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Abstract
We consider additive functionals Xn(ϕ) with small toll functions on split trees and a generalization
of split trees, which we call fractional split trees, where the split vector does not need to sum
up to 1. These additive functionals encompass e.g. the number of nodes, number of leaves and
the number of fringe trees of a certain size. We show convergence of the first moment to a limit,
which we can explicitly compute if all balls are distributed multinomially and for some models with
Beta-distributed splitter. Generally, the first moment is given in terms of negative moments of a
perpetuity and can often be approximated to arbitrary precision with known bounds. In split trees
and certain fractional split trees, the standard deviation is of smaller order than the first moment,
where we show a weak law of large numbers. In other fractional split trees, the standard deviation is
of the same order and we show a distribution limit using the contraction method.
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1 Introduction

In this paper, we study fringe trees of split trees, a general class of random trees that
encompasses many important data structures. The split tree is a random tree model
introduced by [7] that encompasses several other random tree models, like binary search
trees, tries, digital search trees, quadtrees, simplex trees, median of (2h− 1) trees and m-ary
search trees. It consists of a b-ary tree (with b ≥ 2), where each node can hold up to a fixed
number s ≥ 1 of “balls”. The following introduction to split trees is from [4].

Consider an infinite rooted b-ary tree (every node has b children). The nodes are identified
with the set of finite words on an alphabet with b letters, {1, . . . , b}∗ :=

⋃
n≥0{1, . . . , b}n.

We abbreviate [b] := {1, . . . , b}. The root is represented by the empty word ε. We write
u ⪯ v to denote that u is an ancestor of v (as words, u is a prefix of v). In particular, for the
empty word ε, we have ε ⪯ v for any v ∈ [b]∗. Concatenation of two strings u, v is denoted
uv, so P [b] denotes all children of a set P ⊂ [b]∗.
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19:2 Fringe Subtrees of Split Trees

A split tree Tn can be constructed as follows. Consider every node of [b]∗ to have a finite
capacity s ≥ 1. We place n balls (pieces of data) at the root ε, and the balls individually
trickle down the tree in a random fashion until no node is above capacity. Each node draws
a random split vector V = (V1, . . . , Vb) from a common distribution, where Vi describes the
probability that a ball passing through the node continues to the i-th child. The trickle-down
procedure is defined precisely below. Any node u that no ball ever moved to is removed, and
we define the resulting finite tree Tn as the split tree.

We will now give a precise definition of the split tree Tn of cardinality n. A split tree
is defined by several parameters n, b, s, s0 and s1, that are non-negative integers and the
split vector V = (V1, . . . , Vb) of probabilities Vi. To describe the tree, it suffices to define the
number of balls nu in the subtree rooted at any node u ∈ [b]∗. The construction then resembles
a divide-and-conquer procedure, where the partitioning pattern depends on a random vector
of proportions. Let V = (V1, . . . , Vb) satisfy Vi ≥ 0 and

∑
i Vi = 1; each node u ∈ [b]∗ receives

an independent copy V(u) of the random vector V. Define V(1) ≥ V(2) ≥ . . . ≥ V(b) as V
sorted in descending order. In the following, we always assume that P(V(1) = 1) < 1 and
P(V(b) > 0) > 0 to avoid trivialities. The values V1, . . . , Vb are called splitters and V is called
split vector. Often V is assumed to be exchangeable for simplicity, but we do not require this.
We can now describe (nu, u ∈ [b]∗). The tree contains n balls, and we naturally have nε = n.
The split procedure is then carried on from parent to children as long as nv > s.

Given the cardinality nv > s and the split vector V(v) = (V1, V2, . . . , Vb) of v, the
cardinalities (nv1, nv2, . . . , nvb) of the b subtrees rooted at v1, v2, . . . , vb are multinomially
distributed as

Mult(nv − s0 − bs1;V1, . . . , Vb) + (s1, s1, . . . , s1), (1)

where 0 ≤ s0 and 0 ≤ bs1 ≤ s+ 1 − s0. The parameters s0 and s1 can be explained as s0
balls being retained inside the node and s1 balls redistributed to each child. The tree Tn is
then defined as the smallest relevant tree, that is, the subset of nodes u such that nu > 0
(which is indeed a tree).

In the proofs, it is often useful to compare (1) with a simpler, multinomially distributed
variable,

(n′
v1, . . . , n

′
vb) := Mult(n′

v;V1, . . . , Vb). (2)

If s0 = s1 = 0, then n′
v = nv in distribution as long as n′

v > s. We couple nv and n′
v in a

way such that the difference n′′
v := nv − n′

v fulfills
b∑

i=1
|n′′

vi| ≤ |n′′
v | + s0 + 2bs1 ≤ |n′′

v | + 2s+ 2 (3)

for v ∈ [b]∗. This is e.g. possible by simulating both multinomial distributions from the same
sequence of i.i.d. variables with distribution V . We note also that this coupling, by induction
on |v|, gives the upper bound

n′′
v ≤ s1. (4)

For a node v = (i1 . . . im) ∈ [b]∗, the term n′
v is binomially distributed conditional on the

split vectors Vu of its parents u ⪯ v. We call the conditional expectation of n′
v the mass of

v, given as

Mn
v := n

m∏
j=1

V
(i1...ij−1)

(ij) = nM1
v , (5)

where for convenience n can be any positive real number.
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We also consider a novel generalization of split trees, which we call fractional split trees,
where the split vector is allowed to sum up to a number smaller than 1, i.e. we only have∑b

i=1 Vi ≤ 1. Instead of (1), (nv1, . . . , nvb) is then distributed as the first b elements of

Mult
(
nv − s0 − bs1;V1, . . . , Vb, (1 −

b∑
i=1

Vi)
)

+ (s1, s1, . . . , s1, 0). (6)

The last element of (6) accounts for the possibility that a ball disappears instead of going to
one of the children. In order to make sure the tree may grow to infinity with n, we assume
that

∑b
i=1 P(Vi > 0) > 1. (This makes the set of nodes with positive mass M1

v a supercritical
branching process, and thus infinite with positive probability. Otherwise, the set of nodes
with positive mass would be finite a.s., and then the size of tree would stay bounded as
n → ∞.) Note that in a fractional split tree, a leaf v may have nv > s, in contrast to a split
tree.

