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Abstract
We introduce classes of supergraphs and superpermutations with novel universal graphon and
permuton limiting objects whose construction involves the two-parameter Poisson-Dirichlet process
introduced by Pitman and Yor (1997). We demonstrate the universality of these limiting objects
through general invariance principles in a heavy-tailed regime and establish a comprehensive phase
diagram for the asymptotic shape of superstructures.
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1 Introduction

A recurring theme in modern probability is that seemingly unrelated discrete models admit
common universal limiting objects. Classic examples include invariance principles for partial
sums, leading to Brownian motion, and scaling limits for random trees, leading to the
Brownian continuum random tree introduced by Aldous [1]. In this paper we identify a new
family of universal limit objects that we call Poisson–Dirichlet graphons and permutons. We
show that they arise universally when large random graphs and permutations are assembled
by a composition (or substitution) mechanism in a heavy-tailed regime.

It is well known that many discrete structures admit decompositions into substructures.
Examples include graphs built from modules, permutations built from substitution blocks, or
trees built using grafting rules. Motivation for the mathematical study of these objects comes
from data structures in computer science. Efficient structures often organise information by
partitioning it into smaller parts and implementing rules to navigate between and within
these parts [22].

To formalise this systematically, we work with supergraphs and superpermutations: an
object is specified by a head (encoding inter-class relations) together with a family of
components (encoding intra-class relations), and we retain enough rooting information to
make the decomposition unique. For graphs, each component governs adjacency within its
vertex class, while the head governs adjacency between different classes. For permutations,
the component orders the elements inside a block, while the head permutation orders the
blocks relative to each other. We assign non-negative weights to the head and component
structures, and define a random superstructure of a given size n generated with probability
proportional to the product of these weights.

We view these objects through the lens of graph limits and permutation limits. The notion
of graph limits was developed in a series of papers, see [10, 11, 12, 13, 18, 23, 26, 24, 25, 27, 28].
Limiting objects, called graphons, are symmetric measurable functions W : [0, 1]2 → [0, 1].
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11:2 Poisson-Dirichlet Graphons and Permutons

They encode asymptotic subgraph densities, and are strongly connected to the study of further
shape characteristic such as uniform spanning trees [19]. Limits of random permutations
are called permutons [21]. A permuton is a probability measure on the unit square [0, 1]2
with uniform marginal distributions. They serve to encode asymptotic pattern densities in
sequences of finite permutations.

Our focus is on a heavy-tailed regime in which randomly generated superstructures
typically exhibit a large number of macroscopic components. The limiting mass distribution
of component sizes is given by the two-parameter Poisson-Dirichlet point process introduced
by Pitman and Yor [30]. In this regime, novel universal limiting objects that we call
Poisson-Dirichlet graphons and permutons emerge. We describe their finite marginals using
a two-parameter Chinese restaurant process construction. We also provide an extensive
phase diagram of repellent regimes in which the asymptotic shape is dominated by the head
structure, or a single large component structure, or a mixture of the two. Detailed proofs of
all results are given in the journal version [34].

2 Convergence of random supergraphs

2.1 Supergraphs
A class C of labelled graphs is a collection of graphs that is closed under relabelling of vertices.
That is, if a graph belongs to the class C then so does any isomorphic copy of it. For any
non-negative integer n ≥ 0 we let Cn ⊂ C denote the subset of all graphs with vertex set [n].
Suppose that

ωC : C → R≥0

is a function satisfying ωC(C) = ωC(C ′) if C, C ′ ∈ C are isomorphic. We say ωC assigns to
each graph of C its weight. We let

|Cn|ω =
∑

C∈Cn

ωC(C)

denote the inventory of size n. The exponential generating series of the class C with weight
function ωC is defined as the power series

C(z) =
∑
n≥1

|Cn|ωC

n! zn.

We let ρC denote its radius of convergence.
Given classes H and C of labelled graphs we may form the class

G = H ◦ C

of all corresponding (two-dimensional) supergraphs obtained by taking a graph H from the
class H and blowing up each vertex v of H by a graph Cv from the class C. Vertices from
distinct components Cv and Cw for v ≠ w are adjacent if and only if the vertices v and w are
adjacent in H. We keep the information on the “head” structure H, the underlying partition
of the final vertex set and the bijective correspondence of these classes to the vertices of H

as a rooting in order to ensure that the decomposition into components is always unique.
With H and C equipped with weight functions ωH, ωC, the ωG weight of a supergraph

from G is defined as the product of the weight of its head-structure and the weights of its
components.
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We let Gn denote the random graph from the set Gn drawn with probability proportional
to its weight. Likewise, we define random graphs Hn from the set Hn and Cn from the set
Cn, each with probability proportional to their weights. Of course, we only consider integers
n for which the inventories are positive. Throughout, we set

cn = |Cn|ωC

n! and hn = |Hn|ωH

n! .

Furthermore, we set C(z) =
∑

n≥1 cnzn and H(z) =
∑

n≥1 hnzn.
We emphasize that the special case of uniform random graphs corresponds to setting all

weights equal to 1.
The classes H and C may also be allowed to be classes of supergraphs, therefore giving

rise to supergraphs with a higher dimension.

2.2 Poisson-Dirichlet graphons in a dilute regime
The head structure and component structure of Gn may interact with each other in different
ways. We establish a regime where both the asymptotic shapes of Cn and Hn influence
the limiting shape of Gn, yielding a novel limiting objects governed by a two-parameter
Poisson-Dirichlet process.

