and ged{n >0|¢, >0} = 1.
Furthermore, assume that

H, -5 Wy

for a random graphon Wy,.
Under these assumptions, the graphon limit of G,, is identical to the graphon limit of the
head structure:

» Theorem 4. Under the preceding assumptions, we have G, N Wy as n — oo.

The main proof idea is to show that for any finite number of uniformly random independent
vertices of G,, fall are likely to fall into distinct components, and hence the adjacency structure
in the limit is governed by the asymptotic shape of the head structure.

2.3.2 Condensation regimes

We describe a regime where a giant component dominates. We assume that there exists a
random graphon W¢ such that

C, L

as graphons. There are three subcases:

AofA 2026
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Convergent case. The convergent regime assumes that 0 < H'(C(pc)) < oo and any of the
following conditions hold.

i) We have py = C(pc) and
hp = by (n)n=p3" and cn =Le(n)n™"pc"

for slowly varying functions ¢3; and ¢¢, an exponent b > 2, and an exponent a such that
either 1 < a < b, or a = b and £y (n) = o(lc(n)).
ii) We have oo > py > C(pc) and

Cn

1
—pc >0 and — cici = 2C(pe) < o
— — 2 e = 2pe)

i+j=n
as n — oo. (Note that the last two limits are automatically satisfied in case ¢, =
Le(n)n~%pe" with @ > 1 constant, {¢ slowly varying, and pc > 0.)

i) We have >, < hiph k11979 < 0o and ¢, = le(n)n~%p;" for a > 1, § > 0 constants and
l¢ a slowly varying function.

iv) We have ¢, ~ cen™%p;" for constants a > 1, c¢c > 0, and additionally one of the
following conditions hold.
a) Y uso heph kT < oo,
b) 1<a<2.
c) a=2and -, hypk k(log k)*+° < oo for some & > 0.
d) 2 <a < 3and h,p}, =o(n™?).
e) a =3 and h,p}, = o(1/(nloglogn)).

These conditions originate from the study of randomly stopped sums [5] and composition
schemes with subexponential densities [15, 16].

Superexponential case. In this regime we assume py €]0, 00| and pc = 0. Furthermore,
assume that for any k£ > 2 we have

Z Ciy " Ciy, = O(Cn—(k—l))-

1<iq,...ip<n—(k—1)

A sufficient condition for this equation is given [31, Lem. 6.17]. We furthermore assume that
¢; > 0 for all large enough integers .

Mesocondensation case. In this regime, we assume py; = C(pc) and
hy, = by (n)n b p3" and en = Le(n)ntpg"
for slowly varying functions ¢4 and ¢¢, and an exponent b > —2.

» Theorem 5. In any of the three preceding cases, we have Gy, 4, We as n — oo.

The main idea is to verify that there exists a single giant component in G,, that takes
up all but a negligible part of the mass. Thus, and finite number of uniformly random
independent vertices of G,, are likely to fall into the giant component. This means that their
adjacency is asymptotically governed by the asymptotic shape of a single component.
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2.3.3 Mixture regime

We describe a mixture regime, in which the limit of G,, is a mixture of the limits of large
head structures and large components.
Suppose that py; = C(pc). Furthermore, suppose that

hyn = €y (n)n™"py" and cn =Le(n)n™""pc"
for slowly varying functions ¢4, ¢ and a constant a > 2. Let

p="Clpe) ™" Y nenpl.

n>1

Suppose that the limit

o M ()
P B 3 Cpe)) teln)

exists and is positive. Suppose that there exist random graphons Wy and W¢ with

H, %Wy and C,-Lwg

as graphons.

» Theorem 6. Under the preceding assumptions, we have 0 < p <1 and
Gy —5 BWy + (1 — B)We

with B denoting an independent Bernoulli(p) random variable.

The idea is to show that with a positive limiting probability the random graph G,, behaves
as in the dense regime, and on the complementary event it behaves asymptotically as in the
convergent regime.