This definition already hints at that fractional split trees appear as subtrees of split
trees. E.g., a split tree where for every node the first child and its subtree is removed is a
fractional split tree with splitter (V2, . . . , Vb). If we, as another example, for each node in a
split tree only consider the k < b children that have the highest k splitters (V(1), . . . , V(k)),
the resulting tree is a fractional split tree with split vector (V(1), . . . , V(k)), which does not
sum up to 1 in general.

A fringe subtree T v
n of the tree Tn, where v is a node in Tn, is defined as the subtree

consisting of v and all its descendants in Tn. The study of random fringe trees (i.e., the
fringe tree rooted at a uniformly random node v) and asymptotic fringe tree distributions
was initiated by Aldous [1].

A general model to count different structures in trees is toll functions. A toll function ϕ

is simply a function mapping trees with balls to R. This toll function is then summed over
all fringe subtrees of the tree: We define Xn := Xn(ϕ) as the sum

Xn(ϕ) :=
∑

v∈Tn

ϕ(T v
n ), (7)

called additive functional of ϕ. As we only consider the tree Tn in this paper, we write
ϕ(v) := ϕ(T v

n ) as shorthand. This definition allows for a uniform treatment of the number of
nodes and of balls; to count nodes, ϕ ≡ 1, and to count leaves use ϕ(T ) = 1(T is a single leaf);
here, 1(A) denotes the indicator function of a statement A that is 1 if A is true and 0 else.
In the context of Crump–Mode–Jagers branching processes toll functions are known as
“characteristics”, e.g. in [19, 15].

A very interesting case is the number of fringe subtrees with a certain number of balls.
For some k ∈ N, define the toll function δk(T v

n ) := 1(nv = k), such that

Xn(δk) =
∑

v∈Tn

1(nv = k). (8)

Yet another important example is to count the number of fringe subtrees that are equal to a
given tree T ∈ [b]∗, which can be counted as

Xn(δT ) =
∑

v∈Tn

1(T v
n = T ) (9)

with the toll function δT (T ′) := 1(T ′ = T ). The distribution of a random fringe tree of Tn is
then given by (where T ranges over all trees)

P(a random fringe tree = T ) = Xn(δT )
Xn(1) . (10)

The asymptotic fringe tree distribution as n → ∞, when it exists, is thus given by the limits
of these quotients.

AofA 2026



19:4 Fringe Subtrees of Split Trees

To study this family of additive functionals is thus equivalent to studying the distribution
of a random fringe tree. Similarly, one could count the number of trees that are isomorphic
to T in some sense. For split trees, it is usually sufficient to consider Xn(δk) if T has k balls,
because it is easy to see that

E[Xn(δT )] = P(Tk = T )E[Xn(δk)]. (11)

The asymptotic behavior of Xn(δk) and Xn(δT ) has been studied for multiple random
tree models, including e.g. conditioned Galton–Watson trees [1], the recursive tree and
binary search tree [1, 8, 23, 12], the m-ary search tree [13, 14], preferential attachment trees
[13, 14, 6], [13, 14], the trie [20] and the patricia trie [16]. Asymptotic results for small
toll functions in general have been found for many random tree models, e.g. for recursive
trees and binary search trees [12], for simply generated trees or conditioned Galton–Watson
trees [23, 18] and for trees with given degree sequences [3]. See [9, Section 3.1.2] for an
overview.

Because the subtree T v
n of a node v is, conditional on the number nv of balls, distributed

as Tnv , the mean of Xn only depends on ϕn := E[ϕ(Tn)] for n ≥ 1 and is

E[Xn] = E
∑

v∈Tn

ϕnv
. (12)

For nodes ϕ(Tn) = 1(n > 0) = 1; for balls ϕ(Tn) = n if n ≤ s and ϕ(Tn) = s0 if n > s. Note
that in both cases ϕn = ϕ(Tn).

For fractional split trees there exists a unique β ∈ (0, 1] such that

E
b∑

i=1
V β

i = 1, (13)

which we call the Malthusian parameter of V. Split trees have β = 1. Observe that the
condition E

∑b
i=1 1(Vi > 0) > 1 is what ensures β > 0. Furthermore, we define V as a

uniformly randomly chosen element of V, i.e. V := VI , where I is uniformly distributed on
[b] and independent of V . We can alternatively characterize β as the value where E[V β ] = 1

b .
Note that if V1,. . . , Vb all have the same distribution, then V also has this distribution.

We define a random variable V̂ with the measure P
V̂

given as

dP
V̂

dPV
(v) = bvβ . (14)

Because E[bV β ] = 1, this is a probability measure. We regard V̂ as V size-biased with the
factor V β . If β = 1, this is just the regular size-biasing. We can alternatively characterize V̂
by the property that for every measurable function f ,

E
[
f(V̂ )

]
= E

[
bf(V )V β

]
(15)

if the expectation of f(V )V β exists. We further define

µ := E[− ln V̂ ] = E[−bV β lnV ] =
b∑

i=1
E[−V β

i lnVi] ∈ (0,∞). (16)

We call it the lattice case that there exists a d > 0 such that lnV ∈ dZ a.s. and define
d := gcd(lnV ) as the largest such d. If no such d exists, we formally set d := gcd lnV := 0.
We show in Theorem 2.1 that the expected number of nodes has oscillations that are d-
periodic in lnn. For x ≥ 0, we write ⌊x⌋d := d

⌊
x
d

⌋
for the largest number in dZ that is
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smaller or equal to x and {x}d := x− ⌊x⌋d. The lattice case is somewhat special, and most
split tree models are nonlattice. Well-known exceptions are some tries and digital search
trees, where the split vector is deterministic.