In this subsection, we assume

ρC > 0 and ρH = C(ρC) > 0, (2.1)

as well as the following regularity conditions. We assume that there exist constants

0 < α < 1, −∞ < β < 1 (2.2)

and slowly varying functions ℓH, ℓC such that∑
k>n

ckρk
C ∼ ℓC(n)n−α and cnρn

C = O(ℓC(n)n−α−1) (2.3)

and

hnρn
H ∼ ℓH(n)n−β−1. (2.4)

Suppose that there exist random graphons WH and WC such that

Hn
d−→ WH and Cn

d−→ WC (2.5)

as random graphons.
We define a novel random graphon WG whose distribution depends on α, β (subject

to (2.2)), and the laws LH = L(WH) and LC = L(WC). The definition involves the two-
parameter Poisson-Dirichlet PD(α, θ) process with parameters α and

θ := −αβ. (2.6)

In order to stay consistent with parametrization of the Poisson-Dirichlet process, we use θ as
parameter for the random graphon WG instead of β.

▶ Definition 1 (Poisson-Dirichlet graphon). We let

WG = WPD(α, θ, LH, LC)

denote the random graphon defined as follows.

AofA 2026



11:4 Poisson-Dirichlet Graphons and Permutons

1. Generate random points (Vℓ)ℓ≥1 according to PD(α, θ). Note that Vℓ > 0 for all ℓ ≥ 1
and

∑
ℓ≥1 Vℓ = 1. For all k ≥ 0 set sk =

∑k
i=1 Vi.

2. Generate a family (Wi)i≥1 of independent and identically distributed copies of the random
graphon WC with law LC.

3. With WH the random graphon with law LH, generate G(∞, WH) (independently from all
other considered random variables) and for all i, j ≥ 1 with i ̸= j set qi,j = 1 if i and j

are adjacent in G(∞, WH), and qi,j = 0 otherwise.
4. This allows us to define, for all i, j ≥ 1, an open rectangle

Qi,j =]si−1, si[×]sj−1, sj [

of length Vi and height Vj. We set for all 0 < x, y < 1

WG((1 − x)si−1 + xsi, (1 − y)sj−1 + ysj) =
{

Wi(x, y), if i = j

qi,j , if i ̸= j.

5. On the measure zero set ([0, 1] × [0, 1]) \
⋃

i,j Qi,j set WG equal to zero.

Given an integer k ≥ 1, form the random graph G(k, WG) on [k] by taking X1, . . . , Xk

uniform independent points on [0, 1] and let i, j ∈ [k] with i ̸= j be adjacent conditionally
independent with probability WG(Xi, Xj). This random finite graph admits the following
description involving a Chinese restaurant process with an (α, θ) seating plan.

▶ Lemma 2. For each k ≥ 1, the random graph G(k, WG) is distributed like the outcome of
the following procedure.
1. Run an (α, θ) Chinese restaurant process until step k. This results in a number r ≥ 1 of

tables with k1, . . . , kr customers. Customers are represented by integers from [k].
2. Sample an independent copy H of G(r, WH).
3. For each 1 ≤ i ≤ r sample an independent copy Ci of G(ki, WC). (That is, the Ci do

not share an underlying instance of the graphon WC. Conditionally on r they are fully
independent.)

4. Customers u, v ∈ [k] that are seated at differing tables i, j ∈ [r], i ≠ j are declared adjacent
in a graph on [k] if and only if i and j are adjacent in the graph H.

5. For each 1 ≤ i ≤ r, let ui,1 < . . . < ui,ki denote the customers at table i, and set ui,x

adjacent to ui,y for x, y ∈ [ki] if and only if x and y are adjacent in Ci.

In the general setting considered here, the random graphon WG is the limit of the random
graphs Gn as the number of vertices n tends to infinity.

▶ Theorem 3. Suppose that Conditions (2.1)–(2.5) hold. Then

Gn
d−→ WPD(α, −αβ, LH, LC)

as random graphons.

The rough proof idea is to show that the maximal components of Gn scale at the order
of n, with precise fluctuations quantified by the ranked points of a (α, β)-Poisson-Dirichlet
process. Furthermore, these macroscopic components make up all but a negligible part of
the mass. Hence if we sample k independent uniformly random vertices of Gn, then these
vertices fall into macroscopic components. The precise induced partition of the k vertices is
asymptotically distributed like the table distribution of an (α, β) Chinese restaurant process.
In the limit, a single instance of the random graphon limit WH of the head structure of Gn
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governs the adjacency relation between vertices belonging to different partition classes. Each
of the finitely many macroscopic components containing some of the k sampled vertices has
an adjacency structure that in the limit is governed by an independent copy of the graphon
limit WC .

2.3 Repellent regimes

The preceding section describes a dilute regime where the asymptotic shapes of the head
structure and component structures combine to a new limit object. There exist other regimes
where instead the head structures or component structures dominate, or the limit is a mixture
of the two limiting shapes.

2.3.1 Dense regime

We describe a regime where the head structure dominates. Suppose that ρH > 0 and

hn = ℓH(n)n−bρ−n
H

for a slowly varying function LH and an exponent b > 1. Furthermore suppose that one of
the following cases holds.

i) We have ρH = C(ρC) and

cn = ℓC(n)n−aρ−n
C

for a slowly varying function ℓC and an exponent a > 2, such that 1 < b < a, or b = a

and ℓC(n) = o(ℓH(n)).
ii) We have ρH < C(ρC) and gcd{n ≥ 0 | cn > 0} = 1.

