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—— Abstract

The Dispersion process was introduced by Cooper, McDowell, Radzik, Rivera and Shiraga (2018),
in which a number of particles are initially placed on a given vertex of a graph and update their
positions according to the following dynamics. In each round, the particles which are not alone on a
vertex (called unhappy) simultaneously move to a uniformly random neighbor. In contrast, the rest
of the particles (called happy) stay put. The process terminates once every particle is happy.

When the process runs on the complete graph, they showed that there is a phase transition with
respect to the running time when the number of particles reaches n/2. Below this threshold the
running time is logarithmic, while above the threshold it is exponential. We show that the same
behavior holds for the binomial random graph G(n,1/2) with high probability.

The main difference to the complete graph is that the number of happy particles in the
neighborhood of a vertex can vary significantly from vertex to vertex, resulting in differing local
behaviors. Fortunately the number of such vertices is limited and thus they only have a negligible
effect on the running time of the process.
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1 Introduction

The Dispersion process introduced by Cooper, McDowell, Radzik, Rivera and Shiraga in
2018 [1] is a synchronous process that proceeds in discrete time-steps. Initially M > 2
indistinguishable particles are placed on a given vertex v of a connected graph G = (V, E).
A particle is called happy if no other particle occupies the same vertex it sits on and unhappy
otherwise. In each round the unhappy particles simultaneously jump to a neighbor chosen
uniformly and independently at random while the happy particles stay where they are. The
process stops at the first round in which each particle is happy. This (random) time is called
dispersion time and denoted by T, ¢ . When the vertex of origin is clear from the context,
we may drop the subscript v.

Intuitively, dispersion should happen faster if there are fewer particles, as collisions
become less likely. When G is the complete graph, there is a phase transition when the
number of particles reaches n/2, where the dispersion time switches from logarithmic to
exponential.
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The Dispersion Process Has the Same Phase Transition on Almost Every Graph

» Theorem 1 (Theorem 1 in [1]). Let 0 < § < 1.
1. If M = 12;571, then Tk, v = O(logn) with high probability.

2. If M = 0, then log(Tk, m) = Q(n) with high probability.

The behavior of the process around the threshold was refined in subsequent works. In [2]
it was shown that the phase transition is smooth, and a critical window of size § = O(n~1/?)
was established within which Tk, s = ©(n'/?) typically. Finally [3] analyzed the running
time of the process within the critical window. In particular it was shown that the dispersion

—1/2 converges in distribution to a continuous random variable that

1/2

time normalized by n
only depends on lim,, o, In

Besides the complete graph the behavior of the dispersion process was studied on a wide
range of graphs in the original paper [1]. These include, among others, the infinite line, the
d-regular infinite trees, lattices and hypercubes. In addition to the dispersion time they also
studied the dispersion distance, i.e. the maximal distance of a particle from the origin at the
end of the process.

For the infinite path it was shown that typically the dispersion distance is between M /2
and O(M log M) with high probability, which was later sharpened by Frieze and Pegden [4]
to ©(M). Later Shang [7] extended their results on the dispersion distance to a variation of
the dispersion process on the line, where the jump destinations are nonuniform.

This work is concerned with dispersion on the random graph G(n,1/2). More precisely,
we first place M particles on vertex vy for some vy € V' then sample a graph G ~ G(n,1/2)
and afterwards perform the dispersion process on GG. Our main result is that in this regime
the dispersion time behaves essentially the same as on the complete graph.

Model

Let n € N and denote by M > 2 the number of particles. For ¢ € [M] and t € Ny, we write
p;¢ for the position of the i-th particle at time ¢. Initially, we have p; o = vo for all i € [M]
for some vg € V(G). Then, in distribution,

{pi,t, Pi # pje Vj € [M]\ {i}
Pijt+1 = .
otherwise

06,Pi e
where {X; ;. : i € [M],t € Nyg,v € V} are independent random variables such that X ;,
has uniform distribution on N(v) and N(v) denotes the neighborhood of v in G. Denote by
P(t) = {psy i € [M]).

From this we derive some auxiliary variables. The amount of particles on a vertex
v €V at time t € Ny is a,(t) = {¢ € [M] : p;y = v}|. We denote the set of vertices
occupied by unhappy particles as U(t) = {v € V : a,(t) > 1} and the number of unhappy
particles as Up(t) = ZUeU(t) a,(t). The set of vertices occupied by happy particles is
H(t) ={v € V:a,(t) = 1} and since every vertex can contain at most 1 happy particle the
number of happy particles at time ¢ is |H(¢)|. Our main quantity of interest, the dispersion
time, is the first time each particle is happy, that is

TG(n,l/Q),M = mf{t > 0: ‘U(t” = O}

» Theorem 2. Let0 < < 1.