We denote by x+ the positive part of x ∈ R, i.e. x+ = max{x, 0}. For a random variable
X, we write X ∼ µ if X has the probability distribution µ and we write PX for the probability
distribution of X, so that X ∼ µ is equivalent to PX = µ. For two random variables X and
Y , we denote by X d= Y that PX = PY .

For a function G on R and a measure U on R, we define the convolution of G and U as
the function (when the integral exists)

(U ∗G)(x) :=
∫ ∞

−∞
G(x− y)dU(y). (17)

Note that if PX is the probability distribution of some random variable X, then (PX ∗G)(x) =
E[G(x−X)].

2 Results

The purpose of this paper is the study of the asymptotic distribution and properties of a
random fringe tree in a random split tree Tn. We state the results in a general form for
additive functionals using rather general toll functions. Note, in particular, that choosing
ϕ = 1 gives the (random) number of nodes in the tree, and that ϕ = δT defined after (9)
gives the number of subtrees equal to T ; by combining them we can obtain the distribution
of a random fringe subtree, and the results below yield results on the asymptotic fringe tree
distribution, see (10).

▶ Theorem 2.1. Let Tn be a fractional split tree with P(V(1) = 1) < 1 and bP(V > 0) > 1
and let ϕ be a toll function such that ϕn = O(nβ−δ) for some δ > 0. This is e.g. true for
counting leaves, for counting nodes and for counting fringe subtrees of a certain size. Then,
there exists a bounded, continuous, d-periodic function ϖ := ϖ[ϕ], such that

E[Xn(ϕ)] = ϖ(lnn)nβ + o(nβ). (18)

In the nonlattice case, ϖ is constant. If ϕn ≥ 0 for all n and ϕn > 0 for some n ≥ s1, then
ϖ is bounded away from 0. Recall that for split trees β = 1.

Unfortunately, the proof of Theorem 2.1 does not give an explicit formula for ϖ, but
we will show how to calculate it in special cases below in Theorem 2.6 and Corollary 2.11.
With Theorem 2.1, we can use the contraction method to find the limit distribution of
n−β(Xn − E[Xn]). For two random variables X and Y on the same probability space, we
define the L2 distance between X and Y to be E

[
|X − Y |2

] 1
2 . Convergence in L2 implies

convergence in probability and of first and second moments. For random variables X and Y
that are not necessarily on the same probability space, we call a random variable (X ′, Y ′) a
coupling of X and Y if X d= X ′ and Y

d= Y ′. The Wasserstein ℓ2 metric is then defined as
the minimum of E

[
|X ′ − Y ′|2

] 1
2 over all couplings (X ′, Y ′) of X and Y . Convergence in ℓ2

is equivalent to convergence in distribution and convergence of first and second moments.

▶ Theorem 2.2. Assume that ϖ from Theorem 2.1 is bounded away from zero. Let ϕ(v) for
v ∈ [b]∗ be a function of nv1, . . . , nvb that fulfills E

[
ϕ(Tn)2] = O

(
n2(β−δ)) for some δ > 0.

This moment condition is in particular true for bounded toll functions, e.g. counting leaves,
nodes or subtrees with a certain number of balls. Then, as n → ∞,

Xn − E[Xn]
nβϖ(lnn)

ℓ2−→ Y, (19)

AofA 2026



19:6 Fringe Subtrees of Split Trees

where Y has the unique centered square-integrable probability distribution satisfying

Y + 1 d=
b∑

i=1
V β

i (Y (i) + 1), (20)

where Y (i) are independent copies of Y independent of V. Therefore,

Var
(

Xn

ϖ(lnn)nβ

)
−→ Var(Y ) =

Var
(∑b

i=1 V
β

i

)
1 − E

[∑b
i=1 V

2β
i

] (21)

and Y = 0 a.s. if and only if
∑b

i=1 V
β

i = 1 a.s. Note that this is always the case for split
trees.

In particular, if Y = 0 a.s., we have a weak law of large numbers:

▶ Corollary 2.3 (Weak law of large numbers). Assume that ϕ fulfills the conditions of
Theorem 2.2 and that

∑b
i=1 V

β
i = 1 a.s. Then

Xn − E[Xn]
nβϖ(lnn)

L2−→ 0. (22)

▶ Remark 2.4. In the case of Corollary 2.3, we conjecture that Xn is typically asymptotically
normal (possibly with a d-periodic variance), as this is true for many split tree models
we know about. For m-ary search trees with m > 26 it is known that Xn(ϕ) − ϖn is not
asymptotically normal for general ϕ, cf. [5]. We plan to study this in a second paper.

▶ Remark 2.5. The convergence (19) in Theorem 2.2 also holds for multiple toll functions at
once: If ϕ(1), . . . , ϕ(k) are toll functions fulfilling the conditions in Theorem 2.2, then Xn(ϕ(i))
all converge to the same limit Y when scaled correctly, i.e.(

Xn(ϕ(i)) − E
[
Xn(ϕ(i))

]
nβϖ(lnn)

)k

i=1

ℓ2−→ (Y )k
i=1. (23)

The limit function ϖ is the easiest to calculate if s0 = s1 = 0, because then n′
v and nv

are the same as long as nv > s. In this case, we have for the size of fringe trees:

▶ Theorem 2.6. Assume that s0 = s1 = 0 and define for k ≥ 1 and z ∈ C \ {−k} with
Re z ≥ −β

Mk(z) := Γ(k + z)
µk! − b

µ

s−k∑
j=0

E
[
V k(1 − V )j

]Γ(k + j + z)
k!j! . (24)

Note that the sum is empty if k > s. If k = β = 1, we define the value at −1 to instead be

M1(−1) := 1 − b

µ

s−1∑
j=1

E
[
V (1 − V )j

]
j

. (25)

In the nonlattice case, the constant ϖ[δk] from Theorem 2.1 for the toll function δk counting
fringe trees of size k (see (8)) is given by

ϖ[δk] = Mk(−β) (26)
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and in the lattice case, the d-periodic function ϖ[δk] has the Fourier series

ϖ[δk](x) =
∑
m∈Z

e2πimx/dMk

(
−β − 2πim

d

)
. (27)

The Fourier coefficients go to 0 exponentially fast, implying that ϖ[δk] is smooth (infinitely
differentiable).

