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—— Abstract

In this article, we study a model of random permutations, which we call random standardized

permutations, and which is based on a sequence of i.i.d. random variables. This model generalizes
other ones, such as the riffle shuffle and the major-index-biased permutations. We first establish
an exact result on the joint distribution of the number of cycles of given lengths, involving the
notion of primitive words. From this result, we obtain various convergence results, most of which are
proved using the method of moments. We prove that the number of small cycles may have either a
Poisson limit distribution, or a limit distribution given by a countable sum of independent geometric
distributions. Then, we establish a limit distribution for large cycles, which is the Poisson-Dirichlet
process. Finally, we prove a central limit theorem for the total number of cycles.
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1 Introduction

The study of random permutations is a central subject in probability theory and combinatorics.
Many aspects spark interest in the field, such as inversions, descents, cycles, records, or
longest increasing subsequences. The first natural model is the uniform one, for which
many results are already established (see e.g. [1] for cycle structure). More recent articles
have shifted their attention toward non-uniform models, such as riffle shuffle [3], Mallows
permutations [8] or record biased permutations [5]. Despite this, the uniform model remains a
useful reference for comparison, and it is interesting to observe that some results are identical
in some non-uniform models.

With a sequence g € R", it is standard to associate a permutation o = std(g) € &,,
called the standardized permutation of g, by numbering the elements of ¢ in increasing order
(breaking ties from left to right). To get a random permutation, we choose G randomly, such
that the G; are i.i.d. random variables. Since the atomless case produces a uniform random
permutation, we assume throughout the article that the G; take values in a countable set I.
This model generalizes some others, such as the riffle shuffle if the G; are uniform in a finite
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set [3, 15], or major-index-biased permutations if the G follow a geometric distribution [6, 15].
Our goal here is to provide a systematic approach to the cycle structures of such random
permutations, extending and unifying previous results on major-index biased permutations
and riffle shuffles.

Firstly, we establish in Section 3 the exact distribution of cycles. We break down the
problem according to the values of the G; variables. For a given i € I*, we study the number
D; of k-cycles (x1,...,xx) such that G, = 41,...,G,, = ir (such a cycle is said to be of
type i). The types of cycles of length k are then the primitive words of length k. We then
show that the number of cycles of type i follow jointly a truncated version of independent
geometric distributions. This result generalizes previous findings in [7] concerning riffle shuffle
cycles, as well as work in [6] concerning fixed points and 2-cycles of major-index biased
permutations.

Building on this exact result, we then study some asymptotic behaviors of the number
of cycles, when we let the size of the permutation tend to infinity. Firstly, we show in
Section 4 that the number of “small cycles” (i.e. of length lower than or equal to a fixed
k) may have either a Poisson limit distribution (if the distribution of the G,’s variables
spreads asymptotically) or a limit distribution given by a countable sum of independent
geometric distributions (if the distribution of the G;’s does not depend on the size of the
permutation). We then establish in Section 5 that the limit distribution of the “large cycles”
is the Poisson-Dirichlet process, under mild assumptions. To prove this result, we use a
comparison argument with the uniform model, for which the result is well-known. Finally,
we prove in Section 6 that the total cycle count has a normal limit distribution, by studying
the convergence of cumulants. While our small and large cycle results generalize previous
results on riffle shuffles [7, Propositions 5.4 and 5.5], the asymptotic normality of the total
cycle count seems to be new even in this case.

We finally note that, even though this paper focuses on cycle structure, one can study
other statistics, and some results already exist in the literature. In particular, in the case
where the G; variables have a fixed distribution, the permuton limit may be easily obtained
by generalizing the result in [6, Theorem 4.1}, as well as the LIS ([6, Theorem 1.3]), at least
when the nonzero p;’s are pairwise distinct. The longest decreasing subsequence is handled
by the results in [2].

This is an extended abstract of the paper [11], which in particular contains detailed proofs
of all results stated here.

2 Random standardized permutations model

2.1 Definition

Throughout this paper, we use one-line notation for permutations, i.e. for any o € G,,, we
write 0 = 0109 ...0,. If o is the k-cycle mapping x; to xs, x2 to x3, ..., T to x1, we write
o= (z1,2a,...,Tk).

» Definition 1. Let g = (g1,...,9n) € R*. We define the permutation o := std(g) € &,, by
o(j) <o(k) <= g; <gx or {g; =g and j < k}
called standardized permutation of g.

