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Abstract
For d ≥ 2 and i.i.d. d-dimensional observations X(1), X(2), . . . with independent Exponential(1)
coordinates, let φn denote the minimum ℓ1-norm among the maxima of {X(1), . . . , X(n)}. (A
maximum from this set is an observation X(k) with 1 ≤ k ≤ n such that X(k) ̸≺ X(i) for all
1 ≤ i ≤ n, where x ≺ y means that xj < yj for 1 ≤ j ≤ d.) Key roles in the study of multivariate
Pareto records are played by φn and by the more easily handled maximum with the maximum
ℓ1-norm. Fill et al. proved [12, Theorem 1.11(a)] that

φn = ln n − ln ln ln n − ln(d − 1) + Op

( 1
ln ln n

)
,

where Zn = Op(an) means that Zn/an is bounded in probability, and conjectured [12, Remarks 1.13
and 3.3] that

(ln ln n) (φn − [ln n − ln ln ln n − ln(d − 1)])

has a nondegenerate limiting distribution, suggesting that the limiting distribution might be that
of −G, where G has a Gumbel distribution with location − ln[(d−1)!]

d−1 and scale 1
d−1 . In the present

extended abstract we outline a proof of a Berry–Esseen-type theorem for this convergence in
distribution, thereby establishing a very sharp result for φn.
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1 Introduction, background, assumptions, notation, and statement of
main results

Note. All detailed proofs, including some omitted in this extended abstract due to space
limitations, are included in the full paper [9]. Note also that the essential reference [12]
cited frequently in this extended abstract is the full paper corresponding to the extended
abstract [11].

Some notation. We define 1(A) to be 0 or 1 according as A is false or true. We denote
by L(Y ) the distribution, or law, of a random variable Y . For a positive integer n, let
[n] := {1, . . . , n}. We find it very useful to abbreviate the kth iterate of natural logarithm
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ln by Lk and L1 by L. We fix a dimension d ≥ 2, and x is then shorthand for the vector
(x1, . . . , xd). We write 0 for a vector of 0’s and x ≺ y (or y ≻ x) to mean that xj < yj for
every j ∈ [d]. For simplicity of notation, we will write ∥x∥ (rather than ∥x∥ℓ1 or ∥x∥1) for
the ℓ1-norm

∑d
j=1 |xj | ( =

∑d
j=1 xj if x ≻ 0) of x. We take the probability simplex Sd−1 to

be the set of all x ≻ 0 with ∥x∥ = 1. All the results of this extended abstract hold for any
fixed dimension d ≥ 2, and all asymptotic assertions are as n → ∞ unless otherwise specified.

Univariate records have been quite thoroughly studied (see [1] for a book-length treatment),
but there is still fundamental knowledge to uncover about multivariate (Pareto) records, and
specifically about (partial) maxima [see the next paragraph for a definition of maximum; in
the standard terminology of [10], a maximum at epoch n is a current or remaining (Pareto)
record], even under the simple category of models (call the category by the name S) that
observations are i.i.d. (independent and identically distributed) and coordinates of each
observation are independent and continuously distributed (with possibly different distributions
for the different coordinates).

We assume throughout this extended abstract that X(1), X(2), . . . is a sequence of i.i.d.
copies of a random vector X = (X1, . . . , Xd) taking values in (0, ∞)d and having independent
Exponential(1) coordinates. Call this Model E, a member of Category S. We are interested in
the sequence, indexed by n, of the set of maxima of {X(1), . . . , X(n)} at epoch n; a maximum
from this set is an observation X(k) with 1 ≤ k ≤ n such that X(k) ̸≺ X(i) for all 1 ≤ i ≤ n.
Results about maxima under Model E are readily transformed to results under any specific
model falling in Category S.

It is natural and important to study the ℓ1-norms of maxima under Model E. One
motivation for this study is that [10, Theorem 1.4] establishes the basic result that the
conditional distribution of ∥X(k)∥ given that X(k) is a current record at epoch n doesn’t
depend on k ∈ [n] (so let us suppose now that k = n) and (after centering by ln n) this
“generic maximum” has a weak limit that is standard Gumbel (i.e., has distribution function
x 7→ e−e−x , x ∈ R); moreover, as seen from [8, Remark 2.1(b)], the proof of [10, Theorem 1.4]
shows that ∥X(n)∥ and Un := ∥X(n)∥−1X(n) are independent, with Un uniformly distributed
on the probability simplex Sd−1. Another motivation is that the observation by Bai et al. [3,
last paragraph of Section 1 and Section 3.2] “that nearly all maxima occur in a thin strip
sandwiched between [the] two parallel hyper-planes”

∥x∥ = L n − L3 n − L[4(d − 1)] and ∥x∥ = L n + 4(d − 1) L2 n. (1.1)

is one key to their proof of asymptotic normality for the number of maxima at epoch n, a
result that had been indicated by Baryshnikov [5].

Fill and Naiman [10] initiated, and Fill et al. [12] refined, the study of sharp localization
of (separately) the maximum and minimum ℓ1-norms of maxima (and related quantities)
at epoch n under Model E. See [10, Theorem 1.8] (or [12, Theorem 1.6]), due essentially to
the classical extreme value theory of Kiefer [13], for treatment of the maximum ℓ1-norm,
denoted there as F +

n . In particular, the theorem establishes that

F +
n −

[
L n + (d − 1) L2 n − L((d − 1)!)

