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Abstract
Tree walks are a class of closed walks on a complete graph constrained to span trees. They appear
in the computation of moments of the spectral measure of various random matrix models, most
prominently in the spectral distribution of random graphs. In this work, we focus on a special
subclass called k-tours, which were introduced by Gunnells [7] after studying another random
matrix model. They are enumerated by the so-called hypergraph Catalan numbers c

(k)
n . Gunnells

conjectured an asymptotic formula for c
(k)
n , which we confirm through an alternative approach to

their enumeration. As it turns out, the asymptotic growth is governed by the number of k-tours on
star-like trees.
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1 Introduction

Tree walks are a class of closed walks on a complete graph constrained to span trees. To be
precise, a tree walk of length 2ℓ is a closed sequence of consecutive vertices

W = (v1, v2, . . . , v2ℓ, v1)

such that the induced graph T (W ) on the visited edges forms a tree. They were formally
introduced in [8] with the motivation to understand the moments of the distribution of the
eigenvalues of the adjacency matrix of the random graph G(n, c/n) as n tends to infinity.
The enumeration of walks on graphs which span trees however has a long history in spectral
graph theory and was in particular used in [1, 13] and various recent works [4, 10, 2, 3, 11].

The main asymptotic growth of the moments of this distribution is governed by the
asymptotic growth of tree walks and the edge probability c/n amounts to a weight for the
excess of the tree walk, which is defined as

ξ(W ) = ℓ − |E(T (W ))|,

where E(T (W )) is the edge set of the induced tree T (W ). A key result of [8] established a
connection between the generating function of tree walks and the classical Catalan generating
function

C(z) = 1 −
√

1 − 4z

2z
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20:2 Formulas and Asymptotics of Hypergraph Catalan Numbers

which is well-known to enumerate contour walks on trees with n + 1 vertices (see e.g. [12]).
More precisely, if Wξ(z) is the generating function of tree walks with excess ξ, where z marks
the length of the walk, then

Wξ(z) = C(z)
2ξ−2∑
s=0

Kξ,s(zC(z)2)
(1 − zC(z)2)s+1 ,

where Kξ,s(x) are polynomials of degree 2ξ + s with non-negative integer coefficients.

A special subclass of tree walks consists of those in which each edge is traversed exactly
the same number of times. These were introduced by Gunnells [7] as a

(k)
T -tours of a fixed

tree T and appeared in the study of a specific matrix model which generalizes the Gaussian
Unitary Ensemble (GUE) and which he calls a hypergraph matrix model (HMM). The HMM
depends on an integer k ≥ 1 and coincides with the GUE if k = 1 (see [6]). In the following,
we therefore refer to tree walks which cross each edge of the induced tree exactly 2k times as
k-tours.

These k-tours on trees with n + 1 vertices are enumerated by the hypergraph Catalan
numbers c

(k)
n (see [7, Definition 2.5]). They are a generalization of the classical Catalan

numbers, extending their combinatorial interpretation to special enumerated trees, lattice
walks, triangulations, polygon gluings and more. Gunnells found a formal way of computing
c

(k)
n and conjectured an asymptotic growth formula for them. In this paper, we confirm

Gunnells’ conjecture by employing a different perspective based on the enumeration of general
tree walks. Our main result is thus the following theorem.

▶ Theorem 1. Let k ≥ 1 and c
(k)
n be the number of k-tours on trees with n+ 1 vertices. Then

c(1)
n = 1

n + 1

(
2n

n

)
∼
√

1
πn3 4n, c(2)

n ∼ 2
√

e3

πn
2nn!

and, for k ≥ 3,

c(k)
n ∼ 2

√
k

(2πn)k−1

(
kk

k!

)n

(n!)k−1,

as n → ∞.

In the following section, we focus on counting k-tours, providing an explicit formula
(Theorem 2) by using elementary counting arguments and via an alternative approach through
generating functions. Subsequently, we conduct an asymptotic analysis of this formula in
Section 3 highlighting that the main contribution to the asymptotic growth of k-tours arises
from star-like trees (Proposition 6).

2 Counting k-tours

While the exact enumeration of general tree walks is still challenging, k-tours are a relatively
simple subclass since they cross each edge the same number of times and their length and
excess therefore solely depends on the size of the tree along which they walk. Indeed, it
is possible to count k-tours on trees with n + 1 vertices with elementary arguments as the
first proof of the following theorem shows. Subsequently, we provide a second proof of the
formula which relies on the same steps which were conducted in the recursive decomposition
of tree walks in [8].
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(a) The walk W .
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(b) Outgoing steps of W .

1

2 3

4 5 6

(2, 3, 2, 3)

(1, 1)

(4, 5, 1, 6, 5, 6, 1)

(3,3) (3,3) (3,3)

(c) W as sequences.