In other words, if the smallest value of {gi,k <n} is g, = -+ = gr, = o with
k1 <--- <k, we have (k1) = 1,...,0(k;) = I, then we continue labeling with the second
smallest value, and so on. For example, if g = (6,1,5,3,3,1,2), we get std(g) = 7164523
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(see Figure 1). In this paper, we consider the case where g is random. More precisely, we
consider G = (G, ...
If the distribution of the G; is atomless, the permutation std(G) is uniform. Throughout
this text, we assume that p is a discrete distribution on R. Specifically, we fix a countable
subset I C R and we assume that p has support in I. The distribution ¢ may depend on n
or not, when we study asymptotic behaviors. We note p; = u({i}) = P(G, =) for any i € I
(possibly pgn) if the distribution depends on n), and p = (p;)icr (possibly p(™).

This model is a generalization of the riffle shuffle [3, 15]: if the G; are uniform in
a set of a elements, then std(G) follows the a-riffle shuffle distribution. Various results
are known for this model, such as the number of cycles of a given length (involving the
notion of primitive words), and convergence of small and large cycles [7]. These results are
generalized in Sections 3.2, 4 and 5, using different methods. We have not found any previous
reference to the total number of cycles for this model. The standardized permutation model
also generalizes major-index biased permutations, i.e. where ¢ is chosen with probability
proportional to ¢™*(?) where ¢ > 0 is a parameter and maj(o) = Za(i)>a(i+1) 1. Some
results are known for this model, in particular concerning increasing subsequences [6, 10], or
more recently regarding patterns and fixed points [6].
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Figure 1 Standardized permutation of g = (6,1, 5, 3,3, 1,2) and of a sequence of length 50 taking
values in [[1, 6], where the colors denote the points whose x-coordinates are k such that gi = 1, then
2, up to 6 (from bottom to top). Note that we plot the ¢ on the horizontal axis and the (i) on the
vertical axis.

2.2 Runs of a standardized permutation

Let ¢ € I". For any i € I, we define the set G; = {k € [1,n] | gx =i}, and the set
Gei ={ke[l,n] | gr <i}. We define the “runs” L; : [0,n] — [0, n] of std(g) by
1. L;i(0) = |Gl
2 fork=1,....n, Li(kz):{Li(k_l) if g 71
Li(k—1)+1 if g, =1.

If we consider the runs of std(g) and std(g’) for two given sequences g and ¢’, we will write
LY and Lf/. Note that the LY function has at least one fixed point, as LY(0) > 0, L (n) < n
and LY (z) increases by 0 or 1 when z increases by 1.

The L; are interpolations between the points (k, o) of o such that the position k verifies
gr = i, generalizing those introduced in [6]. Observe that, if o = std(G), and g = 7, then

we have L;(k) = o(k) and L;(k — 1) = o(k) — 1, and conversely, if L;(k) = L;(k — 1) + 1,

,Gr), where the G}, are n i.i.d. random variables with distribution pu.
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then o(k) = L;(k). Thus, the points of o correspond to the up-steps of the L; (see Figure 2).
Note that the word “runs” usually refers to the successive rises of a permutation. Here, they
can be viewed as (parts of) the usual runs of the inverse permutation.

7 » Lg 507)_’)_,_»-5 Lg
,/ ® Ls
6 / L 407_,»’}—/_’
5 » 7 Ly
47 307
/ L
3 /Lz 20:—’H_p—'_lj
2 Ly I
1 A 10J_”/_;—"_/
0 07\ i i i i i

I 1
01 2 3 4 5 6 7 0 10 20 30 40 50

Figure 2 Example on runs with g = (6,1, 5, 3,3,1,2) and with the sequence of Figure 1.

3 Exact distribution of cycle count

3.1 Distribution of fixed point count

For i € I, denote D; = D;(G) = {k € G;|o(k) = k} for 0 = std(G). That is, D; is the set of
the fixed points z of std(G) such that G, = 4. Such a fixed point of std(g) is said to be a
fixed point of type i.

» Lemma 2. We have D; = {z € [1,n] | Li(z) = xz,L;(x — 1) = x — 1}; in other words,
since the fixed points of the L; function are consecutive, D; is the set of all the fized points
of L; excluding the first.

The above Lemma is straight-forward.

Graphically, an element of D; (i.e. a fixed point of type ¢) corresponds to a rise of 1 of L;
on the line y = x (see Figure 3). We also write D; = |D;| the number of fixed points of type
i of std(G).

Let us denote by Geog(p) the geometric distribution with parameter p and starting from
0, i.e. if X follows the distribution Geog(p), then for any k € N,P(X = k) = (1 —p)*p. Recall
that P(X > k) = (1 — p)* and that its expectation is E(X) = (1 — p)/p.

» Proposition 3. For any i € I, D; follows the distribution min(Geog(1 — p;),n).