2.4 Multidimensional super cographs with a prototype

The class O of cographs (short for complement reducible graphs) may be characterized as
the smallest class of finite simple graphs that contains the graph with one vertex and is
closed under taking graph complements and forming finite disjoint unions. Let O,, denote
the uniform random cograph on a given n-element vertex set. By [32, Thm. 1], there exists
a random graphon Wpyownian such that

On i> WBrownian . (27>

An independent proof of this convergence is given by [3]. The random graphon Wgyownian iS
called the Brownian graphon, as it may be constructed from a Brownian excursion.

We set O7 = O to the class of cographs, and for each d > 2 we let Oy denote the class
of supergraphs with head structures from O and component structures from the class of
ordered pairs of a marked vertex and a graph from O4_1 (with no edges between the marked
vertex and its corresponding graph from O4_1). Throughout this subsection we consider
unweighted graphs (equivalently, each graph receives weight 1). This way,

Ou(z) = 0(204-1(2)).

The marked vertices in the components from a “prototype” with the adjacency relation inher-
ited precisely from the head structure. We call graphs from Q4 d-dimensional complementary
reducible graphs with a prototype.

11:7
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» Lemma 7. For each integer d > 2 we have

27(1

[2"104(z) ~ T —5may N7 R

with po = 2log(2) — 1 and O4(po) = 1.

Let O,, 4 denote the uniform random n-vertex d-dimensional complementary reducible
graphs with a prototype. Let Lprownian = £(Whrownian) denote the law of the Brownian
graphon.

» Theorem 8. Let d > 2 denote an integer. As n — oo,
On,d i> W(d) = WPD(27(d71)7 _27d7 LBrowniana Ldfl)

as random graphons. Here we set L1 = Lprownian, and recursively Lg_1 = S(W(d’l)) the law
of the limit for d — 1.

To keep the notation consistent, we set w = WhBrownian- LThe limit object in Theorem 8
admits an alternative parametrization via Pitman’s coagulation-fragmentation duality:

» Proposition 9. As random graphons,
W(d) g WPD(l/Q, _27(1, Ldfla LBrownian)~

The main idea is to use Pitman’s coagulation-fragmentation duality.

2.5 Weighted super-cographs

Given a fixed constant ¢ > 0 we may consider two-dimensional super-cographs where each
component receives weight g. That is, we consider the class O‘? = H o C where H = © with
the trivial weighting that assigns weight 1 to each graph, and C = O with the weighting that
assigns weight ¢ to each graph. The weight of a graph from O{? is hence ¢ raised to the
number of components, or equivalently, the size of the head-structure. Thus

0'(z) = 0(q0(2))-
We let Oﬁlq> be drawn from (’)flq> with probability proportional to its weight.

» Corollary 10. As n — oo,

O<q> i) WBrownian7 q 7é 2 10g(2) -1
" w®), q=2log(2) — 1.

as random graphons.

The idea is that outside of the critical value, the random graph is either in the dense or
the condensation regime. At the critical value, it is in the dilute regime.
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3 Convergence of superpermutations

3.1 Superpermutations

We may represent any permutation § € Sy by a diagram of ¢ unit squares [i — 1,] x [0(i) —
1,0()],i=1,...,£. Let Q denote one of these squares. We may perform a blow-up of @ by
replacing it with the diagram of another permutation v € Sy, which shifts the squares above
Q@ further above and the squares to the right of @) further to the right to make room. This
results in a diagram that represents a permutation of size (¢ — 1) + k.

We may also perform this blow-up for all squares at the same time. Given permutations
v; € Sg,, 1 <1< ¥, ky,..., ke > 1, we may form a new permutation v, ..., € S, for
n =k + ...+ k¢ via the substitution operation, by blowing up the ith square of § with the
diagram of v; for all 1 <14 < /.

Analogously as for supergraphs, it will be convenient to refer to 6 as the head structure
and vy,...,1 as the components of the substitution.

