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—— Abstract

We study balanced allocations on graphs with removals. Load arrives at each edge e at an exponential

rate and is then allocated to the vertex incident to e with the lowest current load. Load is removed
from each vertex at an exponential rate. We identify a “conductance-like” quantity that determines
if an equilibrium exists and allows us to bound the maximal load at equilibrium. Our analysis, based
on simple potential function arguments, is very robust and can also handle noise in how the load is
allocated.

We also apply our general techniques to study the synchronous version of the process above, in
which allocations and removals happen simultaneously at discrete time steps. We prove that, for
any regular graph, in equilibrium, the expected difference in load across an edge, averaged over all
edges, is at most 2. This implies, for example, that the two-choice process on the cycle has an O(n)
gap between maximal and minimal load, improving the state-of-the-art by a logn factor.

2012 ACM Subject Classification Theory of computation — Distributed algorithms; Theory of
computation — Random walks and Markov chains; Mathematics of computing — Markov processes

Keywords and phrases balanced allocations, load balancing, queueing networks, balls-into-bins,
Markov chains

Digital Object Identifier 10.4230/LIPIcs.AofA.2026.26

Funding This work was supported by the Engineering and Physical Sciences Research Council [grant
number EP/Y032691/1]. The authors also acknowledge the Institute for Mathematical Innovation
(IMI) at the University of Bath and the Centre for Research in Statistical Methodology (CRiSM) at
the University of Warwick for supporting the workshop Mizing Times and Applications where part

of this work originated.

1 Introduction

We analyse dynamic load-balancing frameworks:

load (eg, jobs or balls) is allocated to vertices (eg, servers or bins) in a balanced manner;

load is also removed — eg, once a job is completed, or a customer has received service.
Namely, a graph (or hypergraph) is placed on the set of servers, and load arrives at edges:
upon arrival, one unit of load is added to the incident vertex whose current load is lowest;
this is the famous graphical balanced allocation procedure [9], generalising the two-choices [2)
process. In contrast with standard graphical allocations, we consider a dynamic set-up in
which load is also removed from vertices. We study different frameworks for arrival and
removal of load. In particular we consider an asynchronous set-up (A), in which the arrival
and removal of load happens at exponentially distributed intervals, and a synchronous one
(B), in which arrivals and removals happen at discrete time steps.

(A) Jobs arrive at edges as Poisson processes. Each vertex (server) processes jobs (customers)
at an Exponential rate, as in M/M/1 queues. This generalises the supermarket model
[18, 19, 17, 16], which is the mean-field (complete graph) case, to arbitrary graphs.
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In this framework, we also allow notsy comparisons: the customer may not correctly
identify which queue is shorter; see [12] for a similar setting in the static (no removals)
case.
(B) In a single (discrete) time step, one unit of load arrives at a uniformly chosen edge and

one unit of load is removed from some vertex, chosen via one of two mechanisms.

(i) Balanced (two-choice): the higher-loaded vertex of a uniformly chosen edge.

(ii) Blind (one-choice): a uniformly chosen vertex.
In this framework, in both cases, we allow loads to become negative.

Alternatively, 1/n units is removed from each vertex, where n is the number of vertices.
This version does not affect load differences, so is equivalent to not removing any load.

Both our asynchronous and synchronous frameworks can be formalised as Markov chains,
in continuous-time for the former, and discrete-time for the latter. Our main goal is to study
the length of the longest queue at equilibrium (when an equilibrium exists).

For the asynchronous framework (A), we show that the length of the longest queue
depends on a conductance-like quantity that essentially compares the average arrival rate at
a set of vertices with the average removal rate at that set. Our results rely on simple and
elegant potential function arguments; these are inherently robust, handling noise in the load
allocation naturally.

We apply a similar potential function argument to analyse our synchronous framework
(B). In particular, by exploiting symmetries in the model, we obtain (as far as we know) the
first improvement on the gap between maximal and minimal load for balanced allocations on
the cycle without removals: from nlogn [22] to n.

The frameworks’ differences are summarised in Table 1.

1.1 Related Work

In the classical setting called balanced allocation [2], there is no underlying graph: balls
sample bins uniformly. If there are n bins, let g,, , denote the gap between the maximal and
average loads after m balls are allocated. A “power of two choices” phenomenon arises.

If the bin is chosen uniformly, then E[g, ,] < logn/loglogn and sup,, E[gm »] = cc.

If two bins are chosen, and the ball assigned to the lesser-loaded, then E[g,, ,,] < loglogn

[2] and sup,, E{gm n] < oo for all n [5].
A similar exponential improvement occurs in the supermarket model [16] (with services).

The first study beyond mean-field to general graphs was without services [22]. The bound
sup,, E[gm.n] < (logn)/®, was established, where g denotes the gap between the maximal
and minimal loads and ®, is the conductance of the graph. This is tight for expander graphs
(ie, ones with @, =< 1), but can be far from tight at the other extreme. Indeed, it gives an
nlogn bound for the cycle, but the true value is conjectured to be \/n. A corollary of our
main result in the synchronous framework (B) is the first improvement over nlogn, to n.