The idea of this result is that, if a is the smallest fixed point of the run L;, the probability
P(D; > 1) is the probability that g,.1,...gas: all equal i, which occurs with probability p.
We also have this more general result, describing the dependencies between the D;:

» Proposition 4. For iy, ..., 1. €I pairwise distinct, and ly,...,l. > 0, we have

Pl iflit e+ <n

P(D;, > li,....,D; >1.) =
0 else.

The proof is similar to the one of Proposition 3, we skip it for conciseness. In addition,
Theorem 17 below is a more general result, and is proved in Section 3.2. We end this section
by a consequence of Proposition 3, which gives the expected number of fixed points.
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Figure 3 Example with ¢ = (1,6,5,3,3,1,2), here D; = 1 (and 1 is a fixed point of type 1 of
std(g), and D3 = 2 (and 4 and 5 are fixed points of type 3 of std(g)).

» Corollary 5. Denote ¢1 the number of fized point of std(G).

E(er) = Zzpi

i€l =1

Then,

3.2 Distribution of cycle count

We now consider the cycles of length k& > 1. Recall that if (z4,...
std(G@) such that G, = i1,...,Gs, = i, we say that (xq,..
i=(i1,...,i) of std(G). First observe that, if (z1,..., ) is a cycle of type i of std(G), then
L (z1) = ®o, Liy (x2) = 23 ..., L;, () = 1, so that x is a fixed point of L;, oL;,_,0---0L;,,

,x) is a cycle of
.,x)) is a cycle of type

and x; — 1 is also a fixed point of the same operator. This remark is actually an equivalence
(see Proposition 12), under an assumption on the word i. In what follows, we study the fixed
points of L;, o L;, , o---0 L; . Actually, the same methods as for the fixed points apply,
with some combinatorial subtleties. Note that a k-cycle (z1,...,xy) of std(G) correspond to
fixed points of multiple compositions of L-operators: since (z1,...,zx) = (22,..., Tk, 1), it
also corresponds to fixed points of L;, o L;, o---o L;,. It also corresponds to fixed points
of L, oL; ,0---0L; oL; oL; ,0---0L;, ie. for a 2k-tuple, even though the cycle
has order k and not 2k. To identify which k-tuples i = (i1, ...,i;) can appear as types of
k-cycles, we need the notion of primitive words.

i1

3.2.1 Primitive words, conjugacy classes

» Definition 6. Fiz k € N, and A a set called alphabet.

A word (i.e. a tuple) x € A is a (nontrivial) power if there exists a word y and an integer
1> 2 such that x = y' = yy...yy (I times). The word x is primitive if it is not a power.
We say a word x is a conjugate of a word y if x is a cyclic shift of y, that is, there exist
two words u,v such that x = uv and y = vu. The conjugacy relation is an equivalence
relation.

We write Qi (A) the set of primitive words of length k over A, and Qy(A) the set of all
the conjugacy classes of words of Qi (A).

15:5
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This is a standard notion in language and automaton theory; for more details, see for
example [13]. The set Qr(A) is also called the set of all aperiodic necklaces of length k over
A. Primitive words are, in a sense, the “building blocks” of words, since the following result
holds:

» Proposition 7. [13, Theorem 2.8.4] Every word x can be written uniquely as a (trivial or
nontrivial) power of a primitive word v called the root of x.

Primitive words verify some remarkable properties which will be useful to us.

» Proposition 8. The conjugacy class of a primitive word of length k is a set of k distinct
primitive words.

» Proposition 9. Let © = x1 ...z be a primitive word. Then, its reverse word & = xy ... x1
s a primitive word.

In what follows, we only consider words over the alphabet I, we then note @y instead of
Q1 (I). This notion is essential for the cycle combinatorics of std(G), but will also complicate
some arguments. While the notion of primitive words is needed to obtain exact results, it is
often irrelevant in asymptotic computations. We have for example the following result:

» Proposition 10. If the distribution (p;)ie1 on I is non-degenerate, then

]P)((GlGQ .. Gk) S Qk) k~>—+>oo 1

k
Ik
and more generally, for 1 > 1, Z (piy i)’ Pote Z(pil cpi)t = <ZP§> =pll;"

iEQr ielk i€l
This kind of result will be useful in Section 4 to 6.

3.2.2 Application to cycle count distribution

Since the cycle (x1,...,2;) has k different representations, corresponding to rotations of
its elements, we say that the cycle is of type i, where i is the conjugacy class of i. For any
i=(i1,...,ix) € I¥, define Ly = L;, o L;, , o---o0 L;,. Remark that, as for the L;,j el we
have Li(z) — Li(x — 1) € {0;1} for any « € [1,n]. Consequently, L; has at least one fixed
point and its fixed points are consecutive. Recall that if (z1...x) is a cycle of type i of
std(G), then x; and z1 — 1 are both fixed points of L;.

