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Abstract
A conjecture of Talagrand (2010) states that the so-called expectation and fractional expectation
thresholds are always within at most some constant factor from each other. We prove for the
unweighted case that this is a.a.s. true when the support is a random hypergraph.
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1 Introduction

Random structures are often observed to change their behaviour from not having a given
property to possessing it, once the randomness parameter (e.g. edge probability in a random
graph) crosses a certain threshold. This was observed by Erdős and Rényi [5] first in the
context of random graphs. The study of threshold functions in random discrete structures
remains one of the central topics in probabilistic combinatorics ever since. For general
nontrivial monotone properties of subsets of a finite set (and so in particular for graph
properties) the existence of thresholds was proved by Bollobás and Thomason [2]. However,
the mere knowledge of the existence of a threshold function doesn’t give a clue where to
locate the threshold and many arguments were of ad hoc nature. Kahn and Kalai [10] put
forth in 2007 several conjectures about expectation thresholds, both in an abstract setting and
for a random graph G(n, p), where to locate such a threshold in the context of a monotone
property resp. when some spanning structure is sought. Roughly speaking, they state that
the expectation threshold determines the true threshold up to a logarithmic factor O(log n)
where n is the number of vertices of the random graph. The conjecture about expectation
threshold was relaxed (but also generalized) by Talagrand in [13] to a conjecture about
fractional expectation thresholds and about replacing the O(log n)-factor by a logarithmic
factor of the maximum size of a minimal set of the monotone property. Talagrand [13] also
conjectured that these thresholds are always at most some absolute constant factor apart
calling it in [13] “. . . a very nice problem of combinatorics”. In fact, if true, this conjecture
would show that fractional expectation thresholds are (up to some constant) as good as
expectation thresholds. DeMarco and Kahn [3] were the first after Talagrand [13] to study
some special cases of it and pointed out reminiscence with problems when one aims to obtain
an integral solution out of a fractional one.
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A spectacular progress by Alweiss, Lovett, Wu and Zhang [1] on the sunflower conjecture
led to the positive solution of the fractional expectation threshold conjecture by Frankston,
Kahn, Narayanan and Park [9]. A few years later Park and Pham [11] established the
abstract expectation threshold conjecture of Kahn and Kalai [10]. As for the fractional
vs. expectation threshold conjecture of Talagrand, only some special cases of it have been
established so far. In this paper we prove a “randomized” version of Talagrand’s conjecture
about fractional vs. expectation thresholds.

First we introduce the necessary definitions and state already known partial results.
For a finite nonempty n-element set X, some natural k ≤ n and p ∈ [0, 1] we define for
G ⊆ 2X := {S : S ⊆ X} its weight w(G, p) and the upset ⟨G⟩ of G as follows

w(G, p) :=
∑
S∈G

p|S|, ⟨G⟩ := {S ⊆ X : ∃ T ∈ G, T ⊆ S}.

The set G and its upset ⟨G⟩ may in general represent some monotone property which contains
some other monotone property in an easy way. There is also its fractional version, where
one looks at a function g : 2X → [0, 1] instead and defines its weight w(g, p) and “upset” ⟨g⟩
through

w(g, p) :=
∑

S∈2X

g(S)p|S|, ⟨g⟩ := {S ⊆ X :
∑
T ⊆S

g(T ) ≥ 1}. (1)

The expectation threshold q(F) of some nontrivial monotone property F ⊆ 2X is defined
as the largest p such that there exists G ⊆ 2X with F ⊆ ⟨G⟩ and w(G, p) ≤ 1/2 and
the fractional expectation threshold qf (F) of F is the largest p such that there exists
g : 2X → [0, 1] with F ⊆ ⟨g⟩ and w(g, p) ≤ 1/2. Talagrand [13] conjectured that there exists
some absolute constant L > 0 such that qf (F) ≤ L · q(F) always holds (the inequality
q(F) ≤ qf (F) holds trivially). One of the equivalent forms of Talagrand’s conjecture is the
following.