]
(1.2)

converges in distribution to standard Gumbel.
This extended abstract concerns the minimum ℓ1-norm, denoted F̂ −

n in [12] and more
simply φn here, of any maximum at epoch n. Fill et al. [12] applied the first- and second-
moment methods to the count (for arbitrarily chosen a ∈ R) of the number of maxima with
ℓ1-norm smaller than

b∗
n ≡ b∗

n(a) := L n − L3 n − L(d − 1) + a

L2 n
(1.3)
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to prove [12, Theorem 1.11(a)] that

φn = L n − L3 n − L(d − 1) + Op

(
1

L2 n

)
,

where Zn = Op(an) means that Zn/an is bounded in probability, and conjectured [12,
Remarks 1.13 and 3.3] that

φ◦
n := (L2 n) (φn − [L n − L3 n − L(d − 1)]) (1.4)

has a nondegenerate limiting distribution, suggesting that the limiting distribution might
be that of −G, where G has a Gumbel distribution with location − ln[(d−1)!]

d−1 and scale
1

d−1 . In the present extended abstract we prove this convergence in distribution, with a
Berry–Esseen-type bound, thereby describing the asymptotic behavior of φn on a quite fine
scale – in particular, finer than that for the much more easily studied F +

n .
Here then is the main result of this extended abstract. Recall that if G0 is distributed

standard Gumbel (with distribution function x 7→ e−e−x , x ∈ R) and m ∈ R and s ∈ (0, ∞),
then m+s G0 has a Gumbel distribution with location m and scale s. Recall also the definition
of Kolmogorov distance dK between two probability measures µ1 and µ2 on (R, Borels) with
respective distribution functions F1 and F2:

dK(µ1, µ2) := sup
t∈R

|F1(t) − F2(t)|.

▶ Theorem 1.1 (main theorem: Gumbel limit). Fix d ≥ 2. Let X(1), X(2), . . ., X(n) be inde-
pendent random d-dimensional vectors each having independent Exponential(1) coordinates,
let φn denote the minimum ℓ1-norm of any maximum of these vectors, and define φ◦

n as
at (1.4). Then φ◦

n converges in distribution to −G, where G has a Gumbel distribution with
location − L[(d−1)!]

d−1 and scale 1
d−1 ; moreover,

dK(L(φ◦
n), L(−G)) = O((L2 n)−1/2 L3 n). (1.5)

In other words, (1.5) asserts precisely that∣∣∣∣P(φ◦
n > a) − exp

[
− e(d−1)a

(d − 1)!

]∣∣∣∣ = O((L2 n)−1/2 L3 n) uniformly in a ∈ R, (1.6)

or equivalently that∣∣∣∣P(φn > b∗
n(a)) − exp

[
− e(d−1)a

(d − 1)!

]∣∣∣∣ = O((L2 n)−1/2 L3 n) (1.7)

uniformly in a ∈ R. In this extended abstract we have tried for a good rate in Theorem 1.1,
but we do not know the optimal rate. The plan for proving (1.7) will be first to prove (1.7)
uniformly for |a| > an, where

an := 1
2(d − 1)(L3 n − 2 L4 n); (1.8)

then to prove

|P(φn > b∗
n(a)) − P(φn > bn(a))| = O((L2 n)−1/2 L3 n) uniformly for |a| ≤ an, (1.9)

where bn(a) is the following (fairly slight) modification of b∗
n(a), employed for computational

convenience:

bn ≡ bn(a) := L n − L3 n − L(d − 1) − L
(

1 − a

L2 n

)
; (1.10)

AofA 2026
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and finally to prove∣∣∣∣P(φn > bn(a)) − exp
[
− e(d−1)a

(d − 1)!

]∣∣∣∣
= O

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
= o((L2 n)−1/2 L3 n) uniformly for |a| ≤ an. (1.11)

As in [12, (2.1)], for b > 0 define

ρn(b) := #{maxima r at epoch n with ∥r∥ ≤ b}. (1.12)

Recall that the total variation distance between (the distributions of) two integer-valued
random variables W1 and W2 can be defined as the (achieved) supremum

dTV(W1, W2) ≡ dTV(L(W1), L(W2)) := sup
A⊆Z

|P(W1 ∈ A) − P(W2 ∈ A)|

(it is sometimes defined as twice this quantity) and that

dTV(W1, W2) = 1
2 sup

f
| E f(W1) − E f(W2)| = inf P(W1 ̸= W2) (1.13)

=
∑

k

[P(W1 = k) − P(W2 = k)]+, (1.14)

where in (1.13) the (achieved) supremum is taken over all functions f : Z → R with sup-norm
bounded by 1 and the (achieved) infimum is taken over all couplings of L(W1) and L(W2), and
where in (1.14) x+ = max{x, 0} denotes the positive part of x. Recall also that (restricting
to integer-valued random variables W, W1, W2, . . .) convergence of Wn to W in distribution
is equivalent to dTV(Wn, W ) → 0.

We write Po(λ) as shorthand for the Poisson distribution with mean λ (or, sometimes
abusing notation, for a random variable with that distribution). By a standard “switching
relation” recasting we have

P(φn > bn(a)) = P(ρn(bn(a)) = 0); (1.15)

further, with

λ ≡ λ(a) := e(d−1)a

(d − 1)! , (1.16)

the subtracted term in (1.11) is e−λ, the probability that Po(λ) = 0. Thus our key result (1.11)
will follow immediately from the following Poisson approximation theorem, a theorem we
believe is of interest in its own right.

▶ Theorem 1.2 (Poisson approximation). Fix d ≥ 2 and recall the notation (1.12), (1.10),
and (1.16). Then as n → ∞ we have

dTV(ρn(bn), Po(λ)) = O

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
uniformly for |a| ≤ an. (1.17)

▶ Remark 1.3. Using Theorem 1.2, the rate of convergence in Theorem 1.1 improves to match
that in Theorem 1.2 if L(φ◦

n) is replaced by the distribution of (L2 n)[1 − exp(−φ◦
n/ L2 n)].
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For fixed a ∈ R, it follows from [12, Lemma 2.1] that

E ρn(b∗
n) → λ (1.18)

and from [12, Lemma 3.1 and Remark B.1] that

Var ρn(b∗
n) → λ (1.19)

as well. The theme of [2], as stated by the authors, is that “Convergence to the Poisson
distribution, for the number of occurrences of dependent events, can often be established
by computing only first and second moments, but not higher ones”, and (notwithstanding
the slight discrepancy between b∗

n and bn) that theme, together with (1.18)–(1.19), is the
motivation for the proof of Theorem 1.2.