» Proposition 11. Let k € N* and let x1 € [1,n] be such that std(G)*(z1) = 1. Define
x2 = std(G)(z1), ...,z = std(G)(xk-1), and i1 = G4y, ..., i = Gy,. Then, the size d of
the cycle of x1 in std(G) is the length of the root of the word i = (i1,...,ix).

In other words, if a k-cycle of std(G) is of type i, then i is a primitive word. Recall that,
since a k-cycle can be written in k ways by rotating the elements of its support, we say that
this cycle is of type i. For these reasons, to study the cycles of std(G), we will study its
cycles of type i for any i € @k

Proof of Proposition 11. Write i = r*/? where r is the root of i, and d’ is the length of r.
We then have L; = L¥/%". As for any «, Ly(z) — Ly(x — 1) € {0;1}, the function Ly(z) — z is
positive, then zero, then negative. It follows that the sequence x1, Ly(x1), ... ,Lf/d/ (1) is
monotone. Now, Ll,f/d/ (z1) = Li(x1) = x1, hence the sequence is constant. We then have in
fact Ly(z1) = 21 which means that the size d of the orbit of z; divides d’.

Suppose now that d < d'. Since z441 = x1, we would get that i is a power of i1 .. .14, and so
is r, which is a contradiction with the fact that r is the root of i. Hence, d = d'. <
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» Proposition 12. Leti € Qy, and 1 € [1,n], 22 = L;, (x1),..., 2, = L;,_,(xx—1). Then,
(1,...,21) is a k-cycle of std(G) of type i if and only if x1 and x1 — 1 are both fized points
Of Li-

Proof. If (x1,...,2}) is a k-cycle of std(G) of type i, we have already seen that z is a fixed
point of L;. Moreover, since G, = i1, L;;(x1 — 1) = L;, (x1) — 1 = 29 — 1. We repeat for
i9,..., 1 and we get Li(x; — 1) =21 — 1.

Conversely, if 1 and z; — 1 are both fixed points of L;, since the L;, (x) rise by 0 or 1 at
each step, we necessarily get that for any j > 1, L, () = 41 and Ly (; — 1) = x41 — 1,
which implies that std(G)(z;) = x;4+1 for any j. Hence, (z1,...,2x) is a cycle of std(G). <«

Finally, the following result shows that any primitive word with length k can lead to a
k-cycle. This result is also useful later to prove Theorem 17.

» Proposition 13. Let k> 1 and i € Qi. There exists a unique g € I¥ such that std(g) is a
cycle (x1,...,x1) of type i.

Sketch of proof. Define i = ixiy_1...i1 to be the reverse word of i and, for any j € [1, k],
i9) =i 0 gy

the conjugate of i ending with ij. In what follows, the conjugacy class of i is endowed with
the lexicographical order <. From Proposition 9, we know that i is primitive, and hence its
conjugates are pairwise distinct (Proposition 8), then we can sort them in increasing order.
Let x; be the rank of 19 in this sorted sequence. Then, it can be checked that the sequence
g € TF defined by gz; = 1; is the required sequence, and (21,...,xk) is the required cycle.
Details of the proof are deferred to the full version [11]. <

» Example 14. Let i = 427254. We want to find ¢ such that std(g) is a cycle of type i. The
conjugates of the reverse word of i are

i = 452724; 1™ = 445272; i = 244527,
i® = 724452; i) =272445; i = 527244,

ordered lexicographically as i®® < i® < i® < i) < {6 <i®)  We then have the ranks
r1 = 410 = 3;w3 = ;w4 = 6525 = 2,276 = 5. We define the sequence g by g.;, = iy,
ie. ga =4;93=2;91 = 7;96 = 2,92 = 5; g5 = 4, and we then get

g=(7,5,2,4,4,2).
The standardized permutation is
std(g) = 651342,
which is indeed the cycle (1, x2, 3, x4, x5, 26) = (4,3,1,6,2,5), of type i in std(g).
For i € Qy, define
Di={x€[l,n] | Li(x) =, Li(x — 1) = — 1}.

