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—— Abstract

Discrete differential equations of order k are of the form R(z,u, F(z,u), AF(z,u),..., AFF(z,u)) =0,
where AF(z,u) = (F(z,u) — F(2,0))/u and A*F(z,u) = A(A*"'F(z,u)) for k > 2. Such equations
appear most prominently in planar map enumeration but also in several other contexts such as

statistical mechanics, lattice path enumeration, pattern avoiding permutations or stack-sortable
permutations. Mostly, one is interested in the function F'(z,0) that is usually the corresponding
counting generating function. In this work, we consider discrete differential equations with an
additional parameter x, where the order of the equation is 1 for x = 1 but k& > 1 for z # 1. We
call such equations singularly perturbed. The solution theory of higher order discrete differential
equations is much more involved than for degree 1 and it is a priori not clear that there is a smooth
transition from z = 1 to  # 1. The main contribution of this work is to show that there is actually
a smooth transition under certain natural assumptions. As an application of this result we consider
pattern counts in triangular planar maps and derive a central limit theorem for these counts.
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1 Introduction

Discrete differential equations are a type of functional equation for a multivariate generating
function F(z,u) = >, -+, Fn(z)u"™ and are characterized by the appearance of discrete
derivatives' of F(z,u), defined as A*F(z,u) =3 ., F,(z)u""*. We call an equation

F(z,u) = 2Q(z,u, F(z,u), AF(z,u),..., A*F(z,u))

for some k € N, discrete differential equation (DDE). DDEs are also known as catalytic
equations. The order of a DDE is the highest order discrete derivative it contains.

They appear most prominently in planar map enumeration [24, 23, 22, 8] but also in
statistical mechanics [21], in the enumeration of lattice paths [1, 6, 3], pattern avoiding
permutations [19, 20], stack-sortable permutations [25, 5], certain types of polyominoes [17, 4]
and various other structures which are often in bijection with the former, such as Tamari
intervals [9, 16] and fighting fish [15].

1 Some authors also refer to them as divided differences.
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Singularly Perturbed Discrete Differential Equations

In [13, 12], the authors showed that solutions to first and second order DDEs show
universal singular behavior and exploited this fact to derive central limit theorems for
additional parameters x that perturb the equation regularly. That is, setting the parameter
2 = 1 would not change the order of the DDE. Recently, Contat and Curien [10] proved a
remarkable general (universal) asymptotic result for positive DDEs of arbitrary order but
they did not consider additional parameters.

In this work, we consider DDEs with an additional parameter x singularly perturbing a
discrete differential equation such that

F(z,u,2) = 2Q(z,u, F(z,u,x), AF(z,u,2)) + (z — 1)2R(z,u,z, F(z,u,2),. .., A"CF(Z,u,gc))7
where k£ > 1 and @) and R are rational functions. It is essential that the order of the DDE
changes from 1 for x = 1 to kK > 1 for  # 1. A solution theory of higher order DDE’s is
much more involved than for degree 1 and it is a-priori not clear that there is a smooth
transition from x = 1 to x # 1 that is actually needed to prove a central limit theorem for
an associated random variable X,, defined by

2"z¥|F (2,0, )

]P(Xn:k):[ k> 0.

[27]F(2,0,1) ’ -
A natural application of such a central limit theorem appears in map enumeration, where x
marks, for example, a pattern occurrence of a fixed map p (see Theorem 5). The goal is to
prove a central limit theorem for the random variable X, that counts the number of such
pattern occurrences in random maps of size n, where every map of size n is equally likely.
In the next section, we illustrate the singular perturbation along a simple example and
indicate how the general situation can be handled. In Section 3, we then deduce a central
limit theorem for pattern counts of maps which cannot self-intersect in a random simple
triangulation. Finally, we discuss future extensions of our results.