▶ Remark 2.7. An interesting fact is that (24) implies that the asymptotic distribution of
fringe tree sizes larger than s does not depend on V other than through µ and β.

In the case of split trees (β = 1), (24) and (26) give for k > s the limit 1
µk(k−1) in the

nonlattice case, with oscillations given by (27) in the lattice case, as was known before for
tries [17, 20]. The correction terms for k ≤ s can also be found in [17, Section 6] and [20,
Subsection 4.7]. We note that in these results in [17, 20], the function there corresponding to
Mk(z) in (24) has an additional factor bE[V −z] in the first term; this factor equals 1 for the
arguments −1 − 2πim

d in (26) and (27) and thus makes no difference for the result except in
the case k = 1, where it combines with the pole of Γ(k+z) at z = −1 which yields our special
formula (25) for this case. In our (more general) analysis below, (25) is instead obtained by
a special argument for this case; we thus obtain the same result in different ways.

The following proposition shows that the limit function ϖ for a general toll function can
be calculated from ϖ[δk].

▶ Proposition 2.8. For a general toll function ϕ with ϕn = O
(
nβ−δ

)
for some δ > 0, the

limit function ϖ[ϕ] from Theorem 2.1 is

ϖ[ϕ] =
∞∑

k=1
ϖ[δk]ϕk (28)

In the lattice case, where ϖ[ϕ] is a function, this series converges uniformly.

Even if ϖ[ϕ] is given as a uniformly converging limit of smooth functions, this does not
mean that ϖ[ϕ] itself is smooth. We can, however, show that it is Hölder-continuous.

▶ Proposition 2.9. Assume we are in the lattice case. If ϕn = O(nβ−δ) for some δ > 0, then
ϖ[ϕ] is Hölder-α-continuous for every exponent α < 2δ with α ≤ 1; furthermore, if δ > 1

2
then ϖ[ϕ] is continuously differentiable.

In particular, for any δ > 0, the Fourier series of ϖ converges uniformly. Furthermore,
if δ > 1

4 , the Fourier series of ϖ converges absolutely.

For arbitrary s0 and s1, we can link ϖ[δk] with negative moments of a perpetuity in the
nonlattice case as follows:

▶ Theorem 2.10. Assume we are in the nonlattice case, and define for k ∈ N the toll
function δ≥k :=

∑
j≥k δj counting fringe trees with at least k ≥ 1 balls. Assume that either

k > s or s ≤ s0 + bs1 and k > s1. For any x > 0 let Ex be Gamma-Γ(x, 1)-distributed and
independent of V̂ , i.e. P(Ex ∈ dt) = 1

Γ(x) t
x−1e−tdt for t ≥ 0. Further define Ξ as the unique

integrable solution of

Ξ d= (Es0+(b−1)s1 + Ξ)V̂ , (29)

where Ξ is independent of Es0+(b−1)s1 and V̂ . Then,

ϖ[δ≥k] = 1
βµ

E
[
(Ξ + Ek−s1)−β

]
, (30)

AofA 2026



19:8 Fringe Subtrees of Split Trees

so

ϖ[δk] = 1
βµ

E
[
(Ξ + Ek−s1)−β − (Ξ + Ek+1−s1)−β

]
. (31)

and for k → ∞,

ϖ[δ≥k] ∼ 1
βµkβ

and ϖ[δk] ∼ 1
µk1+β

. (32)

Since the negative moments of the perpetuity Ξ are hard to compute, we can instead
approximate ϖ in the case of s0 + s1 > 0 by comparing with the case s0 = s1 = 0 in
Theorem 2.6. There is, however, a special case in which the distribution of Ξ can be explicitly
calculated.

▶ Corollary 2.11. Assume that V is B(a, s0 + (b − 1)s1) Beta-distributed for some a > 0.
Note that because E[V ] ≤ 1

b , it must hold that a ≤ s0
b−1 + s1 with equality if and only if β = 1.

Then,

µ = ψ(a+ β + s0 + (b− 1)s1) − ψ(a+ β), (33)

where ψ(t) := Γ′(t)
Γ(t) is the digamma function, and

ϖ[δk] = Γ(a+ k − s1)
µΓ(a+ k − s1 + β + 1) . (34)

for k > s or s ≤ s0 + bs1 and k ≥ s1.

For split trees with β = 1, this Corollary 2.11 applies more or less only to a generalization of
m-ary search trees called generalized Quicksort by Hennequin [10, 11], see Section 3.2.

3 Examples

We explore some possible specific toll functions and fractional split tree models to apply our
theorems to.

3.1 Number of nodes
In Theorem 2.6, the 0-th Fourier coefficient of ϖ in the lattice case has the same formula as
the constant ϖ in the nonlattice case. In order to simplify the statement of our results, we
define

ϖ0 :=
{
ϖ in the nonlattice case,
1
d

∫ d

0 ϖ(t)dt in the lattice case.
(35)

We start with one of the simplest cases: The number of nodes, leaves and internal nodes:

▶ Example 3.1 (Expected number of nodes if s0 = s1 = 0 and s = 1). By (24) and (25) in
Theorem 2.6, we see quickly that in the nonlattice case for split trees, we have n leaves and
in expectation ∼ n

k(k−1)µ subtrees of size k ≥ 2, which sum up to ∼ n(1 + µ−1) nodes (using
Proposition 2.8). In the lattice case, there are some oscillations around these values.