From Proposition 12, we get that D; = |Dj| is the number of k-cycles (z1,...,xx) of std(G)
of type i. Since replacing i with one of its conjugates does not change the corresponding
cycles, we write D; = |Dj| for i € Qy, which is well defined. Note that for any k& > 1,

Ck:ZDi:%ZDi

iGQk iEQr
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where ¢, denotes the number of cycles of std(G) of length k. We now define a map which
aims to “add” a cycle of type i in std(g). For any positive integers n and k, and for any
i€ Qy, define the map

P I - I

as follows: for g € I", let a be the smallest fixed point of L{, define a; = a and for any
j € [1,k —1], define a1 = L (a;). Note that L{ (ax) = a = a;. We will insert in g the
letters of i after the a;th, asth, ..., and aith elements of g. Note that some a;’s can be
equal, in that case, if the value b appears exactly ¢ times among the a;’s, we will insert ¢
elements after the bth element of g. Now that we defined the insertion positions in g, the
insertion order of the 4; is given by their order in the unique § € I* associated with i by
Proposition 13 (see Example 15). The resulting sequence is then denoted [ (g).

» Example 15. We revisit the example g = (6,1,5,3,3,1,2). We want to introduce a cycle
of type i = 427254 in std(g). We first define the insertion positions of the letters of i in
g. Since Lj is constant equal to 5 (see Figure 4), L{ is constant equal to 5, and then the
smallest (actually, the unique) fixed point of L{ is 5. Then we will insert the letters of i after
the positions 5, L§(5) = 5,L§(5) = 2,L%(2) = 7,L§(7) = 3 and L{(3) = 6. The sequence
¥{(g) is then of the form

¥ (g) = (6,1, ,5, ,3,3, , ,1, ,2, ).

The order of insertion is that of the unique § associated with i in Proposition 13. We have
seen in Example 14 that § = (7,5,2,4,4,2), and finally

U] (9) = (6,1,7,5,5,3,3,2,4,1,4,2,2).
We obtain the permutation
std(¢{(9)) =1211310116 738294 5.

As we shall see more generally below, the inserted values create a cycle of type i, which is
(3,13,5,11,9,8), and the rest of the permutation is a permutation of {1,2,4,6,7,10,12},
such that std(¢] (¢)) |(1,2,4,6,7,10,12} 18 isomorphic to std(g) (see Figure 4). Note that we have
std(g) = 7164523 = (1,7,3,6,2)(4)(5), and thus we have D,;;; =1, D§ =2 and D{ = 0.
For the new permutation, we have std(¢{ (g)) = (1,12,4,10,2)(6)(7)(3.13,5,11,9,8), and
thus DERe) =1, DY@ = 2 and DT = 1.

The above example illustrates the following Proposition:

» Proposition 16. The map ¥} is a bijection from I" to {g' € I"™* | Di(¢') > 1} such that
for any g € 1", D;(¥](9)) = Di(g) + 1 and for any primitive word j not conjugate to i,
D; (7 (g9)) = Dj(g). More precisely, if x; is the position of i; in ¢ (g), then (z1,...,xk) is
a cycle of type i of std (¥ (g)), and std (¥ (g)) | (rsn} is isomorphic to std(g).

k

Details of the proof are deferred to the full version [11]. The above Proposition means that
the map ¢ “adds” a cycle of type i in the permutation std(G). Note that, by construction,
if Gy, ...,Gpqk are ii.d. random variables taking values in I, then for any g € I" and i € Qy,
P(G =v"(9)) = piP (G|[1,n] = 9)-

We write p; = p;, ...pi,. The main result of this section is the following.
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Figure 4 The permutations std(g) and std(«y (g)) for g = (6,1,5,3,3,1,2) and i = 427254. The
red arrows represent the positions of insertion. The red points represent the inserted cycle of type i.
The blue points form a permutation of {1,2,4,6,7,10,12} which is isomorphic to the permutation
std(g) on the left.

» Theorem 17. For any ki,..., k. > 1,11 € Qg,, ..., 1, € Qk, pairwise non conjugate, and
lla"'alr 20;

i p iRl A Rl < g

P(Diy, >l,....,Di, > 1) =
0 else.

Proof. Fix ki,...,k, > 1,11 € Qk,, ..., 1, € Qk, pairwise non-conjugate, and ly,...,I, >0
such that > k;l; < n. Write A = {g € I" | D;,(9) > l1,...,D;,(g9) > I} . Define the map

R =2 kili 5 A by 9 = wi’f’” 0.0 z/;inl_zkjlﬁ(ll_l)kl 00 wz_z *% In other words,

v is the map which adds I; cycles of type ij, ..., and [, cycles of type i, in std(g), by

iterating the map of Proposition 16. Define the map ¢ : A — =2kl a5 the inverse of .