Figure 1 The tree walk W = (1, 2, 1, 3, 4, 3, 5, 3, 4, 3, 1, 2, 1, 3, 6, 3, 5, 3, 6, 3, 1) separated into
outgoing steps at vertices and into sequence of vertices.

▶ Theorem 2. Let k ≥ 1 and c
(k)
n be the number of k-tours on trees with n+ 1 vertices. Then

c(k)
n =

n∑
ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
ℓk

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

where Tn(ℓ) =
{

(n0, n1, . . . , nn−1) ∈ (Z≥0)n |
∑n−1

i=0 ni = n,
∑n−1

i=0 ini = n − ℓ
}

is the set of
degree sequences of trees with root degree ℓ and ℓ

n

(
n

n0,n1,n2,...

)
the number of trees with the

corresponding degree sequence.

▶ Remark 3. The formula in Theorem 2 holds for all k ≥ 1. If we set k = 1, we obtain

c(1)
n =

∑
ℓ≥1

∑
(n0,n1,... )∈Tn(ℓ)

ℓ

n

(
n

n0, n1, n2, . . .

)

which, by Theorem 6.4. in [5] corresponds to the sum of all plane forests with ℓ trees and n

vertices - or equivalently the sum of all plane trees with n + 1 vertices with root degree ℓ.
The number of plane trees on n + 1 vertices in turn equals the n-th Catalan number

cn = c
(1)
n .

Proof of Theorem 2. Each k-tour on a rooted tree defines a canonical embedding of the
tree in the plane, given by the order in which the tour discovers the vertices. So, we may
think about k-tours as walks on rooted plane trees which start and end at the root, cross
each edge exactly 2k times and the order in which outgoing edges are crossed the first time
at a vertex v, is the order from left to right of the edges. Thus, if k = 1, this condition
uniquely determines the walk and therefore c

(1)
n = cn, where cn is the n-th Catalan number

which counts the number of plane trees with n + 1 vertices.
If k > 1, we notice that the order in which the walk leaves each vertex fully determines the

walk. Figure 1 illustrates how one can separate a tree walk into sequences of outgoing steps at
each vertex. One simply records at each vertex v the sequence Sv of neighbors in the order in
which they are (k-times) visited starting from v. For an example, see Figure 1 where we record
S1 = (2, 3, 2, 3) at the root 1 for the walk W = (1, 2, 1, 3, 4, 3, 5, 3, 4, 3, 1, 2, 1, 3, 6, 3, 5, 6, 3, 1).

The resulting sequence for a vertex v is a sequence Sv = (sv(1), sv(2), . . . , sv(kdv)) which
contains exactly k occurrences of each of its dv neighbors, the first occurrences of its children
correspond to their order in the tree and the last vertex in the sequence is its parent.

Given a rooted plane tree (w.l.o.g. with root vertex 1), where each vertex v is assigned a
sequence with the above properties, we can reconstruct W by going through the sequences
step-by-step, as the following algorithm shows.

AofA 2026
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1 Initalize W = ∅, v = 1
2 WHILE v ̸= 0 DO:
3 Append v to W

4 IF sv(1) ̸= ∅ THEN:
5 Delete sv(1) from Sv

6 Set v = sv(1)
7 ELSE:
8 Set v = 0
9 RETURN W

This reconstruction is always possible and uniquely reproduces the walk. In order to
enumerate all k-tours, we therefore fix a plane tree T and locally count the number of ways
how the k-tour could leave each vertex.

So, let dv be the degree of v ∈ V . The walk leaves v exactly kdv times and the number
of ways to distribute these (ordered) steps on dv edges is(

kdv

k, k, . . . , k

)
.

However, these edges appear in a specific order in the underlying tree. Since there are dv!
ways to permute the order of the edges, the number of ways to distribute the outgoing steps
at v is therefore

1
dv!

(
kdv

k, k, . . . , k

)
.

Hence, if the root of T has degree ℓ and there are ni further vertices with degree i + 1 for
each i ∈ {0, 1, 2, . . . , n − 1}, then the number of k-tours on T is

1
ℓ!

(
ℓk

k, k, . . . , k

)∏
i≥0

(
1

(i + 1)!

(
(i + 1)k
k, . . . , k

))ni

.

Further, by [5, Theorem 6.4] there are

ℓ

n

(
n

n0, n1, . . .

)
rooted trees with root degree ℓ and ni interior vertices with i children respectively. Summing
over all possible degree sequences results in the formula in Theorem 2. ◀

An alternative proof of Theorem 2 can be achieved via an approach by generating functions
as the following lemma shows.