▶ Conjecture 1 (Conjecture 6 from [7]). There exists some fixed L > 1 such that for all finite
sets X and all g : 2X → [0, 1] with g(∅) = 0 and p ∈ [0, 1] the following holds. If w(g, p) = 1
then there exists a set G ⊆ 2X \ {∅} with ⟨g⟩ ⊆ ⟨G⟩ and w

(
G, p

L

)
≤ 1.

Recently, Dubroff, Kahn and Park [4] and Pham [12] proved that Conjecture 1 is true for
any function g : 2X → [0, 1] which is supported on sets of constant size (i.e. independent of
n = |X|). Moreover, from the quantitative result of Pham [12], combined with our result [7,
Theorem 10], it follows that L can be chosen as O(log log |X|). Apart from this result, there
were several test cases shown before by Talagrand himself (g is supported on 1-element sets),
by DeMarco and Kahn (g is constant and is supported on the edge sets of the cliques of
some graph of order k), by Frankston, Kahn and Park in [8] (g is supported on 2-element
sets) and by the authors [6, 7] (g is supported on the edges of “almost” linear hypergraphs of
any uniformity; g is supported on the edge sets of the cliques of some uniform hypergraph).
For more background and somewhat technical special cases we refer to [7, 13]. It was also
shown in [7] that it is enough to study functions g :

(
X
k

)
→ [0, 1] for all k ≤ ln(|X|).

Here we will consider constant functions g whose support is some random k-uniform
hypergraph itself. Thus, we will be interested in the “average case” form of Conjecture 1.

The first model of a random hypergraph is a so-called binomial random hypergraph
H(k)(n, q), which is a hypergraph on an n-element vertex set X, where each of the

(
n
k

)
possible edges appears independently with probability q. Another model is the random
hypergraph H(k)(n, m) which is a k-uniform hypergraph on an n-element vertex set X with
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m edges chosen uniformly at random from all such hypergraphs on X. Both models were
studied extensively in other contexts since they generalize the two widely studied random
graph models G(n, p) and G(n, m) in a straightforward way.

Our main result is the following.

▶ Theorem 2. Let k, r ∈ N and set g := 1
r · 1H(k)(n,m). Then for L ≥ 4 · e3 the following

holds a.a.s.2
If p ∈ [0, 1] is such that w(g, p) = 1 then there exists G ⊆ 2X \ {∅} such that ⟨g⟩ ⊆ ⟨G⟩

and w
(
G, p

L

)
≤ 1.

A similar statement holds for the binomial random hypergraph H(k)(n, q), which is a
simple consequence of Theorem 2.

▶ Corollary 3. Let k, r ∈ N and set g := 1
r · 1H(k)(n,q). Then for L ≥ 4 · e3 the following

holds a.a.s.
If p ∈ [0, 1] is such that w(g, p) = 1 then there exists G ⊆ 2X \ {∅} such that ⟨g⟩ ⊆ ⟨G⟩

and w
(
G, p

L

)
≤ 1.

Proof. For g := 1
r · 1H(k)(n,q), let p ∈ [0, 1] be such that w(g, p) = 1 (in the case that

w(g, 1) < 1 we set p = 1). Observe that, in this case, p is itself a random variable. Let
further G(g, L) be a G ⊆ 2X that minimizes w

(
G, p

L

)
under the condition that ⟨g⟩ ⊆ ⟨G⟩.

Let Y be the number of edges in H(k)(n, q). If we condition on Y = m then we get
that H(k)(n, q) has the same distribution as H(k)(n, m). Hence, we get by Theorem 2 that
(uniformly over all m, since m is allowed to depend on n)

P
(

w
(

G(g, L), p

L

)
≥ 1
∣∣∣Y = m

)
−→

n→∞
0.

Therefore we get with the tower property

P
(

w
(

G(g, L), p

L

)
≥ 1
)

= E
[
P
(

w
(

G(g, L), p

L

)
≥ 1
∣∣∣Y )] −→

n→∞
0. ◀

2 Helpful Estimates

Below we collect several helpful estimates which we are going to use.

▶ Fact 4. For nonnegative integers j ≤ k ≤ m ≤ n we have(
n

k

)
≤
(en

k

)k

,

(
m
k

)(
n
k

) ≤
(m

n

)k

,

(
n−j
k−j

)(
n
k

) ≤
(

k

n

)j

.

