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—— Abstract

We study Mallows random permutations conditioned to avoid a given pattern « of length 3, for
which we find limit shapes in the space of permutons when the bias parameter is of the form e®/™.
Along the way, we provide parametrizations for a-avoiding permutons, and establish large deviation
principles for uniform a-avoiding permutations.
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1 Introduction

1.1 Background

Mallows/pattern-avoiding random permutations. Random permutations are among the
most standard objects studied in discrete probability theory, with notable applications in
statistics, analysis of algorithms, and statistical physics. While earlier works have focused
primarily on uniform random permutations, some non-uniform models have later become
popular. A famous example is the so-called Mallows model, introducing a bias depending on
the number of inversions. It was proposed in [16] in the context of statistical rankings, and
has been studied under many aspects in the last twenty years; see, e.g. [9], for references.
In another direction, a number of recent works analyze uniform random permutations
subject to some constraints. The most common constraints consist in fixing the cycle type or
in avoiding some patterns. The latter line of research originates from articles of Madras, Pak
and co-authors and has grown significantly in recent years; see e.g. [15, 18, 2, 4].
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Pattern-Avoiding Mallows Permutations

Our first motivation for this work is to understand how to combine both points of view,
i.e. to study Mallows permutations constrained to avoid some patterns. In this paper, we
focus on avoiding a fixed pattern of length 3, and refer to this as constrained Mallows
permutations. As far as we are aware of, this question has not yet been investigated, although
related models and questions have appeared in the literature; see, e.g., [11, 7].

Permutons, and large deviation principles. We focus here on the scaling limit of constrained
Mallows permutations in the sense of permutons (see Section 2.2). The space of permutons
is known to be a natural framework to state a large deviation principle (LDP) for uniform
random permutations [22, 14]. In general, LDPs are useful tools to find the limit shapes of
random objects distributed according to biased distributions, as it transforms the probabilistic
problem into an optimization problem on a space of analytic objects. See [21, 19, 14] for
applications of this idea to Mallows and related random permutation models.

Interestingly, the LDP for uniform random permutations given in [22] cannot be used
to study models of pattern-avoiding permutations, since the rate function is infinite on all
pattern-avoiding permutons. We overcome this problem by deriving specific LDPs for uniform
permutations avoiding either 231 or 321.1 The first step is to find appropriate parametrizations
of 321 (resp. 231)-avoiding permutons. Once we have found these parametrizations and
established the associated LDPs, we can translate the question of finding the scaling limit
into an analytic optimization problem, which we can solve explicitly. The next Section (1.2)
introduces our model formally, while Section 1.3 presents our main results.

1.2 Constrained Mallows permutations

For @ € {321,231}, n > 1 and q = ¢, > 0, we let 72% be a random permutation of size n
such that, for any a-avoiding permutation o,

qinv(o)
P(ri® =o0) = 7T (1)
where inv(c) is the number of inversions of o and Z%® := 3 _¢™(®) is the appropriate

normalization factor (the sum is taken over all a-avoiding permutations o). This is the
Mallows distribution conditioned to avoid o. We will be interested in the regime ¢ = e?/™ for
some 3 > 0: Figure 1 shows such samples of 79°*, suggesting a phase transition at this scale.
These were obtained by running an appropriate Markov chain for a large number of steps, as
explained in Section A.

The shape of uniform a-avoiding permutations (corresponding to ¢ = 1 in our model) has
been investigated in [12]. In particular, 7,}** is known to converge to the diagonal permuton for
« € {321,231}. In another direction, [20] studies the probability that a Mallows permutation
avoids a pattern of size 3, although without considering the resulting conditional model.

» Remark 1. Let us explain why we restrict our attention to 5 > 0. For ¢ < 1, the Mallows
model favors permutations with fewer inversions compared to the uniform model. Since 7,-:®
converges to the diagonal permuton, which minimizes the density of inversions, one can see
that 79 also converges to the diagonal permuton if ¢, < 1.

L We recall that a permutation ¢ avoids 321 if it does not contain any decreasing subsequence of length
3, and it avoids 231 if there are no indices i < j < k such that o, < 05 < 0. We focus on 321- and
231-avoiding permutations, since the study of a-avoiding permutations for other patterns « of size 3
can be reduced to one of these two cases by symmetry.
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Figure 1 Top line: simulations of 321-avoiding Mallows permutations with size 600 and ¢ = /",
for 8 € {3,6,12}. Bottom line: likewise with 231-avoiding Mallows permutations.

1.3 Summary of our main results

On the way to the permuton limit shapes for constrained Mallows permutations, we get a
collection of results that are interesting on their own. These are briefly summarized below;
see Section 3 (o = 321) and Section 4 (a = 231) for precise statements and some proofs.