Now, since G is a sequence of i.i.d. variables,
P(Dil > 117"';DiT er) :]P)(GGA)
I . n=S kjl;\ _ 1 I
:pil"'piTP (G‘IILH_ijljﬂ el Z JJ) _pii'..pir
which is the stated result. <

From the case r = 1 of Theorem 17, it follows an explicit formula for the expectation
of ¢:

» Corollary 18. For i € Qy, D; follows the distribution min(Geoo(1 — ps), | %]). We also
have
[n/k] 1 [n/k]
_ I _ l
=Y S ALY S 4
ieQ, =1 i€Qr I=1

4  Asymptotic distribution of small cycles

4.1 Fixed-distribution case

In this section, we consider the case where the distribution p of the G does not depend on
n, and we let n tend to infinity to study the asymptotic distribution of the cycles of our
model. From Theorem 17, it immediately follows:
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» Proposition 19. For ky,... k. > 1,i; € ékw co,ip € @kr pairwise distinct, we have for
n — +00,

d
(.Di17 .. ~>Dir) Q) Geoo(l _pil) R... ® Geoo(l _pi'r)'

A natural question is to ask how does the distribution of total number of cycles of a given
length behave, without restricting to a finite number of primitive words. We are in particular
interested in having a convergence result in ¢! since this will imply the convergence of the
cycle counts ¢y (recall that each ¢j writes as an infinite sum of Dj’s). To do this, we need a
criterion for convergence in distribution in ¢*(|J,<, Q). This result may be well-known but
we have not found a reference in the literature. In what follows, let C' be a countable set (C
will equal |J;, Q; later).

» Theorem 20. Let (X"),en and X be random variables taking values in €*(C). Assume
that

e the finite-dimensional distributions of (X™)nen converge to those of X

e there exists u € (*(C) such that for any n and i, E (| X7]) < u;.

Then, X™ converges in distribution to X in £(C).

To prove the above result, we use the notion of tight sequences, to apply Prokhorov
theorem. A criterion of compactness in £!(N) is then required (refer to full version [11] for
the complete statement).

Let us return to our model of random permutations. From the previous theorem, it
follows a result on the cycles of std(G) with length smaller than any fixed number k as n

tends to infinity (Theorem 21). Recall that ¢ (std(G)) = Zieék D;.

» Theorem 21. Fiz k > 1. Then,

(d)
(Di)ie, e — ® Geog(1 - pi)

i€QuI<k

in 0 U@l as n — +o00.
1<k

Sketch of proof. To apply Theorem 20, it is sufficient to note that
for any i € Q; and any n > 1,E(D}") < E(X;) by Theorem 17, where X; follows the
distribution Geog(1 — pi),
U,<y Qi is countable. <

See the full version [11] for more elements of proof.

» Corollary 22. Denote by c; the number of cycles of std(G) of length j. We have

d
(crreeven) SR Y X
ik \ica,
where (X;) follows the distribution @ Geog(l — p;).

icQ, i<k N
ieQ,l<k
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4.2 The small frequency case

Now we assume that the distribution p varies with n, more precisely, we consider the case

= max pgn) — 0. In this case, the behavior of the short cycles is different
oo i€l n——+00

from the previous case, and we recover the same result as in the uniform model. Denote by
P(A) the Poisson distribution with parameter .

where Hp(")

» Theorem 23. Assume that the distribution of the chn) satisfies

:maxpgn) — 0.
0o i€l n—+00

=

Then, for k € N*,

(crrernrer) D 73(1)@--@79@).

n—-+oo

To prove this result, we study the convergence of joint moments of the c¢;. The main
result for the proof is the following, which is a consequence of Theorem 17:

» Lemma 24. [f Hp(”)

pairwise distinct classes of primitive words of respective lengths k1, ...,k <k, we have

— 0, then fork e N*, m>1, q1,...,qn > 1 and iy,...,ip
oo Nn——+oo

q qm — . . (n)
E<Di11"'Dim),Hjoopll"'plm (1+O(Hp OO))
where the error is uniform in iy, ..., iy.

See the full version [11] for a complete proof. The interest of this result is that this
formula is convenient for summing over the words i;. The idea that asymptotically, a random
word 4y .. .1k, where the i; are i.i.d. random variables of distribution p, is a primitive word
with high probability (Proposition 10), is useful in this proof, since we can then replace the
sums over primitive words by sums over all words.

5 Asymptotic distribution of large cycles

5.1 Infinite-dimensional simplex and large cycles

Let us denote the infinite-dimensional standard simplex by

A® = xe[O,l]N* ’xl > 29> ... and Z ;<1
j€ N*

In this section, we study a few convergence properties in this set, which we equip with the
topology of pointwise convergence. Note that A is compact. In what follows, we study the
n
infinite vector L) = n_l()\gn), /\g”), ...) of A%, where /\5.”) is the length of the jth greatest
cycle of std(G). nAsymptotically, this vector only describes the large cycles, since the small
cycles will vanish at infinity to the right as n tends to infinity, and will thus carry no weight
under the topology of pointwise convergence.
For t > 2, define

me A>® - R

t
s oo Yal
J

For t = 1, we define m identically equal to 1.
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We have the following criterion of convergence in distribution in the set A°°. While this
result may be known, we have not found a reference for it; a proof is provided in the full
version [11].