In the case of fractional fringe trees with β < 1, we have for δ1

ϖ0[δ1] = Γ(1 − β)
µ

− bΓ(1 − β)
µ

E[V ] = Γ(1 − β)
µ

(1 − E[bV ]) (36)
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and ϖ0[δk] = Γ(k−β)
µk! for k ≥ 2. The sum over these is the constant for the number of internal

nodes by using Proposition 2.8. It can be calculated either as a hypergeometric sum or via
the integral definition of the beta function [22] and is

ϖ0

[ ∞∑
k=2

δk

]
= Γ(2 − β)

βµ
= Γ(1 − β)(1 − β)

βµ
. (37)

Therefore, the constant for the number of nodes is

ϖ0[1] = Γ(1 − β)
µ

(
1
β

− E[bV ]
)
. (38)

We use the notation ϖ[1] since the toll function for the number of nodes is constant 1.
Let ϕl(T ) := 1(T has only one node) be the toll function for the number of leaves. Note

that for n ≥ 2, ϕl
n = E

[
(1 −

∑b
i=1 Vi)n

]
, so by Proposition 2.8,

ϖ0[ϕl] = Γ(1 − β)
µ

(1 − E[bV ]) +
∞∑

k=2

Γ(k − β)
µk! E

(1 −
b∑

i=1
Vi

)k
 . (39)

Other examples of additive functionals where our results like Theorem 2.1 apply include
the number of k-protected nodes, the logarithm of the number of subtrees, the shape
parameter, the number of nodes with a certain degree or the number of balls remaining in
the tree (i.e. do not disappear because of the fractional split tree).

3.2 Generalized Quicksort
As noted before, the fringe trees where Corollary 2.11 applies are just a slight generalization
of m-ary search trees. The constants ϖ[δk] for m-ary search trees are well-known, in fact,
it is shown in [14] that the number Xn(δk) of fringe trees of size k in m-ary search trees is
asymptotically normal for m ≤ 26.

The m-ary search tree is a model for a sorting algorithm, where m − 1 elements are
chosen at random and the rest of the elements is divided into m sets depending on how they
compare to these m− 1 elements. The algorithm then recurses on each of the m sets. Here,
m corresponds to b. If the elements to sort are chosen independently uniformly on [0, 1], this
is a split tree with s0 = m− 1, s1 = 0 and the splitter is Dirichlet-(1, . . . , 1)-distributed, so
that V ∼ B(1,m− 1). For simplicity we assume s = m− 1.

▶ Example 3.2 (m-ary search trees). If in Corollary 2.11 s0 = b − 1 and s1 = 0 and thus
a = β = 1, we get the special case of m-ary search trees. Here, µ = ψ(b+ 1) −ψ(2) = Hb − 1,
where Hb :=

∑b
k=1

1
k is the b-th harmonic number, and (34) evaluates to

ϖ[δk] = 1
Hb − 1 · k!

(k + 2)! = 1
(Hb − 1)(k + 1)(k + 2) . (40)

In the generalized Quicksort of Hennequin [10, 11], instead of selecting just m−1 elements,
ma − 1 (where a ≥ 1) elements are selected and sorted. Out of these elements, the a-th,
2a-th, . . . , (m− 1)a-th largest element are selected to compare all other elements with. This
additional step makes sure that the sizes of the sets are more balanced and decreases µ, since
the splitter is instead B(a, (m− 1)a) Beta-distributed. All the selected elements have to be
distributed using s1 and s0, hence s0 +ms1 = ma− 1 = s. If b = 2, then this is known as
median-of-(2a− 1) Quicksort.
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▶ Example 3.3 (Generalized Quicksort of Hennequin [10, 11]). If in Corollary 2.11 β = 1
and a = s0

b−1 + s1 is an integer, then the tree corresponds to the generalized Quicksort of
Hennequin. Here µ = Hba −Ha and (34) evaluates to

ϖ[δk] = 1
(Hba −Ha)(a+ k − s1)(a+ k − s1 + 1) (41)

for k > s or s ∈ {ba− 1, ba} and k > s1.

4 Proofs

In this section, we include the proof of Theorem 2.1 for the special case of toll functions ϕ
where ϕn is constant for n > s. (Note that here we do not prove that ϖ is bounded away
from zero if ϕ is nonnegative and not zero.) However, here we will skip the proofs of some
lemmas.

4.1 Upper bound on the mean
We state here without proof that E[Xn] = O(n). We later will sharpen this to E[Xn] = O

(
nβ
)
.

▶ Lemma 4.1. Assume that ϕn is constant for n > s. For n,m ∈ N,

E[Xm+n] = E[Xm] + O(n). (42)

Let B ≥ 1 and define P as the set of nodes v ∈ [b]∗ with Mn
v ≥ B. Then define

R := P [b] \ P , i.e. the children of P that are not in P themselves. Therefore, |R| ≤ b|P | and
Mn

v < B for all v ∈ R. Nodes in R have mass lower than B, but their parents have mass at
least B, and every node not in P is the descendant of exactly one node in R. We will later
vary B and note that all estimates will hold uniformly in B ≥ 1 except if explicitly stated.
The natural σ-algebra for P and R is

G := σ(M1
v | v ∈ [b]∗), (43)

the σ-algebra of all masses. When conditioning on G, the term n′
v, defined in (2) is binomially

Bin(n,M1
v ) distributed as noted before, and we can consider the G-measurable set R as

constant. The following lemma can be proved using renewal theory.