Parametrization of a-avoiding permutons. Permutons are probability measures on [0, 1]?
whose projections on the horizontal and vertical axes are both uniform (see Section 2.2
for details). Given a permutation «, there is a natural notion of density dens (o, ) of the
pattern « in a permuton p. We can thus define a-avoiding permutons as those permutons g
for which dens (o, 1) = 0. It is straightforward to see that a-avoiding permutons are precisely
permutons g which can be obtained as limits of some sequences of a-avoiding permutations;
see again Section 2.2.

While there are many works studying the structure of the set of a-avoiding permuta-
tions [23], it seems that the question of describing a-avoiding permutons has not been looked
up so far?. We open the way here by giving natural parametrizations of a-avoiding permutons
for a € {321,231}. Indeed, having convenient description of these permutons is a necessary
first step to establish LDPs.

It is standard that a-avoiding permutations are entirely determined by the positions
and values of their right-to-left minima (abbreviated “RLM” from here on out) (see, e.g., [3,
Chapter 4]). Analogously, we define the RLM curve of a permuton u by

fuize[0,1] » max{y € [0,1] : u([z,1] x [0,y]) =0}, (2)

2 The recent paper [10] investigates general properties of pattern-avoiding permutons, but does not provide
any parametrization of them as we do here.
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which is a cadlag non-decreasing function with f(z) < x and f(1) = 1. Let F be the set
of such functions, endowed with the topology of pointwise convergence. For 231-avoiding
permutons, we prove that the map p — f, is bijective and bicontinuous (Propositions 18
and 19). In particular, we explain how to reconstruct a 231-avoiding permuton given its
RLM-curve. Interestingly, this does not mimic the standard procedure to reconstruct 231-
avoiding permutations from their RLMs, which is recursive and difficult to imitate in the
continuous setting. Instead, we provide a direct formula for the cumulative distribution
function of the permuton.

The picture is different for o = 321, since the map p — f,, is actually not one-to-one
on 321-avoiding permutons. As it turns out, 321-avoiding permutons are better described
by pairs of measures on [0, 1] living in a certain space D. Informally, these are continuous
analogues of the counting measures of positions and values of the RLMs of a permutation o.
We prove that there is an explicit continuous surjection from D onto the set of 321-avoiding
permutons (Proposition 10). Unlike in the 231-avoiding case, our parametrization is not
one-to-one; nevertheless, we provide an explicit description of the fibers.

Large deviation principles. Informally speaking, a LDP for a sequence of random variables
X,, states that the probability that X,, is close to a given z is roughly e~ /(=
speed a,, > 0 and some rate function I. LDPs can be used to transform the problem of the
convergence of X,,, and of biased version of X,,, into finding the optimum of a function; see
Section 2.1.

Here, we use our parametrizations to provide LDPs at speed n for uniform a-avoiding

) for some

permutations. For a 231-avoiding permutation o, we let ¢, denote the excursion obtained by
rotating and rescaling the RLM curve. Then, if (0,,) is a sequence of uniform 231-avoiding
permutations of size n, we prove that (¢, ) satisfy a LDP with speed n on the space C of
continuous functions on [0, 1] (Proposition 21). For a 321-avoiding permutation o, we let
(77,79 ) denote the rescaled occupation measures of positions and values of its strict RLMs.
Then, if (0,) is a sequence of uniform 321-avoiding permutations of size n, we prove that
(w{™,mg™) satisfy a LDP with speed n on D (Proposition 11). In both cases, a LDP for
constrained Mallows permutations follows using a standard tool of large deviation theory,
called Varadhan’s lemma (see Lemma 5 for the general statement of Varadhan’s lemma, and
Corollaries 12 and 22 for the application to constrained Mallows permutations).

The rate functions of these LDPs are closely related to that of the LDP for simple random
walks. Essentially, this is due to the bijection between a-avoiding permutations and Dyck
paths, implying that a uniform random a-avoiding permutation can be seen as a conditioned
random walk. Note however that this representation differs from the 231 to the 321-avoiding
case, since it needs to fit the topology of the parametrization space.

Permuton limits. Building on the above, we find the limit shapes of constrained Mallows
permutations. Specifically, we prove that in the regime g = e/ with g > 0, the random
permutations 77 converge to a deterministic permuton pF which depends on « and 8.

To describe these limiting permutons, we use the language of push-forward measures.
If f: X — Y is a measurable function and p a probability measure on X, then the push-
forward measure f4pu is the probability measure on Y defined by fuu(A) = u(f~1(A)) for
all measurable A C V. We see fx as an operator on measures, so that (fg + g#)p is simply
equal to fup + gxp. Below, we write g(X) for the function z — g(x).
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Ps

Figure 2 Black dots: simulations of 79% with n = 600 and ¢, = /", for 8 € {1,3,6,12}. Red
curves: support of the limiting permutons ug. Left: a = 321. Right: a = 231.

» Theorem 2. Let >0, ¢ = /", and 792! be defined by (1) for each n > 1. Let
f231( )= —%log(l—l-e’e—eﬂw) .