1. If M = 1%571, then Tgn,1/2),m = O(logn) with high probability;

2. If M = 1%’511, then 1og(TG(n,1/2),m) = Q(n) with high probability.

1 An event occurs with high probability, if its probability tends to 1 as n — oo
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Outline

We give here a brief intuitive outline of the arguments in our proofs. For the sake of exposition,
let us first explain how one can show the phase transition in the easier case of the complete
graph with self-loops. In such a scenario, each unhappy particle chooses a uniformly random
vertex of the graph to jump to in the next round. If there are currently hn happy particles,
then with probability h a fixed unhappy particle hits one of them. This collision will lead to
2 unhappy particles in the next round. Therefore, if & > 1/2, in expectation we have more
than 1 unhappy particles being “born” out of a single unhappy particle.

Of course, there could be other reasons for a particle to end up unhappy (e.g. some other
unhappy particle happens to choose the same vertex to jump to). However, when the number
of unhappy particles is, say o(y/n), this effect is negligible, as such collisions are extremely
unlikely. Therefore, in this terminal part of the process, the number of unhappy particles
resembles a branching process where each individual either dies or gives birth to two new
individuals with probability 1 —h and h, respectively. Since towards the end we have h being
essentially equal to M /n, the reason for the phase transition at M = n/2 is now evident, as
this decides whether the expected progeny of a single individual in the branching process is
higher or lower than 1.

In the subcritical regime we use drift analysis to make this connection formal. Instead of
considering the number of unhappy particles (as has been done in previous works), we focus
on the number of pairs of particles which are sitting on the same vertex, i.e. we look at the
potential function
=(3)

v 2 ’
with the usual convention that (é) = 0. This potential function reaches 0 exactly when no
more unhappy particles are left. However it turns out easier to analyse than the number of
unhappy particles, especially in the case of a random graph.

For the supercritical regime, we predominantly rely on the method of bounded differences
to establish that the number of unhappy particles remains above a certain value for some
exponential number of steps.

The extra difficulty arising from the random graph setting is that even though most
vertices behave very regularly with respect to the numbers of edges towards most sets of
other vertices, there are still some combinations where the number of edges is much higher or
lower than the expectation. For example, by definition a vertex v is connected to every vertex
in its neighborhood (comprised of the set S = {u1,...,uq)}) while a priori the expected
number of edges from v to S is only |S|/2. This poses a problem for the analysis of the
drift in situations where for example the happy particles are somehow all concentrated in
the neighborhood of a single vertex. This implies that any unhappy particle sitting on such
a vertex will deterministically hit a happy particle in the next round, deviating from the
picture we saw for the complete graph.

One could attempt to analyze the complicated random walks of the particles and argue
that such a case simply does not occur. However, we take a different approach which we
believe is simpler. In particular, we accept the fact that such situations may in principle
occur, but control the number of vertices which could simultaneously exhibit such a strong
connection to the set of vertices with happy particles on them. We may refer to such a vertex
(i.e. one with only one particle on it) as a happy vertex. In the case under investigation,
one can actually show that the following pseudorandom property holds. For any set W, the
number of vertices which have too many or too few edges (a linear number more or fewer
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than the expectation) to W is at most a constant. Using this pseudorandom property, we can
deal with the complications introduced above. For the subcritical regime, we slightly modify
our potential function to punish configurations which put unhappy particles on vertices
whose neighborhoods contain substantially more happy vertices than expected. We call
such vertices bad. On the other hand in the supercritical regime we show that only a tiny
portion of the unhappy particles are on vertices with substantially fewer happy vertices in
its neighborhood, which have an insignificant effect on the outcome.

Preliminaries

Below we collect some facts which will be useful for our analysis. We start with a theorem
that we use to establish the logarithmic running time.

» Theorem 3 (Theorem 18 [6]). Let (X;)i>0 be a sequence of non-negative random variables
with a finite state space S C R such that 0 € S. Let Sy = min(S \ {0}), and let

= inf{t > 0| X; = 0}. Suppose that X = so, and that there exists a v > 0 such that for
all s € S\ {0} and all t >0,

E[Xt - Xt+1 ‘ Xt = S] > vS.