2 Singularly perturbed discrete differential equations

In what follows we will analyze a DDE for the unknown function F(z,u,x) of the form
F(z,u,x) = Zizo filz, x)u’

Fleu,2) = 2Q (2, u, F(z,u,2), AF (2, u,)) (2.1)
+ (z— 1)2R(z, w,z, F(z,u,z),...,AFF(z, u,m)),

where AFF(z,u,2) = 3.0, fu(z,2)u'~*. We also assume that the function Q(z,u,yo,y1)
is rational with non—nega‘;ive coefficients and that R(z,u,yo,y1,y2) is rational. Both func-
tions should be analytic in a sufficiently large region that contains the singularities and
singular values of the solution function. Furthermore we suppose that Q(z,0,0,0) # 0,
Qu(z,u,y0,0) # 0 and Qyyy, (2, %, Yo, Y1) # 0 or Quy, (2,4, Y0, y1) # 0. We also assume that
the coefficients of the power series expansion of F(z,u,r) are non-negative.? Finally, we
assume that the dependency graph of the equation (2.1) is strongly connected for x = 1.
For this purpose we expand the left-hand and right-hand side of (2.1) into powers of u and
obtain an infinite system of equations for f;(z,1):

2 By assumption on Q this non-negativity property is immediate for the function F(z,u, 1), that is, for
z = 1. The non-negativity condition for F(z,u,z) is not that easy to check in general. However, if the
coefficients of F'(z,u,x) have a combinatorial interpretation — as it will be in our applications — this
condition is automatically satisfied.
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fi(zv 1) = QZ(Z’ ]-7f0(z’ 1)7 .- 'afi+k(za 1))7 ('L > 0)

We then associate to this infinite system a so-called dependency graph on the vertex set
V ={0,1,...} with directed edges from i to j if Q; depends on f;.

We recall that the asymptotic behavior of [2"]F(z,0,1) = [2"]fo(2,1) can be completely
characterized. From [13] we know that we have

(2" fo(z,1) ~ ¢; n=%2p" (n — 00, n = j mod d)

for positive constants c;, p and for some residue classes j mod d, j € J, where d > 1. Actually
in [13] only the polynomial case is handled, however, if Q(z,u,yo,y1) is rational with a

sufficiently large analyticity range the same methods apply and, thus, the same result holds.

» Theorem 1. Let F(z,u,x) =3 ;5 fi(z,z)ut be implicitely given by the DDE (2.1), where
k>2, Q(z,u,y0,y1) is rational with non-negative coefficients, R(z,u, Yo, y1,---,Yx) Tational
but linear in yy, and both with large enough region of convergence. Further, let Q(z,0,0,0) # 0,

QU(Z7 u, Yo, 0) 7& 0; le (Za u, Yo, yl) # 07 and Qyoyo (Z7 u, Yo, yl) ?é 0 or Quyo (Zv u, Yo, yl) 7é 0
and let the dependency graph of the equation be strongly connected for x = 1. If X, is

defined by

[z"2*] F(2,0,7) , .
PX,=k="—"——"7+ = dd,
== T pG ey (MR medd e
then X,, (n=j mod d, j € J) satisfies a central limit theorem of the form
X, — un
vn

where u, o are non-negative constants and EX,, ~ un and VX, ~ o?n (n = j mod d with
jeJ).

— N(0,0%) (n=jmodd, je.J)

We will first consider an example and illustrate the proof of Theorem 1 along this case in
detail.

» Example 2. Let T(z,u,x) = Zkzo tr(z, z)u* be implicitly defined by
T(z,u,x) = 1+ 22uT(z,u,2)* + 2AT (2, u, ) + z2A*T (2, u, T).

For the sake of notational simplicity we have changed z — 1 to x. The critical value is now
2 =0 (and not = 1).

First we analyze quickly the (critical) case x = 0. Here we have the equation
T =1+ 22uT? + 2AT
or in polynomial terms
Py(z,u,T,to) = u(l + 22uT? + 2AT — T) = u + 2*u>*T? + 2(T — to) — uT
(with to(z) = T(%,0,0)). By the theory of [7] we have to solve the system

Pl(Z, U,T, to) = 0, PLu(Z,U,T, to) = O, PLT(Z,U,T, to) = 0 (22)
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Singularly Perturbed Discrete Differential Equations

to obtain functions u(z), to(2), T(2) = T(z,u(z),0). By [13] we know that these three
functions have a common dominant singularity zo. More precisely, the functions u(z) and

T'(z) have a square-root singularity at zy whereas to(z) = T(z,0,0) has a 3/2-singularity:
to(2) = go(2) + ho(2)(1 — 2/20)*/*

with analytic functions go(2), ho(2) that satisfy go(zo) # 0, ho(20) # 0. The singularity zo
can be determined by the system (2.2) together with the equation

(Pl,u'u,Pl,TT - P12,uT) (Z’ u, T7 tO) = 07 (23)

as in [13]. Actually (2.2) together with (2.3) determine also the values u(zg), T(z9) =
T'(z0,u(z0)), and to(z0) = T'(20,0).