Then 79231 converges a.s. in the sense of permutons to the deterministic permuton
,u%?’l = (X, f231( ))#min( (f231) (z))dz + (X,1— X)#max (0,1— (f231) (z)) dz.

» Theorem 3. Let B> 0, ¢ = €5/™, and 792" be defined by (1) for eachn > 1. Let

11 el 4 P2
— 10
2T B 8\ 11 B2+ B — e

f321( )

Then 79321 converges a.s. in the sense of permutons to the deterministic permuton

dx
1+exp (B(f — x)) '

pE = (X3 (X)) 4 + (F321(X), X))

In particular, u231 is supported on the union of the graph of f§31 and a part of the

decreasing dlagonal namely {(z,1 —z):0 <z <3}, where 23 = %(log(l +ef) —log(2))
fulfills (f3*')’(#3) = 1. On the other hand, p}*" is supported on two increasing curves,
symmetric of each other, namely the graphs of f3 321 and of its compositional inverse. Figure 2
shows samples of 79321 and 7923! for various Values of 3, together with the support of their
limiting permutons.
» Remark 4. When 8 — 0, uj converges to the diagonal permuton, which is the limit
of uniform a-avoiding permutations in both cases. On the other hand when § — oo, uj
converge respectively to the anti-diagonal permuton (o = 231), and to the union of two
increasing segments from (0,1/2) to (1/2,1) and from (1/2,0) to (1,1/2) (o = 321). In both
cases, these are the a-avoiding permutons maximizing the density of inversions.

Finally, let us briefly discuss the proof strategy. Theorems 2 and 3 are obtained by using

our LDPs for uniform a-avoiding permutations, and then solving optimization problems.

Informally speaking, our LDPs state that the number of a-avoiding permutations close to a
given permuton 4 is roughly proportional to exp(—nl(u)). Since all these permutations have
about 2n%dens (21, 1) inversions, the probability that 72 is close to y is roughly proportional
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to gn dens(21,1)/2 exp(—nl(u)) = emBdens(L,1)/2=1(1)) " The limiting permuton should then
be the one that maximizes Sdens (21, i) /2 — I(1). Our proof follows this heuristic, except
that we formulate and solve the optimization problems in the parameter spaces (namely, on
pairs of measures for @ = 321, and on excursions for o = 231). Remarkably, the density of
inversions has a simple expression in terms of these parameters, and the functions that we
need to minimize are strictly convex, easing the computation of their optima.

2 Notation and preliminaries

For a Polish space X', we let M(X') denote the space of finite measures on X, endowed with
the topology of weak convergence. If X' is compact, this coincides with vague convergence.
Finite measures on the same measurable set can be (partially) ordered as follows: for
w1, 2 € M(X), we write p1 < pso to mean that pg(A) < ps(A) for all measurable A C X.

2.1 Large deviation principles

Let X be a Polish space, X,, a sequence of X-valued random variables, and a,, a sequence of
positive numbers tending to co. Also let I : X — [0, 00| be a lower semicontinuous function.
We say that X, satisfy a LDP with speed a,, and rate function I if, for any Borel set A C X:

— inf I(z) <liminf L log(P(X, € A)) < limsup - log(P(X,, € A)) < — inf I(z), (3)
:EEAO n—oo n n—oo " CL‘GA

where A° and A respectively denote the interior and closure of A. Two notable assets

of LDPs are the following results. In both of them, we assume that X,, is a sequence of

random variables that satisfies a LDP with speed a,, and good?® rate function I on X. First,

Varadhan’s lemma [1, Theorem D.8] allows us to transfer LDPs along exponential tilting:

» Lemma 5. Let f: X — R be a bounded continuous function. LetY, be a sequence of
random variables on X with Radon—Nikodym derivative w.r.t. X, proportional to e,
Then'Y,, satisfy a LDP with speed a,, and good rate function I — f —inf(I — f), where the
infimum is taken over X.

Secondly, LDPs can be used to translate convergence problems into optimization ones. Indeed,
the following lemma follows from a standard application of Borel-Cantelli lemma.

» Lemma 6. Assume that 1§gﬂﬁ — 00 and that the good rate function I reaches its minimum

at a unique point xg € X. Then, X,, converges almost surely to x.

Combined together, the above two lemmas yield convergence results for exponentially tilted
distributions, which is our purpose here.

2.2 Permutons

Permutons are limiting objects for large permutations, which have been introduced by Hoppen
and co-authors in [13], and have been the subject of numerous studies since then. Concretely,
a permuton is a probability measure p on [0,1]? with uniform projections, i.e. satisfying

([0, 2] x [0,1]) = p([0,1] x [0, 2]) =«

3 A rate function is said to be good if its level sets are compact. Since we only consider compact spaces
throughout this paper, our rate functions are automatically good.
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for every x in [0, 1]. The set P of permutons is usually endowed with the topology of weak
convergence. If ¢ is a permutation of size n, we map it to a permuton p, which attributes
mass 1/n uniformly to each cell

C? :=[(o(i) —1)/n,0(i)/n] x [(i —1)/n,i/n], 1<i<n.
Then, we say that a sequence of permutations o,,, n > 1, converges to a permuton p if s,
converges to u weakly.