Furthermore, assume that

Hn
d−→ WH

for a random graphon WH.
Under these assumptions, the graphon limit of Gn is identical to the graphon limit of the

head structure:

▶ Theorem 4. Under the preceding assumptions, we have Gn
d−→ WH as n → ∞.

The main proof idea is to show that for any finite number of uniformly random independent
vertices of Gn fall are likely to fall into distinct components, and hence the adjacency structure
in the limit is governed by the asymptotic shape of the head structure.

2.3.2 Condensation regimes

We describe a regime where a giant component dominates. We assume that there exists a
random graphon WC such that

Cn
d−→ WC

as graphons. There are three subcases:

AofA 2026
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Convergent case. The convergent regime assumes that 0 < H′(C(ρC)) < ∞ and any of the
following conditions hold.

i) We have ρH = C(ρC) and

hn = ℓH(n)n−bρ−n
H and cn = ℓC(n)n−aρ−n

C

for slowly varying functions ℓH and ℓC , an exponent b > 2, and an exponent a such that
either 1 < a < b, or a = b and ℓH(n) = o(ℓC(n)).

ii) We have ∞ ≥ ρH > C(ρC) and

cn

cn+1
→ ρC > 0 and 1

cn

∑
i+j=n

cicj → 2C(ρC) < ∞

as n → ∞. (Note that the last two limits are automatically satisfied in case cn =
ℓC(n)n−aρ−n

C with a > 1 constant, ℓC slowly varying, and ρC > 0.)
iii) We have

∑
k≥0 hkρk

Hk1+a+δ < ∞ and cn = ℓC(n)n−aρ−n
C for a > 1, δ > 0 constants and

ℓC a slowly varying function.
iv) We have cn ∼ cCn−aρ−n

C for constants a > 1, cC > 0, and additionally one of the
following conditions hold.
a)

∑
k≥0 hkρk

Hk1+a < ∞.
b) 1 < a < 2.
c) a = 2 and

∑
k≥0 hkρk

Hk(log k)2+δ < ∞ for some δ > 0.
d) 2 < a < 3 and hnρn

H = o(n−a).
e) a = 3 and hnρn

H = o(1/(n3 log log n)).

These conditions originate from the study of randomly stopped sums [5] and composition
schemes with subexponential densities [15, 16].

Superexponential case. In this regime we assume ρH ∈]0, ∞] and ρC = 0. Furthermore,
assume that for any k ≥ 2 we have∑

i1+...ik=n
1≤i1,...ik<n−(k−1)

ci1 · · · cik
= o(cn−(k−1)).

A sufficient condition for this equation is given [31, Lem. 6.17]. We furthermore assume that
ci > 0 for all large enough integers i.

Mesocondensation case. In this regime, we assume ρH = C(ρC) and

hn = ℓH(n)n−bρ−n
H and cn = ℓC(n)n−1ρ−n

C

for slowly varying functions ℓH and ℓC , and an exponent b > −2.

▶ Theorem 5. In any of the three preceding cases, we have Gn
d−→ WC as n → ∞.

The main idea is to verify that there exists a single giant component in Gn that takes
up all but a negligible part of the mass. Thus, and finite number of uniformly random
independent vertices of Gn are likely to fall into the giant component. This means that their
adjacency is asymptotically governed by the asymptotic shape of a single component.
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2.3.3 Mixture regime
We describe a mixture regime, in which the limit of Gn is a mixture of the limits of large
head structures and large components.

Suppose that ρH = C(ρC). Furthermore, suppose that

hn = ℓH(n)n−aρ−n
H and cn = ℓC(n)n−aρ−n

C

for slowly varying functions ℓH, ℓC and a constant a > 2. Let

µ = C(ρC)−1
∑
n≥1

ncnρn
C .

Suppose that the limit

p := lim
n→∞

µa−1

H′(C(ρC))
ℓH(n)
ℓC(n) > 0

exists and is positive. Suppose that there exist random graphons WH and WC with

Hn
d−→ WH and Cn

d−→ WC

as graphons.

▶ Theorem 6. Under the preceding assumptions, we have 0 < p < 1 and

Gn
d−→ BWH + (1 − B)WC

with B denoting an independent Bernoulli(p) random variable.

The idea is to show that with a positive limiting probability the random graph Gn behaves
as in the dense regime, and on the complementary event it behaves asymptotically as in the
convergent regime.

2.4 Multidimensional super cographs with a prototype
The class O of cographs (short for complement reducible graphs) may be characterized as
the smallest class of finite simple graphs that contains the graph with one vertex and is
closed under taking graph complements and forming finite disjoint unions. Let On denote
the uniform random cograph on a given n-element vertex set. By [32, Thm. 1], there exists
a random graphon WBrownian such that

On
d−→ WBrownian. (2.7)

An independent proof of this convergence is given by [3]. The random graphon WBrownian is
called the Brownian graphon, as it may be constructed from a Brownian excursion.

We set O1 = O to the class of cographs, and for each d ≥ 2 we let Od denote the class
of supergraphs with head structures from O and component structures from the class of
ordered pairs of a marked vertex and a graph from Od−1 (with no edges between the marked
vertex and its corresponding graph from Od−1). Throughout this subsection we consider
unweighted graphs (equivalently, each graph receives weight 1). This way,

Od(z) = O(zOd−1(z)).

The marked vertices in the components from a “prototype” with the adjacency relation inher-
ited precisely from the head structure. We call graphs from Od d-dimensional complementary
reducible graphs with a prototype.