▶ Lemma 4.2. In the nonlattice case, as n → ∞,

E[|P |] ∼ 1
µβ

( n
B

)β

. (44)

In the lattice case with d = gcd(lnV ),

E[|P |] ∼ d

µ(1 − e−βd)e
β⌊ln n

B ⌋
d . (45)

Because |R| ≤ b|P |, we have E[|R|] = O
((

n
B

)β
)

in both cases.

The term
∑

r∈R|n′′
r | (defined before (3)) accounts for the effects of balls retained via s0

or redistributed via s1 in P . By recursively expanding (3), we obtain

E
∑
r∈R

|n′′
r | ≤ 2(s+ 1)E|P | = O

(
nβB−β

)
. (46)

For fractional split trees with β < 1, Lemma 4.1 is not strong enough, so we improve the
bound:
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▶ Lemma 4.3. Assume that ϕn is constant for n > s. For n,m ∈ N,

E[Xm+n] = E[Xm] + O
(
nβ
)
. (47)

In particular, E[Xn] = O
(
nβ
)
.

Proof. Consider adding n balls to an existing fractional split tree with m balls. Note that
the number of additional balls that reach a fixed node r is also made up by a binomial part n′

r

and a remainder term n′′
r . Since ϕl is constant for l > s, the term ∥ϕ∥ := maxl ϕl − minl ϕl is

finite. Define P and R as before in terms of the added balls, so e.g. P := {v ∈ [b]∗ | Mn
v ≥ B}.

Because ∥ϕ∥ is finite, the expected costs of nodes in P changes at most by ∥ϕ∥ · |P | when
adding balls. By Lemma 4.1 applied to the number of nodes Xn(1), adding a ball to a
subtree increases the number of nodes by at most a constant in expectation, so

∣∣E[Xm+n −Xm]
∣∣ ≤ ∥ϕ∥E

[
|P |
]

+ O
(
E
∑
r∈R

(n′
r + |n′′

r |)
)
. (48)

By Lemma 4.2, both E[|P |] and E[|R|] are of order O
(
nβ
)
, and by (46), the sum of |n′′

r | also
has order O

(
nβ
)
. For the sum of n′

r, use the σ-algebra G defined before in (43). The set R
is G-measurable and n′

r is binomially Bin(n,M1
r ) distributed conditional on G. Therefore,

E

[∑
r∈R

n′
r

∣∣∣∣∣ G

]
=
∑
r∈R

E[n′
r | G] =

∑
r∈R

Mn
r ≤ |R|B. (49)

We take expectations and apply Lemma 4.2 again to finish the proof. ◀

We will later use the argument in (49) multiple times without explicit mention of G.

4.2 Proof of Theorem 2.1 for a bounded special case
We continue to assume that ϕn is constant for n > s and prove Theorem 2.1 for this case in
this subsection. By recursing until we hit a node in R, we can write EXn as

EXn = ϕs+1E|P | + E
∑
r∈R

Xr = E
∑
r∈R

Xr + O
(
nβB−β

)
, (50)

where Xr is the sum of costs of nodes that are descendants of r. Recall that nr denotes
the number of balls in the subtree of r. Given nr for r ∈ R, the expectation of Xr is by
Lemma 4.3 of order O

(
nβ

r

)
. This nr is typically close to Mn

r , and in the following lemma we
show that the contribution of r ∈ R where nr is far from Mn

r is negligible.

▶ Lemma 4.4. Define R′ :=
{
r ∈ R | |nr −Mn

r | < B0.6}, the nodes with a number of balls
in the subtree close to their weight. This set contains most nodes in R, in the sense that

E[|R| − |R′|] = O
(
nβB−β−0.2). (51)

The contribution of subtrees of nodes in R \R′ to E[Xn] is also negligible, in the sense that

E

 ∑
r∈R\R′

nβ
r

 = O
(
nβB−(0.2∧β)

)
. (52)

Because of Lemma 4.3 and (50), this means that if ϕn is constant for n > s,

E[Xn] = E

[∑
r∈R′

Xr

]
+ O

(
nβB−0.2∧β

)
. (53)
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19:12 Fringe Subtrees of Split Trees

The idea of the proof is as follows: Conditional on G, the term nv consists of a binomial
Bin(n,M1

v ) part n′
v and a small error term n′′

v . For nodes r ∈ R, the binomial part has a
variance smaller than Mn

v < B, therefore most nodes are in R′.

▶ Lemma 4.5. Choose ε > 0 such that ε−1 is an integer, let B = ε−30 and define the set
RζB for ζ ∈ S := {ε2, 2ε2, . . . , 1} as

RζB :=
{
r ∈ R | Mn

r ∈ [ζB − ε2B, ζB)
}
. (54)

Then, there exists for every ζ ∈ S a d-periodic (constant in the nonlattice case) function
ϖζ ≥ 0, such that

|RζB | =
(
ϖζ

(
ln n

B

)
+ oε(1)

)( n
B

)β

for n

B
→ ∞. (55)

We use the notation oε(·) instead of o(·) because the convergence does not hold uniformly in
ε. The sum of the functions fulfills∑

ζ∈S

ϖζ(q) ≤ bebd

βµ
(56)

for all q ∈ R.