We write a ∧ b := min(a, b) and a ∨ b := max(a, b) for the sake of smaller formulas.

▶ Lemma 5. For K, m ≤ N and a hypergeometrically (N, K, m)-distributed random variable
Y the following holds for 0 ≤ y ≤ m ∧ K:

P (Y ≥ y) =
m∧K∑
j=y

(
K
j

)
·
(

N−K
m−j

)(
N
m

) ≤
(

K

N

)y

·
(

m

y

)
.

2 We are considering probabilities of events which tend to 1 as n goes to infinity.

AofA 2026
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Proof. We start with the definition of the hypergeometric(N, K, m)-distribution and then
rewrite and estimate it appropriately as follows

P (Y ≥ y) =
m∧K∑
j=y

(
K
j

)
·
(

N−K
m−j

)(
N
m

)
=

m∧K∑
j=y

(
K
y

)
·
(

K−y
j−y

)(
j
y

) ·
(

N − K

m − j

)
·

(
m
y

)(
N
y

)
·
(

N−y
m−y

)
=
(

K
y

)
·
(

m
y

)(
N
y

) ·
(m−y)∧(K−y)∑

j′=0

1(
y+j′

y

) ·
(

K−y
j′

)
·
(

N−K
m−j′−y

)(
N−y
m−y

)
≤
(

K
y

)(
N
y

) ·
(

m

y

)
·

(m−y)∧(K−y)∑
j′=0

(
K−y

j′

)
·
((N−y)−(K−y)

(m−y)−j′

)(
N−y
m−y

)
Fact 4

≤
(

K

N

)y

·
(

m

y

)
.

Where in the last step we used, additionally to Fact 4, that the sum goes over the weights of
the hypergeometric (N − y, K − y, m − y)-distribution and therefore equals 1. ◀

We will also need the following intuitive but somewhat technical result about non positive
correlation of some particular two hypergeometrically distributed and stochastically dependent
random variables. This follows, for example, from [14, Theorem 1.2]. We provide the short
proof here for completeness.

▶ Lemma 6. Let m, K, N ∈ N with m, K ≤ N . Let E be an N -element set and let A1, A2
be disjoint subsets of E of size K each. Let M be a set of m elements from E drawn randomly
without replacement and let Yi := |Ai ∩ M | for i = 1, 2. For any r ∈ N0 the following holds

Cov
(
1{Y1≥r}, 1{Y2≥r}

)
≤ 0.

Proof. First we can assume that 0 < r ≤ K ∧ m since otherwise the events have probability
0 or 1, which leads to the covariance being 0. Observe also that each Yi is hypergeometrically
(N, K, m)-distributed.

Next we consider drawing Y1 and Y2 as a two step process where we first draw the variable
Y1 and then Y2. Let 0 ≤ t ≤ K∧m. Given Y1 = t, we have that Y2 is hypergeometrically (N −
K, K, m − t)-distributed. Therefore, the probability of Y2 ≥ r given Y1 = t is monotonically
decreasing in t as there are fewer elements left to draw into A2. With this observation we
compute:

Cov
(
1{Y1≥r}, 1{Y2≥r}

)
= E

[
1{Y1≥r} · 1{Y2≥r}

]
− E

[
1{Y1≥r}

]
· E
[
1{Y2≥r}

]
= P (Y1, Y2 ≥ r) − P (Y1 ≥ r) · P (Y2 ≥ r)
= P (Y2 ≥ r ∧ Y1 ≥ r) − P (Y1 ≥ r) · (P (Y2 ≥ r ∧ Y1 ≥ r) + P (Y2 ≥ r ∧ Y1 < r))
= P (Y1 ≥ r) · P (Y2 ≥ r | Y1 ≥ r) − P (Y1 ≥ r) ·