» Proposition 25. Let X1, Xo,...,Z be random variables taking values in A>°. Then X,
converges in distribution in Z if and only if for any r € N*, for any t1,...,t. > 2, we have

E (me,(Xp) ... me, (Xp)) — E(me, (2)...me.(2)).

n—-+oo

5.2 Uniform model and Poisson-Dirichlet process

In the uniform model, the asymptotic distribution of the vector ()\(1"), )\gn), ...), where )\E")
is the length of the ith greatest cycle of a uniform random permutation of size n, is well
known (Goncharov, 1944).

» Definition 26. The Poisson-Dirichlet process (with parameter 1) is a random variable Z
taking values in A, defined by the following procedure (“Stick-breaking process”):
Consider i.i.d. random variables (Uy)i>1 uniform in (0;1);
define Y1 = Uy and Ry =1 — Uy (break a stick of length 1 and keep a piece of length Ry );
define Yo = R1Uy and Ry = Ry(1 — Us) (break a stick of length Ry and keep a piece of
length Ry);
iterate infinitely many times;
order the sequence Y in decreasing order to get Z.

See Figure 5 for a visual representation of the procedure.

Y1 Yo Ys Yy Ys

Z Za Z3 Zy s

Figure 5 A visual representation of the Poisson-Dirichlet process.

» Theorem 27. (e.g. [1, formula (1.36)]) The vector — = nil(/\g ),)\(2 ),...), where )\§ )
n

is the length of the jth greatest cycle of a uniform random permutation of size n, converges

in distribution in A to the Poisson-Dirichlet process.

The idea behind this theorem is that, for a uniform random permutation o, of size n, if p
is the cycle of o, containing 1, the length of p is uniform on {1,...,n} and the restriction of
o on [1,n] \ supp(p) is uniform on &,,_x, conditioned to #supp(p) = k. This is not the case
for std(G), but the result for the uniform model will allow us to recover the limit distribution
for the standardized model. To achieve this, we will need the values of E(my, (Z)...my (Z))
in the case where Z is the Poisson-Dirichlet process, in order to apply Proposition 25. These
values are not easy to compute directly from the definition of the Poisson-Dirichlet process.
However, since we know precisely the joint moments of cycles in the uniform model, we can
use Proposition 25 and Theorem 27 to get the values of interest for the Poisson-Dirichlet
process:
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» Lemma 28. Let m > 1, let t1,...,t. > 2, let Z be the Poisson-Dirichlet process. Then,

T 1 1
E(m, (Z)...m, (Z)) = Z Z /0 /0 xi*‘l_l...xiﬁmflﬂzmgldxl...dxm

m=1{A1,..Am}

where the second sum is over all the partitions of [1,7] in m unordered nonempty subsets,
and where t4 = Zti'
€A

The proof is deferred to the full version [11].

5.3 Large cycles of studied model

We return to the setting of the standardized permutation model, with p depending on n,
and we assume that there exists R € (0;1) such that for any n > 1 and ¢ € I, p; < R. Then,
we extend the convergence to the Poisson-Dirichlet process from the uniform model to the
standardized permutation model:

» Theorem 29. Assume that there exists R € (0;1) such that for any n > 1 and i € 1,

D = pl(» ) < R. Then, the vector — = n_l(/\g ),/\é ), ...), where /\g. ) s the size of the j-th
greatest cycle of std(G), converges in distribution in A to the Poisson-Dirichlet process
with parameter 1.

A(m) A()
Sketch of proof. We show that the moments E { my, ) C My, <)> converge to
n n

the same value as in the uniform model, which will allow us to conclude using Proposition 25.
An important idea of the proof is to show that the number of cycles of length at least en for
€ > 0 “behave as” the counterpart in a uniform random permutation, and that these cycles
dominate asymptotically. Note that the writing

A=(n,...,nyn—1,....n—1,...,4,...,4,...)
—_—— —— — N—_——
¢, times Cp—1 times cj times

n
the joint moments of the number of cycles of each length. We indeed have

)\(n) )\(n) kl ty k tr
E(mt1 <> Sy, < )> = Z () <T> E(ck, - - ck,). <
n n fevse>1 N "

yerey R Z

Am) A)
gives us a convenient way to get the value of E (mt1 ( ) C My, ()) if we know
n

See the full version [11] for more elements of proof.

