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Abstract
A rich family of labeled as well as unlabeled combinatorial structures is accessible by using so-called
admissible specifications for which direct access to (counting) generating function equations exists.
Using methods from analytic combinatorics, this quite often provides access to asymptotics for their
coefficients and thus average-case statistics and knowledge on higher moments and distributions
of structural parameters. Furthermore, admissible specifications are the foundation for different
approaches of random sampling algorithms either uniformly for a fixed size (e.g., by unranking a
random rank) or for random sizes in the Boltzmann model. The latter is of special interest for its
efficiency in case of approximate size sampling.

It is standard to derive asymptotics for moments from coefficients of generating functions for
analytical purposes, e.g. using the saddle-point or the O-transfer method. In this paper we highlight
connections between such asymptotics and the values of generating functions as computed for
Boltzmann samplers. We show their use to derive fixed-size statistics from random-size Boltzmann
samples. Furthermore, we introduce a new approach for the (leading term) average-case (and higher
moment) analysis of structural parameters of combinatorial objects that makes the computation of
generating function coefficients superfluous.
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1 Introduction

Let a combinatorial class A be a denumerable set with a size function |.| that assigns to any
α ∈ A a non-negative integer size |α|. The number of objects of any given size needs to be
finite. We use An to denote the set of objects in A having size n and write an for |An|. The
power series A(z) :=

∑
n an

zn

ωn
is called the (enumerator) generating function for A. It is an

ordinary generating function if ωn = 1 and an exponential generating function if ωn = n!.
Studying labeled or unlabeled combinatorial classes, there are different ways of how to

arrive at the corresponding generating functions. One of special interest is related to so-called
admissible constructions: Starting with building blocks of finite size (so-called atoms) like
nodes in a tree or different symbols in a string, a collection of operations is used to recursively
specify how larger elements of the class can be constructed. Operations are chosen such that
a direct translation of their application into generating functions exists. This way the exact
number of constructable objects of any size n becomes the coefficient at zn/ωn of respective
function. In Definition 1 we use⇝ to denote this translation. For example, the disjoint union
of two classes translates into the sum of the related generating functions. Building tuples
of elements into their product. This holds for both, labeled resp. unlabeled classes with
their exponential resp. ordinary generating functions. However, there are further types of
admissible constructions that can only be applied in either the labeled or unlabeled universe.
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23:2 Moment Statistics in the Boltzmann Probability Model

The rules to translate their application into generating functions only hold for either case. In
both contexts, using admissible constructions in sort of an automated way yields functional
equations for the related generating functions:

▶ Definition 1. An operator Ψ over combinatorial classes A(1), A(2), . . . , A(k) is admissible,
if and only if there exists some operator Φ over the corresponding generating functions
A(1)(z), A(2)(z), . . . , A(k)(z) such that

C = Ψ(A(1), A(2), . . . , A(k)) ⇝ C(z) = Φ(A(1)(z), A(2)(z), . . . , A(k)(z)),

where C is the generating function of C.

If combinatorial classes are defined from atoms and (recursive) interdependent construc-
tions using only admissible operators we end up in a system of equations. It has one equation
for the enumerator generating function of each class involved. The system may or may not be
solved in order to derive closed-form representations. In any case, once such a representation
of generating functions is found, there is a rich set of method that can be applied for further
analysis. Furthermore, introducing additional variables allows to study combinatorial param-
eters like node degrees in trees or loop length in RNA secondary structures. The simplest
kind of results that come with multivariate generating functions is the expected value of a
parameter. However, higher moments and distributional results are in reach, too [7, 14]. In
line with our claim for combinatorial classes in general, we assume in the sequel that every
specification of a combinatorial class is well-founded‚ i.e., it always defines a finite number of
structures for every size n ≥ 0.

The described way of specifying objects not only has advantages from an analytic perspec-
tive. The (admissible) description of valid conformations of elements from a combinatorial
class also provides access to simple algorithms for their random generation (see, e.g., [5], [8]
or [11]). Since there are numerous applications for randomly sampled combinatorial objects,
admissibility becomes especially handy. For example, it is a key scientific approach to falsify
a hypothesis by finding contradictory examples (empirical evidence) which – in an automated
way – might be found within a computer generated random sample. On the other hand,
scientists use examples to find new hypothesis, too. For the latter, the random generation
of combinatorial structure can be a helpful approach, e.g., in order to distinguish random
from real world behavior. For example, in biology motifs observed in molecules like RNA or
proteins with non-random behavior are considered of (presumably) functional importance.
Accordingly, if a combinatorial model for an object of interest exists, one can use statistics
like moments of structural parameters derived from randomly generated combinatorial sam-
ples and compare them to the native behavior. There are further applications for random
combinatorial objects like generating test data for software or guiding simulations but we
won’t dig into their details.