(P (Y1 ≥ r) · P (Y2 ≥ r | Y1 ≥ r) + (1 − P (Y1 ≥ r)) · P (Y2 ≥ r | Y1 < r))
= P (Y1 ≥ r) · (1 − P (Y1 ≥ r)) · (P (Y2 ≥ r | Y1 ≥ r) − P (Y2 ≥ r | Y1 < r))
≤ P (Y1 ≥ r) · (1 − P (Y1 ≥ r)) · (P (Y2 ≥ r | Y1 = r) − P (Y2 ≥ r | Y1 = r − 1))
≤ 0,

where in the last step we used that P (Y2 ≥ r | Y1 = r) ≤ P (Y2 ≥ r | Y1 = r − 1) and 0 ≤
P (Y1 ≥ r) ≤ 1. ◀
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3 Proof of Theorem 2

Let L ≥ 4 · e3. Let g := 1
r · 1H(k)(n,m) and p ∈ [0, 1] be such that w(g, p) = 1 (in the

case that w(g, 1) < 1 we have ⟨g⟩ = ∅ and we are done with G = ∅). It follows from the
definition of w(g, p) (1), that (we may assume that m ≥ r > 1 since for r ≤ 1 we can just
take G = supp(g))

p =
( r

m

)1/k

. (2)

We will cover ⟨g⟩ by choosing G as G := G0 ∪
⋃k·r−⌈ r

2 ⌉
j=k+1 Gj , where Gjs are defined in the

following way:
G0 :=

{⋃
T ∈U T

∣∣∣ U ∈
(supp(g)

⌈ r
2 ⌉
)
, ∀T1, T2 ∈ U : T1 ∩ T2 = ∅ ∨ T1 = T2

}
,

Gj :=
(

X
j

)
if k + 1 ≤ j ≤ k · r − ⌈ r

2 ⌉ and n·p
j ≤ e2,

Gj :=
(

X
j

)
∩ ⟨g⟩ if k + 1 ≤ j ≤ k · r − ⌈ r

2 ⌉ and n·p
j > e2.

Observe that G0 contains the unions of all the matchings with ⌈ r
2 ⌉ edges (this is inspired

by an approach in [3]) and G indeed covers ⟨g⟩.

▷ Claim 7.

⟨g⟩ ⊆ ⟨G⟩

Proof. Assume we have an S ∈ ⟨g⟩ that is not in ⟨G0⟩ (otherwise we are done). Then
we know that S contains at least r many T ∈ supp(g) of which there are less than ⌈ r

2 ⌉
pairwise disjoint. So we take any r of these sets T and then observe that there are at most
⌈ r

2 ⌉ − 1 many pairwise disjoint sets. So we get that the union of these r sets is at most
(⌈ r

2 ⌉ − 1) · k + (r − ⌈ r
2 ⌉ + 1) · (k − 1) ≤ r · k − ⌈ r

2 ⌉. Hence S is already contained in one of the
Gj and therefore ⟨g⟩ ⊆ ⟨G⟩. ◁

So we are left with calculating the weight w
(
G, p

L

)
. This task will be split into several

claims.

▷ Claim 8 (weight of G0).

w
(

G0,
p

L

)
≤
(

2 · e

L

)k·⌈ r
2 ⌉

Proof.

w
(

G0,
p

L

)
≤
(

m

⌈ r
2 ⌉

)
·
( p

L

)k·⌈ r
2 ⌉ (2)

≤
(

e · m

⌈ r
2 ⌉

)⌈ r
2 ⌉

· r⌈ r
2 ⌉

m⌈ r
2 ⌉ · Lk·⌈ r

2 ⌉ ≤
(

2 · e

L

)k·⌈ r
2 ⌉

. ◁

To compute the weight of the Gj ’s we will first separate the cases n·p
j ≤ e2 and n·p

j > e2.

▷ Claim 9 (weight of Gj for n·p
j ≤ e2). For k + 1 ≤ j ≤ k · r − ⌈ r

2 ⌉ and n·p
j ≤ e2 we have

w
(

Gj ,
p

L

)
≤
(

e3

L

)j

.

Proof. For n·p
j ≤ e2 we have Gj =

(
X
j

)
and therefore

w
(

Gj ,
p

L

)
=
(

n

j

)
·
( p

L

)j

≤
(

e · n

j

)j

·
( p

L

)j

=
(

e

L
· n · p

j

)j

≤
(

e3

L

)j

. ◁

AofA 2026



24:6 Fractional vs. Expectation Thresholds: Random Support Case

In the case n·p
j > e2 we will need some first and second moment estimates.