AofA 2026
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▶ Lemma 7. For each integer d ≥ 2 we have

[zn]Od(z) ∼ 2−d

Γ(1 − 2−d) (2√
ρO)2−2−(d−1)

n−1−2−d

ρ−n
O

with ρO = 2 log(2) − 1 and Od(ρO) = 1.

Let On,d denote the uniform random n-vertex d-dimensional complementary reducible
graphs with a prototype. Let LBrownian = L(WBrownian) denote the law of the Brownian
graphon.

▶ Theorem 8. Let d ≥ 2 denote an integer. As n → ∞,

On,d
d−→ W (d) := WPD(2−(d−1), −2−d, LBrownian, Ld−1)

as random graphons. Here we set L1 = LBrownian, and recursively Ld−1 = L(W (d−1)) the law
of the limit for d − 1.

To keep the notation consistent, we set W (1) = WBrownian. The limit object in Theorem 8
admits an alternative parametrization via Pitman’s coagulation-fragmentation duality:

▶ Proposition 9. As random graphons,

W (d) d= WPD(1/2, −2−d, Ld−1, LBrownian).

The main idea is to use Pitman’s coagulation-fragmentation duality.

2.5 Weighted super-cographs

Given a fixed constant q > 0 we may consider two-dimensional super-cographs where each
component receives weight q. That is, we consider the class O⟨q⟩ = H ◦ C where H = O with
the trivial weighting that assigns weight 1 to each graph, and C = O with the weighting that
assigns weight q to each graph. The weight of a graph from O⟨q⟩ is hence q raised to the
number of components, or equivalently, the size of the head-structure. Thus

O⟨q⟩(z) = O(qO(z)).

We let O⟨q⟩
n be drawn from O⟨q⟩

n with probability proportional to its weight.

▶ Corollary 10. As n → ∞,

O⟨q⟩
n

d−→

{
WBrownian, q ̸= 2 log(2) − 1
W (2), q = 2 log(2) − 1.

as random graphons.

The idea is that outside of the critical value, the random graph is either in the dense or
the condensation regime. At the critical value, it is in the dilute regime.
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3 Convergence of superpermutations

3.1 Superpermutations
We may represent any permutation θ ∈ Sℓ by a diagram of ℓ unit squares [i − 1, i] × [θ(i) −
1, θ(i)], i = 1, . . . , ℓ. Let Q denote one of these squares. We may perform a blow-up of Q by
replacing it with the diagram of another permutation ν ∈ Sk, which shifts the squares above
Q further above and the squares to the right of Q further to the right to make room. This
results in a diagram that represents a permutation of size (ℓ − 1) + k.

We may also perform this blow-up for all squares at the same time. Given permutations
νi ∈ Ski

, 1 ≤ i ≤ ℓ, k1, . . . , kℓ ≥ 1, we may form a new permutation θ[ν1, . . . , νℓ] ∈ Sn for
n = k1 + . . . + kℓ via the substitution operation, by blowing up the ith square of θ with the
diagram of νi for all 1 ≤ i ≤ ℓ.

Analogously as for supergraphs, it will be convenient to refer to θ as the head structure
and ν1, . . . , νℓ as the components of the substitution.

It is easy to see that with • ∈ S1 the unique permutation of size 1, we may write
θ = θ[•, . . . , •] = •[θ]. Thus, any permutation of size at least 2 may be represented in at
least two ways as a substitution. There may be even more ways, for example for the identity
permutation of size at least 3.

We define a (two-dimensional) superpermutation as a permutation obtained via the
substitution operation which keeps the information on the head structure and components.
This way, we may refer to the head and components of a superpermutation.

If we restrict the head-structure to belong to some subset H ⊂ S and the components
to some subset C ⊂ S, we thus form the class G = H ◦ C of superpermutations with these
constraints. We deliberately use the same notation as for supergraphs to highlight the
analogy.

Given weight-functions ωH : H → R≥0 and ωC : C → R≥0, we may define the ωG weight
of a superpermutation from G to be the product of the weights of its head structure and
components. We let σG

n , σH
n and σC

n denote permutations of size n drawn from the respective
classes G, H and C with probability proportional to their ωG , ωH and ωC weight. Of course,
this is only well-defined when at least one permutation of that size with positive weight
exists.

We set

cn =
∑

ν∈Sn∩C
ωC(ν) and hn =

∑
ν∈Sn∩H

ωH(ν).

Furthermore, we set H(z) =
∑

n≥1 hnzn and C(z) =
∑

n≥1 cnzn.
The classes H and C may also be allowed to be classes of superpermutations, therefore

giving rise to superpermutations with a higher dimension. Whenever we don’t explicitly
specify a weight-function we refer to the weights that assign weight 1 to each element of the
class.

3.2 Poisson-Dirichlet permutons in a dilute regime
We introduce a class of random permutons governed by a two-parameter Poisson-Dirichlet
process and establish a dilute regime in which these occur as universal limiting objects of
random superpermutations.