The number of occurrences of a permutation « of size k in a permutation o of size n is

occ(a, o) i=[{(i1, ... ix) 1 1 <iy <+ <ipg <niolig-1ny) < - < lig-1(k))}

)

and the density of the pattern « in ¢ is dens («, o) = (Z)_l occ(a, o). We say that o is
a-avoiding if dens (o, o) = 0. Similarly, the density of the pattern « in a permuton p is

dens (a, p) := /k!lzl<...<xk 1yu71(1)<...<y(¥71(k)d,u(xl, y1) .. dp(Tr, yk)

and we say that p is a-avoiding if dens (a, u) = 0. The space of a-avoiding permutons will be
denoted Pay(q) in the following. In general, it can be shown that a permuton is a-avoiding if
and only if it can be obtained as the limit of some sequence of a-avoiding permutations.

2.3 Increasing subsets and coupling

We call a subset S of R? increasing if it does not contain two points in decreasing positions,
i.e., if for any (z1,y1) and (z2,y2) in S, one has (1 — x2)(y1 — y2) > 0. A coupling of
two real-valued random variables X and Y is called increasing if the support of (X,Y) is
increasing. Given distributions p and v on R, there is a unique increasing coupling (X,Y") of
X with law p and Y with law v. Let us denote by u v the corresponding distribution of
(X,Y). Formally, u v is the law of (G,,(U),G,(U)) where G, (resp. G,) is the quantile
function of p (resp. v) and U is a uniform random variable on [0, 1]. We extend the notation
to finite measures with the same total mass M by setting

p S vi=M-((p/M) 7 (v/M)) .

Finally if x is a measure on [0, 1], we denote by proj(u) the pair (u1, 2) where 1 and po
are the projections of p on the horizontal and vertical axes, respectively. By construction,
it holds that proj(u1 * p2) = (u1, s2), and conversely if proj(m) = (u1, o) and if 7 has an
increasing support, then necessarily m = p; 7 po.

3 Avoiding 321

We start by giving details on the 321-avoiding case, since the proof of the parametrization of
321-avoiding permutons is simpler than that of 231-avoiding permutons. We refer the reader
to the full version [5] of this paper for complete proofs.

3.1 Parametrization of permutations and permutons avoiding 321

We say that a pair (a,b) is a strict right-to-left minimum (RLM) of a permutation o if
b=o0(a) < a and for any ¢ > a, we have o(c) > b. In 321-avoiding permutations, a pair (a, b)
is a strict RLM if and only if b = o(a) < a. See e.g. [6, Section 4] for the following.

18:7
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Figure 3 Left: a 321-avoiding permutation o, with its strict RLMs in red. The corresponding list
encoding is ((2,1), (4,2),(7,6),(8,7)). Right: the support of a 321-avoiding permuton p = ¥(my, m2).
The support of 1 7 72 is in red. A point (z,y) on the red curve should satisfy 71 ([0, z]) = m2([0, y])-

For (71, m2) in D, we assume 71 ([0, z]) < m2([0, z]), which forces z > y, i.e. the support of m 2
lies in the closed lower-right triangle {(z,vy) : > y}.

» Lemma 7. The application o — ((a1,b1),. .., (ak,br)) which maps a permutation o to its
list of strict RLMs in increasing order is a one-to-one correspondence between 321-avoiding
permutations and integer lists ((a1,b1), ..., (ak,br)) of varying length 0 < k < n satisfying

<y < <apr<n, 1<b<---<by<mn, anda;>Db; foralll <i<k.

Indeed, given the positions and values of the strict RLMs, which need to form an increasing
subsequence below the diagonal, one can complete the permutation in a unique way by a
second increasing subsequence weakly above the diagonal. See Figure 3, left.

For our purposes, it will be useful to encode these two lists as two measures, namely:

n 0

k k
] ::ZLeb aj=1 aj i ::ZLeb bj=1 b
2 Lebest n 2 Lebpuca vy

where Leb 4 denotes the Lebesgue measure restricted to the Borel set A. This encoding turns
out to be very handy to compute the number of inversions inv(o) of the permutation o:

» Lemma 8. Let o be a 321-avoiding permutation, and ((a1,b1), ..., (ak,by)) be its list of
strict RLMs. Let also w§{ and 7§ be the associated measures on [0, 1], and p§ and p§ be their
densities. We have:
k 1
wv(e) = 300 =) = [ 2 (67(@) = p(a) o
i=1
Sketch of proof. Since o is 321-avoiding, the lower-right element in each inversion pair is a
strict RLM. In addition, the number of inversions with lower-right element (a;, b;) is precisely
a; — b;. This yields the first equality, and the second one follows easily. |

Next we give a concrete parametrization of 321-avoiding permutons, extending in a sense
Lemma 7 to the space Pay(321). We use the following decomposition of a permuton u: denote
by ., p= and g the restrictions of y1 respectively to the lower-right triangle {(z,y) : > y},
to the upper-left triangle {(z,y) : © < y}, and to the diagonal {(x,y) : z = y}.