▶ Lemma 4. Let c
(k)
j,n denote the number of k-tours on a tree with n + 1 vertices and a root

with degree j. Let further

Ck(x, z) =
∑

j,n≥0
c

(k)
j,n

xkj

(kj)!z
n+1

denote their generating function where z marks the size of the tree and x marks the number
of departing steps from the root. Then

Ck(x, z) = z exp
(

xk

k! Lt=1

(
tk−1

(k − 1)!Ck(t, z)
))

where Lt=1 (A(t)) =
∑

ℓ≥0 ℓ! [tℓ]A(t).
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Figure 2 Decomposition of a 2-tour in F . The root is colored red and its only child c green.
Steps in set A are purple and steps in set B are dark blue.

The proof is analogous to Lemma 9 in [8] but we include an adjusted version for com-
pleteness.

Proof. Let F denote the family of k-tours on trees with n + 1 vertices and with root degree
1. Let fk,1,m,n denote the number of such k tours on trees with root degree 1 and m + 1 is
the degree of the only child of the root. Hence, these tours leave the root k times and the
only child of the root k(m + 1) times. We associate to the family F the generating function

Fk(t, x, z) =
∑

m,n≥0
fk,1,m,n

tk(m+1)−1

(k(m + 1) − 1)!
xk

k! zn,

where z counts all vertices except for the root, x the departing steps from the root and t the
departing steps from c except for the last step. Consider a walk W ∈ F , let r denote its root,
c the only child of r, and W ′ the walk of root c obtained from W by removing r. Assume
the number of steps leaving c is (m + 1)k. We construct two disjoint sets A and B whose
union is {1, 2, . . . , (m + 1)k − 1}. For all i ∈ {1, 2, . . . , (m + 1)k − 1}, if the i-th step leaving
c goes to the root r, then i ∈ A. Otherwise, i ∈ B. We did not include the (m + 1)k-th step
leaving c, as we know it must always reach r. Observe that knowing A, B and W ′ is enough
to reconstruct W . Further, A has of course size k − 1 since W is a k-tour and there are
k steps leaving its root r. Because of the choice to make t an exponential variable in the
generating function Fk(t, x, z), this bijection implies

Fk(t, x, z) = tk−1xk

(k − 1)!k!Ck(t, z).

In order to forget the variable t in the generating function Fk(t, x, z), we use the Laplace
operator∑

m,n≥0
fk,1,m,n

xk

k! zn = Lt=1(Fk(t, x, z)) = xk

k! Lt=1

(
tk−1

(k − 1)!Ck(t, z)
)

.

Finally, a k-tour is a root and a (possibly empty) set of elements from F , so

Ck(x, z) = z exp (Lt=1(Fk(t, x, z))) . ◀

Now given Lemma 4, we can prove Theorem 2 using Lagrange inversion.

Alternative proof of Theorem 2. According to Lemma 4, it holds that

Ck(x, z) = z exp
(

xk

k! Lt=1

(
tk−1

(k − 1)!Ck(t, z)
))

AofA 2026
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and therefore it holds for A(z) = Lx=1

(
xk−1

(k−1)! Ck(x, z)
)

A(z) = zLx=1

(
xk−1

(k − 1)! exp
(

xk

k! A(z)
))

= z
∑
i≥0

(ik + k − 1)!
(k − 1)!(k!)ii!A(z)i

= z
∑
i≥0

(
(i + 1)k − 1

k, k, . . . , k, k − 1

)
A(z)i

i!

= z
∑
i≥0

(
(i + 1)k

k, k, . . . , k, k

)
A(z)i

(i + 1)! .

If we apply the Lx=1-operator to Ck(x, z) analogously, we obtain

Ck(z) = zLx=1

(
exp

(
xk

k! A(z)
))

= z
∑
i≥0

(
ik

k, k, k, . . . , k

)
A(z)i

i!

Consequently, we can apply the Lagrange inversion theorem for

A(z) = zϕ(A(z)), Ck(z) = zH(A(z))

where ϕ(u) =
∑

i≥0
( (i+1)k

k,k,...,k,k

)
ui

(i+1)! and H(u) =
∑

i≥0
(

ik
k,k,k,...,k

)
ui

i! . Thus, we obtain

c(k)
n = [zn+1]Ck(z) = 1

n
[un−1]H ′(u)ϕ(u)n

= 1
n

∑
ℓ≥0

∑
n0+n1+···=n

ℓ+n1+2n2+...=n−1

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
(ℓ + 1)k

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

which is equivalent to the formula in Theorem 2 up to an index shift on ℓ. ◀

3 Asympotics of the hypergraph Catalan numbers

Given the closed formula in Theorem 2, we may prove the asymptotic formulas which we
already stated in the introduction.

▶ Theorem 1. Let k ≥ 1 and c
(k)
n be the number of k-tours on trees with n+ 1 vertices. Then

c(1)
n = 1√

πn3
4n, c(2)

n = 2
√

e3

πn
2nn!

and

c(k)
n = 2

√
k

(2πn)k−1

(
kk

k!