There might be further singularities of this type on the circle of convergence |z| = z.
However, they will differ only by a d-th root of unity: z; = zpexp(2mij/d) which implies
that the asymptotic expansion of the n-th coeflicient is given by

—5/2

[2"]to(2) ~ c;n™ > 2" (n = 0o, n = j mod d)

with j € J positive constants c;.
The main goal is to show that the function T'(z,0, z) behaves similarly if « = 0, that is,
for complex x close to 0 we have

T(2,0,z) = g(z,2) + h(z,2)(1 — 2/20(z))>/? (2.4)

for proper analytic functions g(z, z), h(z,x), zo(z) with g(z,0) = go(2), h(z,0) = ho(z), and
20(0) = zo. From this representation it immediately follows that the coefficients satisfy

(2T (2,0, ) ~ ¢;(x) n~> 22 (z) ™ (n = co,n = j mod d)

with j € J and with analytic functions ¢;(x) with ¢;(0) = ¢;. By standard theory (by
applying Hwang’s Quasi Power Theorem, for example, see [11]) the central limit theorem
follows then directly (provided that z{(1) # 0).

The essential point is that second order DDE’s (and higher order DDE’s, too) need a
more involved treatment than first order DDE’s. We set now

P(z,u,T, to, t1,x) = u? (1 + 22uT? + 2AT + 22 A*T — T)
=uP(z,u,T,tg) + za(T — tg — uty)
= u? + 22u3T? + 2u(T — Ty) + 22(T — to — uty) — u’T,

where to(z,2) = T(z,0,z) and t1(2,z) = T,(2,0,z). The factor u? is just used to have a
polynomial equation. This is not really necessary but convenient. Here we have to solve the
system of equations (see [7])

P(Zaulaflat();thz):()a PU(Z7U13T17tO7t1>I):Oa PT(ZauthatO;tlyz):Oa
P(Z,UQ,TQ,tQ,tl,I):O, Pu(Z,’LQ,TQ,to,tl,.’L‘):O, PT(Z,UQ,TQ,tQ,tl,l‘):O

for the unknown functions wui(z,x), ua(z,x), to(z,x), t1(z,z), T1(z,z) = T(z,u1(z, ), x),
and To(z,z) = T(z, us(z, x), ).

Since this is an algebraic system we can apply a proper elimination procedure that leads
to the following equation for u;(z, z) and wus(z, z) that are determined by the property that
u1(0,2) = u2(0,2) = 0 (and it will be clear from the structure of the equations that there
are precisely two different solutions of that kind).
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Figure 1 The solutions ui(z),u2(z) for the values z = 0,0.025,0.05,0.1 in the first line and
x = —0.01,—-0.025, —0.05, —0.1 in the second line.
The red dot marks the origin, the green line the negative value of = to show that 0 > uz(z) > —=x
for z > 0.

;

0 =2u82% —u82% + u°2% + zutz 54u62'2 36utz + 4203 2% + 4u? — 12uz + 92?)

(
+ 2% (—36ut2? + T8u 2% — 4ud + 20u”z — 42uz? + 3023)
+x zu2(38u + 16u? — 52uz + 462?)
+ ztuz®(—21u + 332) + 92°23

In Figure 1 we can see the (real valued) solutions to this equation for different values of x.

As x — 0 two separate curves meet at the origin and create the solutions u;(z,0) = uy(z)
and uz(z,0) = 0.
The corresponding equation for to(z,z) = T'(2,0,z) is
0= 11664t8x4z10 TTT6t5x> 2% — 864tga? 2" + 16200t0x 828 — 1728132 2% 4+ 108032228
+ 288t3x27 4 16525 + 21600122325 + 16201222 2° — 24t22x2" — 45000t92° 25
— 1500t92? 2% + 25000232 + 57612222 4 136t2x2* + 8t22° — 2640t92° 2% — 602tg22*
— 36tg2° +2000222° + 45072 + 2725 + 64tgz? + 16tgzz + to2? — 642% — 1672 — 27
The implicit plot around #¢(0,2) = T(0,0,z) = 1 is shown in Figure 2 for different values
of z. As one can see, the trajectory of to(z,z) = T(z,0,z) only differs slightly through the
small perturbation by .
We now make a rigorous analysis of these solution functions. Actually, if z — 0 then it

is clear from the equation P(z,u,T,tg,t1,2) = 0 that one of the solutions u(z,x), uz(z, )
tends to 0 as © — 0; we let ua(z, ) denote this solution. Since