It is easy to see that with e € S; the unique permutation of size 1, we may write
6 = 6Ole, ..., o] = ¢[f]. Thus, any permutation of size at least 2 may be represented in at
least two ways as a substitution. There may be even more ways, for example for the identity
permutation of size at least 3.

We define a (two-dimensional) superpermutation as a permutation obtained via the
substitution operation which keeps the information on the head structure and components.
This way, we may refer to the head and components of a superpermutation.

If we restrict the head-structure to belong to some subset H C S and the components
to some subset C C S, we thus form the class G = H o C of superpermutations with these
constraints. We deliberately use the same notation as for supergraphs to highlight the
analogy.

Given weight-functions wy : H — R>¢ and we : C = R>q, we may define the wg weight
of a superpermutation from G to be the product of the weights of its head structure and
components. We let 09, o7t and ¢ denote permutations of size n drawn from the respective
classes G, ‘H and C with probability proportional to their wg, wy and we weight. Of course,
this is only well-defined when at least one permutation of that size with positive weight
exists.

We set

Cn = Z we(v) and hn = Z wy (V).
veS,NC veS,NH
Furthermore, we set H(z) =Y <1 hnz™ and C(z) = >, <, cn2™.

The classes H and C may also be allowed to be classes of superpermutations, therefore
giving rise to superpermutations with a higher dimension. Whenever we don’t explicitly
specify a weight-function we refer to the weights that assign weight 1 to each element of the
class.

3.2 Poisson-Dirichlet permutons in a dilute regime

We introduce a class of random permutons governed by a two-parameter Poisson-Dirichlet
process and establish a dilute regime in which these occur as universal limiting objects of
random superpermutations.

Throughout this subsection we make the following assumptions:

pc >0 and pu =C(pec) > 0. (3.1)

11:9
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We assume that there exist constants
0<ax<l, —o< <1 (3.2)

and slowly varying functions ¢4, ¢¢c such that

Z crpl ~ Le(n)yn™ and capl = O(le(n)n=71) (3.3)
k>n

and
Bl ~ Ly (n)n P71, (3.4)

Suppose that there exist random permutons py and pe such that

ot s and o s e (3.5)

as random permutons.

We define a random permuton pg whose distribution depends on «, 8 (subject to (3.2)),
and the laws Ly, = £(uy) and Le = £(uc). The construction makes use of the two-parameter
Poisson-Dirichlet process with parameters o and

0 :=—ap. (3.6)

In order to stay consistent with parametrization of the Poisson-Dirichlet process, we use 6 as
parameter for the random permuton pg instead of 3.

» Definition 11 (Poisson-Dirichlet permuton). We let
tg = pep (e, 0, Ly, Le)

denote the random permuton defined as follows.

1. Let (Vi)¢>1 denote the points of a PD(«,0) process.

2. Let (u;)i>1 denote independent copies of the random permuton pc.

3. Generate independent samples (X;,Y;)i>1 of pu. (This means, we generate an instance of
the random permuton uy and use the same instance for generating the (X;,Y;),i=1,....)
Since py has uniform marginals, we have almost surely X; # X; and Y; # Y, for all

i .

4. Define the random cadlag functions

F(z) = ZVz‘]lxigz and Gy) = Z Vily,<y

i>1 i>1
with jumps V; = F(X;) — F(X;—) = G(Y;) — G(Y;—) at X; and Y;. Define
A (0,1 = 0,17, (2,9) = (F(Xi—) + Viz, G(Yi=) + Viy),
This way, A;([0, 1) = [F(X,—), F(X,)] X [G(Yi—), G(Y,)]. Define

pg =Y Viluio A7),

i>1

with ;0 A7 ' 2 B = pi(A;Y(B)) denoting the pushforward of ju; along A;, and Vi(u;0 A7)
denoting the product of V; and p; o Ai_l.
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Given a permuton p, we may take k > 1 independent p-samples, order them according to
their z-coordinate and consider the discrete permutation Perm(k, i) corresponding to the
order relation between their y-coordinates.