)n

(n!)k−1, k ≥ 3

as n → ∞.

Note that Gunnell conjectured asymptotics of the form

c(k)
n =


2(2

2)(4
2)···(k−1

2 )
k(2k−3)/2(πn)(k−1)/2

(
kk

k!

)n+1
(n!)k−1 if k is odd

√
2(3

2)(5
2)···(k−1

2 )
k(2k−3)/2(πn)(k−1)/2

(
kk

k!

)n+1
(n!)k−1 if k is even and k > 2
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Figure 3 Stars: the only rooted trees contributing to the asymptotic growth of c
(k)
n for k > 2.

(The root is marked green).

However, it is quite straightforward to check that these expressions coincide with our formula.
For k odd1, we can simplify

2
(2

2
)(4

2
)

· · ·
(

k−1
2
)

k(2k−3)/2(πn)(k−1)/2

(
kk

k!

)n+1

(n!)k−1 = 2(k − 1)!
2(k−1)/2kk−3/2(πn)(k−1)/2

(
kk−1

(k − 1)!

)(
kk

k!

)n

(n!)k−1

= 2k1/2

2(k−1)/2(πn)(k−1)/2

(
kk

k!

)n

(n!)k−1

= 2

√
k

(2πn)k−1

(
kk

k!

)n

(n!)k−1.

Indeed, in this section we will show that the asymptotics are governed by k-tours on trees
that look like stars.

▶ Definition 5 (Stars and star-like trees). Let n ≥ 1, m ∈ {0, 1, 2 . . . , n − 3} and T be a
(rooted) tree with n + 1 vertices. If T has a single vertex with degree n − m, m vertices of
degree 2 and n − m leaves, then we call T star-like. If further m = 0, that is T is a tree with
one vertex of degree n and n leaves, then T is called a star.

The following proposition shows that the number of k-tours on stars (and star-like trees)
is the main driver in the asymptotic growth of c

(k)
n .

▶ Proposition 6. Let k ≥ 2, m = o(
√

n) and let sk(n, m) be the number of k-tours on a
star-like trees with maximum vertex degree n − m. Then for k ≥ 2, we have

sk(n, 0) ∼ 2

√
k

(2πn)k−1

(
kk

k!

)n

(n!)k−1, sk(n, m) ∼ 1
m!

(
(2k)!
2kkk!

)m
sk(n, 0)
n(k−2)m

as n tends to infinity.

This suggests that for k ≥ 3 there is a single tree, namely a tree with one vertex of degree
n, that accounts for the asymptotics of c

(k)
n (see Figure 3).

For k = 2, we sum up the number of k-tours on star-like trees and obtain

o(
√

n)∑
m=0

s2(n, m) ∼ s2(n, 0)

o(
√

n)∑
c=0

1
m!

(
3
2

)m
 ∼ 2

√
e3

πn
2nn!

which corresponds to the asymptotics of c
(2)
n .

1 In the case where k is even, we assume that a typo must have happened in the conjecture. E.g. note
that the product of binomial coefficients should probably end at

(
k
2

)
or
(

k−2
2

)
.

AofA 2026



20:8 Formulas and Asymptotics of Hypergraph Catalan Numbers

In both cases, our aim is to show in the following that the rest of the k-tours are
asymptotically negligible. However, let us first prove the proposition above. The proof is a
straightforward computation based on the formula in Lemma 2.

Proof of Proposition 6. Analogous to Lemma 2, we use the convention that ni is the number
of interior vertices with i children. In particular, n0 denotes the number of leaves in the tree
and n1 the number of vertices with a single child. We have to distinguish three cases.
1. If the root has degree ℓ = n − m, then n1 = n − (n − m) = m and n0 = n − n1 = n − m.
2. If there is an internal vertex with degree n−m (and therefore outdegree n−m−1) and the

root has degree ℓ = 1, then n1 = n−1−(n−m−1) = m, while n0 = n−n1 −1 = n−m−1.
3. If there is an internal vertex with degree n−m (and therefore outdegree n−m−1) and the

root has degree ℓ = 2, then n1 = n−2− (n−m−1) = m−1 and n0 = n−n1 −1 = n−m.
Hence, by our computations in the proof of Theorem 2,

sk(n, m) = n − m

n

(
n

n − m, m

)(
1

(n − m)!

(
k(n − m)
k, . . . , k

))(
1
2!

(
2k

k, k

))m

+ 1
n

(
n

n − m − 1, m, 1

)(
1
2!

(
2k

k, k

))m( 1
(n − m)!

(
k(n − m)
k, . . . , k

))
+ 2

n

(
n

n − m, m − 1, 1

)(
1
2!

(
2k

k, k

))(
1
2!

(
2k

k, k

))m−1( 1
(n − m)!

(
k(n − m)
k, . . . , k

))
and therefore,

sk(n, m) = 2
m!