PT(z7u2,T2,t0,t1,x) = 2zu§T2 + zup —ud + 22 =0
it follows that
us(z,x) = —x

if z # 0. Actually it is easy to see that ui(z,x) ~ /zx and us(z,2) ~ —y/zz if |2| < |z|. If
|z| > |z| then the behavior changes to ui(z,z) ~ u1(z) and ua(z,z) ~ —x (as x — 0).

17:5
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B e

Figure 2 The solution T'(z,0,z) for the values x = 0,0.025,0.05,0.1 and in the second line
r = —0.005,—-0.01, —0.025, —0.05. The red dot marks the origin.

Assume for a moment that x # 0. Then we use the second set of equations
P(Z7u2aT2at05t17$>:07 Pu(zau2aT27t07t17x):07 PT(Z7u2aT25t07tl7l‘>:0 (25)

and solve them with respect to ug, Tb, and t1, that is, we consider z, z, ty as parameters and
obtain solution functions

Us(z,2,t0), Ta(z,2,t0), ti(z,2,t0).

Actually we only need the function #1(z, z, tg) that we substitute into the first three equations:

P(Zaul;Thtngl(vaatO)?x)
Pu(Z,Ul,T17t07¥1(Z,x,to),x)
PT<Z7u17T17t07¥1(Z7xut0)7x)

0,
0,
0.

If we set R(z,u,T,to,x) = P(z,u,T,to,t1(z,2,t0), z) then this just reads as
R(Z7u7 T’ to’x) = 07 Ru(Z, u’ T’ to,x) = 07 RT(Z7U7 T’ to’x) = O (2.6)

which is precisely a system of the kind that appears in [14] in order to handle first order
DDE’s. As mentioned above the essential point is to show that this system behaves smoothly
as ¢ — 0 and is equivalent to the system (2.2) for z = 0.

Let us start with the elimination process that computes Uz (2, x,t9), T2(2,,to), and
t1(2,2,t9). For this purpose we replace the functions s and T (z,,ty) with the functions
V(z,x,tg) and N(z,z,ty) by setting

Us(z,2,t0) =V (2,2,t0), Ta(z,2,t0) = to+xN(z,2,t0).
With this choice the system (2.5) rewrites to

V2 4+ 222V3(to + aN)? + 2VN — V3 (tg + aN) + 2(N — V1) = 0,
2V 4 3222V 2(tg + xN)? + 2N — 2V (tg + xN) — zt; = 0, (2.7)
22222 V3 (tg + aN) + 2V —aV2 4 2 = 0.

For x = 0 (and arbitrary z # 0) this system has the solution

1—-4¢ to—1
Vo=-1, No=—2, t1=-——.
z z
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The Jacobian of the system (2.7) is given by the matrix

0 0 -2V
J=1| 2+6222V(tg +xN)? —2(tg + zN) 6222°V2(tg+zN) + N — 22V 2V — 2
62222V2(tg + aN) + z — 22V 22223V3N 0

and its determinant by

det J = =2V ((2+ 62°2V (to + 2N)? — 2(tg + zN))22°2° V2N
— (62°2?V?(tg + zN) + N — 22V)?).

For z = 0 the determinant has value 2VoNg = —(to — 1)?/2. So it is non-zero for z # 0
and to # 1. Actually we are interested in the case z > 0 and to > 1 (note that #,(0,0) =1
and that t(z,0) is strictly increasing). Thus, we can assume that the determinant is non-
zero for z > 0, ty > 1 and for z sufficiently close to 0. Hence, by the implicit function
theorem there are analytic solutions V(x, z, o), N(z, z,t0), t1(x, z,to) with V(0, z,t9) = —1,
N(0,z,t9) = (1 —tg)/2, t1(0, z,t9) = (to — 1)/z. As explained above we now use the function
t1(z, z,to), insert it into the first three equations and obtain the system (2.6). For & = 0 this
is precisely the system (2.2), where we already know that to(z,0) has a proper 3/2-singularity.
Now we can directly apply Theorem 2 from [12] and obtain that ¢o(z, z) has a representation
of the form (2.4) which is then sufficient to obtain a central limit theorem provided that
z(1) # 0. However, by using the system (2.6) together with the equation Ry, Rrr —R%; =0
and by implicit differentiation this can be easily checked.