» Lemma 12. For each k > 1, the random permutation Perm(k, ug) is distributed like the

outcome of the following procedure.

1. Run an («,0) Chinese restaurant process until step k. This results in a number r > 1 of
tables with k1, ..., k, customers. Customers are represented by integers from [k].

2. Sample an independent copy v of Perm(r, ).

3. For each 1 <i <r sample an independent copy v; of Perm(k;, uc). (That is, let p; denote
an independent copy of pc and set v; to be the permutation induced from k; samples of
Hi-)

4. Return the substitution vlvy, ..., v].

In the general setting considered here, the random permuton pg is the distributional
limit of the random permutations o¥ as their size n tends to infinity.

» Theorem 13. Suppose that Conditions (3.1)—(3.5) hold. Then

d
0'5 —>/,LPD(04, _aﬁvL’Fb LC)

as random permutons.

3.3 Repellent regimes

In the dilute regime the asymptotic shapes of the head structure and component structures
combine into a new limit object. We describe a phase diagram for regimes where the limit
is with some probability identical to that of the head or identical to that of a single large
component instead.

3.3.1 Dense regime

In the dense regime the head structure dominates: Suppose that py > 0 and
By = Ly (n)n b p3"

for a slowly varying function ¢4 and an exponent b > 1. Furthermore suppose that one of
the following cases holds.
i) We have py = C(pc) and

—a,—n

cn =Le(n)n™p;

for a slowly varying function /¢ and an exponent a > 2, such that 1 <b <a,orb=a
and c(n) = o(ly(n)).
ii) We have py < C(pc) and ged{n >0 | ¢, >0} = 1.
Moreover, assume that

4 d
Op — HUH

for a random permuton gy .

» Theorem 14. Under the preceding assumptions, we have o< i),uy as n — 00.

11:11
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3.3.2 Condensation regimes

In the condensation regime a single giant component dominates: We assume that there exists
a random permuton y¢ such that

C

On

d
— lC.
There are three subcases:

Convergent case. The convergent regime assumes that 0 < H'(C(pc)) < oo and any of the
following conditions hold.

i) We have py; = C(pc) and

—a  —Nn

hy = Ly (n)n " p3" and en = Lle(n)n™p;

for slowly varying functions ¢3; and f¢, an exponent b > 2, and an exponent a such that
either 1 < a < b, or a = b and £y (n) = o(le(n)).
ii) We have oo > py > C(pc) and

Cn

1
—pc >0 and — cici — 2C(pe) < oo
P - > e (pc)

i+j=n
as n — o0o. (Note that the last two limits are automatically satisfied in case ¢, =
Le(n)n™%p;" with a > 1 constant, {¢ slowly varying, and pc > 0.)

iii) We have >, < hiph k1190 < 0o and ¢, = le(n)n=%p;" for a > 1, § > 0 constants and
¢ a slowly varying function.

iv) We have ¢, ~ cen™%p;" for constants a > 1, c¢c > 0, and additionally one of the
following conditions hold.
a) > s heph ke < oo,
b) 1<a<2
c) a=2and Y, hiphk(logk)?+° < oo for some § > 0.
d) 2 <a<3and h,p} = o(n™%).
e) a =3 and h,p}, = o(1/(n?loglogn)).

These conditions originate from the study of randomly stopped sums [5] and composition
schemes with subexponential densities [15, 16, 33].

Superexponential case. In this regime we assume py €]0, 00| and pc = 0. Furthermore,
assume that for any k£ > 2 we have

Z Ciy * Cify = 0(Cp—(k—-1))-
i1+...ix=n

1<iq,...ig <n—(k—1)

A sufficient condition for this equation is given [31, Lem. 6.17]. We furthermore assume that
¢; > 0 for all large enough integers 1.

Mesocondensation case. In this regime, we assume py = C(pc) and
By = Ly (n)n "t p3" and en = Le(n)n~tpg"
for slowly varying functions ¢4 and {¢, and an exponent b > —2.