6 Cycle count normality
This section deals with the total number of cycles of the permutation std(G). We recall that,
for the uniform model, a central limit type theorem holds (proved in 1944 by Goncharov):

» Theorem 30 (see e.g. [1, (1.31)]). ) Let K,, be the number of cycles of a uniform random

permutation o, € S,. Then, as n tends to infinity,
K, —1
Kn —1o8(n) @ 0,1
log(n)

and the moments converge.
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It is natural to ask what happens for the std(G) model. Actually, the same result holds
(Theorem 31). For n > 1, define K,, = ,_, c,(cn), the total number of cycles of std(G).

» Theorem 31. Let R € (0;1), and suppose that for any n > 1 and i € I, we have p; < R.
Then, as n — 400,

K, —log(n)

D N (0,1)
log(n)
and the moments converge.

To prove this theorem, we will use the convergence of cumulants to those of the limit
distribution.

» Definition 32.

The joint cumulant k of several random wvariables X, ..., X, with finite moments is
defined by
"G
X, .. X,)=——(0,...,0
XL ) = g )

where G(ty,...,t.) =logE ezj:1 5 X

For r > 1, the rth cumulant of a random variable X is defined by
ke(X) = k(X,..., X)
where X appears r times in the joint cumulant k(X ..., X).

The cumulants give us an alternative to the moments of a distribution: their convergence
are equivalent but, in some cases, it can be more convenient to choose one or the other. The
cumulants are a common and useful notion to study the convergence of a sequence of random
variable to a normal limit. More precisely, the following properties hold:

» Proposition 33.
Let X,, be a sequence of random variable, then the moments converge if and only if the
cumulants converge. In this case, if the limits of the cumulants are the cumulants of a

moment-determinate distribution p, then X, ﬂ Lt
If Z ~ N(0,1), then, for anyr > 1,

on(Z) = {1 ifr=2;

0 else.

The idea of the proof is to prove that the rth cumulant of the random variable in
Theorem 31, converges to 1 if r = 2 and 0 otherwise, from which the result follows. The
method is to show that the only terms that are non negligible in the cumulant

KT(Kn): Z Z Z HT(Dil,...,DiT)
—

r21i€Qr,  1-€Qy,

are the x,(Dj). These terms are equivalent to p;, with sum (over all i € @k) equivalent to
+, which gives us log(n) when summing over k. It also appears that studying the number
of cycles of length smaller than n/log(log(n)) is more convenient and is equivalent — this is
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reminiscent of the proof Erdos-Kac theorem (see [9], or [4, Theorem 30.3] for a more recent
reference), where it is more convenient to study the number of prime divisors smaller than
pt/log(log(log(n)) of 4 random integer, rather than the total number of divisors.

The estimation of x(Dj,,...,D; ) is not easy at first sight. The first step to achieve this
is to estimate the cumulant of powers of D;,,..., D
not conjugate:

for primitive words iy, ..., 1, pairwise

im

> Lemma 34. Let R € (0;1), and suppose that for any n > 1 and i € Lp; < R. Let
2<m<r,let ki,...,km < n/log(log(n)), let i1 € Qk,,....im € Qu,, be pairwise distinct,
and let qi,...,qm > 1 be such that Y q; =r. Then, it holds

m

k(D{,...,D{m) = H% O(R”/2)

j=1 "7
where O only depends on r.

It is possible to link the cumulant of interest x(Dj,, ..., D;,.) and the above cumulant.
Some combinatorics over partitions are useful, through the following formula from Leonov
and Shiryaev, giving a relation between the cumulants of random variables with repetition
and the cumulants of power of random variables without repetition, which is more convenient
in our case.

» Definition 35. Let r be a positive integer, and let w and 7' be two partitions of the set
[r] ={1,...,r}. Then, the join # V' of m and 7' is the finest partition which is coarser
than m and w'.

» Theorem 36 ([12], see also [14, Theorem 4.4]). Let r > 1 and let X1,...,X, be random
variables. Let mg be a partition of [r] = {1,...,r}. Then, we have

K H Xj,B()€7T0 = Z HKJ(Xj,jGB)

J€Bo mvmo={[r]} BE™

where the sum runs over all the partitions m of [r] such that the join wV my of the partitions
m and mg is {[r]}.

The above formula allows us to estimate x(Dj,, ..., D;, ), and then to prove Theorem 31.
The cumulant of powers of D;’s appears on the left-hand side of the formula of 36 (by choosing
the partition induced by i, ...,1i,). The cumulant of interest x(Dj,, ..., D;.) appears on the
right-hand side for the partition in one block, and the other terms are handled by induction.
Refer to the full version [11] for a complete proof of Theorem 31.
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