Throughout this subsection we make the following assumptions:

ρC > 0 and ρH = C(ρC) > 0. (3.1)

AofA 2026



11:10 Poisson-Dirichlet Graphons and Permutons

We assume that there exist constants

0 < α < 1, −∞ < β < 1 (3.2)

and slowly varying functions ℓH, ℓC such that∑
k>n

ckρk
C ∼ ℓC(n)n−α and cnρn

C = O(ℓC(n)n−α−1) (3.3)

and

hnρn
H ∼ ℓH(n)n−β−1. (3.4)

Suppose that there exist random permutons µH and µC such that

σH
n

d−→ µH and σC
n

d−→ µC (3.5)

as random permutons.
We define a random permuton µG whose distribution depends on α, β (subject to (3.2)),

and the laws LH = L(µH) and LC = L(µC). The construction makes use of the two-parameter
Poisson-Dirichlet process with parameters α and

θ := −αβ. (3.6)

In order to stay consistent with parametrization of the Poisson-Dirichlet process, we use θ as
parameter for the random permuton µG instead of β.

▶ Definition 11 (Poisson-Dirichlet permuton). We let

µG = µPD(α, θ, LH, LC)

denote the random permuton defined as follows.
1. Let (Vℓ)ℓ≥1 denote the points of a PD(α, θ) process.
2. Let (µi)i≥1 denote independent copies of the random permuton µC.
3. Generate independent samples (Xi, Yi)i≥1 of µH. (This means, we generate an instance of

the random permuton µH and use the same instance for generating the (Xi, Yi), i = 1, . . ..)
Since µH has uniform marginals, we have almost surely Xi ̸= Xj and Yi ̸= Yj for all
i ̸= j.

4. Define the random càdlàg functions

F (x) =
∑
i≥1

Vi1Xi≤x and G(y) =
∑
i≥1

Vi1Yi≤y

with jumps Vi = F (Xi) − F (Xi−) = G(Yi) − G(Yi−) at Xi and Yi. Define

Ai : [0, 1]2 → [0, 1]2, (x, y) 7→ (F (Xi−) + Vix, G(Yi−) + Viy).

This way, Ai([0, 1]2) = [F (Xi−), F (Xi)] × [G(Yi−), G(Yi)]. Define

µG =
∑
i≥1

Vi(µi ◦ A−1
i ),

with µi ◦A−1
i : B 7→ µi(A−1

i (B)) denoting the pushforward of µi along Ai, and Vi(µi ◦A−1
i )

denoting the product of Vi and µi ◦ A−1
i .
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Given a permuton µ, we may take k ≥ 1 independent µ-samples, order them according to
their x-coordinate and consider the discrete permutation Perm(k, µ) corresponding to the
order relation between their y-coordinates.

▶ Lemma 12. For each k ≥ 1, the random permutation Perm(k, µG) is distributed like the
outcome of the following procedure.
1. Run an (α, θ) Chinese restaurant process until step k. This results in a number r ≥ 1 of

tables with k1, . . . , kr customers. Customers are represented by integers from [k].
2. Sample an independent copy ν of Perm(r, µH).
3. For each 1 ≤ i ≤ r sample an independent copy νi of Perm(ki, µC). (That is, let µi denote

an independent copy of µC and set νi to be the permutation induced from ki samples of
µi.)

4. Return the substitution ν[ν1, . . . , νr].

In the general setting considered here, the random permuton µG is the distributional
limit of the random permutations σG

n as their size n tends to infinity.

▶ Theorem 13. Suppose that Conditions (3.1)–(3.5) hold. Then

σG
n

d−→ µPD(α, −αβ, LH, LC)

as random permutons.

3.3 Repellent regimes
In the dilute regime the asymptotic shapes of the head structure and component structures
combine into a new limit object. We describe a phase diagram for regimes where the limit
is with some probability identical to that of the head or identical to that of a single large
component instead.

3.3.1 Dense regime
In the dense regime the head structure dominates: Suppose that ρH > 0 and

hn = ℓH(n)n−bρ−n
H

for a slowly varying function ℓH and an exponent b > 1. Furthermore suppose that one of
the following cases holds.

i) We have ρH = C(ρC) and

cn = ℓC(n)n−aρ−n
C

for a slowly varying function ℓC and an exponent a > 2, such that 1 < b < a, or b = a

and ℓC(n) = o(ℓH(n)).
ii) We have ρH < C(ρC) and gcd{n ≥ 0 | cn > 0} = 1.

Moreover, assume that

σH
n

d−→ µH

for a random permuton µH.

▶ Theorem 14. Under the preceding assumptions, we have σG
n

d−→ µH as n → ∞.

AofA 2026



11:12 Poisson-Dirichlet Graphons and Permutons

3.3.2 Condensation regimes
In the condensation regime a single giant component dominates: We assume that there exists
a random permuton µC such that

σC
n

d−→ µC .

There are three subcases:

Convergent case. The convergent regime assumes that 0 < H′(C(ρC)) < ∞ and any of the
following conditions hold.

i) We have ρH = C(ρC) and

hn = ℓH(n)n−bρ−n
H and cn = ℓC(n)n−aρ−n

C

for slowly varying functions ℓH and ℓC , an exponent b > 2, and an exponent a such that
either 1 < a < b, or a = b and ℓH(n) = o(ℓC(n)).

ii) We have ∞ ≥ ρH > C(ρC) and

cn

cn+1
→ ρC > 0 and 1

cn

∑
i+j=n

cicj → 2C(ρC) < ∞

as n → ∞. (Note that the last two limits are automatically satisfied in case cn =
ℓC(n)n−aρ−n

C with a > 1 constant, ℓC slowly varying, and ρC > 0.)
iii) We have

∑
k≥0 hkρk

Hk1+a+δ < ∞ and cn = ℓC(n)n−aρ−n
C for a > 1, δ > 0 constants and

ℓC a slowly varying function.
iv) We have cn ∼ cCn−aρ−n

C for constants a > 1, cC > 0, and additionally one of the
following conditions hold.
a)

∑
k≥0 hkρk

Hk1+a < ∞.
b) 1 < a < 2.
c) a = 2 and

∑
k≥0 hkρk

Hk(log k)2+δ < ∞ for some δ > 0.
d) 2 < a < 3 and hnρn

H = o(n−a).
e) a = 3 and hnρn

H = o(1/(n3 log log n)).