The rest of the paper is structured as follows. In Section 2, we recall aspects of the
Boltzmann model and its sampling algorithms with a special focus on those details that
are of importance for our own findings. Furthermore, we introduces our point of view
on the average-case behavior of structural parameters (cost functions) within random-size
Boltzmann models. In Section 3 we elaborate on three kinds of shapes of the underlying
size distributions (flat, peaked, bumpy) as already considered in literature for their influence
on the sampling algorithm’s efficiency. Most importantly, three theorems will be proven
that allow for a transfer of expected-size moments to a fixed-size setting. They furthermore
enable the derivation of such moments without computing generating function coefficients.
Various examples will be considered that sketch the application of our findings. In Section 4
we conclude our discussion.
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2 Boltzmann Sampling in a Nutshell

In this section we recall some essential definitions and facts about Boltzmann sampling as
introduced in [5]. Let A(z) be an ordinary resp. exponential counting generating function
associated to class A of unlabeled resp. labeled objects having radius of convergence ρA.
In the Boltzmann model with parameter ζ ∈ R+, ζ < ρA, structure α ∈ A has probability
ζ|α|

ω|α|
· 1

A(ζ) , (ωn = 1 resp. ωn = n!, see above). Accordingly, we have probability

Pζ(N = n) =
an

ωn
ζn

A(ζ)

for having a structure of size n. Obviously, this provides a probability distribution on the
whole of A since, according to our choice for ωn, the numerator sums up to the denominator
and all values are positive.

Boltzmann samplers are capable to generate random objects according to this probability
distribution. Consider for instance a combinatorial class C that is constructed as the disjoint
union of two other classes A and B. We have Cn = An + Bn for all n and accordingly
C(z) = A(z) + B(z) (disjoint union is an admissible construction for both, the labeled and
the unlabeled universe). For given ζ, the probability for γ ∈ C thus is

Pζ(γ) = ζ |γ|

ω|γ|C(ζ) = ζ |γ|

ω|γ|A(ζ)

(
A(ζ)
C(ζ)

)
.

The second representation now can be understood as the probability of γ as an element
within class A times the probability, that our random choice within C falls into A. Obviously,
a symmetric representation with class B exists. This observation gives rise to a recursive
algorithm to generate a random γ ∈ C with appropriate probability: First draw a uniform
random number p from [0, 1]. If p ≤ A(ζ)

C(ζ) then call a random generator for A and return its
result, otherwise call one for B. Note that A(ζ)

C(ζ) is a non-negative real number less or equal 1
since an ≤ cn for all n and control parameter ζ for both generating functions lies inside their
radius of convergence.

Additional recursive algorithms exist for products (returning a pair of objects sampled
independently), sequences, (multi-) sets and, only for labeled classes, for cycles. The recursion
of generators calling one or several others eventually stops at the atoms of the underlying
well-founded specification. Those then are emitted with probability 1. For labeled classes the
algorithms first generate the final shape of an object, superimposing a random permutation
of appropriate size afterwards.

Since the choice of ζ only controls the expected size a sampled object will have, fixed-
size sampling, i.e., the task of generating a random object of a precise given size n, needs
further adjustments. For a rejection sampler, independent runs of the algorithm are initiated
until the output has desired size n. A more relaxed approach is so-called approximate-size
sampling. Choosing a tolerance ε > 0, sampling is repeated unless the output’s size N fulfills
(1 − ε)n ≤ N ≤ (1 + ε)n.

A multivariate extension of Boltzmann sampling is addressed in [2]. The authors con-
sider the uniform random generation of words of context-free languages (these are always
admissible). Assigning a different variable to each symbol of the underlying alphabet allows
to constrain every letter within sampled words to a targeted frequency. Here, we consider
multivariate generating functions, too. However, we take a slightly different point of view by
not aiming at algorithms for the random generation but using the Boltzmann probability

AofA 2026



23:4 Moment Statistics in the Boltzmann Probability Model

model as foundation of an average-case analysis1. To this end, we build on a somehow
extended setting by considering objects that are distinguished by their value k of a discrete
parameter like node degree in trees or number of cycles for permutations. Accordingly, let
an,k be the number of structures in a given class A having size n and parameter value k.
Again, objects can either be unlabeled or labeled. Then we define the probability

Pζ(N = n, K = k) :=
an,k

ωn
ζn

A(ζ) .

For this probability distribution we find for the expected value of parameter k (for structures
of random size as controlled by parameter value ζ)

Eζ [K] =
∑
n,k

kPζ(N = n, K = k) = ∂uA(ζ, u)|u=1

A(ζ, 1) .

Here A(z, u) denotes the corresponding bivariate generating function (ordinary with respect
to u) and ∂u is shorthand for ∂/∂u. Furthermore, |u=1 is our notation for the evaluation
operator, i.e., respective terms are evaluated at u = 1 (after taking partial derivative). We
are interested in before expectation and how it is related to the expected parameter value
for the fixed-size uniform model as given by

[zn]∂uA(z, u)|u=1

[zn]A(z, 1) ,

[zn]f(z) the coefficient at zn in the series expansion of f at z = 0. It turns out that the
shape of the size distribution as implied by the Boltzmann model is of crucial importance for
the possibility to tie the two together.