» Lemma 9. For i € Pay(s21), the supports of p.y+ p, and of =+ p, are increasing.

Sketch of proof. The fact that p is a permuton entails that for any point (x,y) with = > y,
one has p([0,x] x [y,1]) > p([z, 1] x [0,y]). Therefore, if (z1,y1) and (x2,y2) with z1 < a2
and y; > yo are in the support of yu .+ p, there must exist (xo,yo) with zo < z; and
Yo > y1 in the support of u, yielding a 321-decreasing subset. <
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Let D denote the space of pairs (w1, m2) of measures on [0, 1] satisfying the following:
(a) m1 < Leb and 7y < Leb,
(b) m1([0,1]) = m2([0,1]),
(c) m1([0,2]) < m2([0, 2]) for all z € [0, 1].
Note that D is a compact and convex subset of M([0,1])2. Also, for any 321-avoiding
permutation o, the pair (77,ng) is in D. For any (m,m) in D, the measure

U(my,mp) == m w2 + (Lebjgi —m1) ~ (Lebjg,1) —m2),

with the definition of Section 2.3, is a permuton supported on a union of two increasing sets
and is thus 321-avoiding. See Figure 3, right.

» Proposition 10. VU is a continuous surjective map from D to Pay(s21). Moreover, for
1 € Pay(zzr) with decomposition pn = pi.q+ p= + p, as above, ils pre-images via W are:

U ({1}) = { proj(uy+ ). v <} (4)

Sketch of proof. The continuity claim is dealt with using standard probabilistic tools, and
the surjectivity claim is immediate once (4) is proven. For this, first observe that for any
(my,m2) € D, m / ma is supported on {(z,y) : * > y} while (Leb —m)  (Leb —m3) is
supported {(z,y) : © < y}; see Figure 3, right. Hence, if ¥(m,m) = p then p.4 < m A
my < i+ p s, and the direct inclusion follows.

Conversely, let v < p, and set (w1, m2) := proj(s. +v). By Lemma 9, the support of
t.+ 1 is increasing, and thus p +v = m  ma. The same holds for (Leb —mq, Leb —m9) =
proj(u= + (1 —v)). Thus p = ¥(m, m2), proving the reverse inclusion. <

3.2 Large deviations for pairs of measures

Let S := {m € M([0,1]),7 < Leb} denote the space of subuniform measures on [0, 1],
endowed with the Kolmogorov distance (which induces the topology of weak convergence
since measures in S have no atoms). Then, £ := §? is a superset of D, to which we extend
the Kolmogorov distance by taking the maximum of distances between coordinates. In the
following, we write (7], 75) instead of (7™, m5™) for ease of notation.

» Proposition 11. Let (0,) be a sequence of uniform random 321-avoiding permutation
of sizen. Then, the sequence (17, 7y), ~, satisfies a LDP on D with speed n and rate function
1
H(my,m) = / (p1log p1 + (1—p1)log(1—p1) + p2log pa + (1—p2) log(1—p2) + 2log 2)dLeb, (5)
0

p1 and po being the densities of w1 and ma, respectively.

Sketch of proof. Let us present the main ideas of the proof. Let P, denote the set of subsets
of {1,...,n}, and for A € Py, let v,,(A) :=3_ 4y Lebja—r o) € S. Let
Dyck,, := {(4,B) € Py : |A| = |B|, and a; > b; for all i < |A|},

where a; (resp. b;) is the i-th smallest element in A (resp. B). By Lemma 7, if o,, is a uniform
random 321-avoiding permutation of size n, then (7}, WS)nZl has the same distribution as
(vn(A),vn(B)) where (A, B) is taken uniformly at random in Dyck,,.
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We compare this model with a related but simpler one: let A’, B’ be i.i.d. uniform in
P, and let ] = v,(A’) and 75 = v, (B’). Using the well-known LDP for simple random
walks [8, Theorem 5.1.2], we get that the pairs (7], 7)), -, satisfy a LDP on £ with speed
n and rate function given by (5). Therefore, we aim to prove that the conditioned model
(7}, 75),,>; in D satisfies the same LDP.

To this aim, we prove both an upper and a lower bound for (3). The upper bound is
straightforward since the event (A’, B’) € Dyck,, has a polynomially (not exponentially)
small probability. More work is needed on the lower bound: we need to perform small
transformations on our objects that force the conditioning event to hold, while not changing
the probability too much. This is done by modifying at most en elements to map (A’, B’) €
P2 to (A”,B") € Dyck
preimages. <

in such a way that any given (A”, B”) has at most (1 + &))"

n’

Using Proposition 10 and the contraction principle, one can deduce a LDP on the
space Pay(s21)- Another consequence of Proposition 11 is a LDP for the pair of measures

EH,ZIL ﬂ_ghq])

(m associated with a constrained Mallows permutation 79321, Let

Ap(maim2) = Himm2) = B [ 2 (@) = pale)) da

for 8 € R and (my,m2) € D. Then, by Lemmas 5 and 8, we have the following.