In general we can proceed in a similar way. We start with the case k = 2 (again with x
instead of  — 1 and with T'(z, u, z) instead of F(z,u, z)):

T(z,u,z) = 2Q (z,u, T(z,u,z), AT(z,u,)) (2.8)
+ chR(z, u,x, T(z,u,2), AT (2,u,2), A*T (2, u, as))
Equivalently we have the equation

T -t

P(Zau7T7t07t17$) = ZQ (Z,U,T,

T—ty T—ty—ut
)+x2R(z,u,x,T, O, 0 ul)—T:O.

u2

Again if £ = 0 this equation simplifies to

T—t
Pl(z,u,T,to):zQ<z,u7T7 O>—T:0.
u

Note that we have not multiplied by u or u2

in order to write it as a polynomial equation.
Actually we use this multiplication in a later step. By using the methods of [13] it follows that
to(z,0) = T'(z,0,0) has a dominant 3/2-singularity at some zo > 0 (that can be computed
by solving the system Py = Py, = P17 = P yu P17 — Pf,uT =0).

For x # 0 the order of the DDE equals 2 so that we have to solve the system
P(Zau17T17t07t17x):07 Pu(Z,’U,hTht(Ltl,l'):O, PT(Z,Ul,Tl,t07t17£L'):O, (29)
P(z,u2,Ta,to,t1,2) =0, Pu(z,u2,Ta,to,t1,2) =0, Pr(z,uz, Ta,to, t1,) =0 (2.10)

for the unknown functions ui(z, ), ua(z, ), to(z,x), t1(z,z), T1(z,z) = T(z,u1(z, ), x),
and To(z,2) = T(z,ua(z,z),z). From the equation

R R
Pr=2Qy, + Z%“ +x(zRy0+z L +ZU§2) -1=0

u

17:7

AofA 2026



17:8

Singularly Perturbed Discrete Differential Equations

that we multiply for convenience by u?
2p _ .2 2 2 _
u?Pp = 2u”Qy, + 2uQy, + z (2u” Ry, + zuRy, + 2Ry,) —u’ =0
it follows (similarly as in the above example) that the solutions ua(z, z) satisfies (for z # 0)

R
Ry
le
Recall that by assumption @,, # 0 and R,, # 0. Thus, we are in precisely the same situation

as above. We set Ty = 2V and Ty = tg + xN. By using the assumption that R is linear
in yy it follows that the equations in the second line of the equation system (2.10) can be

UQ(Zax) ~

rewritten into a system for V., N, and t5 with the property that there is a smooth transition
to x = 0. For example, the first equation rewrites to

2Q(z, 2V, to+ N, N/V) 4 z22Q(z, 2V, 5,tg + N, N/V,(N = Vt1)/(2V?)) —tg — 2V = 0,

where due to the linearity in yo the factor 1/z cancels out. As above this (new) system
can be solved for x = 0 and we get analytic solutions V = V(z,2,t5), N = N(z,,t),
to = EQ(Z’ xZ, to) etc.

This procedure works in a very similar way if £ > 2 but one has to take care of an
additional feature. In this case we have to deal with a system of 3k equations with solution
functions u, ..., uk, T1, ..., Tk, t1, ..., tr, where the solutions functions us, . . ., uj are now of
order z'/(*=1) " Again one has to solve first the last 3(k—1) equations with parameters z, x, to.
Here we use the substitutions u; = XV; and Tj =tg+XVjt1+-- ~+Xk*1ij_1tk_1 +X’“Nj,
2 < j <k, where X = 2'/(k=1) " Ag in the previous cases we get analytic solution functions
for z # 0 and for X close to zero. Furthermore, the solution functions ¢;, 2 < j < k, depend
only on X¥~! =z, that is, we can finally reduce the problem to a system of 3 equations of
the type (2.6), and we are done.