▷ Claim 10 (expected weight of Gj for n·p
j > e2). For k + 1 ≤ j ≤ k · r − ⌈ r

2 ⌉ and n·p
j > e2

we have

E
[
w
(

Gj ,
p

L

)]
≤
(

e2

L

)j

·
(

e · j

n · p

)⌈ r
2 ⌉

≤
(

e2

L

)j

.

Proof. For n·p
j > e2 we can write w

(
Gj , p

L

)
=
∑

S∈(X
j ) 1{|H(k)(n,m)∩(S

k)|≥r} ·
(

p
L

)j and since

we know that
∣∣∣H(k)(n, m) ∩

(
S
k

)∣∣∣ is hypergeometrically
((

n
k

)
,
(

j
k

)
, m
)
-distributed, we get:

E
[
w
(

Gj ,
p

L

)]
=
∑

S∈(X
j )

P
(∣∣∣∣H(k)(n, m) ∩

(
S

k

)∣∣∣∣ ≥ r

)
·
( p

L

)j

=
(

n

j

)
·

m∧(j
k)∑

ℓ=r

((j
k)
ℓ

)
·
((n

k)−(j
k)

m−ℓ

)
((n

k)
m

)
 · pj

Lj

Lemma 5
≤

(
n

j

)
·

((
j
k

)(
n
k

))r

·
(

m

r

)
· pj

Lj

Fact 4
≤

(
e · n

j

)j

·
(

j

n

)k·r

·
(e · m

r

)r

· pj

Lj

(2)=
(

e · n

j

)j

·
(

j

n

)k·r

·
(

e

pk

)r

· pj

Lj

≤
(

e

L
· n · p

j

)j

·
(

e · j

p · n

)k·r

=
(

e2

L

)j

·
(

e · j

n · p

)k·r−j

≤
(

e2

L

)j

·
(

e · j

n · p

)⌈ r
2 ⌉

.

Where in the last step we used that n·p
j > e2 and j ≤ k · r − ⌈ r

2 ⌉. ◁

One might already see that the expectation E
[
w
(
Gj , p

L

)]
goes to 0 if j or n·p

j goes to
infinity (or even just r). Therefore we will split further considerations into the following three
subcases: j ≥ ln(ln(n)), n·p

j ≥ ln(n) and when the former two do not hold (i.e. j < ln(ln(n))
and n·p

j < ln(n)).

▷ Claim 11 (weight of Gj for j ≥ ln(ln(n))). For k + 1 ≤ j ≤ k · r − ⌈ r
2 ⌉ and j ≥ ln(ln(n))

we have

P

(
w
(

Gj ,
p

L

)
≥
(

2 · e3

L

)j
)

≤
(

1
2

)j

· 1
ln(n) .

Proof. We use Markov’s inequality and get:

P

(
w
(

Gj ,
p

L

)
≥
(

2 · e3

L

)j
)

≤
E
[
w
(
Gj , p

L

)]( 2·e3

L

)j

Claim 10
≤

(
e2

L

)j

( 2·e3

L

)j
≤
(

1
2

)j

· 1
ln(n) . ◁

▷ Claim 12 (weight of Gj for n·p
j ≥ ln(n)). For k + 1 ≤ j ≤ k · r − ⌈ r

2 ⌉ and n·p
j ≥ ln(n) we

have

P

(
w
(

Gj ,
p

L

)
≥
(

2 · e3

L

)j
)

≤
(

1
2

)j

· 1
ln(n) .
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Proof. We use Markov’s inequality and get:

P

(
w
(

Gj ,
p

L

)
≥
(

2 · e3

L

)j
)

≤
E
[
w
(
Gj , p

L

)]( 2·e3

L

)j

Claim 10
≤

(
e2

L

)j

·
(

e·j
n·p

)⌈ r
2 ⌉

( 2·e3

L

)j
≤
(

1
2

)j

· 1
ln(n) . ◁

Finally we may assume that j < ln(ln(n)) and n·p
j < ln(n) and we aim to estimate the

variance of w
(
Gj , p

L

)
(Claim 13) and with that the probability of large weight (Claim 14).