Before carrying out the technical details of [2] to provide rigorous proofs of Theorems 1.1–
1.2, which will require a rather substantial amount of modification of ρn(bn) and many
additional calculations, let us give a (very) rough sketch as to why ρn(b∗

n) should be approxi-
mately distributed as Po(λ), when (as we assume here) n is large. For bn defined at (4.2),
ρn(bn) = 0 with high probability. Moreover, for x ≻ 0 satisfying bn < ∥x∥ ≤ b∗

n and Gn(x) a
small neighborhood of x, the events

En(x) := {there is at least one maximum of {X(1), . . . , X(n)} in Gn(x)} (1.20)

are “mostly” independent as x varies (in the sense that there is only suitably local dependence),
with probabilities

P(En(x))
≈ P(there is exactly one maximum of {X(1), . . . , X(n)} in Gn(x))

≈ nP(X(n) ∈ Gn(x), X(n) is a maximum of {X(1), . . . , X(n)})

≈
∫

y∈Gn(x)
ne−∥y∥(1 − e−∥y∥)n−1 dy

≈
∫

y∈Gn(x)
(n − 1)e−∥y∥ exp

[
−(n − 1)e−∥y∥

]
dy; (1.21)

thus, ρn(b∗
n) is approximately Poisson distributed with parameter∫

x≻0: b
n

<∥x∥≤b∗
n

(n − 1)e−∥x∥ exp
[
−(n − 1)e−∥x∥

]
dx

=
∫ (n−1)e−b

n

(n−1)e−b∗
n

[L(n − 1) − L z]d−1

(d − 1)! e−z dz

≈ (L n)d−1

(d − 1)! exp
[
−(n − 1)e−b∗

n

]
≈ e(d−1)a

(d − 1)! = λ. (1.22)

Our rigorous proofs of Theorems 1.1–1.2 proceed as follows. In Section 2 we prove (1.7)
uniformly for |a| > an. In Section 3 we prove (1.9). The remaining sections, with the
exception of the speculative final section, are devoted to the proof of Theorem 1.2, which
will complete the proof of Theorem 1.1.

In Section 4 we introduce a boundary (bn) that is somewhat smaller than (bn) and prove
that

dTV(ρn(bn), ρn(bn) − ρn(bn)) = o((L n)−(d−1)) uniformly for a ∈ R. (1.23)

AofA 2026
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In Section 5 we introduce a maxima-count Nn that is a Poissonized version of ρn(bn) − ρn(bn)
and prove that

dTV(ρn(bn) − ρn(bn), Nn) = o((L n)−(d−1)) uniformly for |a| ≤ an. (1.24)

In Section 6 we introduce a quite large boundary
(
bn

)
and a random variable Nn that

modifies Nn by conditioning on there being no points of the Poisson process with ℓ1-norm
larger than bn and prove that

dTV
(
Nn, Nn

)
= O((L n)−(d−1)) uniformly for |a| ≤ an. (1.25)

In Section 7, by discretization we obtain approximations Zn,m to Nn, where each Zn,m (one
random variable for each m ≥ 0) is a sum of indicator random variables Zn,m,α, and prove
(for each fixed n and fixed a ∈ R) that

dTV
(
Nn, Zn,m

)
→ 0 as m → ∞. (1.26)

This discretization and the proof that the dependence of the random variables Zn,m,α is
suitably local are similar to what was done in [3] to prove asymptotic normality of the total
number ρn(∞) of maxima, unrestricted by location.

The heart of the proof of Theorem 1.2 is to employ the technique of [2] and prove that

lim sup
m→∞

dTV(Zn,m, Po(λn,m)) = O

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
uniformly for |a| ≤ an (1.27)

as n → ∞, where λn,m := E Zn,m. Our proof of (1.27) will use results from other sections,
including Sections 8–9, so we defer it partially to Section 10 and partially to the full paper [9].

In Section 8 we prove (for each fixed n and fixed a ∈ R) that

dTV
(
Po(λn,m), Po(E Nn)

)
→ 0 as m → ∞. (1.28)

In Section 9 we reference the proof in the full paper [9] that

dTV
(
Po(E Nn), Po(λ)

)
= O((L n)−1(L2 n)1/2) uniformly for |a| ≤ an. (1.29)

Theorem 1.2 then follows by first applying the triangle inequality to dTV(ρn(bn), Po(λ))
using (1.23)–(1.29) (for fixed n and fixed |a| ≤ an), then taking limit superior as m → ∞ on
both sides of the inequality, and finally taking the supremum of both sides over |a| ≤ an on
both sides of the inequality.

Our proofs use several results that are either taken from [12] or closely related to results
from [12]. For the reader’s convenience, such results are collected in Appendix A.

In Section 11 we consider the distribution of the maximum at epoch n having smallest
ℓ1-norm, not just (as in all other sections) its ℓ1-norm.

2 Distribution tails

▶ Proposition 2.1. With an defined at (1.8), we have∣∣∣P(φn > b∗
n(a)) − e−λ(a)

∣∣∣ = O((L2 n)−1/2 L3 n) (2.1)

uniformly for |a| > an.
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Proof. First suppose that a > an. Then, using Lemma A.1,

P(φn > b∗
n(a)) ≤ P(φn > b∗

n(an))

≤ (1 + o(1)) (d − 1)!(L n)
−(d−1)

(
1−e

− an
L2 n

)
∼ (d − 1)! exp[−(d − 1)an]

= (d − 1)!(L2 n)−1/2 L3 n;

and

e−λ(a) ≤ e−λ(an) = exp
[
− (L2 n)1/2(L3 n)−1

(d − 1)!

]
= o
(

(L2 n)−1/2 L3 n
)

.

Now suppose instead that a < −an. Then, again using Lemma A.1,

1 − P(φn > b∗
n(a)) = P(φn ≤ b∗

n(a))
≤ P(φn ≤ b∗

n(−an))

≤ (1 + o(1)) 1
(d − 1)! (L n)

−(d−1)
(

e
an

L2 n −1
)

∼ exp[−(d − 1)an]
(d − 1)!