2.1 Shape of the Size Distribution
For the size distribution under the Boltzmann model, three different types of shapes are
discussed in literature. They are in direct correspondence with the asymptotic behavior of the
related generating function close to its dominant singularity2 or its saddle-point. They differ,
most importantly, in how strongly the control parameter determines the size of sampled
objects as n → ∞. The shapes thus differ in the influence the parameter choice has on
the probability weight that is assigned to a certain size. This plays a crucial role for the
efficiency of Boltzmann sampling as well as for our goal to relate the Boltzmann model to
fixed-size average-case analyses. Again, our discussion is based on [5] and we start by citing
the following:

▶ Definition 2. A function f(z) analytic at 0 and with a finite radius of analyticity ρ > 0 is
said to be ∆-singular if it satisfies the following two conditions:

(i) The function admits ρ as its only singularity on |z| = ρ and it is continuable in a
domain ∆(r, θ) = {z | z ≠ ρ, |z| < r, arg(z − ρ) ̸∈ (−θ, θ)}, for some r > ρ and some θ

satisfying 0 < θ < π
2 .

1 To be precise, we will address not only average-cases, but higher moments, too. However, since in terms
of bivariate generating functions one can consider the k-th moment to be the average of the (k − 1)-st
(which then is just another abstract cost measure to study), we decided to mostly speak of averages
only, for this will be the main focus of our examples.

2 We omit the case of multiple singularities on the circle of convergence.
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(ii) For z tending to ρ in the ∆ domain, f(z) satisfies a singular expansion of the form

f(z) ∼ P (z) + c0

(
1 − z

ρ

)−α

+ o

((
1 − z

ρ

)−α
)

, α ∈ R \ {0, −1, −2, . . . },

where P (z) is a polynomial. The quantity −α is called the singular exponent of f(z).
It is a direct consequence of techniques from analytic combinatorics [7] that the coefficients
of a ∆-singular function f(z) obey

[zn]f(z) ∼ c0

Γ(α)ρ−nnα−1, n → ∞. (1)

In the sequel of this section, A(z) again is either an ordinary or an exponential generating
function.

▶ Definition 3. Let A(z) be the counting generating function for class A. The Boltzmann
size distribution of A is called flat, if A(z) is ∆-singular with singular exponent −α < 0.

For a flat size distribution, the control parameter is of strong enough influence for efficient
sampling, as can be seen from the following observations: Since asymptotic expansions like
the one of Definition 2 are closed under differentiation (see [13]), we can conclude that for A
of flat type,

Eζ(N) = zA′(z)
A(z) |z=ζ ∼z→ρ−

za0∂z

(
1 − z

ρ

)−α

a0

(
1 − z

ρ

)−α |z=ζ = αz/ρ

1 − z/ρ
|z=ζ

holds. Here, ∼z→ρ− denotes asymptotic equivalence for z tending to ρ from below. It is
now an easy exercise to see that ζn = nρ

α+n yields Eζn
(N) ∼ n. A Boltzmann sampler

with parameter ζn takes only a constant number of runs until (for large n) a structure of
approximate size n (fixed but arbitrarily small relative error ε > 0 allowed) is generated [5].

▶ Definition 4. Let A(z) be the counting generating function for class A. The Boltzmann
size distribution of A is called peaked, if A(z) is ∆-singular with singular exponent −α > 0.

For the peaked size distributions, objects of small sizes have a rather high probability.
Accordingly, aiming at larger sizes results in many iterations for a rejection strategy. However,
pointing, i.e., considering derivatives of the underlying generating functions (multiplying
by z after each derivation step), can be used to transfer a peaked distribution into a flat
one for every derivation step decreases the singular exponent by one. Since combinatorially,
pointing assigns unique labels to the atoms of an object but keeping the object’s structure
untouched, it can be easily inverted after sampling by just throwing the labels away (or
just not assign them at all). It is worth noting that pointing is an admissible operator used
to specify combinatorial classes, too. Along the rules of differentiation, it propagates over
recursive specifications and the related sampling algorithms (see [5], Section 6.3 for details).

Obviously, taking derivatives decreases the singular exponent such that it eventually
becomes negative. However, the visible effect to the related probability distribution can be
rather moderate. It may appear counter intuitive that the observed change makes a big
difference towards the efficiency of sampling as well as the ideas presented later in this paper.
However, we can continue with the iterated application of the pointing operator even after
arriving at a flat distribution. The effect achieved this way is more striking as we will see
by a representative example: Let Θz := z · ∂z be the operator that takes the derivative

AofA 2026
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Figure 1 Size distribution of (pointed) planar rooted trees within the Boltzmann model after
applying the pointing operator k times, k ∈ {0, 1, 2, 4, 8, 10}, from left to right, top to bottom. In
every case, the control parameter ζ has been chosen such that an expected size of n = 50 results.

with respect to z and multiplies by z afterwards. Furthermore, let Θk
z denote the k-fold

application of Θz. We will consider the class of planar rooted trees (see Examples 3.2.1 for
details) whose ordinary generating function has singular exponent 1/2. Accordingly, the plot
for Θ0

z depicted in Figure 1 clearly shows a high probability for small trees and no clear signal
towards the aimed size of n = 50. However, applying Θz once, leads to a singular exponent
of −1/2 and thus a flat distribution. This demonstrably enables efficient approximate size
sampling algorithms even if the related probability distribution does not look too promising –
at least to the author. However, iterating Θz several times eventually yields size distributions
with a clear maximum that moves closer to the target-size while iterating Θz.