These conditions originate from the study of randomly stopped sums [5] and composition
schemes with subexponential densities [15, 16, 33].

Superexponential case. In this regime we assume ρH ∈]0, ∞] and ρC = 0. Furthermore,
assume that for any k ≥ 2 we have∑

i1+...ik=n
1≤i1,...ik<n−(k−1)

ci1 · · · cik
= o(cn−(k−1)).

A sufficient condition for this equation is given [31, Lem. 6.17]. We furthermore assume that
ci > 0 for all large enough integers i.

Mesocondensation case. In this regime, we assume ρH = C(ρC) and

hn = ℓH(n)n−bρ−n
H and cn = ℓC(n)n−1ρ−n

C

for slowly varying functions ℓH and ℓC , and an exponent b > −2.

▶ Theorem 15. In any of the three preceding cases, we have σG
n

d−→ µC as n → ∞.
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3.3.3 Mixture regime
In the mixture regime the limit of σG

n is a mixture of the limits of large head structures and
large components.

Suppose that ρH = C(ρC). Furthermore, suppose that

hn = ℓH(n)n−aρ−n
H and cn = ℓC(n)n−aρ−n

C

for slowly varying functions ℓH, ℓC and a constant a > 2. Let

µ = C(ρC)−1
∑
n≥1

ncnρn
C .

Suppose that the limit

p := lim
n→∞

µa−1

H′(C(ρC))
ℓH(n)
ℓC(n) > 0

exists and is positive. Suppose that there exist random permutons µH and µC with

σH
n

d−→ µH and σC
n

d−→ µC .

▶ Theorem 16. Under the preceding assumptions, we have 0 < p < 1 and

σG
n

d−→ BµH + (1 − B)µC

with B denoting an independent Bernoulli(p) random variable.

3.4 Multidimensional separable superpermutations with splits
The class P of separable permutations is known as the class of all permutations avoiding
the patterns 2413 and 3142. Alternatively, it is the smallest class of all permutations that is
closed under taking substitutions of one member with another and contains all permutations
from the symmetric groups S1 and S2 [14].

The uniform random separable permutation σP
n of size n satisfies

σP
n

d−→ µBrownian (3.7)

for some random permuton µBrownian. This was shown in [4]. An alternative argument based
on Aldous’ local limit theorem [2, Lem. 26] for random subtrees in random trees is given in [7].
The random permuton µBrownian is called the Brownian (separable) permuton, as it may
be constructed from a Brownian excursion [29]. Further notable universal limiting objects
include the Baxter permuton [8], the Brownian skew permuton [6], square permutons [9], the
recursive separable permuton [17], and the anti-diagonal [20].

We set P1 = P to the class of separable permutations. For each d ≥ 2 we let Pd denote
the class of superpermutations with head structures in P and component structures from
the class of ordered pairs (P, P ′) of superpermutations from Pd−1. The ordered pair (P, P ′)
is identified with a superpermutation via the substitution id2[P, P ′], with id2 ∈ S2 denoting
the identity permutation of size 2. This way,

Pd(z) = P(Pd−1(z)2).

Due to the “split” of the components into two parts we refer to Pd as the class of d-dimensional
separable superpermutations with splits.

AofA 2026
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▶ Lemma 17. For each integer d ≥ 2 we have

[zn]Pd(z) ∼ (
√

2 − 1)23/2−d−5/2d+1

Γ(1 − 2−d) n−1−2−d

ρ−n
P

with ρP = 3 − 2
√

2 and Pd(ρP)2 = ρP .

We let σn,d denote the uniform random n-sized d-dimensional separable superpermutation
with splits. Let LBrownian = L(µBrownian) denote the law of the Brownian (separable)
permuton.

▶ Theorem 18. Let d ≥ 2 denote an integer. As n → ∞,

σn,d
d−→ µ(d) := µPD(2−(d−1), −2−d, LBrownian, Ld−1)

as random permutons. Here we set L1 = LBrownian, and recursively Ld−1 = L(µ(d−1)) the
law of the limit for d − 1.

We set µ(1) = µBrownian to keep the notation consistent. The random permuton in
Theorem 18 admits an alternative parametrization:

▶ Proposition 19. As random permutons,

µ(d) d= µPD(1/2, −2−d, Ld−1, LBrownian).

3.5 Weighted separable superpermutations
Given a parameter q > 0 we consider two-dimensional separable superpermutations where
each component receives weight q. That is, we consider the class P⟨q⟩ = H ◦ C where H = P
with the trivial weighting that assigns weight 1 to each permutation, and C = P with the
weighting that assigns weight q to each permutation. Hence the weight of a permutation
from P⟨q⟩ equals q raised to the number of components, or equivalently, the size of the
head-structure. Hence

P⟨q⟩(z) = P(qP(z)).

Let σ
⟨q⟩
n be drawn from all superpermutations of size n in P⟨q⟩ with probability proportional

to its weight.

▶ Corollary 20. As n → ∞,

σ⟨q⟩
n

d−→

{
µBrownian, q ̸=

√
2 − 1

µ(2), q =
√

2 − 1

as random permutons.