= (L2 n)−1/2 L3 n

(d − 1)! ;

and

1 − e−λ(a) ≤ 1 − e−λ(−an)

= 1 − exp
[
− (L2 n)−1/2 L3 n

(d − 1)!

]
∼ (L2 n)−1/2 L3 n

(d − 1)! .

The proof of the proposition is complete. ◀

3 Slight modification (bn) of the boundary (b∗
n)

For our Poisson approximation theorem, Theorem 1.2, we find it a bit more convenient to
use the boundary

bn(a) := L n − L3 n − L(d − 1) − L
(

1 − a

L2 n

)
(3.1)

rather than (1.3). In this section we establish (1.9) as the following proposition.

▶ Proposition 3.1. We have

|P(φn > b∗
n(a)) − P(φn > bn(a))| = O((L2 n)−1/2 L3 n) uniformly for |a| ≤ an. (3.2)

Proof. First note that for every a satisfying |a| ≤ an we have bn(a) ≥ b∗
n(a), and so the left

side of (3.2) equals

P(b∗
n(a) < φn ≤ bn(a)) = P(ρn(bn(a)) ≥ 1, ρn(b∗

n(a)) = 0)
≤ P(ρn(bn(a)) − ρn(b∗

n(a)) ≥ 1)
≤ E[ρn(bn(a)) − ρn(b∗

n(a))] =: ∆n(a) ≡ ∆n.

AofA 2026
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Now, using the inequality 1 − x ≤ e−x for x > 0 on the second line to follow,

∆n+1 = (n + 1)
(d − 1)!

∫ bn+1

b∗
n+1

yd−1e−y(1 − e−y)n dy

≤ (n + 1)
(d − 1)!

∫ bn+1

b∗
n+1

yd−1 exp(−ne−y − y) dy

= 1 + n−1

(d − 1)!

∫ ne
−b∗

n+1

ne−bn+1
(L n − L z)d−1e−z dz

≤ (1 + n−1) (L n)d−1

(d − 1)!

∫ ne
−b∗

n+1

ne−bn+1
e−z dz

≤ (1 + n−1) (L n)d−1

(d − 1)! exp(−ne−bn+1) × n(e−b∗
n+1 − e−bn+1).

But

e−bn+1 = (n + 1)−1[L2(n + 1)](d − 1)
(

1 − a

L2(n + 1)

)
≥ (n + 1)−1[L2(n + 1)](d − 1)

(
1 − an+1

L2(n + 1)

)
and

e−b∗
n+1 − e−bn+1

≤ e−b∗
n+1(bn+1 − b∗

n+1)

= (n + 1)−1[L2(n + 1)](d − 1)e−a/ L2 n

[
− L
(

1 − a

L2(n + 1)

)
− a

L2(n + 1)

]
≤ (1 + o(1))(n + 1)−1[L2(n + 1)](d − 1)

[
− L
(

1 − an+1

L2(n + 1)

)
− an+1

L2(n + 1)

]
∼ 1

2(d − 1)(n + 1)−1[L2(n + 1)]−1a2
n+1

∼ 1
8(d − 1)(n + 1)−1[L2(n + 1)]−1[L3(n + 1)]2,

so

∆n+1 ≤ (1 + o(1)) [L2(n + 1)]−1/2 L3(n + 1)
8(d − 1)(d − 1)!

and

∆n = O((L2 n)−1/2 L3 n),

as desired. ◀

4 A boundary (bn) that is somewhat smaller than (bn)

In this section we introduce a boundary (bn) (not depending on a) that is somewhat smaller
than (bn) (when a ≥ −an) and prove that

dTV(ρn(bn), ρn(bn) − ρn(bn)) = o((L n)−(d−1)) uniformly in a ∈ R, (4.1)
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which is (1.23). Indeed, let

bn := L n − L3 n − L(d − 1) − L 3. (4.2)

Then

dTV(ρn(bn), ρn(bn) − ρn(bn)) ≤ P(ρn(bn) ̸= 0) ≤ E ρn(bn).

By Lemma A.2,

E ρn(bn) = O((L n)−2(d−1)) = o((L n)−(d−1)),

completing the proof of (4.1).
▶ Remark 4.1. Though we will not need it (nor give a proof), more accurate asymptotic
determination of E ρn(bn) is possible, namely,

E ρn(bn) = 1
(d − 1)! (L n)−2(d−1) + O((L n)−2(d−1)−1 L3 n).

5 Poissonization

In this section we introduce a maxima-count Nn that is a Poissonized version of ρn(bn)−ρn(bn)
and prove that

dTV(ρn(bn) − ρn(bn), Nn) = o((L n)−(d−1)) uniformly for |a| ≤ an, (5.1)

which is (1.24).
Indeed, let Nn count the maxima from a Poisson process with intensity measure

µn(dx) := ne−∥x∥1(x ≻ 0) dx (5.2)

that belong to the set

An ≡ An(a) := {x ≻ 0 : bn < ∥x∥ ≤ bn}, (5.3)

a set which is nonempty because a ≥ −an.

Proof of (5.1). Let

Bn := {x ≻ 0 : ∥x∥ > bn}, (5.4)

and observe that (with no dependence on a ∈ R)

pn := n−1µn(Bn)

= P(Gamma(d, 1) > bn) = 1
(d − 1)!