(
1
2

(
2k

k, k

))m (n − 1)!
(n − m − 1)!

(
1

(n − m)!

(
k(n − m)
k, . . . , k

))
+ 2

(m − 1)!

(
1
2

(
2k

k, k

))m (n − 1)!
(n − m)!

(
1

(n − m)!

(
k(n − m)
k, . . . , k

))
.

For m = 0, the above simplifies to

sk(n, 0)
(n!)k−1 = 2

(n!)k

(
kn

k, . . . , k

)(
1 + O

(
1
n

))
∼ 2

√
k

(2πn)k−1

(
kk

k!

)n

(1)

If m ≥ 1 and we compare this number to sk(n, 0), we obtain

sk(n, m)
sk(n, 0) = 1

m!

(
k!
2

(
2k

k, k

))m (n − 1)!
(n − m − 1)!

n!
(n − m)!

(k(n − m))!
(kn)!

(
1 + m

n − m

)
.

Let us assume that m = o(
√

n), such that we can apply Stirling’s approximation to all six
factorials at the end of this expression. That is,

sk(n, m)
sk(n, 0) ∼ 1

m!

(
(2k)!
2k!

)m
√

2π(n − 1) 2πn 2πk(n − m)
2π(n − m − 1) 2π(n − m) 2πkn

(
n − 1

e

)n−1 (n

e

)n

·
(

k(n − m)
e

)k(n−m)(
e

n − m − 1

)n−m−1(
e

n − m

)n−m ( e

kn

)kn

∼ 1
m!

(
(2k)!
2kkk!

)m√
n − 1

n − m − 1
n − m

n − 1

·
(

n − 1
n

)n(
n − m

n − m − 1

)n−m−1(
n − m

n

)(k−2)(n−m) ( e

n

)(k−2)m

.
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(a) Star(-like) tree. (b) Star-like tree. (c) Star-like tree.

Figure 4 Star-like trees: rooted trees contributing to the asymptotic growth of c
(2)
n . (The root is

marked green).

Now we can use the fact that (1+ m
n )n ∼ em for m = o(

√
n) and obtain the desired asymptotic

expression

sk(n, m)
sk(n, 0) ∼ 1

m!

(
(2k)!
2kkk!

)m

n−(k−2)m

as stated in the Lemma. ◀

We observe that in the proof above the number of k-tours on trees with one vertex of
degree n − m and m internal vertices with degree 2 is of course the same for each tree. That
is, the number of k-tours is consistently(

1
2

(
2k

k, k

))m 1
(n − m)!

(
k(n − m)
k, . . . , k

)
.

However, when the root is of degree 2, there are less rooted trees and so only the first two
cases which we considered contribute asymptotically. We generalize this observation in such
a way that we may only estimate the number of k-tours on trees with root degree 1 in our
final computations.

▶ Lemma 7 (Rerooting lemma). Let n ∈ N, m ∈ {1, 2, . . . , n − 1} and n1, n2, . . . nn−1 such
that

∑n−1
i=1 ni = m − 1 and

∑n−1
i=1 ini = n − 1. Then,

n−(m−1)∑
ℓ=2

ℓ

n

(
n

n − m + 1, n1, . . . , nℓ−1 − 1, . . .

)
≤ m

n

(
n

n − m, n1, . . . , nℓ−1, . . .

)
.

Proof. Intujtively, the statement is clear, because each tree with n + 1 − m leaves, which is
rooted at a leaf can obviously be rerooted at m internal vertices. Let us compute the bound
nevertheless.

ℓ

n

(
n

n − m + 1, n1, . . . , nℓ−1 − 1, . . .

)
= ℓnℓ−1

n − m + 1
1
n

(
n

n − m, n1, . . . , nℓ−1, . . .

)
,
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Summing over ℓ then results in the desired identity since

n−m+1∑
ℓ=2

ℓnℓ−1

n − m + 1 = 1
n − m + 1

n−m+1∑
ℓ=2

((ℓ − 1)nℓ−1 + nℓ−1)

= n − 1
n − m + 1 + m

n − m + 1

= 1 + 2(m − 1)
n − m + 1

and it is straightforward to check that

2(m − 1)
n − (m − 1) ≤ (m − 1)

under the assumption that 1 ≤ m ≤ n − 1. ◀

▶ Corollary 8. As a direct consequence, we obtain

n∑
ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
ℓk

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

≤
∑

(n0,n1,... )∈Tn(1)

n − n0 + 2
n

(
n

n0, n1, n2, . . .

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

.

Proof. For (n0, n1, . . . ) ∈ Tn(ℓ), we denote the number of vertices in the tree of degree ℓ by
ñℓ = nℓ−1 + 1 and the number of vertices of degree i ̸= ℓ by ñi = ni−1. Now, note that

n∑
ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
ℓk

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

=
n∑

ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

ℓ

n

(
n

n0, n1, n2, . . .