3 Pattern counts in simple triangulations

In this section, we apply the theorem in Section 2 to the counts of pattern occurrences in
simple triangulations. It is known that pattern counts of triangulations, where the patten
cannot self-intersect, satisfy a central limit theorem [18]. In the following, we also consider
maps with arbitrary root-face valency as patterns in a map and establish first a functional
equation for the generating function of simple triangulations with an additional variable
counting pattern occurrences of a map which cannot self-intersect. Subsequently, we derive a
central limit theorem for patterns with root-face valency 4 from our Theorem 1.

» Definition 3. A planar map is a connected planar graph (with loops and multiple edges
allowed) embedded onto the sphere. If one of its edges is oriented, we call it rooted. The
oriented edge is further called the root edge and the vertex from which the root edge is
pointing away the root verter. A planar map separates the surface into several connected
regions called faces. The face to the left of the root edge is called the root face or the exterior
face. The valency of a face is the number of edges incident to it, bridges being counted twice.
A face of valency m is called an m-gon. We define the boundary of a rooted map as the set
of all edges and vertices incident with the root face. A simple map is a map without multiple
edges or loops. A simple near-triangulation is a simple map in which all faces except the root
face have valency 3 and there are no interior edges connecting two vertices of the boundary.
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If the root face of a simple near-triangulation is of valency 3, we call the map a simple
triangulation. We denote the set of simple near-triangulations by 7 and their generating
function by

T(z,u) = Z tjynujz",
n,j>0

where u marks the root-face valency minus 3, z marks the number of interior edges minus
the root-face valency plus 3 (the exponent of u), divided by 3.
These counting variables were carefully chosen by Tutte in [22] with respect to the

decomposition of these maps and the singularity analysis of the resulting functional equation.

Ultimately, we are interested in the number of pattern occurrences of a fixed map p in a
random planar triangulation.

» Definition 4 (Pattern occurrences [2] ). Let p be a rooted map. We say that p occurs as a

pattern in a map m if m can be obtained by extending p in the following way:

(a) adding vertices to the interior of the root face of p,

(b) adding edges with their endpoints being either vertices or edges from the boundary of p
or newly created vertices,

(c) rerooting the resulting map in such a way that its new root face is not contained in an
interior face of p.

We say that p cannot self-intersect if any interior face of a pattern occurrence of p cannot

be the interior face of another pattern occurrence unless they have a root face preserving

isomorphism (see Figure 5 for an example).

» Proposition 5. Let p be a near-triangulation with e edges, root-face valency v and r
rotational symmetries which cannot self-intersect. Then the generating function T(z,u, ) for
planar near-triangulations enriched with the variable x that counts the number of occurrences
of p as a pattern satisfies the equation

T 2
T(zyu,xz) =1+ 2AT(z,u,x) + Z%

et+v—2

2z 3

+7r(x —1)——Ny-1(2,4,T(2,u, ), AT (2,u,),.. ., A7 (2, u, )
uv-
etv—2
where 22— Ny_1(2,u, 90, . .., Yv) is a polynomial in z,y1,...,y, and rational in v and T.

Proof. The first terms of the equation count triangulations where the root edge is not
incident to any pattern occurrences. These cases were treated in [22] and consist of one of
the following three cases:

1. a single triangle marked by 1 since the root-face valency is 3 and there are no interior
edges (and thus u3—32(0-0)/3 = 1),

2. a (near-)triangulation with root-face valency at least 4 without interior edges connecting
two vertices on its boundary, to which we attach a new root edge, decreasing the root-face
valency by 1 and increasing the number of interior edges by 2. Thus, this case is counted
by zAT(z,u,x).

3. a near-triangulation with interior edges connecting the vertex to which the root edge
points with at least one other point on the boundary to which we attach a new root
edge. This near-triangulation can in turn be decomposed into a sequence of at least two
triangulations without interior edges connecting two vertices on the boundary. Careful

computations on the number of interior edges and root-face valency yield the term
ZIT(Zﬂmﬁ)2 )
—uT(z,u,z)
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Figure 3 Decomposition of triangulations with a root edge incident to a labeled pattern occurrence
into a sequence of edges and multifan-triangulations.

wT wul wul w2 AT

Figure 4 Decomposition of multifan-triangulations into an alternating sequence of near-
triangulations incident to the pattern occurrence and sequences of near-triangulations.