∫ ∞

bn

xd−1e−x dx

∼ bd−1
n

(d − 1)!e
−b

n ∼ 1
(d − 1)! (L n)d−1n−1(L2 n) 3(d − 1)

= o((L n)−(d−1)). (5.5)

To establish (5.1), we first note that observations (whether X(i)’s or Poisson points) with
ℓ1-norm bounded above by bn play no role in determining which observations falling in An

are maxima. So we can proceed as in the proof of [16, Theorem 4.1] and note (see, e.g.,

AofA 2026
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[15, Proposition 3.6] for justification) that, for each nonnegative integer k, the conditional
distribution of Nn given that k points of the Poisson process fall in Bn is exactly the
conditional distribution of ρn(bn) − ρn(bn) given that k of the n observations X(1), . . . , X(n)

fall in Bn. Thus, by conditioning and (1.13), dTV(ρn(bn) − ρn(bn), Nn) is bounded by twice
the total variation distance between the counts of values falling in Bn; these two counts
have distributions Binomial(n, pn) and Poisson(npn). Therefore, because the total variation
distance between these Binomial and Poisson distributions is bounded by pn (see, e.g., [4,
Chapter 1, (1.23)]), we conclude from (5.5) that

dTV(ρn(bn) − ρn(bn), Nn) ≤ 2pn = o((L n)−(d−1)),

with the bound not depending on a, as claimed at (5.1). ◀

We have observed that we may, and henceforth do, take Nn to count the maxima from a
Poisson process with intensity measure

µ
n
(dx) := ne−∥x∥1(x ≻ 0, ∥x∥ > bn) dx (5.6)

that belong to the set An of (5.3).

6 Conditioning

In this section we introduce

bn := L n + 2(d − 1) L2 n (6.1)

and Nn such that, for each n, the law of the random variable Nn is the conditional distribution
of Nn given that the Poisson point process with intensity measure (5.6) has no points with
ℓ1-norm larger than bn. Put another way, we can (and do) define Nn to be the number of
maxima of the Poisson point process with intensity measure

µn(dx) := ne−∥x∥1(x ≻ 0, bn < ∥x∥ ≤ bn) dx (6.2)

that belong to the set An of (5.3). The following proposition establishes (1.25).

▶ Proposition 6.1. We have

dTV
(
Nn, Nn

)
= O((L n)−(d−1)) uniformly for |a| ≤ an. (6.3)

Proof. The key is that L(Nn | Ec
n) = L(Nn). It is then easy to check using (1.14) that

dTV
(
Nn, Nn

)
is bounded by

P(En)
1 − P(En) , (6.4)

where En is the event that the Poisson process with intensity measure (5.2) has a maximum
with ℓ1-norm larger than bn; this bound does not depend on a. A hint that (6.4) is small
when n is large is provided by [10, Theorem 1.8] [recall (1.2) above], which, however, deals
with the non-Poissonized model. Indeed, such a result follows from Lemma A.3, implying a
bound of O((L n)−(d−1)) on (6.4) and thereby completing the proof. ◀
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7 Discretization

In this section, by discretization we obtain approximations Zn,m to Nn, where each Zn,m

(one random variable for each m ≥ 0) is a sum of indicator random variables Zn,m,α, and
prove (for fixed n and a) that (1.26) holds:

dTV
(
Nn, Zn,m

)
→ 0 as m → ∞. (7.1)

Fix n and define

An := {x ≻ 0 : bn < ∥x∥ ≤ bn}. (7.2)

Enclose An in a cube of fixed finite integer side-length, for example, the cube
[
0,
⌈
bn

⌉]d

. For
each integer m ≥ 0, decompose this cube into sub-cubes Gn,m,α of side-length 2−m. (To
what extent each Gn,m,α contains its boundary will be immaterial.) Let Πn denote a Poisson
process with intensity measure (6.2), and let Mn denote the random measure that counts
maxima of Πn – so that, in particular,

Nn = Mn(An). (7.3)

With ∧ denoting minimum, let

Zn,m,α := 1 ∧ Mn(An ∩ Gn,m,α) (7.4)

and

In,m := {α : An ∩ Gn,m,α ̸= ∅}. (7.5)

All operations over index α henceforth are taken over the index set In,m unless otherwise
specified. Let

Zn,m :=
∑

α

Zn,m,α. (7.6)

Proof of (7.1). Using (1.13) for the first inequality, we have

1 − dTV
(
Nn, Zn,m

)
≥ P(Zn,m = Nn) (7.7)
≥ P

(
∩α

{
Πn

(
An ∩ Gn,m,α

)
≤ 1
})

= exp
[

−
∑

α

µn

(
An ∩ Gn,m,α

)]∏
α

[
1 + µn

(
An ∩ Gn,m,α

)]
→ 1 as m → ∞, (7.8)

as desired, where the last-step convergence follows by routine application of [7, Lemma
preceding Theorem 7.1.2]. ◀

8 A sequence of Poisson distributions indexed by m

In this section, recalling the notation λn,m = E Zn,m, we prove (for each fixed n and a)
that (1.28) holds:

dTV
(
Po(λn,m), Po(E Nn)

)
→ 0 as m → ∞. (8.1)

AofA 2026
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Proof. From the argument at (7.7)–(7.8) we see convergence in probability:

Zn,m
P−→ Nn as m → ∞.

Noting from (7.4) that Zn,m is monotonically nondecreasing in m, the same convergence
holds almost surely (see [6, Problem 20.22(a)]). Therefore, by the monotone convergence
theorem, we also have L1-convergence and hence

λn,m ↑ E Nn as m ↑ ∞. (8.2)

Thus, utilizing the semigroup property of Poisson distributions under convolution and (1.13)
at the initial step,

dTV
(
Po(λn,m), Po(E Nn)

)
≤ P

(
Po
(
E Nn − λn,m

)
̸= 0
)

(8.3)
= 1 − exp

[
−
(
E Nn − λn,m

)]
(8.4)

→ 0 as m → ∞. ◀

9 A sequence of Poisson distributions indexed by n

In this section we reference a proof in the full paper [9, Section 9] that (1.29) holds:

dTV
(
Po(E Nn), Po(λ)

)
= O((L n)−1(L2 n)1/2) uniformly for |a| ≤ an. (9.1)

By the same sort of argument as at (8.3)–(8.4), we need only prove the following lemma.