The last type of size distributions is associated with generating functions for which precise
asymptotics for their coefficients are derived by the saddle-point method applied to Cauchy
coefficient integrals. The concept of H-admissibility provides conditions for this approach to
be applicable. We refer the reader to literature (e.g., [5, p. 603 f.], [9]) for details but point
out some aspects of H-admissibility in the following definition for they are of interest to us.

▶ Definition 5. Let A(z) be the counting generating function for class A with Eζn
(N) = n for

N the random size of an object according to the Boltzmann distribution. The Boltzmann size
distribution of A is called bumpy, if A(z) satisfies the analytic conditions of H-admissibility
which includes the variance condition

lim
z→ζ−

n

√
Ez(N2) − Ez(N)2

Ez(N) = 0

to be fulfilled.

It is a consequence of H-admissibility that the distribution of sizes is asymptotically normal
and that (as a consequence of the variance condition) approximate size sampling using
parameter ζn with Eζn(N) = n succeeds in one trial with probability tending to 1 as n → ∞.

3 Average-Case Analysis in the Boltzmann Model

Consider A(z, u) :=
∑

n,k an,k
zn

ωn
uk and define B = ∂uA(z, u)|u=1. As long as the parameter

recorded in the exponent of u is of sub-exponential growth in n, the root test implies that
A(z) := A(z, 1) and B(z) have the same radius of convergence and thus (assuming strictly
positive coefficients), the same positive real singularity (in case both are not entire).
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3.1 Classes With Flat Size Distributions
We start by assuming that A is of flat type and prove the following

▶ Theorem 6. Let A(z) be the enumerator generating function for class A and B the
cumulative generating function [14] for some sub-exponential cost function associated to the
elements of A. Let N denote the random size of elements in A as implied by the Boltzmann
model. If A is of flat type with singular exponent −α and if B satisfies a singular expansion
of the form

B(z) ∼z→ρ− b

(
1 − z

ρ

)−β (
log
(

1
1 − z/ρ

))δ

, β ∈ R \ {0, −1, −2, . . . },

then for ζn with Eζn
[N ] ∼ n

[zn]B(z)
[zn]A(z) ∼ cα,β · B(ζn)

A(ζn) , n → ∞,

with constant cα,β := Γ(α)
Γ(β) · αβ−α holds.

Proof. Since A is assumed to be of flat type, equation (1) can be used to compute a precise
asymptotic for [zn]A(z). According to the assumptions made for B and observing that the
series expansion of

( 1
z

)δ at z = 1 reads 1 + o(1) for z → 1, we can conclude, that the leading
term of the asymptotic for [zn]B(z) can be derived by an application of Theorem VI.2 in [7].
Accordingly, [zn]B(z) ∼ b nβ−1

Γ(β) (log(n))δρ−n and we find

[zn]B(z)
[zn]A(z) ∼ b

a
nβ−α Γ(α)

Γ(β) (log(n))δ.

Here, a denotes the coefficient of the dominant term in the asymptotic expansion of A.
For the Boltzmann model we have seen before that ζn = nρ

α+n holds. Furthermore, since

ζn → ρ− for large n, A(z) evaluated at ζn is asymptotically given by a
(

1 − n
α+n

)−α

as can
be seen by using A’s asymptotic expansion. Recalling that A and B have the same radius of
convergence we conclude B(ζn) ∼ b

(
1 − n

α+n

)−β

(log(1/(1 − n/(α + n))))δ along the same
lines of reasoning. Now

(log(1/(1 − n/(α + n))))δ = (log(n/α))δ + o((log(n/α))δ) ∼ (log(n))δ, n → ∞,

such that

B(ζn)
A(ζn) ∼ b

a

(
1 − n

α + n

)α−β

(log(n))δ ∼ b

a
nβ−ααα−β(log(n))δ, n → ∞,

follows. Comparing the two asymptotics proves the theorem. ◀

Remarks.
1. Theorem 6 is of twofold importance. Firstly, we can use it for a new approach for an

average-case analysis in the fixed-size uniform model as will be carried out in subsequent
examples. Secondly, it allows to correct statistics of parameters as derived from samples
generated by Boltzmann sampling without rejection (every object becomes part of the
sample): Let the sampler run with parameter ζn. From the sample derive the average of
an appropriate parameter and – assuming a sufficiently large sample – multiply it by cα,β .

AofA 2026
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α\β 1/3 1/2 1 3/2 2

1/3 1 1.25854 1.2879 0.839028 0.4293
1/2 0.742649 1 1.25331 1 0.626657

1 0.373282 0.56419 1 1.12838 1
3/2 0.206131 0.333333 0.723601 1 1.0854

2 0.117577 0.199471 0.5 0.797885 1

Figure 2 An overview of common combinations of singular exponents and the resulting values
for cα,β as defined in Theorem 6. Note the bold entries of 1 offside the diagonal. They represent
cases of a linearly growing average of a cost measure (with possibly logarithmic factors) in which no
correction is needed when alternating between Boltzmann and fixed-size uniform model.