References
1 David Aldous. The continuum random tree. I. Ann. Probab., 19(1):1–28, 1991. URL: http://

links.jstor.org/sici?sici=0091-1798(199101)19:1<1:TCRTI>2.0.CO;2-B&origin=MSN.
2 David Aldous. The continuum random tree. III. Ann. Probab., 21(1):248–289,

1993. URL: http://links.jstor.org/sici?sici=0091-1798(199301)21:1<248:TCRTI>2.0.
CO;2-1&origin=MSN.

3 Frédérique Bassino, Mathilde Bouvel, Valentin Féray, Lucas Gerin, Mickaël Maazoun, and
Adeline Pierrot. Random cographs: Brownian graphon limit and asymptotic degree distribution.
Random Struct. Algorithms, 60(2):166–200, 2022. doi:10.1002/rsa.21033.

http://links.jstor.org/sici?sici=0091-1798(199101)19:1<1:TCRTI>2.0.CO;2-B&origin=MSN
http://links.jstor.org/sici?sici=0091-1798(199101)19:1<1:TCRTI>2.0.CO;2-B&origin=MSN
http://links.jstor.org/sici?sici=0091-1798(199301)21:1<248:TCRTI>2.0.CO;2-1&origin=MSN
http://links.jstor.org/sici?sici=0091-1798(199301)21:1<248:TCRTI>2.0.CO;2-1&origin=MSN
https://doi.org/10.1002/rsa.21033


B. Stufler 11:15

4 Frédérique Bassino, Mathilde Bouvel, Valentin Féray, Lucas Gerin, and Adeline Pierrot.
The Brownian limit of separable permutations. Ann. Probab., 46(4):2134–2189, 2018. doi:
10.1214/17-AOP1223.

5 Mindaugas Bloznelis. Local probabilities of randomly stopped sums of power-law lattice
random variables. Lith. Math. J., 59(4):437–468, 2019. doi:10.1007/s10986-019-09462-9.

6 Jacopo Borga. The skew Brownian permuton: a new universality class for random constrained
permutations. Proc. Lond. Math. Soc. (3), 126(6):1842–1883, 2023. doi:10.1112/plms.12519.

7 Jacopo Borga, Mathilde Bouvel, Valentin Féray, and Benedikt Stufler. A decorated tree
approach to random permutations in substitution-closed classes. Electron. J. Probab., 25:Paper
No. 67, 52, 2020. doi:10.1214/20-ejp469.

8 Jacopo Borga and Mickaël Maazoun. Scaling and local limits of Baxter permutations and
bipolar orientations through coalescent-walk processes. Ann. Probab., 50(4):1359–1417, 2022.
doi:10.1214/21-AOP1559.

9 Jacopo Borga and Erik Slivken. Square permutations are typically rectangular. Ann. Appl.
Probab., 30(5):2196–2233, 2020. doi:10.1214/19-AAP1555.

10 C. Borgs, J. T. Chayes, L. Lovász, V. T. Sós, and K. Vesztergombi. Convergent sequences of
dense graphs. I. Subgraph frequencies, metric properties and testing. Adv. Math., 219(6):1801–
1851, 2008. doi:10.1016/j.aim.2008.07.008.

11 C. Borgs, J. T. Chayes, L. Lovász, V. T. Sós, and K. Vesztergombi. Convergent sequences of
dense graphs II. Multiway cuts and statistical physics. Ann. of Math. (2), 176(1):151–219,
2012. doi:10.4007/annals.2012.176.1.2.

12 Christian Borgs, Jennifer Chayes, László Lovász, Vera T. Sós, Balázs Szegedy, and Katalin
Vesztergombi. Graph limits and parameter testing. In STOC’06: Proceedings of the 38th
Annual ACM Symposium on Theory of Computing, pages 261–270. ACM, New York, 2006.
doi:10.1145/1132516.1132556.

13 Christian Borgs, Jennifer Chayes, László Lovász, Vera T. Sós, and Katalin Vesztergombi.
Counting graph homomorphisms. In Topics in discrete mathematics, volume 26 of Algorithms
Combin., pages 315–371. Springer, Berlin, 2006. doi:10.1007/3-540-33700-8_18.

14 Prosenjit Bose, Jonathan F. Buss, and Anna Lubiw. Pattern matching for permutations.
Inform. Process. Lett., 65(5):277–283, 1998. doi:10.1016/S0020-0190(97)00209-3.

15 J. Chover, P. Ney, and S. Wainger. Functions of probability measures. J. Analyse Math.,
26:255–302, 1973.

16 P. Embrechts and E. Omey. Functions of power series. Yokohama Math. J., 32(1-2):77–88,
1984.

17 Valentin Féray and Kelvin Rivera-Lopez. The permuton limit of random recursive separable
permutations. Confluentes Math., 15:45–82, 2023. doi:10.5802/cml.92.

18 Michael Freedman, László Lovász, and Alexander Schrijver. Reflection positivity, rank
connectivity, and homomorphism of graphs. J. Amer. Math. Soc., 20(1):37–51, 2007.
doi:10.1090/S0894-0347-06-00529-7.

19 Jan Hladký, Asaf Nachmias, and Tuan Tran. The local limit of the uniform spanning tree on
dense graphs. J. Stat. Phys., 173(3-4):502–545, 2018. doi:10.1007/s10955-017-1933-5.

20 Kaitlyn Hohmeier and Erik Slivken. Permuton limits for some permutations avoiding a single
pattern. arXiv:2502.19541, 2025. arXiv:2502.19541.