▶ Lemma 9.1. As n → ∞, we have

E Nn = λ + O((L n)−1(L2 n)1/2) uniformly for |a| ≤ an. (9.2)

Proof. See the full paper [9, Section 9]. ◀

10 Poisson approximation for Zn,m

In this section, centrally important to the proof of Theorem 1.2, we employ the technique
of [2] to outline a proof that (1.27) holds, namely, that

lim sup
m→∞

dTV(Zn,m, Po(λn,m)) = O

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
uniformly for |a| ≤ an (10.1)

as n → ∞, where λn,m := E Zn,m. We will make a reasonable effort to match the notation
used in [2], but, since we have already used bn for the boundary (1.10), we will use fraktur
font to write b1, b2, b3 for the three key quantities b1, b2, b3 in [2].

The goal, then, of this section is to establish a Poisson approximation, with error bound,
for Zn,m defined at (7.6), with Zn,m,α defined at (7.4). Treating the sub-cube Gn,m,α as a
closed cube, let g

n,m,α
denote its unique minimum (i.e., “southwestern-most point”). Note

first that if we make, for each α ∈ In,m (with In,m defined at (7.5)), the definition

Bn,m,α := {γ ∈ In,m : ∥g
n,m,α

∨ g
n,m,γ

∥ < bn}, (10.2)

where ∨ denotes coordinate-wise maximum, then

for every α ∈ In,m: Zn,m,α is independent of σ⟨Zn,m,γ : γ ∈ In,m − Bn,m,α⟩,
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so b3 = 0 in the notation of [2]. In [2], see Theorem 1 and the penultimate full paragraph on
p. 12 of [2], from which we also find (noting the factor-of-2 difference in their definition of
total variation distance) that

dTV(Zn,m, Po(λn,m)) ≤ b1 + b2 = E Z2
n,m − E Po(λn,m)2 + 2b1. (10.3)

With

pn,m,α := P(Zn,m,α = 1) (10.4)

and

pn,m,α,γ := E(Zn,m,αZn,m,γ), (10.5)

the notation in (10.3) is that

b1 ≡ b1(n, m) =
∑

α∈In,m

∑
γ∈Bn,m,α

pn,m,α pn,m,γ , (10.6)

b2 ≡ b2(n, m) =
∑

α∈In,m

∑
γ ̸=α: α∈Bn,m,α

pn,m,α,γ .

Note that if we use the second of the two expressions for the upper bound in (10.3), then we
need treat only b1, not b2.

For the first of the three terms in that bound, we claim that

E Z2
n,m → E N

2
n as m → ∞. (10.7)

Indeed, by the same argument leading to (8.2), Zn,m converges in L2 to Nn, and hence (by
the second assertion in [7, Theorem 4.5.1] with r = 2) (10.7) holds.

The (subtracted) second of the three terms is

E Po(λn,m)2 = λn,m + λ2
n,m → E Nn +

(
E Nn

)2 as m → ∞, (10.8)

where the convergence here follows from (8.2). Therefore, by (10.7)–(10.8),

E Z2
n,m − E Po(λn,m)2 → Var Nn − E Nn as m → ∞. (10.9)

For the proof of (10.1), we need also Lemma A.4, which establishes

Var Nn = E Nn + O

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
uniformly for |a| ≤ an, (10.10)

and the following lemma.

▶ Lemma 10.1. As n → ∞ we have

lim sup
m→∞

b1(n, m) = O((L n)−(d−1)(L2 n)d(L3 n)−2) uniformly for |a| ≤ an. (10.11)

Proof. See the full paper [9, Section 10.1]. ◀

We are now ready for the proof of (10.1).

Proof of (10.1). Simply combine (10.3) and (10.9)–(10.11). ◀
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11 Distribution of the smallest maximum

▶ Remark 11.1. (a) As already discussed in Section 1, if Yn denotes a “generic maximum” at
epoch n, then ∥Yn∥ and Un := ∥Yn∥−1Yn are independent, and Un is uniformly distributed
on Sd−1.

(b) Likewise, if the largest maximum λn is defined as the (almost surely unique) maximum
at epoch n with the largest ℓ1-norm, then it easy to check that ∥λn∥ [≡ F +

n in the notation
of [10] and [12] and (1.2)] and Vn := ∥λn∥−1λn are independent, and Vn is uniformly
distributed on Sd−1.

(c) There is no such simple result (for finite n) concerning the smallest maximum σn,
defined as the (almost surely unique) maximum at epoch n with the smallest ℓ1-norm (equal
to φn). Indeed, using the fact that ∥X∥ is distributed Gamma(d, 1), it is not hard to see
that σ2 has exactly the density

P(σ2 ∈ ds) = 2 P(X ∈ ds)
[
P(X ≺ s) + P(∥X∥ > ∥s∥) − P(X ≻ s)

]
= 2e−∥s∥

 d∏
j=1

(1 − e−sj ) + e−∥s∥
d−1∑
j=1

∥s∥j

j!

 ds

for s ∈ (0, ∞)d. The continuous density here is not a function of ∥s∥, and so φ2 = ∥σ2∥ and
∥σ2∥−1σ2 are not independent.

Notwithstanding Remark 11.1(c), we make the following conjecture.

▶ Conjecture 11.2. Define σn to be the (almost surely unique) maximum of {X(1), . . . , X(n)}
with minimum ℓ1-norm. Then φn and φ−1

n σn are asymptotically independent, and φ−1
n σn

converges in distribution to the uniform distribution on Sd−1.

In light of the heuristic argument spanning (1.20)–(1.22) in Section 1, it is quite believable
that, for each fixed a ∈ R and for large n, the point process of vectors x ∈ (0, ∞)d with
bn < ∥x∥ ≤ b∗

n that are maxima of {X(1), . . . , X(n)} at epoch n is, in some suitable sense,
well approximated by a Poisson point process, call it Pn, with intensity measure

νn(dx) := ne−∥x∥ exp(−ne−∥x∥)1(x ≻ 0, bn < ∥x∥ ≤ b∗
n) dx.