▷ Claim 13. For k + 1 ≤ j ≤ k · r − r
2 , j ≤ ln(ln(n)) and e2 < n·p

j < ln(n) we have for n

large enough

Var
(

w
(

Gj ,
p

L

))
≤
(

2 · e

L

)j

·
E
[
w
(
Gj , p

L

)]
ln(n) .

Proof. Since w
(
Gj , p

L

)
=
∑

S∈(X
j ) 1{|H(k)(n,m)∩(S

k)|≥r} ·
(

p
L

)j , we will need to estimate the
covariances of the form Cov (B1, B2) for Bi := 1{|H(k)(n,m)∩(Si

k )|≥r} where S1, S2 ∈
(

X
j

)
.

Since for |S1 ∩ S2| < k, the sets S1 and S2 have no potential edges from H(k)(n, m) in
common, the covariance Cov (B1, B2) will not be positive (as proven in Lemma 6 with the
choice of E =

(
X
k

)
, A1 =

(
S1
k

)
and A2 =

(
S2
k

)
). For the case |S1 ∩ S2| ≥ k we will estimate

the covariance of these Bernoulli-distributed random variables B1 and B2 by the expectation
of one of these: Cov(B1, B2) = E[B1B2] − E[B1]E[B2] ≤ E[B1].

This leads to the following chain of estimates:

Var
(

w
(

Gj ,
p

L

))
=

=
∑

S1∈(X
j )

∑
S2∈(X

j )
Cov

(
1{|H(k)(n,m)∩(S1

k )|≥r} ·
( p

L

)j

, 1{|H(k)(n,m)∩(S2
k )|≥r} ·

( p

L

)j
)

=
∑

S1∈(X
j )

∑
S2∈(X

j )
Cov

(
1{|H(k)(n,m)∩(S1

k )|≥r}, 1{|H(k)(n,m)∩(S2
k )|≥r}

)
·
( p

L

)2j

≤
(

n

j

)
·

j∑
ℓ=k

(
j

ℓ

)
·
(

n − j

j − ℓ

)
· E
[
1{|H(k)(n,m)∩(S

k)|≥r}
]

·
( p

L

)2j

=: A,

where S is some arbitrary j-element subset of X. We can further rewrite the right hand side
above and estimate as follows (for n large enough):

A =
(

n

j

)
·

j∧j∑
ℓ=k

(
j
ℓ

)
·
(

n−j
j−ℓ

)(
n
j

) · E
[
w
(

Gj ,
p

L

)]
·
( p

L

)j

Lemma 5
≤

(
n

j

)
·
(

j

n

)k

·
(

j

k

)
· E
[
w
(

Gj ,
p

L

)]
·
( p

L

)j

≤
(

e · n

j

)j

·
(

j

n

)k

· 2j · E
[
w
(

Gj ,
p

L

)]
·
( p

L

)j

= ej · 2j

Lj
·
(

j

n

)k

·
(

n · p

j

)j

· E
[
w
(

Gj ,
p

L

)]
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≤
(

2 · e

L

)j

·
(

ln(ln(n))
n

)k

· (ln(n))ln(ln(n)) · E
[
w
(

Gj ,
p

L

)]
≤
(

2 · e

L

)j

·
E
[
w
(
Gj , p

L

)]
ln(n) . ◁

▷ Claim 14. For k + 1 ≤ j ≤ k · r − ⌈ r
2 ⌉, j ≤ ln(ln(n)) and e2 < n·p

j < ln(n) we have for n

large enough

P

(
w
(

Gj ,
p

L

)
≥
(

2 · e3

L

)j
)

≤
(

1
2

)j

· 1
ln(n) .