2. It is worth noting that we can consider the k-th moments of a parameter just as the
first moment of an artificial sub-exponential cost measure being given by the (k − 1)st
derivative (with intermediate multiplication by u if no factorial moments are addressed).
Thus, Theorem 6 can also be used to compute their asymptotic behavior (an example
will be given in the Section 3.2.1 in connection with RNA secondary structures).

3. The difference in value of α and β is in one-to-one correspondence to the growth of the
parameter considered. If its average behaves like nγ log(n)δ, then α and β differ by γ.
A table of some common combinations together with the resulting cα,β can be found in
Figure 2. Note that the same γ can result from different combinations of α and β with
varying values for cα,β .

3.1.1 Examples

Average number of cycles in permutations. We consider permutations as labeled objects
that can be specified as sets of cycles of atoms such that (see, e.g., [7]) the related (exponential)
enumerator generating function P (z) fulfills

P (z) = exp
(

log
(

1
1 − z

))
= 1

1 − z
.

Accordingly, P ’s dominant singularity (and thus ρ) is equal to 1, the singular exponent
−α = −1, and P is of flat type. Since the exp in the construction corresponds to sets and the
log generates the cycles, we can count the number of cycles using variable u by expanding
the exponential, finding

P (z, u) =
∑
k≥0

uk log(1/(1 − z))k

k! = 1
(1 − z)u

.

Taking the partial derivative with respect to u and setting u = 1 afterwards yields for the
cumulative generating function

P c(z) = 1
1 − z

log
(

1
1 − z

)
.

Obviously, ζn = n/(n + 1) holds. Since the singular exponent of P c is −1, too, we can apply
Theorem 6 with c1,1 = 1 finding an average of log(n) (leading term) for the number of cycles
in a random permutation of size n, n → ∞, in accordance with literature (e.g., [10], p. 29).
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Average number of zig-zags in Dyck bridges. We consider walks consisting of steps up u
and down d that start and end on level 0. The multivariate generating function which marks
every step by t, every occurrence of pattern udu by v1 and every occurrence of pattern dud
by v2 is given by [1]

B(t, v1, v2) :=

√
1 + (1 − v1v2)t2 + (1 − v1)(1 − v2)t4

1 + (−3 − v1v2)t2 + (1 − v1)(1 − v2)t4 .

Since valid paths need to have an even length, we set z = t2. Accordingly, B(t, 1, 1) = (1 −
4z)−1/2 is the (ordinary) enumerator generating function of considered paths with −α = −1/2
and ρ = 1/4. Furthermore, Bc(t) := ∂uB(t, u, u)|u=1 simplifies to Bc(z) = 4z2(1 − 4z)−3/2,
thus −β = −3/2 holds. With ζn = n/(2 + 4n) we find

Bc(ζn)
B(ζn, 1, 1) = 2n

4 + o(n), n → ∞,

which, for c1/2,3/2 = 1, is the average accumulated number of occurrences of patterns udu
and dud within bridges of length 2n in the fixed-size uniform model (each occurring with
expected number 2n

8 , see [1]).

3.2 Dealing with Peaked Distributions – Pointing Again
As we have seen in Section 2.1, the Boltzmann model can give rise to three different kinds
of size distributions. In case of a peaked distribution, independent of the chosen control
parameter, there is always a non-negligible probability for elements of small sizes. As a
consequence, rejection sampling aiming at an approximate size n, needs an expected number
of iterations in O(n). Accordingly, we cannot assume that parameters of a considered
structure as observed in a random sample from the underlying Boltzmann distribution
provides meaningful insight into the parameter’s behavior for the fixed size n aimed for by
used ζ. However, as we will see shortly, pointing can be used for this scenario, too.

Let A =
⋃

n,k An,k be a family of structures for which members of size n can be
distinguished according to parameter value k and we are interested in the expected value
of k for given fixed size n. With A(z, u) =

∑
n,k |An,k| zn

ωn
uk, the parameter value within a

Boltzmann sample for given ζ has expectation

Eζ [K] =
∑
n,k

kPζ(N = n, K = k) = ∂uA(ζ, u)|u=1

A(ζ, 1) ,

as shown above. Again, let Θz = z · ∂z be the operator that takes the derivative with respect
to z and multiplies by z afterwards and let Θk

z denote the k-fold application of Θz. Assume
A(z, 1) is of peaked type with singular exponent −α > 0. Then Θ⌈−α⌉

z A(z, 1) is of flat type
(see Section 6.3 in [5]) and with Ac(z) := ∂uA(z, u)|u=1

[zn]Θ⌈−α⌉
z Ac(z)

[zn]Θ⌈−α⌉
z A(z, 1)

= n⌈−α⌉[zn]Ac(z)
n⌈−α⌉[zn]A(z, 1)

= [zn]Ac(z)
[zn]A(z, 1)

holds. As a consequence, after ⌈−α⌉-fold application3 of the pointing-operator Θz, we
can apply Theorem 6 in order to derive average-case results for fixed sizes. Furthermore,
parameters observed in samples generated by a Boltzmann sampler of the flattened model
again can be translated into fixed-size average-case statistics.