» Corollary 12. Let € R and q,, := €?/™. The pair (W:[Ln’q"], ﬁén’q"]) satisfies a LDP on D
with speed n and rate function Ag(my,ma) — inf(Ag).

3.3 The permuton limit of 321-avoiding Mallows permutations

» Proposition 13. For § > 0, the action Ag has a unique minimizer (7‘(’%6), 7'('55)) € D given

by the densities

B () - L P (@) = :
R e ) M AR =Y ey}

Sketch of proof. Thanks to the convexity of D and the strict convexity of Ag, it suffices to

check that the directional derivatives %’ L As (77%5 bt ﬂéﬁ) + tus) vanish for all valid
t=0

zel0,1]. (6)

directions (p1, p12). Valid directions are defined as the signed measures (p1, 12) such that
(w%ﬁ) +tu, ﬂéﬁ) +tuz2) € D for small enough ¢ > 0. It can be checked that such (1, o) must
share the same total mass and have their total variation bounded by a constant times Leb.
The rest is a simple computational check. |

Finally, we can combine Lemma 6, Proposition 10, and Corollary 12:

321

» Theorem 14. Let 3 > 0 and q := e?/™. The random permutations T34Y converge a.s. in

the sense of permutons to ¥ (wgﬁ),wéﬁ)), where U is the mapping of Proposition 10 and

(ﬂﬁ),wéﬂ)) is the unique minimizer in Proposition 13.

To conclude the proof of Theorem 3, it remains to compute the support of ¥ (w§5)7 Wéﬁ)).

For any p € Pay(s21), the graph of the RLM curve f, (recall (2)) contains the support of
.+ p . Furthermore, if (71, m2) are the projections of p.4+ g, then for all z € [0,1]:

m1([0,2]) = (pg + p1,) ([0, 2] x [0, f(2)]) = ma([0, f(2)]) - (7)
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30

Figure 4 Left: a 231-avoiding permutation o of size 15. Its set of RLMs, and the associated
curve Fy, are shown in red. Right: the corresponding Dyck path ®, of length 30.

» Corollary 15. The permuton ¥ (W%B),ﬂéﬁ)) from Theorem 14 has RLM curve given by
1 1 ePr 4 B2
==-+4+=1
fa(z) 2t 3 og(1+65/2+656m) (8)

for x € [0,1]. Furthermore, the support of this permuton is the union of the graph of faz with
its symmetric with respect to the diagonal.

Sketch of proof. The identity (7) entails that f, is differentiable and satisfies p;(z) =
f'(x)p2(f(x)). Solving this differential equation gives (8). Finally, the symmetry claim comes
from the distributional symmetry of the model (1). <

4 Avoiding 231

4.1 Parametrization of permutations and permutons avoiding 231

If o is a 231-avoiding permutation, we now call a point (a,b) a RLM if o(a) = b and o(c) > b
for all ¢ > a. Also, we define the RLM curve as:

Fy(z) :=min{o(c):c>z} -1 if 0<z<mn, ; F,(n):=n.

This is a cadlag, locally constant, nondecreasing function. Also define ®, as the Dyck path

of length 2n obtained by rotating the graph of F, by —n/4 and then flipping it; see Figure 4.

The following is standard, see e.g. [3, Proof of Lemma 4.3]:

» Lemma 16. The map o — @, is one-to-one, from 231-avoiding permutations to Dyck
paths of length 2n.

We rescale the above as f,(z) := 1 F,(nz) and ¢,(z) := 5=®,(2nz) for z € [0,1]. The
number of inversions is easily expressed in terms of this parametrization:
» Lemma 17. Let o be a 231-avoiding permutation and ((a1,b1), ..., (as, be)) be its RLMs
in increasing order. Then inv(c) = % - Zle(ai — a;—1)b; with the convention ag =0,
and thus:

inv(o) = (Z) —n? /O 1 folz)dz = _7” + 2n2 /O 1 0o (2)dz .

Sketch of proof. It turns out to be easier to count the number of non-inversion pairs in o.

Let ¢ € [n] and i(c) := min {i € [{] : a; > c¢}. It can be checked that, if o avoids 231:
{rel:z<co(@) <al)}={zen]:o(x)<by} -

In words, the increasing pairs with upper-right point (¢, o(c)) have the points with value at
most F,;(c) as their lower-left point; see e.g. Figure 4. The rest easily follows. <
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Figure 5 Illustration of Proposition 18 and its proof. Left: The point (z’,y’) is one of the closest
to the diagonal of [0, 1}2 in G¢(x,y). Right: The two shaded squares with corner (z’,y’) are called
“excursion squares” of f. It holds that there is no mass to the left nor above such an excursion
square. Thus, the permuton with RLM-curve f has support contained in the shaded area, and the
masses contained in the fat rectangles are respectively #' — x and y — 3/, explaining (9).