Proof. Since, by Claim 10, E
[
w
(
Gj , p

L

)]
≤
(

e2

L

)j

holds, we may use Chebyshev’s inequality
and j ≥ k + 1 ≥ 2 to get:

P

(
w
(

Gj ,
p

L

)
≥
(

2 · e3

L

)j
)

Claim 10
≤ P

(
w
(

Gj ,
p

L

)
≥ E

[
w
(

Gj ,
p

L

)]
+ 2j−1 ·

(
e3

L

)j
)

≤
Var

(
w
(
Gj , p

L

))
22j−2 ·

(
e3

L

)2j

Claim 13
≤

( 2·e
L

)j · E[w(Gj , p
L )]

ln(n)

2j ·
(

e3

L

)2j

≤
(

1
2

)j

·
E
[
w
(
Gj , p

L

)](
e3

L

)j
· 1

ln(n)
Claim 10

≤
(

1
2

)j

· 1
ln(n) .

◁

Now for the final step we combine Claims 8, 9, 11, 12 and 14 to bound the weight of G.
Recall that

G := G0 ∪
k·r−⌈ r

2 ⌉⋃
j=k+1

Gj .

Furthermore, the sum below can be bounded by a geometric series as follows

(
2 · e

L

)k·⌈ r
2 ⌉

+
k·r−⌈ r

2 ⌉∑
j=k+1

(
2 · e3

L

)j
L≥4·e3

<

(
2 · e

L

)k

+

(
2·e3

L

)k+1

1 − 2·e3

L

L≥4·e3

≤
(

4 · e3

L

)k

.

Thus, we may use the pigeonhole principle to get

P

(
w
(

G,
p

L

)
≥
(

4 · e3

L

)k
)

≤

P
(

w
(

G0,
p

L

)
≥ 2 · e3

L

)
+

k·r−⌈ r
2 ⌉∑

j=k+1
P

(
w
(

Gj ,
p

L

)
≥
(

2 · e3

L

)j
)

. (3)

By Claims 8, 9, 11, 12 and 14, the probabilities are either zero or can be bounded each by( 1
2
)j · 1

ln(n) . The right hand side of (3) can thus be bounded by 1
ln(n) :

P

(
w
(

G,
p

L

)
≥
(

4 · e3

L

)k
)

≤ 1
ln(n) . (4)

Since ⟨g⟩ ⊆ ⟨G⟩ (Claim 7) and, by (4) and the choice of L ≥ 4 · e3, we a.a.s. have that

the weight w(G, p
L ) <

(
4·e3

L

)k

≤ 1, this yields the claim of Theorem 2. ◀
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4 Concluding Remarks

Below we would like to share some thoughts on further possible generalizations of our
Theorem 2.

We remark that Conjecture 1 considers functions g which are weighted while our Theorem 2
deals only with the case when g is constant on its support. We believe that we could generalize
our result as follows.
1. Let W := W (n) be any given random variable with values in [0, 1]. Let (WT )T ∈(X

k ) be
i.i.d. copies of W . Then Theorem 2 (resp. Corollary 3) still hold if we choose g(T ) := WT ,
g(T ) := WT · 1H(k)(n,m)(T ) resp. g(T ) := WT · 1H(k)(n,q)(T ).

2. For any given ĝ :
(

X
k

)
→ [0, 1] and a random permutation π :

(
X
k

)
→
(

X
k

)
Theorem 2 (resp.

Corollary 3) still hold if we choose g(T ) := (ĝ ◦ π)(T ), g(T ) := (ĝ ◦ π)(T ) · 1H(k)(n,m)(T )
resp. g(T ) := (ĝ ◦ π)(T ) · 1H(k)(n,q)(T ).

The proofs would follow from [7, Theorem 23] in conjunction with Claim 10, which shows
that the expected weight is falling exponentially fast in r. A similar reduction from weighted
to an unweighted case was first considered in [9]. We omit the details since these would
require a lot of technical calculations without too much benefit, but we firmly believe that
the unweighted case is the key to solve Conjecture 1.

It would also be very interesting to turn the randomized setting of Theorem 2 into a
pseudorandom setting, although the appropriate definition of pseudorandomness is not clear.
Still, this could provide an approach towards Conjecture 1 by decomposing a given function
g as g = g1 + g2 where g1 is a pseudorandom part and g2 is an easily coverable part.
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