Let Hn denote the event that Pn((0, ∞)d) ≥ 1, and let U be independent of Pn and uniformly
distributed over Sd−1. Over the event Hn, let σ̂n denote the (almost surely unique) point of
Pn with minimum ℓ1-norm, say φ̂n; and over Hc

n, let φ̂n := 1 and σ̂n := U. Then, for Borel
A ⊆ Sd−1, we would expect to have

P(φn ≤ b∗
n, φ−1

n σn ∈ A) ≈ P(Hn ∩ {φ̂−1
n σ̂n ∈ A}) (11.1)

= P(Hn) P(U ∈ A) (11.2)

[indeed, we know that the equality of the right side of (11.1) and the expression in (11.2) is
true exactly!] and, in particular,

P(φn ≤ b∗
n) ≈ P(Hn). (11.3)

Combining (11.2)–(11.3) would then give Conjecture 11.2. Perhaps the point-process approx-
imation by Pn we have surmised here can be established rigorously using the techniques of
[4, Chapter 10], which include [2, Theorem 2].
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A Collected results from Fill et al. [12], and closely related results

For the reader’s convenience, this appendix collects results from [12], and establishes closely
related results, used in the present work.

Our first lemma is used in the proof of Proposition 2.1.
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▶ Lemma A.1 ([12], Propositions 2.3 and 3.2). If
(

b̃n

)
is any sequence satisfying

b̃n := L n − L3 n − L c̃n with c̃n > 0 and c̃n = Θ(1), (A.1)

then as n → ∞ we have

P
(
φn ≤ b̃n

)
≤ E ρn

(
b̃n

)
= (1 + o(1)) 1

(d − 1)! (L n)d−1−c̃n

and

P
(
φn ≥ b̃n

)
≤ (1 + o(1)) (d − 1)!(L n)−(d−1−c̃n). ◀

Define

Jj(x) :=
∫ ∞

x

(L z)je−z dz (A.2)

and note [12, (A.3)] that

Jj(x) ∼ (L x)je−x as x → ∞. (A.3)

The next lemma is used in the proof of (4.1).

▶ Lemma A.2. We have

E ρn(bn) = O((L n)d−1−ωn) = o((L n)−(d−1)).

Proof. To bound E ρn(bn), follow along the calculations in the proof of Lemma 2.1 in [11,
Appendix A]. One finds (compare [11, (A.6)])

E ρn(bn) ≤ 1 + (n − 1)−1

(d − 1)!

d−1∑
j=0

(−1)j

(
d − 1

j

)
(L n)d−1−j [Jj((n − 1)e−b

n) − Jj(n)], (A.4)

with, by (A.3), Jj(n) ∼ (L n)je−n and

Jj((n − 1)e−b
n) ∼ [L(n − 1) − bn]j exp[−(n − 1)e−b

n ]
∼ [L n − bn]j exp[−(n − 1)e−b

n ]
= [L3 n + L(d − 1) + L 3]j exp[−(n − 1)n−1(L2 n) 3(d − 1)]
∼ (L3 n)j exp[−(n − 1)n−1(L2 n) 3(d − 1)] (A.5)

∼ (L3 n)j(L n)−3(d−1). (A.6)

Thus the j = 0 term in (A.4) predominates and yields the desired result. ◀

The next lemma is used in the proof of Proposition 6.1.

▶ Lemma A.3. Let En be the event that a Poisson process with intensity measure

µn(dx) := ne−∥x∥1(x ≻ 0) dx

has a maximum with ℓ1-norm larger than bn = L n + 2(d − 1) L2 n. Then

P(En) = O((L n)−(d−1)).
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Proof. Clearly En equals the event that there is at least one point of the Poisson process
with ℓ1-norm larger than bn, and the number of Poisson points satisfying this “large ℓ1-norm”
condition is distributed Poisson with parameter∫

x≻0:∥x∥>bn

µn(dx) = n P(Gamma(d, 1) > bn) = n P(Po(bn) < d)

∼ n P(Po(bn) = d − 1) ∼ 1
(d − 1)! (L n)−(d−1).

Thus

P(En) = 1 − exp
[
−(1 + o(1)) 1

(d − 1)! (L n)−(d−1)
]

∼ 1
(d − 1)! (L n)−(d−1) = O((L n)−(d−1)),

as claimed. ◀

The next lemma is used in the proof of (10.1). Given the convergence of Var ρn(b∗
n) −

E ρn(b∗
n) to 0 established for fixed a by (1.18) and [12, Lemma 3.1 and Remark B.1], it is

not surprising that Var Nn − E Nn = o(1), but it is nontrivial to prove this (with suitable
uniformity in a) and to further quantify o(1).

▶ Lemma A.4. As n → ∞, uniformly for |a| ≤ an we have

Var Nn − E Nn = O

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
. (A.7)

Proof. To treat Var Nn we follow the approach to Var ρn(bn) in [12] and start with the
second factorial moment of Nn. Given x ≻ 0, let O+

x := {y : y ≻ x} denote the positive
orthant in Rd, translated by x. Letting x ∥ y denote incomparability of x and y with respect
to ≺ (more precisely, that neither x weakly dominates y coordinate-by-coordinate nor vice
versa), we have, by the Mecke equation [14, Theorem 4.4],

E
[
Nn

(
Nn − 1

)]
= n2

∫
x,y∈An: x∥y

e−(∥x∥+∥y∥)P
(
Πn(O+

x ) = 0 and Πn(O+
y ) = 0

)
dx dy

=
(
E Nn

)2 − In,0 + In, (A.8)

where

In,0 := n2
∫

x,y∈An: x̸∥y
e−(∥x∥+∥y∥)P

(
Πn(O+

x ) = 0
)

P
(
Πn(O+

y ) = 0
)

dx dy,

In := n2
∫

x,y∈An: x∥y
e−(∥x∥+∥y∥) [P(Πn(O+

x ) = 0 and Πn(O+
y ) = 0

)
− P

(
Πn(O+

x ) = 0
)

P
(
Πn(O+

y ) = 0
)]

dx dy.