» Theorem 15. In any of the three preceding cases, we have o9 i>,uc as n — o0o.
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3.3.3 Mixture regime

In the mixture regime the limit of ¢¢ is a mixture of the limits of large head structures and
large components.

Suppose that py; = C(pc). Furthermore, suppose that

Iy = Ly (n)n™"pg," and Cn =Le(n)n™"%pz"

for slowly varying functions ¢4, f¢ and a constant a > 2. Let

p=_Clpe)™ "> nenp.

n>1

Suppose that the limit

a—1
pie lim ly(n)

n—00 W éC(n) -0

exists and is positive. Suppose that there exist random permutons py; and pe with
ot <, o and ol N He-
» Theorem 16. Under the preceding assumptions, we have 0 < p < 1 and
g d
0n — By + (1 — B)uc

with B denoting an independent Bernoulli(p) random variable.

3.4 Multidimensional separable superpermutations with splits

The class P of separable permutations is known as the class of all permutations avoiding
the patterns 2413 and 3142. Alternatively, it is the smallest class of all permutations that is
closed under taking substitutions of one member with another and contains all permutations
from the symmetric groups S; and Sy [14].

The uniform random separable permutation o of size n satisfies

d
O-ZLD — UBrownian (37)

for some random permuton fiBrownian. This was shown in [4]. An alternative argument based

on Aldous’ local limit theorem [2, Lem. 26] for random subtrees in random trees is given in [7].

The random permuton pprownian is called the Brownian (separable) permuton, as it may
be constructed from a Brownian excursion [29]. Further notable universal limiting objects
include the Baxter permuton [8], the Brownian skew permuton [6], square permutons [9], the
recursive separable permuton [17], and the anti-diagonal [20].

We set P; = P to the class of separable permutations. For each d > 2 we let Py denote
the class of superpermutations with head structures in P and component structures from
the class of ordered pairs (P, P') of superpermutations from P4_;. The ordered pair (P, P’)
is identified with a superpermutation via the substitution ids[P, P’], with idy € Sy denoting
the identity permutation of size 2. This way,

Pa(z) = P(Pa-1(2)*).

Due to the “split” of the components into two parts we refer to P, as the class of d-dimensional
separable superpermutations with splits.

11:13
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» Lemma 17. For each integer d > 2 we have

3/2—d—5/2%+1
2%/ / —1-2"4 _n

[2"]Pa(z) ~ (\/5 - l)wn Pp

with pp = 3 — 2v/2 and Py(pp)? = pp.

We let 0, 4 denote the uniform random n-sized d-dimensional separable superpermutation
with splits. Let Lprownian = £(UBrownian) denote the law of the Brownian (separable)
permuton.

» Theorem 18. Let d > 2 denote an integer. As n — oo,
d —(d— _
On,d — ,U/(d) = /J/PD(2 (d 1)7 -2 d7 LBrownian, Ldfl)

as random permutons. Here we set L1 = Lprownian, and recursively Lg_1 = Q(M(d_l)) the
law of the limit for d — 1.

We set u(l) = UBrownian tO keep the notation consistent. The random permuton in
Theorem 18 admits an alternative parametrization:

» Proposition 19. As random permutons,
d _
N(d) = HPD(1/27 —2 d7 Ld—la LBrownian)~

3.5 Weighted separable superpermutations

Given a parameter ¢ > 0 we consider two-dimensional separable superpermutations where
each component receives weight ¢. That is, we consider the class P{? = # o C where H = P
with the trivial weighting that assigns weight 1 to each permutation, and C = P with the
weighting that assigns weight ¢ to each permutation. Hence the weight of a permutation
from P{? equals ¢ raised to the number of components, or equivalently, the size of the
head-structure. Hence

Pl (2) = P(qP(2)).

Let af{” be drawn from all superpermutations of size n in (9 with probability proportional
to its weight.

» Corollary 20. As n — oo,

(q) d U Brownian s q 7é \/Q -1
oy — 9
p®, g=v2-1

as random permutons.
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