Next, we explain how to reconstruct 1 € Pay(231) from its RLM curve f,, € F (recall (2)).
To do this, we provide a direct formula for the distribution function of u. For f € F, let
Hy:={(z,y) €[0,1]%: y > f(x)} be the region above its graph, G := {(z,y), f(z7) <y <
f(z)} be its completed graph, and for (z,y) € [0,1]%, Gf(z,y) := G N ([z,1] x [0,y]) be the
part of the graph to the bottom-right of (z,y). Finally, define Py : [0,1]* — [0, 1] as:

Pr(a.y) = 4 "aanee; I@y) = @)l i (2y) € Hys ()
7 0 if y < f(z).

Note that Py is continuous and vanishes on Gy. See Figure 5 for an illustration of (9).

» Proposition 18. Let f € F. There exists a unique 231-avoiding permuton uy such that

for all (z,y) € 0,1, Pyla,y) = puy([a 1] x [0,9)). (10)
Moreover, the RLM-curve of juy is f. Finally, the map f € F — j € Pay(231) is bijective.

Sketch of proof. For each (z1,y1), (22,y2) with 21 < zo and y; > ya, we wish to define

(1, we] X [y2,31]) = Pr(21,91) — Pr(21,92) — Pr(z2,y1) + P22, 92) - (11)

It is rather elementary, although technical, to check that this is non-negative. Then, by
Carathéodory’s extension theorem, (11) defines a unique measure on [0, 1]2, which can be
seen to be a permuton. To check that jiy avoids 231, and that its RLM curve is f, are both
rather technical, and we leave the details to the full proof included in the full version [5] of
this work.

Finally, the bijective claim largely relies on the fact that for any permuton p with RLM-
curve f, there is no mass to the left, to the right, above, nor below any “excursion square”;
see Figure 5. This is essentially because if there were some mass to the left of it, then there
would be some mass above it (using that u is a permuton), therefore creating a 231 pattern
with a well-chosen point of Gy. Again, we leave the details to the full version [5] of this
work. <

It will be convenient to introduce a variation of the RLM curve: if u € Pay(231), let ¢,
be the function on [0, 1] whose graph is obtained by rotating G, by —m /4, flipping it, and
scaling it down by v/2. Then ¢, € £ where £ denotes the space of 1-Lipschitz, non-negative
functions on [0, 1] with ¢(0) = ¢(1) = 0. We call £ the set of excursions and endow it with
the topology of uniform convergence. It is not difficult to relate the convergence of functions
to the convergence of their graphs, and get the following.
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» Proposition 19. The bijective map j1 € Pay(231) = @u € € is bicontinuous.
Finally, we give an explicit description of the permuton p in a distinguished case.

» Proposition 20. Let f € F. Assume the following:
(i) f is increasing and strictly convez on [0,1]. In particular, there is a unique x* € (0,1)
such that f'(x*) = 1.
(ii) The graph Gy of f is invariant under the symmetry (z,y) — (1 —y,1 — x), that is,
fA—f(z))=1—=z for all z € [0,1].
Then pif equals py + pio, which are the pushforwards of the measures on [0,1] with CDF's

x— f(z) ifx<az*

Flzxe[o,l]H{f(x) ifr <z vt 1 ifr>a

Fy5 . 1
| to—2 ifx>a and Fy : x € [0, ]»—>{

via x — (z, f(z)) and x — (x,1 — x), respectively. The support of j1 is the graph Gy of f,
and the support of ug is the antidiagonal line from (1,0) to (z*, f(x*)).

Sketch of proof. It is immediate to check that F; and Fy are indeed the CDFs of two
measures. The claim about the supports of p; and po is a direct consequence of the
assumptions made on f, and it follows that uy + po is a 231-avoiding measure with RLM
curve f. Thanks to Proposition 18, it remains only to check that p; + po is a permuton.
Since Fy(x)+ Fa(x) = x, its x-marginal is indeed uniform. For its y-marginal, this is checked
fairly easily by considering both [0, f(x*)] and [f(z*), 1] separately. <

4.2 Large deviations for excursions

For p € [-1,1] we let J(p) := 2(p+ 1)log(p + 1) + 3(1 — p)log(1 — p). Also, we write ¢,
instead of ¢,, for ease of notation.