)∏
i≥1

(
1
i!

(
ik

k, k, . . . , k, k

))ñi

.

If ℓ > 1, rerooting the tree to the left-most leaf gives a tree with (n0−1, n1, . . . , nℓ−1+1, . . . ) ∈
Tn(1). The ñi, i ≥ 1 are of course not affected by this rerooting. Now, the Rerooting Lemma 7
tells us that the sum over all rooted trees can be estimated by

∑
(ñ1,ñ2,... )∈Tn(1)

m + 1
n

(
n

n0, n1, n2, . . .

)∏
i≥1

(
1
i!

(
ik

k, k, . . . , k, k

))ñi

where m − 1 = n − n0. ◀

Finally, we are ready to tackle the asymptotic analysis of the formula in Theorem 2.

Proof of Theorem 1. By Lemma 2, we want to analyze the sum

c(k)
n =

n∑
ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
kℓ

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

. (2)

To that end, we separate the sum into two parts depending on the highest degree in the tree.
Let M(ℓ, n1, . . . ) := max {{ℓ} ∪ {i + 1 | ni ≥ 1}} denote the highest degree in the tree with
the respective degree sequence.
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c(k)
n =

n∑
ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

M(ℓ,n1,... )≤n−⌈n1/3⌉

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
kℓ

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

+
n∑

ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

M(ℓ,n1,...)>n−⌈n1/3⌉

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
kℓ

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

.

The first part contains all summands where the highest degree in the tree is higher than
n − n1/3 and the second part accounts for all cases where the highest degree is at most
n − n1/3.

Part 1: The highest degree is at least (n − n1/3). First of all, we already analyzed the
summands that correspond to star-like trees in Proposition 6.

So, for fixed c > 1, we the highest degree in the tree is n−c, we are left with analyzing the
sum over all (n0, n1, . . . ) ∈ Tn(ℓ) with M(ℓ, n1, . . . ) = n − c and max{ℓ − 2,

∑n−c−2
i=2 ni} > 0.

Further, we use the Rerooting Lemma 7 and in particular Corollary 8 to simplify the sum to
n∑

ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

M(ℓ,n1,... )≥n−⌈n1/3⌉
max{ℓ−2,

∑n−c−2
i=2

ni}>0

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
kℓ

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

≤
∑

(n0,n1,... )∈Tn(1)

M(1,n1,... )≥n−⌈n1/3⌉∑n−c−2
i=2

ni>0

n − n0 + 2
n

(
n

n0, n1, n2, . . .

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

.

In the following, we estimate the summand corresponding to (n0, n1, . . . , nn−c−1, 0 . . . ) in
the above sum with respect to s(n, n1 −1+

∑
i≥2 ni). So, let m =

∑
i≥1 ni = n−n0 +1 be the

number of internal vertices. Further, let n− c−1 > n−⌈n1/3⌉ be the largest outdegree and p

be the smallest outdegree larger than 1 in the degree sequence (n0, n1, . . . ). We estimate the
corresponding summand by comparing it to the summand with degree sequence (n′

0, n′
1, . . . ),

where n′
p = np − 1, n′

p−1 = np−1 + 1, n′
n−c−1 = 0 and n′

n−c = 1. (One can think about
it as moving one of the subtrees at a vertex of outdegree p to the vertex with the highest
outdegree.) We therefore obtain

n−n0+2
n

(
n

n0,n1,n2,...

)∏
i≥1

(
1

(i+1)!
( (i+1)k

k,k,...,k,k

))ni

n−n′
0+2

n

(
n

n′
0,n′

1,n′
2,...

)∏
i≥1

(
1

(i+1)!
( (i+1)k

k,k,...,k,k

))n′
i

=

(
(k(n−c))!

(n−c)!

)
1

np

(
(k(p+1))!

(p+1)!

)
(

(k(n−c+1))!
(n−c+1)!

)
1

np−1+1

(
(kp)!

p!

)
= np−1 + 1

np

k(p + 1)(kp + k − 1) · · · (kp + 1)
k(n − c + 1)(kn − kc + k − 1) · · · (kn − kc + 1)

n − c + 1
p + 1

≤ np−1 + 1
np

(
p + 1
n − c

)k−1
.

Note that np−1 = 0 if p > 2 since it is the smallest outdegree which is larger than 1. So,

n−n0+2
n

(
n

n0,n1,n2,...

)∏
i≥1

(
1

(i+1)!
( (i+1)k

k,k,...,k,k

))ni

n−n′
0+2

n

(
n

n′
0,n′

1,n′
2,...