Proof. For a uniformly random node v ∈ [b]k at depth k, the mass M1
v is the product

of k independent copies of the random variable V , a uniformly random element of V.
Calling this product Yk, a uniformly chosen child u of this node has mass YkV , with V

independent of Yk. The child u is in RζB if and only if nYk ≥ B (its parent is in P ) and
nYkV ∈ [ζB − ε2B, ζB). Applying − ln(·) and writing q := ln n

B , this is equivalent to
− lnYk − q ≤ 0 and − lnYk − lnV − q ∈ (− ln ζ,− ln(ζ − ε2)]. In the case of ζ = ε2, we set
ln(ζ − ε2) := −∞. Note that this only depends on n and B via q = ln n

B , so we can define a
function Z(q) such that Z

(
ln n

B

)
= E

∣∣RζB

∣∣ as follows:

Z(q) :=
∞∑

k=0
bk+1P

(
− lnYk − q ≤ 0, − lnYk − q − lnV ∈

(
− ln ζ,− ln

(
ζ − ε2)]). (57)

Using the conditional expectation on the first independent copy of V in Yk, so that − lnYk+1−
q has the same distribution as − lnYk − (q+ lnV ), we can write the sum (57) as a recursion

Z(q) = bP
(
−q − lnV ∈

(
− ln ζ,− ln

(
ζ − ε2)])1(q ≥ 0) + bE[Z(q + lnV )]. (58)

Defining

Gζ(q) := bP
(
−q − lnV ∈

(
− ln ζ,− ln

(
ζ − ε2)])1(q ≥ 0), (59)

we see that Z(q) fulfills the recursion equation Z = G+ (bP− ln V ∗ Z). This is an excessive
renewal equation, which can be tilted to a proper renewal equation with a probability
measure by size-biasing, as detailed in Appendix A. Since Gζ(q) is bounded and continuous
almost everywhere, Gζ(q)e−βq is directly Riemann integrable, so the key renewal theorem
Theorem A.1 shows that in the nonlattice case, for q = ln n

B → ∞,

Z(q) ∼ eβq

µ

∫ ∞

0
Gζ(u)e−βudu =:

( n
B

)β

ϖζ as q → ∞ (60)

with ϖζ constant.
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In the lattice case, define the d-periodic function

ϖζ(q) := d

µ

∞∑
u=0

Gζ(ud+ {q}d)e−β(ud+{q}d), (61)

then Theorem A.1 implies that E
∣∣RζB

∣∣ = Z(q) =
(

n
B

)β(
ϖζ

(
n
B

)
+ o(1)

)
as q = ln n

B → ∞.
On the other hand, summing ϖζ up over all ζ ∈ S yields for q ≥ 0 (i.e. n ≥ B)∑

ζ∈S

ϖζ(q) = 1
µ

∑
ζ∈S

∞∑
u=0

Gζ(ud+ {q}d)de−β(ud+{q}d)

= d

µ

∞∑
u=0

e−βud−β{q}db
∑
ζ∈S

P
(
− lnV − ud− {q}d ∈

(
− ln ζ,− ln

(
ζ − ε2)])

≤ db

µ

∞∑
u=0

e−βud = db

µ(1 − e−βd) ≤ beβd

βµ
, (62)

and an analogous calculation can be done in the nonlattice case as well, with an integral
over e−βu in place of the sum, proving (56). ◀

We can now prove Theorem 2.1 in the case that ϕn is constant for n > s.

▶ Proposition 4.6. If ϕn is constant for n > s, there exists a bounded, continuous, d-periodic
function ϖ, such that

E[Xn] = ϖ(lnn)nβ + o(nβ). (63)

In the nonlattice case, ϖ is a constant.

Proof. We use the same notation as in Lemma 4.5, in particular B = ε−30 and RζB.
Note that O-notation in this proof is to be understood as n → ∞ uniformly in ε and any
fixed nodes. Remember R′ :=

{
r ∈ R | |nr −Mn

r | < B0.6} from Lemma 4.4, which shows
that R′ contains most of the nodes and balls in R. For ζ ∈ S, a node r in R′ ∩ RζB has
|nr−Mn

r | < B0.6 and |Mn
r −ζB| ≤ ε2B, so |nr−ζB| < B0.6+ε2B and E[Xr | r ∈ R′ ∩RζB ] =

E[XζB ] + O
(
Bβε2β +B0.6β

)
by Lemma 4.3. Because ε−1 is an integer, the term ζB is an

integer, too. Hence, using (53) and Lemma 4.2,

E[Xn] = E

[∑
r∈R′

Xr

]
+ O

(
nβB−0.2∧β

)
= E

∑
ζ∈S

∑
r∈R′∩RζB

Xr

+ O
(
nβB−0.2∧β

)

= E

∑
ζ∈S

∑
r∈R′∩RζB

E[XζB ]

+ O
(
E|R′|

(
ε2βBβ +B0.6β

))
+ O

(
nβB−0.2∧β

)
=
∑
ζ∈S

E |R′ ∩RζB |E[XζB ] + O
(
nβ
(
ε2β +B−0.4β +B−0.2∧β

))
(64)

Remember that B = ε−30, so B−0.2 = ε6 and B−0.4β = ε12β , so we can summarize the
error terms as O

(
ε2βnβ

)
. By (51), E[|R| − |R′|] = O

(
nβB−β−0.2) and E[XζB ] = O

(
Bβ
)

by
Lemma 4.3, so we can remove the intersection with R′:

E[Xn] =
∑
ζ∈S

E |RζB |E[XζB ] + O
(
nβB−0.2)+ O

(
ε2βnβ

)
. (65)
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By Lemma 4.5, |RζB | = (ϖζ

(
ln n

B

)
+ oε(1))

(
n
B

)β ; remember that oε(1) stands for a term
that converges to 0 as n → ∞ with a convergence speed depending on ε; in contrast to o(1),
which is uniform in ε. Hence,

E[Xn] =
∑
ζ∈S

(
ϖζ

(
ln n

B

)
+ oε(1)

)
E[XζB ]

( n
B

)β

+ O
(
ε2βnβ

)
. (66)

For fixed ε, this sum goes over finitely many terms, and E[XζB ] = O
(
Bβ
)

by Lemma 4.3,

E[Xn] =
∑
ζ∈S

ϖζ

(
ln n

B

)
E[XζB ]

( n
B

)β

+ O
(
ε2βnβ

)
+ oε

(
nβ
)
. (67)

In the nonlattice case, the functions ϖζ are constant. Thus, for n′ ∈ N with n′ > n,∣∣E[Xn]n−β − E[Xn′ ](n′)−β
∣∣ = O

(
ε2β
)

+ oε(1). (68)

For ε sufficiently small and n large the right-hand side of (68) is small, so E[Xn]n−β is a
Cauchy sequence converging to some limit ϖ, showing the result (63).