3 In the seldom case of a singular exponent −β of Ac larger than −α (for a parameter → 0 is considered),
the ⌈−β⌉-fold iterates of Θz are used.
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3.2.1 Examples
Average root-degree of planar rooted trees. Planar rooted trees are given by a root vertex
to which a (possibly empty) sequence of sub-trees is attached. Accordingly, their ordinary
enumerator generating function A(z) fulfills A(z) = z/(1 − A(z)) such that

A(z) = 1
2(1 −

√
1 − 4z)

holds. Obviously, we have ρ = 1/4 and the singular exponent −α of A is given by 1/2 > 0.
Furthermore, we have for B(z, u) the generating function counting the root-degree within
the exponent of u

B(z, u) = z

1 − uA(z) .

Thus Ac(z) := ∂uB(z, u)|u=1 = 2(1−
√

1−4z)
(1+

√
1−4z)2 with singular exponent 1/2 follows. Applying

methods from singularity analysis to compute the average root-degree for trees of size n,
n → ∞, by means of series coefficients shows that it is given by 3 − 6

n + o(1/n). However,
evaluating Ac(z)/A(z) at ζn = n(n − 1)/(2n − 1)2 yields 1 + o(1). This wrong outcome is
of no surprise since small trees (with non-negligible probability for a peaked distribution)
cannot have large root-degree. However, applying Θz once (to numerator and denominator),
evaluating the quotient of the resulting functions (both with singular exponent −1/2 such
that cα,β = 1) at ζn = nρ/(α + n) = n/(2 + 4n), yields the correct average (leading term).

Planar rooted trees are also well-suited to exemplify the limitations of our approach.
Having Figure 1 in mind, one might hope to get access to higher order terms for average
cases by considering iterates of the pointing operator of larger degree. And indeed, the
second order terms improve that way. For example, considering Θ1

z (as needed to get a
flat distribution) results in a second order term for the average root-degree of wrong rate,
namely −5.65685 . . .

√
1
n . Only the second iterate allows to find a term of correct degree 1

n

but with a constant factor −18 (instead of −6). Considering higher and higher iterates lets
the constant factor converge. However, even for Θ90

z it still has a relative error larger than
1% (−6.0678 . . . ).

Unpaired Nucleotides in RNA secondary structures. The planar folding of RNA molecules
is modeled by so-called secondary structures. As a combinatorial object, these are closely
related to unary-binary trees for which unary nodes are considered to be unpaired (the
corresponding building blocks of the molecule do not have a partner attached by a hydrogen
bond). Since only those RNA molecules are stable that do not have too many unpaired
nucleotides, their expected number helps to evaluated one aspect of the model’s accuracy.
From [12] it is known that the bivariate (ordinary) generating function counting the number
of paired (resp. unpaired) nucleotides in the exponent of variable z (resp. a) is given by

R(z, a) = 1 − 2a + a2 − z2 − z2a − (1 − a)
√

1 − 2z2 − 2z2a − 2a + a2 + z4

2z2(1 − a) .

The dominant singularity of R(z, z) is located at z = 3/2 −
√

5/2. Thus we have a positive
singular exponent of 1/2. Accordingly, in order to determine the expected number of unpaired
nucleotides in an RNA secondary structure of total size n, we consider

Θz(∂aR(z, za)|a=1)
Θz(R(z, z))
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which evaluates for z = ζn = n(3/2 −
√

5/2)/(1/2 + n) to n/
√

5 + o(n) – in accordance
with [12], Theorem 10. To get higher moments, we can proceed along the same lines,
considering the second partial derivative with respect to a as the cumulative of just another
sub-exponential cost measure. Here we find

Θz(∂2
aR(z, za)|a=1)

Θz(R(z, z))

with singular exponent −5/2 for the numerator and value 3/5n2 + o(n2) at ζn. Now
cα,β = 1

4Γ(1/2)/Γ(5/2) = 1
3 holds, and we conclude that the second factorial moment of

the number of unpaired nucleotides within RNA secondary structures of size n behaves like
1/5n2 + o(n2) (rediscovering the findings of [12]). Note that leading term asymptotics are
not sufficiently precise to compute the variance from first and second moment.

3.3 Bumpy Distributions
As pointed out before, approximate-size Boltzmann samplers for classes of the bumpy type
succeed with high probability in a single run. According to our intuition, this should give
rise to strong tries between average values in the fixed-size uniform model and the quotient
of cumulative and counting generating function evaluated at the control parameter. The
following theorems show that this is the case, indeed.

We start by considering A(ζn, u) a univariate function in u and study the behavior of
respective moment generating function:

▶ Theorem 7. Let A(z, u) be a bivariate (ordinary or exponential) generating function
such that A(z, 1) in |z| < R ≤ ∞ is an H-admissible enumerator for class A and u is
used to accumulate some sub-exponential cost function associated to the elements of A. For
N the random size of elements in A according to the Boltzmann model and for ζn < R

with Eζn
[N ] ∼ n, n → ∞, define fn(u) := A(ζn, u), an(u) := u(∂ufn(u))/fn(u) and

bn(u) := u∂uan(u). Assume fn(u) is analytic for |u − 1| < 2η, n → ∞, with 0 < η ≤ 1/2,
then

∂uA(ζn, u)|u=1

A(ζn, 1) = an(1), n → ∞.