)∏
i≥1

(
1

(i+1)!
( (i+1)k

k,k,...,k,k

))n′
i

≤


(

c+1
n−c

)k−1
if p > 2

(n1 + 1)
(

3
n−c

)k−1
if p = 2

(3)
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Thus, if we apply this estimate recursively until we compare the tree to a starlike tree degree
sequence, where the maximum degree is n − c′ := n − c +

∑n−c−2
i=2 (i − 1)ni, we obtain

n−n0+2
n

(
n

n0,n1,n2,...

)∏
i≥1

(
1

(i+1)!
( (i+1)k

k,k,...,k,k

))ni

n−n0+2
n

(
n

n0,n1+m,1
) ( 1

2
( 2k

k,k,...,k,k

))n1+m
1

(n−c′+1)
((n−c′+1)k

k,k,...,k,k

)
≤ (m − 1)!

n1!

( 3
n − c

)m−1−n1 ( c + 1
n − c

)∑n−c−2
i=2

(i−2)ni

k−1

.

We know from the proof of Proposition 6 that

1
n

(
n

n0, n1 + m, 1

)(
1
2

(
2k

k, . . . , k

))m−1 1
(n − c′ + 1)

(
(n − c′ + 1)k

k, . . . , k

)
≤ 1

2sk(n, m − 1).

Since
∑n−c−2

i=2 (i − 2)ni = c + n1 − 2(m − 1), we proceed with

1
n

(
n

n0, n1, n2, . . .

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

≤ (m − 1)!
n1!

((
3

n − c

)m−1−n1 ( c + 1
n − c

)c+n1−2(m−1)
)k−1

1
2

sk(n, m − 1)
2

≤ (m − 1)!
n1!

((
3

c + 1

)m−1−n1 ( c + 1
n − c

)c−(m−1)
)k−1

1
2

sk(n, m − 1)
2

≤
(

m − 1
c + 1

)m−1−n1

3m−1−n1

(
c + 1
n − c

)(k−1)(c−m+1)
sk(n, m − 1)

2

≤ 3m−1
(

c + 1
n − c

)(k−1)(c−m+1)
sk(n, m − 1)

2 ,

where we used that m−1 < c+1 due to the fact that m−1 =
∑

i≥1 ni −1 <
∑n−c−2

i=1 ini = c

and c ≥ 2 since there is at least one vertex with outdegree at least 2, smaller than n − c − 1.
Further, by Proposition 6, we have

3m−1
(

c + 1
n − c

)(k−1)(c−m+1)
sk(n, m − 1)

2

≤
(

c + 1
n − c

)(k−1)(c−m+1) 1
(m − 1)!

(
3(2k)!
2kkk!

)m−1
sk(n, 0)

2n(k−2)(m−1) .

The number of summands that produce this estimate is the number of partitions of c into
m − 1 parts. Therefore, we multiply the bound by eπ

√
2(c−m+1)

3 which bounds the number of
such partitions [9] and obtain
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∑
(n0,n1,... )∈Tn(1)

M(1,n1,... )≥n−⌈n1/3⌉
max{ℓ−2,

∑n−c−2
i=2

ni}>0

n − n0 + 2
n

(
n

n0, n1, n2, . . .

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

≤
⌈n1/3⌉∑

c=2

c∑
m=2

eπ
√

2(c−m+1)
3

m + 1
2(m − 1)!

(
3k−1(2k)!

2kkk!

)m−1(
c + 1
n − c

)(k−1)(c−m+1)
sk(n, 0)

n(k−2)(m−1)

≤
⌈n1/3⌉∑

c=2

c∑
m=2

6(k−1)(m−1)

(m − 2)!

(
eπ

√
2
3 (c + 1)

n − c

)(k−1)(c−m+1)
sk(n, 0)

n(k−2)(m−1)

≤
⌈n1/3⌉∑

c=2

(
14n1/3

n − n1/3

)k−1
sk(n, 0)

nk−2

∞∑
m=0

1
m! 6

(k−1)(m+1)

≤
⌈n1/3⌉∑

c=2
c(k)

(
14n1/3

n − n1/3

)k−1
sk(n, 0)

nk−2 ,

where the final constant depending on k is c(k) = 6k−1 exp(6k−1). In total, we thus obtain
n∑

ℓ=1

∑
(n0,n1,... )∈Tn(ℓ)

M(ℓ,n1,... )≥n−⌈n1/3⌉

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
kℓ

k, k, . . . , k

)∏
i≥1

(
1

(i + 1)!

(
(i + 1)k

k, k, . . . , k, k

))ni

≤
n1/3∑
m=0

sk(n, m) + c(k)
(

14n2/3

n − n1/3

)k−1
sk(n, 0)

nk−2

=
n1/3∑
m=0

sk(n, m) + o (sk(n, 0)) .