In the lattice case, define the d-periodic function

ϖB(t) :=
∑
ζ∈S

ϖζ(t− lnB)E[XζB ]B−β , (69)

so that by (67)

E[Xn] = ϖB(lnn)nβ + O
(
ε2βnβ

)
+ oε

(
nβ
)
. (70)

We will show that the functions ϖB for B → ∞ form a Cauchy sequence in the uniform
metric. Then define the limit as ϖ := limB→∞ ϖB and (70) would conclude the proof of
(63).

By the definition of ϖζ in (61),

ϖB(t) = d

µ

∑
ζ∈S

∞∑
u=0

Gζ(ud+ {t− lnB}d)e−β(ud+{t−ln B}d)E[XζB ]B−β . (71)

Recall the fact that lnV ∈ dZ and the definition of Gζ(t) in (59) as

Gζ(t) = bP
(
−t− lnV ∈

(
− ln ζ,− ln

(
ζ − ε2)])1(t ≥ 0), (72)

from which we see that Gζ is a step function with d-periodic jumps at ln ζ + dZ and at
ln(ζ − ε2) + dZ if ζ ̸= ε2. Therefore, ϖB(t)eβ{t}d is also a step function with jumps at
ln(ζ) + lnB+ dZ for every ζ ∈ S and at dZ. For ε′ < ε and B′ := (ε′)−30 it therefore suffices
to check that ϖB(t) and ϖB′(t) are close on the dense set {{lnn}d | n ≥ N} for some N
sufficiently large. This follows from (70) because

ϖB(lnn) = E[Xn]n−β + O(ε2β) + oε(1) = ϖB′(lnn) + O(ε2β) + oε(1). (73)

To show that ϖ is continuous, note that if ϖ were discontinuous at some fixed point t ∈ R,
then ϖB for all large B must also have a jump at t. Fix ε−1 ∈ N and B = ε−30. As noted
before, ϖB jumps only at lnB + ln(kε2) + dj for j ∈ Z and 1 ≤ k ≤ ε−2.

So if t is a jump of ϖB , there must exist k ≤ ε−2 and j ∈ Z such that t = lnB+ln(kε2)+dj.
Therefore, et−dj = kBε2 = kε−28 is a natural number and a multiple of ε−1. If ϖ were
discontinuous at t, this would hold for all large ε−1 ∈ N, so in particular for every prime p
there exist a j ∈ Z such that p divides et−dj , which we write p | et−dj .
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These primes cannot all divide et−dj for the same j, so assume that for j1 ̸= j2 both
et−dj1 and et−dj2 are natural numbers. Any other j ∈ Z can be written as j = λj1 + (1 −λ)j2

with λ ∈ Q, so that et−dj =
(
et−dj1

)λ(
et−dj2

)1−λ. This implies that et−dj , if integer, can only
have prime factors of et−dj1 and et−dj2 . Consequently, there are only finitely many primes p
where p | et−dj for some j ∈ N, contradicting the previous paragraph and showing that ϖ is
continuous. ◀

The proof that ϖ is bounded away from zero, which is equivalent to showing E[Xn] = Ω
(
nβ
)

will not be included in this extended abstract. To extend to all toll functions with ϕn =
O
(
nβ−δ

)
, one first notices that one can extend Proposition 4.6 to ϕ with ϕn constant for all

large n by considering a modified fractional split tree with a larger value of s and comparing
this tree with the original tree. The rest of the proof is then just bounding the contribution
of ϕn1(n > B) for large B ∈ N.

A short note on the other theorems: Theorem 2.2 is a standard application of the
contraction method as in [21] or [24] to Xn(ϕ), possible due to Theorem 2.1. Theorems 2.6
and 2.10 come from Poissonization and renewal theory.
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A Some renewal theory

In this paper, we repeatedly make use of following version of the key renewal theorem for
excessive renewal equations, adapted from [2]. All renewal equations in the paper use the
same renewal measure P− ln V , so we state the theorem using V, V̂ and β from before, defined
in (13) and (14).

A function g on R is directly Riemann integrable if it is continuous almost everywhere,
and∑

n∈Z
sup

nρ≤q<(n+1)ρ

|g(q)| < ∞ (74)

for some (and thus all) ρ > 0.

▶ Theorem A.1 (Key renewal theorem for excessive renewal equations). Let G be a function
continuous almost everywhere on [0,∞) and Z to be the solution of the renewal equation

Z = G+ bP− ln V ∗ Z. (75)

If G(q)e−βq is directly Riemann integrable, then, for q → ∞, in the nonlattice case

Z(q) = eβq

µ

∫ ∞

−∞
G(u)e−βudu+ o(eβq) (76)

and in the lattice case

Z(q) = deβq

µ

∑
u∈Z

G(q + du)e−β(q+du) + o(eβq). (77)
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Proof. See Theorem V.7.1 in Asmussen [2]. Note that β in [2] corresponds to −β here,
given as the value such that

∫∞
0 e−βqdbP− ln V (q) = bE

[
V β
]

= 1, and µ is given as∫∞
0 qe−βqdbP− ln V (q) = bE

[
−V β lnV

]
= E

[
− ln V̂

]
= µ. Theorem V.7.1 is only stated

for the nonlattice case, but it extends to our setting. For the lattice case, we use the same
tilting as in Theorem V.7.1 and then use the key renewal theorem for the lattice case stated
in [2, Proposition V.4.8]. ◀
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