Then, for allrT >0,

Pl > [ ]|

Next we recall several versions of the Chernoff bound for binomial random variables used
throughout the paper; see, e.g., Section 2.1 in [5].

» Theorem 4. If X ~ Bin(n,p) and A\ = np, then fort >0

PIX > E[X] +t] < exp (=A((1 +1/A)log(1 +1/A) —t/A)),
P[X < E[X] —#] <exp (=A((1 —t/\)log(1 —t/\) +t/)\)),
PLX > E[X] +t] < exp (—t*/(2(A + t/3))) ,

P[X < E[X] —t] < exp (—17/(2))) .

In the supercritical regime we will make use of the method of bounded differences.

» Theorem 5 (Corollary 2.27 [5]). Let X1, ..., X, be independent random variables where X;
is X;-valued for some set X;, and let X = (X1,...,X,). Assume f: X;x -+ x X, >R isa
measurable function with the following Lipschitz property. There exist ¢; > 0, i € [n] such
that if x,2" € [] ] X; differ only in the i-th coordinate, then |f(z) — f(z')| < ¢;. Then, for
t>0,

i€[n

PILACX) ~EL/(X0)] 2 4 < 2exp (—ta[]> -

Layout of the paper

In Section 2 we provide the pseudorandom properties of G(n,1/2) that will be useful for
our analysis. We treat the subcritical and supercritical regimes in Section 3 and Section 4,
respectively.
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2 Pseudorandom properties

In this section we collect a set of pseudorandom properties that hold with high probability
in G(n,1/2) and that we will use in our analysis of the process. We start with a standard
degree and codegree concentration result for G(n,1/2).

» Lemma 6. With high probability,

maX) |d(v) = n/2| < Cy/nlogn, max |codeg(u,v) —n/4| < Cy/nlogn

veV (G u,weV(G)
for an absolute constant C' > 0.

In our analysis of the drift, the situation looks fairly similar to the case of the complete
graph for most vertices, but there are some blemishes that we have to control. Most of these
are in the form of vertices that have a disproportionate number of neighbours in certain sets,
for example the set of happy vertices. The following lemma quantifies the prevalence of such
vertices.

For a set W C V and for all 8 > 0, let Bg(WW) denote the set of vertices v € V such that
|dw (v) — [W|/2| > Bn, where dy (v) denotes the number of neighbors of v in W.

» Lemma 7. For any (3 > 0 with high probability for all W C V we have |Bg(W)| < 6/32.

Proof. Without loss of generality assume that 3 < 1. Fix W and a set U of size k = [6/3%|+1.

For u € U let =&, be the event that [W|/2—8n < dy\y(u) < |W|/2+Bn—k and note that for
any vertex u € Bg(W) we have &,. The Chernoff bound implies that P[€,] < 2exp(—/32n/3).

Note that the events &, are independent for u € U and thus the probability of there
existing a set U with |U| = k such that &, holds for every u € U is at most

(Z) 28 exp(—kf%n/3) < (2nexp(—62n/3))k .

This in turn implies P[|Bg(W)| > k] < (2n exp(—BQn/S))k and by applying the union bound
the probability that there exists a set W with |Bg(W)| > 6/ is at most

2n (Qnexp(—ﬁzn/S))G/B2 =o(1),

completing the proof. |

3 The subcritical regime

In this section we will prove part 1) of Theorem 2. Fix ¢ and a sufficiently small 8 with
respect to . In the following, we will assume that our graph has every property described in
Lemma 6, and the statement of Lemma 7 holds for both 5 and 8/2.

Our first goal is to show that after the first step the maximum number of particles on a
single vertex is at most log n. This polylogarithmic bound on the maximum “load” on each
vertex will be useful for later arguments.

For the following, let L; be this maximum number at time ¢. In particular, Ly = M. After
one step these particles will disperse in such a way that any vertex will end up containing
at most logn particles. Our aim is to show that with high probability L; < logn for
1 <i < Clogn for any C > 0.
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» Lemma 8. Let C' > 0. With high probability for all 1 <i < C'logn we have
L; <logn.

Proof. Recall from Lemma 6 that |d(v) — n/2| < nn for some n = O(y/logn/n). Note that
for ¢ > 0 the number of particles on any vertex after step i is stochastically dominated by
1+ Bin(M, ((1/2 —n)n)~!) and thus by the Chernoff bound

Pla, (i) > logn] < exp(—1.1logn).