If furthermore |bn(u)| < Cbn(1) for |u − 1| < 2η, 0 < η ≤ 1/2, C a positive constant, then
we have the following approximation to fn:

fn(et) = fn(1) · exp
(
an(1)t + bn(1)t2 + R3

)
, |R3| ≤ Cbn(1)|t|3

2η
, |t| ≤ η.

Proof. Our proof is very much inspired by that of Lemma 4 in [9]. In what follows, we
depend on the assumptions made for fn and bn such that implicitly n → ∞ is assumed.
However, for the readability of the proof, we won’t make that explicit even at points where
it is needed for our reasoning. Define ϕn(t) := log(fn(et)) such that the expected value of
interest can be computed from the first derivative of exp(ϕn) evaluated at t = 0. With |t| ≤ η

we have

|et − 1| ≤ e|t|−1 < 2η

since η is assume to be less than 1
2 . Thus, for |t| ≤ η we stay within the neighborhood of 1

where fn is analytic and is thus infinitely differentiable. Furthermore, since fn(1) is strictly
positive by H-admissibility of A(z, 1) we can conclude that the logarithm of fn is analytic
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for |t| ≤ η, too. Thus, a local power series representation exists of which we want to make
use. First observe that ϕ′′

n(t) = bn(et) and that by assumption |ϕ′′
n(t)| < Cϕ′′(0) for |t| ≤ η

holds. Thus, since ϕ′′
n is analytic itself, it can be written as

ϕ′′
n(t) =

∑
k≥0

cktk, |t| ≤ η, (2)

and Cauchy’s inequality implies |ck|ηk ≤ Cϕ′′
n(0) = Cbn(1) for all k ≥ 0. The Taylor series

of ϕn(t) at t = 0 reads

ϕn(t) = ϕn(0) + ϕ′
n(0)t + 1

2ϕ′′
n(0)t2 +

∑
k≥1

ck

(k + 1)(k + 2) tk+1

︸ ︷︷ ︸
R3

,

where the representation for R3 follows by computing
∫ t

0
∫ s

0 ϕ′′
n(r)drds = ϕn(t) from (2),

dropping the coefficient at t2 which is already explicitly given by 1
2 ϕ′′

n(0). By means of
|ck|ηk ≤ Cbn(1) we can bound |R3| within |t| ≤ η as |R3| ≤ Cbn(1)|t|3

2η . Observing that
an(et) = ϕ′

n(t) holds and collecting all our findings, we arrive at

log(fn(et)) = log(fn(1)) + an(1)t + bn(1)
2

2
+ R3, |t| ≤ η,

and accordingly

fn(et) = fn(1) · exp
(

an(1)t + bn(1)t2 + R3︸︷︷︸
∈O(t3)

)
, |t| ≤ η.

Evaluating the first derivative of this last representation at t = 0 yields

∂uA(ζn, u)|u=1 ∼ fn(1)an(1), n → ∞.

Recalling fn(1) = A(ζn, 1) finally proves our theorem. ◀

It remains open in which cases the moments of a parameter in the Boltzmann model are equal
to the ones for the fixed-size uniform model. To this end, in [4] an extension for Hayman’s
notion of admissibility has been introduced. It implies a Gaussian limiting distribution with
a mean value of an(1) for the coefficients an,k of bivariate generating functions like that
considered above. Since the assumptions made for our findings of Theorem 7 are a subset of
what is needed to apply the results from [4], we have an obvious corollary:

▶ Corollary 8. Let A(z, u) be an extended admissible generating function according to the
definition of [4]. Then the cost accumulated in u has the same asymptotic expected value for
the fixed-size uniform model as for the random size Boltzmann model with parameter ζn as
defined in Theorem 7.

Before we take a look at some examples, we will try to find less restrictive scenarios for
which both models behave the same. One approach could be the use of closure properties of
H-admissible functions, e.g., the fact that the product of two H-admissible functions yields
again an H-admissible function. This can be of general interest since in the present regime
we quite often have functions dominated by an exponential (i.e., exponential generating
functions for labeled objects of a set type) for which (due to the chain rule and the idempotent
derivative of the exponential) ∂uA(z, u)|u=1 = p(z) · A(z, 1) might hold. Then, if p(z) is
H-admissible, asymptotics for [zn]∂uA(z, u)|u=1 and [zn]A(z, 1) can both be derived by the
results of Hayman and all but the contribution an(1) shall cancel out. This is the case indeed
and a corollary of our following slightly more general Theorem:
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▶ Theorem 9. Let A(z, u) be an enumerator generating function with the same assumptions
and notations as for Theorem 7. If Au(z) := ∂uA(z, u)|u=1 is H-admissible for |z| < R ≤ ∞
then

En := [zn]Au(z)
[zn]A(z, 1) ∼ an(1), n → ∞.