21 Carlos Hoppen, Yoshiharu Kohayakawa, Carlos Gustavo Moreira, Balázs Ráth, and Rudini Me-
nezes Sampaio. Limits of permutation sequences. J. Comb. Theory, Ser. B, 103(1):93–113,
2013. doi:10.1016/j.jctb.2012.09.003.

22 Rainer Kemp. On the inner structure of multidimensional simply generated trees. In Pro-
ceedings of the Sixth International Seminar on Random Graphs and Probabilistic Methods in
Combinatorics and Computer Science, “Random Graphs ’93” (Poznań, 1993), volume 6(2-3),
pages 121–146, 1995. doi:10.1002/rsa.3240060202.

23 László Lovász. The rank of connection matrices and the dimension of graph algebras. European
J. Combin., 27(6):962–970, 2006. doi:10.1016/j.ejc.2005.04.012.

AofA 2026

https://doi.org/10.1214/17-AOP1223
https://doi.org/10.1214/17-AOP1223
https://doi.org/10.1007/s10986-019-09462-9
https://doi.org/10.1112/plms.12519
https://doi.org/10.1214/20-ejp469
https://doi.org/10.1214/21-AOP1559
https://doi.org/10.1214/19-AAP1555
https://doi.org/10.1016/j.aim.2008.07.008
https://doi.org/10.4007/annals.2012.176.1.2
https://doi.org/10.1145/1132516.1132556
https://doi.org/10.1007/3-540-33700-8_18
https://doi.org/10.1016/S0020-0190(97)00209-3
https://doi.org/10.5802/cml.92
https://doi.org/10.1090/S0894-0347-06-00529-7
https://doi.org/10.1007/s10955-017-1933-5
https://arxiv.org/abs/2502.19541
https://doi.org/10.1016/j.jctb.2012.09.003
https://doi.org/10.1002/rsa.3240060202
https://doi.org/10.1016/j.ejc.2005.04.012


11:16 Poisson-Dirichlet Graphons and Permutons

24 László Lovász. Connection matrices. In Combinatorics, complexity, and chance, volume 34
of Oxford Lecture Ser. Math. Appl., pages 179–190. Oxford Univ. Press, Oxford, 2007. doi:
10.1093/acprof:oso/9780198571278.003.0012.

25 László Lovász and Vera T. Sós. Generalized quasirandom graphs. J. Combin. Theory Ser. B,
98(1):146–163, 2008. doi:10.1016/j.jctb.2007.06.005.

26 László Lovász and Balázs Szegedy. Limits of dense graph sequences. J. Combin. Theory Ser.
B, 96(6):933–957, 2006. doi:10.1016/j.jctb.2006.05.002.

27 László Lovász and Balázs Szegedy. Contractors and connectors of graph algebras. J. Graph
Theory, 60(1):11–30, 2009. doi:10.1002/jgt.20343.

28 László Lovász and Balázs Szegedy. Testing properties of graphs and functions. Israel J. Math.,
178:113–156, 2010. doi:10.1007/s11856-010-0060-7.

29 Mickaël Maazoun. On the Brownian separable permuton. Comb. Probab. Comput., 29(2):241–
266, 2020. doi:10.1017/S0963548319000300.

30 Jim Pitman and Marc Yor. The two-parameter Poisson-Dirichlet distribution derived from a
stable subordinator. Ann. Probab., 25(2):855–900, 1997. doi:10.1214/aop/1024404422.

31 Benedikt Stufler. Limits of random tree-like discrete structures. Probab. Surv., 17:318–477,
2020. doi:10.1214/19-PS338.

32 Benedikt Stufler. Graphon convergence of random cographs. Random Struct. Algorithms,
59(3):464–491, 2021. doi:10.1002/rsa.21002.

33 Benedikt Stufler. Gibbs partitions: a comprehensive phase diagram. Ann. Inst. Henri Poincaré
Probab. Stat., 60(3):1729–1766, 2024. doi:10.1214/23-aihp1371.

34 Benedikt Stufler. Poisson-dirichlet graphons and permutons, 2026. arXiv:2601.14166.

https://doi.org/10.1093/acprof:oso/9780198571278.003.0012
https://doi.org/10.1093/acprof:oso/9780198571278.003.0012
https://doi.org/10.1016/j.jctb.2007.06.005
https://doi.org/10.1016/j.jctb.2006.05.002
https://doi.org/10.1002/jgt.20343
https://doi.org/10.1007/s11856-010-0060-7
https://doi.org/10.1017/S0963548319000300
https://doi.org/10.1214/aop/1024404422
https://doi.org/10.1214/19-PS338
https://doi.org/10.1002/rsa.21002
https://doi.org/10.1214/23-aihp1371
https://arxiv.org/abs/2601.14166

	1 Introduction
	2 Convergence of random supergraphs
	2.1 Supergraphs
	2.2 Poisson-Dirichlet graphons in a dilute regime
	2.3 Repellent regimes
	2.3.1 Dense regime
	2.3.2 Condensation regimes
	2.3.3 Mixture regime

	2.4 Multidimensional super cographs with a prototype
	2.5 Weighted super-cographs

	3 Convergence of superpermutations
	3.1 Superpermutations
	3.2 Poisson-Dirichlet permutons in a dilute regime
	3.3 Repellent regimes
	3.3.1 Dense regime
	3.3.2 Condensation regimes
	3.3.3 Mixture regime

	3.4 Multidimensional separable superpermutations with splits
	3.5 Weighted separable superpermutations