Applying the union bound over the n vertices and the C'logn steps gives L; < logn with
high probability. <

We now come to the main part of our drift analysis.

w-1 ¥ (") ¥ )(”vé”).

vEBg(H(t)) veV\Bg(H(t)

This potential counts every pair of unhappy particles on the same vertex, and in addition
punishes unhappy particles more when they are placed on vertices with a disproportionate
number of neighbors in H(¢), in particular we want to punish vertices which have too many
happy neighbors, as the particles on these vertices are less likely to become happy in the
following step.? However the potential will still decrease; a particle in Bg(H (¢)) is much
more likely to land on a vertex outside of Bg(H (t)), thereby reducing its contribution to the
potential, while the particles outside of Bg(H (t)) have a good chance of becoming happy.
The only extra issue with this potential is that the set of vertices Bg(H (t)) depends on t,
which in principle could lead to a significant increase in the potential. However, since only a
logarithmic number of particles can be found on a single vertex, this behavior only becomes
relevant towards the end of the process, when there are only few unhappy particles left and
these can cause only minor changes in the set of happy vertices.

Our goal is to show a multiplicative drift in the potential.

» Lemma 9. Let P(t) satisfy Ly <logn. Then E[®(t+ 1) | P(t)] < (1 —)®(t) for some
v > 0.

Proof. By Lemma 6 we have for every u,v € V that |d(v) — n/2| < nn and |codeg(u,v) —
n/4| < nn for any n > 0. We will pick n to be sufficiently small with respect to § and S
(recall that the number of particles M is assumed to be n(1 — §)/2). Note that

Eo(+1) | P < Y (au2(t)>1+; 5 codeg(u, v)ay (t)ay,(t)

ueU(t) d(u) u’viU(t) d(u)d(v)
+ Y W+(’)(l).

u€eU(t)

as there are O(1) vertices in Bg(H (¢ + 1)) and the number of particles on any vertex is
stochastically dominated by 1+ Bin(M, ((1/2 —n)n)~!) implying

EK””“; 1)) P(t)} — o).

2 The factor 4 is chosen so that some arguments are easier. In principle one could choose any number
larger than 2 (intuitively because a particle on a bad vertex is deterministically assumed to hit a happy
particle in the next round), but there is no real benefit and only technical overhead in doing so.
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More precisely, all the contributions from particles jumping to bad vertices (with respect to
the happy vertices at time ¢ 4+ 1) are included in the O(1) term. We will first consider the
case where ®(t) > log?n. The first summand in our bound for E[®(t 4 1) | P(t)] is clearly
o(®(t)). Since Bz(H(t)) = O(1) and L, = O(logn) the third summand can be bounded from
above by

Up(t)(|1H ()] + 25n)
2(1/2 —n)n

Up(?)
2

< 2(145n)([H(8)|/n + 28) (1),

+ O(logn) < 2(1 4 4n)(|H(t)|/n + 28) + O(logn)
as U, (t) < 2®(t). Finally the middle term is bounded by

U2 (1/a+m) _ 20,0
2 (1/2—=n)2n "~ n

(1)

Therefore

2(1 4+ 5m)|He| + 2U,(2)
n

E[@(t+1) | P(t)] < < +4(1+5n)8+ 0(1)) D(t) < (1 —71)P(¢).

for some 1 > 0 where in the last step we used that |H(t)| 4+ Up(t) = M < (1 —d)n/2.
Now consider the case in which ®(¢) < log? n and note that in this case we have U, (t) <

2log® n. Note that |H (¢ + 1) A H(t)| < 2log®n, implying that Bg(H (t + 1)) C Bgo(H (t)).

Our aim is to establish an upper bound on the expected value of
ay(t+1) ay(t+1)
4 .
X ) ("

vEBg /2 (H()) vEV\Bg 2 (H(t))
First we consider the contribution to the potential when two particles from the same

vertex v jump to the same vertex. This is at most

au(t)) 1 |Bs 2 (H (1)) »
u§<t>< 2 )d(u)+4((1/2,7)n)2‘1>(t)— (®(t)).