The last term corresponds to the case where the root edge is incident to a pattern occurrence.
If we delete the interior edges of this pattern occurrence, we are left with a map that
decomposes into a sequence of single edges or maps that themselves decompose into a
non-empty sequence of near-triangulations glued along edges (see Figure 3), which we call
multifan-triangulations. We denote their generating function by F(z,u,z,w), where z, u,
are as above and w is an auxiliary variable that marks the length of the boundary which is
incident to the deleted pattern occurrence.

We now aim to describe F(z,u,z,w) in terms of T(z,u,x) and its discrete derivatives.
First of all, if £ is the root-face valency of a multifan-triangulation, then the number of
edges on the boundary incident to the pattern occurrence is at least 2 and at most £ — 1
(otherwise an interior edge would connect two vertices on the boundary of the original
equation). Further, any vertex on the boundary where both incident boundary edges lie
on the boundary of the pattern occurrence, might be connected to another vertex on the
boundary of the multifan-triangulation. Interior edges connecting vertices on the boundary of
the multifan-triangulation therefore decompose the map into sequences of near-triangulations
glued together along the edges. Since the image that we can draw looks like a sequence of
fans glued together, we chose the name multifan-triangulations. In particular, we decompose
the multifan-triangulation into a near-triangulation with at least one edge incident to the
pattern occurrence and an alternating sequence of sequences of near-triangulations with
no edges incident to the pattern occurrence and near-triangulations with at least one edge
incident to a pattern occurrence, ending with the latter. (See Figure 4)

Note that none of these gluing operations create/destroy pattern occurrences since the
pattern is a near-triangulation without interior edges connecting vertices on its boundary.

We therefore only have to compute the exponents of z and u resulting from gluing
near-triangulations.
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So, assume we glue two maps with root face valencies vy and vy and interior edges i1, io
respectively, along an edge incident to a vertex v. Then the root-face valency of the obtained
map equals v; + vo — 2. So, u counting the root-face valency minus 3 gets the exponent
vy +v2 —5 = (v1 —3) 4 (v2 — 3) + 1 and therefore we gain a factor w. The number of interior
edges on the other hand increases by 1 and therefore the exponent of z, counting the number
of interior edges minus the exponent of u, divided by three sums up perfectly as

ip+ip+1—vy —va+5 (i1 —v1+3)+ (ia —v1 +3)
3 B 3 ‘

Therefore, no additional factors of z will appear.

By the same arguments, we arrive at the conclusion that gluing a sequence of maps results
in an additional factor u per map.

Finally, we note that if ¢ edges of a near-triangulation in the multifan-triangulation are
incident to the pattern occurrence, the root-face valency of the near-triangulation has to be
at least £ — 1 and no multifan-triangulation has only a single edge incident to the pattern
occurrence.

Hence, the generating function is described by

wT' (2,1, ) + 350 w2y ART (2, u, 2)
1= 17uT1(tz,u,m) (wT(z,u, z) + Zkzo wk““kAkT(zaUﬁ))

F(z,u,z,w) = —wT(z,u,x)

The map which is leftover is then decomposed into a sequence of edges and multifan-
triangulations excluding a single multifan-triangulation with root-face valency ¢ > v and £ —1
edges incident to the root face. When we set up the generating function for this sequence,
we multiply each generating function of a multifan-triangulation by v, and after combining
divide by u? to correctly produce the exponent of u corresponding to the root-face valency
minus 3. Furthermore, for what concerns the exponent of z, this increases by 1 for each

3 corresponds to an increase of 1 in the exponent of z.
2

factor u

A single edge in the sequence corresponds to a term 2~ 342 as it increases the root-face
valency by 2. When we glue the pattern to the leftover map, these edges do not produce a
new interior edges, but the edges on the boundaries of the fan triangulations contribute each

23 to the generating function. In total, we thus get

2 1
-2, 2 -1,,3 1
vfluz(erl)] 27 5utw 4 2wt F(z, u, x, 23 w)

z
Ny_1(z,u,2) = —<|w
v ) U?’[ 1— (2730w + 2~ "W3F (z,u, 2, 23w))

which in turn can be expressed as a polynomial in T'(z, u, z), AT(z,u,z),... AT (z,u, x),
since for any function [u]T(z,u,z) = AOT(z,u, x) — uAHDT (2, u, 2).