Part 2: The highest degree is smaller than (n − n1/3). We are left with the case where
c > ⌈n1/3⌉, that is, the largest degree in the tree is at most α := n − ⌈n1/3⌉ − 1. That means
we only need to consider the subsum

Sn(α) :=
α∑

ℓ=1

∑∑
ni=n∑

ini=n−ℓ

ℓ

n

(
n

n0, n1, n2, . . .

)
1
ℓ!

(
kℓ

k, . . . , k

) α−1∏
i=1

(
1

(i + 1)!

(
k(i + 1)
k, . . . , k

))ni

which conveniently can be rewritten as a sum over coefficients of a bivariate generating
function,

Sn(α) =
α∑

ℓ=1

ℓ

n

n!
ℓ!

(
kℓ

k, . . . , k

)
[xnyn−ℓ]

α∏
i=1

exp
(

1
i!

(
ki

k, . . . , k

)
xyi−1

)

=
α∑

ℓ=1

ℓ

n

n!
ℓ!

(
kℓ

k, . . . , k

)
[xnyn−ℓ]F (x, y)

where

F (x, y) :=
α∏

i=1
exp

(
1
i!

(
ki

k, . . . , k

)
xyi−1

)
= exp

(
α∑

i=1

1
i!

(
ki

k, . . . , k

)
xyi−1

)
= exf(y),
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and

f(y) =
α∑

i=1

1
i!

(
ki

k, . . . , k

)
yi−1.

Clearly, we can roughly estimate the coefficient of xnyn−ℓ in F (x, y) by the full function

[xnyn−ℓ]F (x, y) ≤ exfn(y)

xnyn−ℓ

evaluated at arbitrary positive x, y > 0. We may therefore choose a classic saddle point
bound by

y0 = k!ek−1

kknk−1 , x0 = n.

such that

x−n
0 yℓ−n

0 =
(

k!ek−1

kknk−1

)ℓ(
kknk−2

k!ek−1

)n

.

Next, we estimate the coefficients of f(y) by the upper bound

1
i!

(
ki

k, . . . , k

)
≤

√
k

(
kkik−1

k!ek−1

)i

e
1

24i − 1
12i+1 <

√
k

(
kkik−1

k!ek−1

)i

derived from applying Stirling’s approximation. The evaluation of f(y) at y0 is therefore
bounded by

f(y0) ≤ 1 +
α∑

i=2

√
k

(
kkik−1

k!ek−1

)i(
k!ek−1

kknk−1

)i−1

≤ 1 +
√

k

(
kk

k!ek−1

)(
4
n

)k−1
+

√
k

(
kknk−1

k!ek−1

) α∑
i=3

(
i

n

)(k−1)i

.

Since i 7→
(

i
n

)i has a unique minimum at i = n
e and admits its maximum at the tails of

the sum, we may estimate the summands by the maximum of the values for i = 3 and
i = n − n1/3. That is,

f(y0) ≤ 1 + e√
2π

(
4
n

)k−1
+ enk−1

√
2π

(n − n1/3)

max

27
n3 ,

(
1 + n1/3

n − n1/3

)−(n−n1/3)

k−1

≤ 1 + e√
2π

(
4
n

)k−1
+ e√

2π

(
27
n

)k−1
,

where we also used the fact that k! ≥
√

2kπ
(

k
e

)k. Hence, for large n,

x0fn(y0) ≤ n + O

(
1

nk−2

)
and consequently,

[xnyn−ℓ]F (x, y) ≤ en+O( 1
nk−2 )

(
k!ek−1

kknk−1

)ℓ(
kknk−2

k!ek−1

)n

= eO(1)
(

k!ek−1

kknk−1

)ℓ(
kknk−2

k!ek−2

)n

.
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If we go back to the subsum Sn(α), we may therefore estimate it by

Sn(α) ≤ eO(1)
(

kknk−2

k!ek−2

)n α∑
ℓ=1

ℓ

n

n!
ℓ!

(
kℓ

k, . . . , k

)(
k!ek−1

kknk−1

)ℓ

≤ eO(1)
(

kknk−2

k!ek−2

)n

n!
α∑

ℓ=1

√
k

(
kkℓk−1

k!ek−1

)ℓ(
k!ek−1

kknk−1

)ℓ

≤ eO(1)
(

kknk−2

k!ek−2

)n

n!
α∑

ℓ=1

(
ℓ

n

)ℓ(k−1)

≤ eO(1)

nk−1

(
kk

k!

)n(
nk−2

ek−2

)n

n!

≤ eO(1)

nk−1

(
kk

k!

)n

(n!)k−1

= o (sk(n, 0)) .

We can finally conclude by Proposition 6 that

c(k)
n =

n1/3∑
c=0

sk(n, c) + o (sk(n, 0)) ∼

2
√

e3

πn 2nn! if k = 2

2
√

k
(2πn)k−1

(
kk

k!

)n

(n!)k−1 if k > 2

as n → ∞. ◀
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