Next we consider 2 particles stemming from different vertices landing on the same vertex,
which contributes at most

1 codeg(u, v)ay (t)a,(t) Up(t)\ |Bgy2(H(t))] Up(t)*
2 d(u)d(v) +4< 2 )((1/2n>n>2S w

w,veU (t)
uFv

Now we consider the particles starting from a vertex in U(t) \ Bg(H(t)) landing on a
happy particle, which is at most

[H(t)|/2+ Bn |Bg/2(H(t))]
(1/2 =n)n (1/2=n)n
Denote by Uy, (t) the number of particles on vertices in U(t) N Bg(H (t)). Then the contribution

from vertices starting in Bg(H (t)) and landing in H(t) is at most U, (¢)(1 + o(1)). So for
some sufficiently small 1/3 > 75 > 0 we have an overall expectation

Up(t) +4U,(t) < (L +4n)([H(B)/n + 28)Up ().

o(®(t)) + %ﬂz + (14 4n) <|H7§t>| v 25) Uy (t) + (1 + o(1))UL(t)
< o(@(1) + =20 (1) + (1 + o(1)U(1).

2
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Now note that (Uy,(t) — U (t)) +4U)(t) = Up(t) + 3U)(t) < 2®(t) and thus

11—
2

11—
2

Up(t) + (1 + o(1))Uy(¢) < (Up(t) 43U, (1) < (1 = 72)@(1),

and the result follows. <

We show that in the subcritical regime the dispersion time is logarithmic using Theorem 3.

Proof of Theorem 2 1). Let £(t) be the event that L; < (14 o(1))log*n for 1 <i <t —1.
Consider ¥(t) = ®(¢)1[E(t)]. By Lemma 9 we have that E[U(t 4 1) | ¥(¢)] < (1 —)T(t)
and the result follows from Theorem 3 and Lemma 8. <

4  The supercritical regime

Fix § > 0 and a sufficiently small 5, > 0 with respect to §. Similarly to the subcritical
regime, we will need an upper bound on the number of particles on any given vertex.
However, as the process runs for exponential time, we can no longer ensure that this bound
is logarithmic.

» Lemma 10. The probability that in step t > 1 there is a vertex with more than n/logn
particles on it, is at most e=™'? for large enough n.

Proof. By Lemma 6 we have that (1/2—n)n < d(v) < (1/2+4n)n for every v € V and n € R.
Therefore the number of particles on v is stochastically dominated by 1+Bin(n, ((1/2—n)n)1)

and by Theorem 4 we have for sufficiently small n that ]P’[Bin (n,((1/2=nn)™t) > 2 — 1}

= logn

is at most

exp | — n lo n + n
P logn & 3logn logn /)’

where we upper bounded the mean of the binomial by 3. This is equal to e~ 1+ and
thus the result follows by taking the union bound over all vertices. |

The idea behind our argument is the following. Once there are only a few unhappy
particles left we can essentially ignore collisions between unhappy particles. With this
assumption, an unhappy particle jumping on a happy vertex results in two unhappy particles.
The probability of this happening is close to M/n > 1/2, which gives us the desired drift, see
Lemma 12. Now, this approach comes with two limitations. First, the number of unhappy
particles must be small for our argument to work. Second, we want to show that Up(¢)
stays above a threshold for a very long (exponential) time. For this to hold we need strong
concentration results, which in turn require the number of unhappy particles to be Q(n). In
addition, this has the benefit of bad vertices being irrelevant for the dynamics of the process.
So, Up(t) is concentrated around a positive drift only within a window of size linear in n.
The next lemma ensures that our process does not skip this window.

» Lemma 11. Let P(t) satisfy L, < n/logn. For U,(t) = Q(n) we have
E[U,(t+ 1) | P(t)] > U,(t)/1000.

Proof. We bound the expectation in two ways, suited for many and few unhappy particles.
First, count the number of unhappy particles jumping to vertices occupied by happy particles.
Assume |H (t)| > n/4. By assumption each vertex carries at most n/logn particles and the
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number of vertices with an unusually small share of happy particles in their neighborhood
is constant by Lemma 7 (note that |H(¢)| = ©(n) in this case). Hence there are at least
(1 —0(1))U,(t) unhappy particles on vertices v such that |N(v) N H(t)| > (1 — B)|H(t)]/2
for any 8 > 0. Each of these particles jumps to a happy vertex with probability at least
(1—B)|H(#)|((1/2+ n)n)~! and remains unhappy. Then, if n is large enough

(- AIH®) . Uyt

E[U,(t +1) | P(0)] = (1= o()Up(t) 1 g0 > 2 T

Alternatively, we have U,(t) > n/4. In this case we provide an upper bound on the
probability that a particle on vertex v becomes happy. In order for this to happen it has to
jump to an empty neighbor and no other particle may jump on it. This probability can be
bounded from above by

1 Z (1 1 )_1+Zw€N(u)ﬁU(t) aw(t)
w2 \' "
Note that

S a®) > (14—l — o) (1) > 22

uw€N (v) weN (u)NU(t)

(t)n
5 )

as every particle corresponding to a,(t) is counted at least codeg(v,w) > (1/4 — n)n times.