Clearly In,0 ≥ 0, and it is easy to see that the integrand factor in square brackets for In is
nonnegative, so In ≥ 0, too. From (A.8) it follows that

Var Nn − E Nn = E
[
Nn

(
Nn − 1

)]
−
(
E Nn

)2 = −In,0 + In.
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We will complete the proof of Lemma A.4 by proving that

In,0 = O
(

(L n)−(d−1)(L2 n)2(L3 n)−2
)

(A.9)

= o

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
, uniformly for |a| ≤ an

and

In = O

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
uniformly for |a| ≤ an. (A.10)

To prove (A.9), we begin by noting from [9, (9.8)] that for x ∈ An we have

P
(
Πn(O+

x ) = 0
)

= exp
[
−ne−∥x∥(1 − un(∥x∥))

]
for x ∈ An (A.11)

with

un(w) ≡ un,a(w)

= O
(

(L n)−2(d−1)(L2 n)d−2
)

uniformly for w ∈ (bn, bn] and |a| ≤ an,

so that

In,0 = 2n2
∫

x,y∈An: x≺y
e−(∥x∥+∥y∥) exp

[
−ne−∥x∥(1 − un(∥x∥))

]
× exp

[
−ne−∥y∥(1 − un(∥y∥))

]
dx dy

= 2n2
∫

x∈An

∫
z≻0: ∥z∥≤bn−∥x∥

e−∥x∥e−(∥x∥)+∥z∥) exp
[
−ne−∥x∥(1 − un(∥x∥))

]
× exp

[
−ne−(∥x∥+∥z∥)(1 − un(∥x∥ + ∥z∥))

]
dz dx

= 2n2
∫ bn

b
n

∫ bn−x

0

xd−1

(d − 1)!e
−2x ζd−1

(d − 1)!e
−ζ exp

[
−ne−x(1 − un(x))

]
× exp

[
−ne−xe−ζ(1 − un(x + ζ))

]
dζ dx.

From here, change variables using x = L n − L y and ζ = − L z to obtain, with

ûn := sup
|a|≤an, y∈(b

n,bn]
|un,a(y)| = O

(
(L n)−2(d−1)(L2 n)d−2

)
, (A.12)

that

In,0 = 2
[(d − 1)!]2

∫ β
n

βn

∫ 1

βn/y

(L n − L y)d−1y (− L z)d−1

× exp[−y(1 − un(L n − L y))] exp[−yz(1 − un(L n − L y − L z))] dz dy

≤ 2(L n)d−1 exp[−(1 − ûn)βn]
[(d − 1)!]2

∫ β
n

βn

y exp[−(1 − ûn)y]
∫ 1

βn/y

(− L z)d−1 dz dy.

But for y ∈ [βn, ∞) we have∫ 1

βn/y

(− L z)d−1 dz =
∫ L y−L βn

0
wd−1e−w dw ≤ (d − 1)!,
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so, using (A.12) at the asymptotic equivalence to follow, uniformly for |a| ≤ an we have

In,0 ≤ 2(L n)d−1 exp[−(1 − ûn)βn]
(d − 1)!

∫ ∞

βn

y exp[−(1 − ûn)y] dy

∼ 2
(d − 1)! (L n)d−1βne−2βn = O

(
(L n)−(d−1)(L2 n)2(L3 n)−2

)
,

and (A.9) is established.
Now we turn our attention to In and the proof of (A.10). First note that for any x, y ∈ An

we have

P
(
Πn(O+

y ) = 0 | Πn(O+
x ) = 0

)
= P

(
Πn(O+

y ) = 0 | Πn(O+
x∨y) = 0

)
=

P
(
Πn(O+

y ) = 0
)

P
(
Πn(O+

x∨y) = 0
) ;

thus

In = n2
∫

x,y∈An: x∥y
e−(∥x∥+∥y∥)P

(
Πn(O+

x ) = 0
)

P
(
Πn(O+

y ) = 0
)

×

[
1

P
(
Πn(O+

x∨y) = 0
) − 1

]
dx dy.

For the first two of the three probabilities appearing in this last expression we use (A.11);
for the third, we note simply that

P
(
Πn(O+

x∨y) = 0
)

≥ exp(−ne−∥x∨y∥).

We then find

In ≤ n2
∫

x,y∈An: x∥y
e−(∥x∥+∥y∥) exp

[
−ne−∥x∥(1 − un(∥x∥))

]
× exp

[
−ne−∥y∥(1 − un(∥y∥))

] [
exp(ne−∥x∨y∥) − 1

]
dx dy.

Here, the integrand factors exp
[
ne−∥x∥un(∥x∥)

]
and exp

[
ne−∥y∥un(∥y∥)

]
are each bounded

by

exp
(

ûnβ
n

)
= exp

[
O
(

(L n)−2(d−1)(L2 n)d−1
)]

= 1 + o(1).

Therefore In is bounded by (1 + o(1)) times

n2
∫

x,y∈An: x∥y
e−(∥x∥+∥y∥) exp

(
−ne−∥x∥

)
exp
(

−ne−∥y∥
) [

exp(ne−∥x∨y∥) − 1
]

dx dy

≤ n2
∫

x,y≻0: x∥y, ∥x∥≤bn, ∥y∥≤bn

e−(∥x∥+∥y∥) exp
(

−ne−∥x∥
)

× exp
(

−ne−∥y∥
) [

exp(ne−∥x∨y∥) − 1
]

dx dy. (A.13)

After a simple change of variables, (A.13) is seen to agree with the expression In appearing
at [12, (B.3)], except that the factor (n + 2)(n + 1) appearing there becomes n2 at (A.13)
and the restrictions x× ≥ e−bn+2 and y× ≥ e−bn+2 on the integral at [12, (B.3)] become
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our x× ≥ e−bn and y× ≥ e−bn . (Here z× :=
∏d

j=1 zj for any vector z.) We can decompose
our In as

∑d−1
k=1

(
d
k

)
In,k in the same fashion as done at [12, (B.7)], and we similarly find,

uniformly for |a| ≤ an, that

In,k = O((L n)d−1β−(d−1)
n e−βn) = O

(
(L2 n)

−
(

d− 3
2

)
(L3 n)−1

)
.

This establishes (A.10) and completes the proof of the lemma. ◀
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