Now, let the leftover map consist of v — m single edges and the rest fan triangulations. In
that case, the exponent of z in the above expression is 2™+ where i € Z>_1. By gluing
the pattern to the leftover map, we decrease the exponent of u by v — 2 and consequently
“52 and further, we create m — 1 new internal edges, such that the
new exponent of z will be

increase the one of z by

e v=2 2., m-1 e—v+3m+3i—3
z3t73 +(m—v)g+it=3 =z 3 .

Since p is a near-triangulation e—wv is divisible by three and the above is indeed an integer. <«

We illustrate once again the decomposition procedure along an example.
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Figure 5 The diamond pattern which cannot self-intersect.

» Example 6 (Diamonds). A diamond is a rotationally symmetric near-triangulation with
root-face valency four and 28 internal edges as depicted in Figure 5. It is easy to see that it
cannot self-intersect, since none of the interior vertices can lie on the boundary of a second
pattern occurrence of a diamond.

By Proposition 5, the generating function of near-triangulations with = marking the
number of diamonds satisfies the equation

T(z,u,z)?
T =1 AT —_—
(z,u, ) +z (z,u,x)—i—zl —uT(e,u.7)
(:I; _ 1)228;»2 )
Tth(za u, T(Z, u, Jj), AT(Z7 u, LU), A T(Za u, 1‘)), (31)

where
Fg(Z,U,T(Z,U, f), AT(Zv U, l'), AQT(Z,U, z))

2
_ % (ZQUG N 227§u2u73 <z§T N z3uT2> N 2u73 2 TAT N ud  zulT3 N u3zu2A2T>
u z z

1—ul 1—ul = 2z (1—ul)? ' =z
T2 )+ ZUQTAT w213
T

5+ 22 AT

1—uT +Z(1fuT)

w + 2u? <T +

z 1-—

Indeed, F3 corresponds to the following cases

1. the map itself is a diamond

2. one of the edges left or right to the root edge is a single edge attached to a
a. near-triangulation
b. multifan triangulation with a single fan

3. all edges in the leftover map are incident to a multifan triangulation with
a. a single fan at one of the two interior vertices along the glued boundary
b. fans at each interior vertex along the boundary

4. a near triangulation with root-face valency at least 5.

By Theorem 1, we can conclude that the number of diamond occurrences has an expectation
and variance linear in n and satisfies a central limit theorem.

Note that the fact that the exponent of z in (3.1) is divisible by 3 is due to the fact that the

root-face valency 4 is 1 modulo 3. For a non-self-intersecting pattern with root-face valency

5 the exponent of z in (3.1) would indeed be of the form 3m3+2 for some non-negative m € Z

and only add up to an integer in combination with the exponents of z in Fy. This is easy
to see if one considers the case where the map is in fact the pattern and the corresponding

8 5
327350 = 273 ub.

term in F, contributes zu~

Finally, we directly obtain the following central limit theorem for pattern counts of
non-self-intersecting patterns in simple triangulations.
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» Theorem 7. Let p be a near-triangulation which cannot self-intersect and X, the (random)
number of occurrences of p in a uniformly random simple triangulation with n edges. Then
there exist computable constants p, o > 0 such that

X, —un
NG
2

where N(0,0?) is a normal random variable with mean 0 and variance o>.

— N(0,0?)

4  Conclusions

We established that singularly perturbed discrete differential equations admit a smooth
transition from order 1 to order k > 2 in the case where the equation is linear in the highest
discrete derivative. Under the usual assumptions of strong connectedness and non-degeneracy,
the dominant singularity varies analytically with the perturbation parameter z, which allows
us to transfer the singular expansion and derive a central limit theorem for associated
counting parameters. A natural open problem is whether such a smooth transition persists
without the linearity assumption in the highest-order discrete derivative. In that setting, the
elimination procedure becomes substantially more involved and requires careful handling.
On the combinatorial side, we restricted attention to patterns in triangulations that cannot
self-intersect. Allowing self-intersecting patterns leads to more intricate decompositions,
where the resulting functional equations become technically cumbersome due to the delicate
choice of counting variables and the restriction to simple triangulations. In particular,
the highest discrete derivative does not necessarily appear linearly in the equation. An
alternative approach based on probabilistic arguments appears promising and is currently
under investigation in joint work with Nicolas Curien and Alice Contat.

Further applications of Theorem 1 and extensions of it are expected in various other
combinatorial structures with generating functions satisfying discrete differential equations
such as fighting fish or Tamari intervals.
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