Therefore, for at least one tenth of the u € N(v) we have that 3°, ¢ n(,) aw(t) = Up(t)/10
as otherwise

1
10

Up(t)n
5 )

Up(t) < E(l/? +m)nUp(t) <

d(v)Uy(t) + 1—90d(v) 10 — 100

which would be a contradiction to our earlier lower bound. This then leads to
1 1 T ven 2 ® 1 t
—_— Z 1—-—— e Sng—exp —Upi() <1—1O*3,
d(v) N (1/2+n)n 10 10 (54 10n)n

and the proof is complete. <

In the following lemma we establish the positive drift in the number of unhappy particles.

» Lemma 12. Let P(t) satisfy Ly < n/logn. Assume Uy(t)/n < §/8 and Uy(t) = Q(n).

Then,
ElUp(t+1) | P(t)] = Up(t)(1+6/3).

Proof. Since |H(t)| = O(n), the same reasoning as in Lemma 11 gives that the expected
number of unhappy particles jumping to vertices occupied by happy particles is at least

(1 = B)(M — Up(1))
(1+2n)n '

(1 —0o(1)Up(1)

If an unhappy particle wakes up a happy particle there are two unhappy particles, so if there
are only a few unhappy particles left (such that collisions become unlikely), the above lower
bound becomes weak. Instead, we count the wake-ups as if no collisions occur and subtract
the amount of those unhappy particles that jump to the same vertex as any other unhappy
particle.

25:9
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Fix two unhappy particles. The probability that they jump to the same vertex is at most
2((1 — 2n)n)~L. Hence, the probability of any unhappy particle jumping on the same vertex
as the first unhappy particle is at most 2U,(¢)((1 — 2n)n)~! using a union bound. Therefore,

(1= B)(M = Uy(1)) Up(t)?

BIU(t+1) | P(0)] = (1 = o(1)20,(0) = 5o 2 — 2 g b
> U (1) <(1 - ﬁ)1(1++22— 5/4) 15_/4;7) > U ()1 +8/3),
which is the bound we wanted to show. |

We use the method of bounded differences to show that U,(t) is concentrated.

» Lemma 13. For every v > 0 we have
PUy(t +1) S E[Up(t +1) [ P(t)] = 1Up(t)] < exp(=72Up(1)/8).

Proof. Note that U,(t + 1) can be expressed as a function of the independent random moves
of the unhappy particles. Changing the outcome of any single move changes the number of
unhappy particles by at most 2. Therefore by the method of bounded differences we have

PU(t +1) S E[Uy(t +1) | P(t)] = 7Up(1)] < exp(—7*Uy(t)/8),
and the proof is complete. |

Finally, with Lemmas 11, 12 and 13 at hand we are able to show that the duration of the
dispersion process is at least exponential. The idea behind the proof is the following. We use
Lemma 11 to ensure that once U,(t) dropped below n/8 it is still Q(n). Then, using the
positive drift from Lemma 12, the number of unhappy particles increases up to on/8. We
repeat this as long as the concentration from Lemma 13 allows us to.

Proof of Theorem 2 2). Suppose P(t) is such that L, < n/logn and U,(t) > cn for ¢ =
5/16000.

If Uy(t) > dn/8 then by Lemma 11 we have E[U,(t 4+ 1)] > 2cn. Together with Lemma 13
this implies

PU,(t+1) <cen | Pt)] < PUL(t+1) <E[U,(t+1) | P(t)] — en | P(t)] < exp(—c*n/8).
On the other hand if en < U,(t) < 6n/8 then by Lemma 12 and Lemma 13 we have

PlU(t+1) <en | P(t)] S PUH(t+ 1) SE[Up(t +1) | P(t)] — Up(t)5/3 | P(t)]
< exp(—cd®n/72).
Together with Lemma 10 these imply that there exists a constant v > 0 such that
conditional on P(t) satisfying L; < n/logn and Uy(t) > cn we have with probability

1 — e 7" that P(t + 1) will also satisfy these conditions. The result follows from the union
bound. <
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