» Proposition 21. Let (0,) be a sequence of uniform random 231-avoiding permutation of
size n. Then the random variables p, satisfy a LDP on & with speed n and rate function

1
H(p) =2 / J(/ (H)dt.

Sketch of proof. The proof is quite similar to that of Proposition 11, although with a
different representation of Dyck paths. Recall that ¢, is a uniform random Dyck path
of length 2n. We wish to show that it satisfies the same LDP as simple random walks of
the same length. The upper bound in (3) is straightforward since this conditioning has a
polynomially small probability, and the lower bound is proved with the same approach as in
the proof of Proposition 11. <

As was the case with Proposition 10, one can deduce from Proposition 21 a LDP on
the space Pay(231). Another consequence is a LDP for the excursions ¢y, 4 associated with
constrained Mallows permutations 79231, Let

As(p) == H(p) — 28 /0 S(t)dt

for 5 € R and ¢ € £. Then, by Lemmas 5 and 17, we have the following.

» Corollary 22. Let > 0 and ¢, := €/™. Then Pln,q satisfies a LDP on & with speed n
and rate function Ag(p) — inf(Ag).
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4.3 The permuton limit of 231-avoiding Mallows permutations

» Proposition 23. For 8 > 0, the action Ag has a unique minimizer @g in £ given by:

1 14 €
(pﬁ(t) = Elog (1 +eﬁ(12t)) -t

Sketch of proof. As for Proposition 13, it suffices to check that the directional derivatives
% or Ap(pp + t1) vanish for all valid directions . This time, valid directions are the

¥ € C1([0,1]) such that 1(0) = 1(1) = 0. The rest is a simple computational check. <
Finally, we can combine Lemma 6, Proposition 19, and Corollary 22:

» Theorem 24. Let 3> 0 and q := €P/™. The random permutations 7921 converge a.s. in
the sense of permutons to the 231-avoiding permuton p,, with excursion ¢g, the unique
minimizer of Proposition 23.

To conclude the proof of Theorem 2, it remains only to compute the corresponding RLM
curve fg and use Proposition 20. This is elementary from the expression of ¢g.

» Corollary 25. The permuton p,, from Theorem 24 has RLM curve given by
1

fB:xG[O,l]»—)l—ﬁ

log (14 € — ") .
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A On Markov chain simulation

In this appendix, we briefly explain how to get approximate samples of the random permuta-
tions 72 for o € {321,231} (we are not aware of an efficient exact simulation algorithm for
7). This relies on a reversible Markov chain and the following simple lemma:

» Lemma 26. Let X be a finite state space, ¢ > 1, and f : X — R,.. Write u@/ for the
measure such that p®f (x) o< ¢ @) for allx € X. If p: X2 — [0,1] is a transition kernel, let:

_ | p(z,y) if v #y and f(y) > f(r);
vi,y) € X5 pley) = { p(z,y)g? W=1@ if x £y and f(y) < f(z);

and p(x,z) =1—3" _ P(x,y) is chosen so that the rows sum to 1. If p is reversible for the
uniform measure on X, then p is reversible for the measure pu®/f.

In words, the tilted transition kernel p is constructed as follows: from z € X, use p to
find a transition towards some y € X. If f(y) > f(x), accept this transition. If f(y) < f(x),
accept this transition with probability ¢ ~/(*); in case of reject, stay at x.

Finding a reversible Markov chain for 77* then boils down to finding a reversible
Markov chain for the uniform measure on a-avoiding permutations. Recall that a-avoiding
permutations are in one-to-one correspondence with the set D,, of Dyck paths of length 2n.
We shall use the standard “peak-to-valley” Markov chain, whose transitions are described as
follows. If d : [0,2n] — Ry is a Dyck path and i € [1,2n — 1], transform d into d¥) € D,, as
follows:
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(a) Ifd(i—1)=d(i) —1=d(i+ 1) and if d(i) > 2, then transform this peak into a valley.
That is, let d®(5) := d(j) for all j # i, and let d¥ (i) := d(i) — 2.
(b) If d(i — 1) = d(i) + 1 = d(i + 1), then transform this valley into a peak. That is, let
dW(5) :=d(j) for all j # i, and let d¥ (i) := d(i) + 2.
(c) In all other cases, let d¥) := d.
2n

It is straightforward to check that p(d,-) = 5 Zizfl 04y defines an irreducible Markov

chain on D,, that is reversible for the uniform measure. Hence we can simulate the uniform

measure on a-avoiding permutations by running this Markov chain on D,, for “a long time”.
To simulate 77¢ instead, it suffices to use the transition kernel p given by Lemma 26. Here,
it is important that the difference inv(d®*) — inv(d) can be computed efficiently. This is the
case both for & = 321 and «a = 231 thanks to Lemmas 8 and 17.

Since we do not know the mixing time of the Markov chains p, we use the following
standard heuristics*. We start from two very different initial conditions (e.g., the Dyck paths
with minimal and maximal global heights respectively), perform the Markov chain steps
on both (using the same random index ¢ on both at each step), and compare the resulting
pictures. If the two pictures look similar, then heuristically, the number of steps was large
enough so that the chain forgets its initial condition. In practice, we get satisfying results
after 100 million steps, and we used 300 million steps to generate the pictures of Figures 1
and 2 to be on the safe side.

% On the other hand, the Markov chain p on D,, is known to mix in O(n>log(n)), see e.g. [17, 24].
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