Proof. Let au(r) resp. a(r) and bu(r) resp. b(r) denote the functions a and b as defined in
equations (2.2) and (2.3) of [9] for Au(z) resp. A(z, 1). The assumption of a sub-exponential
cost function accumulated in u together with Corollary IV of [9] guaranties that in the limit
n → ∞ both Au(z) and A(z, 1) for the same control parameter achieve an expected size n,
i.e., au(ζn) → n and a(ζn) → n for ζn from Theorem 7. By Corollary II of [9] and Theorem 7
we have

En ∼ Au(ζn, 1)
ζn

n

√
2πbu(ζn)

·
ζn

n

√
2πb(ζn)

A(ζn, 1) = an(1)
√

b(ζn)/bu(ζn), n → ∞.

First note that limn→∞
a(ζn)

au(ζn) = 1, since limn→∞ a(ζn)/n = 1 and limn→∞ au(ζn)/n = 1
hold. Furthermore, by Corollary IV from [9], ζn → R as n → ∞ and thus limn→∞

a(ζn)
au(ζn) =

limr→R
a(r)

au(r) = limr→R
a′(r)
a′

u(r) by l’Hospital. Now limr→R
a′(r)
a′

u(r) = limr→R
b(r)

bu(r) by definition
of b, which completes the proof. ◀

3.3.1 Examples
Expected Number of Filaments in a Random Assembly. Paper [5] considers so-called
assemblies of filaments (sets of labeled, non-empty sequences) with exponential generating
function exp

(
z

1−z

)
. If we want to count the number of sequences that form the assembly we

arrive at A(z, u) = exp
(

u z
1−z

)
. From [5] we know that A(z, 1) if H-admissible. Furthermore,

ζn ∼ 1 − 1√
n

, n → ∞. Accordingly, A(ζn, u) ∼ exp (u(
√

n − 1)) for large n which obviously
is analytic in a neighborhood of 1. Thus

an(1) = ∂u exp
(
u(

√
n − 1)

)
|u=1/ exp

(
(
√

n − 1)
)

∼
√

n, n → ∞,

is the expected number of filaments in a large random assembly.

Average Number of Blocks in Random Set Partitions. The bivariate exponential generating
function of set partitions counting number of blocks in the exponent of u is known to be
given by

S(z, u) := exp(u(exp(z) − 1))

(see, e.g., [7]). For this generating function we have ζn ∼ log(n) − log(log(n)) (see [3]).
Furthermore, S(z, 1) is H-admissible (see below) and S(ζn, u) ∼ exp

(
u
(

n
log(n) − 1

))
is

analytic in a neighborhood of u = 1 such that our theorem implies an average number of
blocks of n/ log(n), n → ∞, in the Boltzmann model. Now

Su(z) := ∂u exp(u(exp(z) − 1))|u=1 = exp(exp(z) − 1)(exp(z) − 1)

holds. p(z) := exp(z) − 1 is known to be H-admissible and since S(z, 1) = exp(p(z)),
Theorem VI of [9] applies and we can conclude that p(z) and S(z, 1) are H-admissible for
the same R. Thus, by Theorem VII of [9], Su(z) is H-admissible for |z| ≤ R, too, and
by Theorem 9, Boltzmann model and fixed-size model show the same asymptotic average
n/ log(n) (in accordance with literature; see, e.g., [4] who consider the same example).
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4 Conclusions

We have studied in this paper asymptotics for coefficients of generating functions derived in
order to determine (fixed-size) average-case results of structural parameters of admissible
combinatorial classes. We have analyzed their connection to function values of the same
generating functions computed in order to randomly sample elements of that classes using
so-called Boltzmann samplers. The latter generate objects of random sizes (if no rejection is
used) of which the expectation can be controlled to be given by n. In contrast, computing
coefficients fixes the considered size n precisely. Accordingly, a close connection does not
seem obvious. However, we were able to prove that it is possible to transfer average-cases
and higher order moments as observed for sub-exponential cost functions associated to
combinatorial objects within the Boltzmann model into related (first order) asymptotics for
fixed sizes. This applies to all the scenarios discussed in literature for the shape of the size
distribution for the Boltzmann model.

We consider our findings of twofold interest: Firstly, random samples are generated, e.g.,
in order to get insights into the structural appearance of the respective combinatorial class.
Here, Boltzmann samplers are especially efficient if no rejection is needed or applied. By
means of our findings it becomes possible to interpret moments of statistics derived from
random-size samples as fixed-size moments which pretty much helps to identify the influence
of size on the parameters considered. This should broaden the domain of application for
Boltzmann samplers. Secondly, our approach opens the door towards a new technique for a
tool-supported average-case (and more) analysis in general.

Of course, in both scenarios the rigorous application of the theorems proven in this paper
requires the verification of conditions such as ∆-analyticity or H-admissibility. However,
there are rich classes of generating functions where tool-support for these challenging tasks
already exist (see, e.g., [4] for H-admissibility and [6] for ∆-analyticity). A big advantage of
our analysis-approach then lies in the simple way averages are computed. To this end, it
seems promising that it is not necessary to have any closed form of the generating function
at hand in order to determine its value at a given control parameter ζ. Using the capabilities
of a computer algebra system like Maple or Mathematica, related computations are effective
and efficient even for choices of ζ that are functions in n. Since the transfer of admissible
specifications into functional equations as well as their translation into recursive schemes for
evaluation is effective, too, our findings should pave the way to some new tool-based analysis
approach. However, details are yet subject of research.
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