Turning to the asynchronous framework (A) with exponential services, its stability (ie, the
existence of an equilibrium distribution) has been investigated [8, 7]. The former paper then
focuses on exact asymptotics of the two-state system, and the latter on more general allocation
methods. We obtain stability, but also estimates both on the total number of customers in
the system in equilibrium and on the maximum queue length — all via a unified approach.
Namely, we obtain a bound of order (logn)/Y,, where T, is a conductance-like quantity.

Regarding noisy comparisons, these were studied in the static set-up [12], but never the
dynamic case with exponential service, to the best of our knowledge.

For a more comprehensive discussion of related work, see Section 1.3.
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1.2 Frameworks and Main Results

We now formally describe our asynchronous and synchronous frameworks and state our main
results. We use the following notation: for functions f,g : R, — R, we write f < g, or

g2 f,iflimsup,_, f(x)/g9(z) <ocoand fxgif fSg S [

Table 1 Summary of the main differences between the queuing network (asynchronous) setting
and the balls-into-bins (synchronous) setting.

Model ‘ Queuing (Asynchronous) ‘ Balls-into-Bins (Synchronous)
Structure of Bins hypergraph (normal) graph

Load Comparisons only for the allocation for both allocation and removal
Queried Load Values | allowed to be noisy no noise, i.e., accurate

Load Vector always non-negative may become negative

A Queueing Network (Asynchronous)

We describe precisely the set-up and results for framework (A). This is a queueing network
defined on a connected hypergraph H = (V, E) of n := |V| vertices and m := |F| edges,
where each edge e is a non-empty subset of vertices e C V. Customers arrive at an edge e at
some rate A\, and are directed to the shortest queue associated with a vertex incident to e,
albeit in a noisy manner: the estimation of the queue lengths is not perfect, but is influenced
by some random variable Z. Customers depart once they have reached the front of their
queue and have been served: the queue at vertex v serves customers at rate p,,.

» Definition 1.1. Let (j1,)vev € RY and (A\e)ecr € RE. The process X = (X')i>0 is a
continuous-time Markov chain on NV with evolution governed by (i, Ae)vevecr. Any tie is
broken uniformly.

Allocation (Arrival). At rate A\, select edge e € E. Draw Z, ~ Z independently for
each verter w € e, and assign a customer to the noisy-minimal loaded queue, ie, to
arg ming e { X% + Zy}.

Removal. At rate p,, select vertex v € V.. Remove a customer from v if X! > 1.

We abbreviate M := max.c g E[maxyece|Zyw|]. For convenience, we scale the rates to satisfy

V= Z’UEVN’U —+ ZGEE Ae =n.
We introduce the fundamental “conductance-like” quantity, which must be positive.

» Definition 1.2. Let (ty)vey € RK and (Ne)ecE € Rf. Let S C V. Define

)‘O(S) = ZeQS:eEE Ae and ,LL(S) = ZUES Hos

these are the minimal arrival rate to S (from edges inside S) and mazimal departure rate
from S. Define

T(S)=1-X(S)/u(S) and Y, :=mingcy.s.pY(S).

We emphasise that A°(S) only counts internal edges e, ie, ones with e C S. The ratio
A°(S)/u(S) =1 —T(S) is thus akin to the minimal traffic intensity for S. Further, it is
“scale invariant”: multiplying all rates by the same value has no effect on the ratio.
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The following notation is also used: for a vector y € RV and a set S C V, we write

ys ={yo [v €S}t |yls ={lyo| |v e S} and |ylli. =D cy oo = (¥, 1)-

We establish stability of this noisy graphical balanced allocation process. Moreover, we
quantify this with equilibrium estimates on the queue lengths. We recall the notation that,
if a random variable X has distribution p, then E,[X] refers to its expectation.

» Theorem 1.3. Consider the set-up of Definitions 1.1 and 1.2. Suppose that T, > 0. Then,
there exists an equilibrium distribution m for the load vector X. Moreover, in equilibrium,

Ex[Xl1,0] < THA A+ 4M)n; (A.la)
in particular, if p, < 1 uniformly in v € V, then

E-[|IX]l] £ Y711+ M)n. (A.1b)
Furthermore, assuming that there exist constants cg > 0 and C' < oo such that

E[e?emaxuveelZul) <1 4 Ca for all a € (0,a0), e € E, (A.2)
the maximal queue length in equilibrium satisfies

EL[I1X ] < max{2Y 7 (1 + €), a5 ' Hog(207 M/ min, ey p,); (A.3a)
in particular, if logmax{ Y71, 1/ minyev u,} < logn, then

Ex[l Xlloe] S T log . (A.3b)

» Remark 1.4. Assumption (A.2) is a mild condition on the noise. Eg, it is satisfied by sub-
Gaussian and sub-exponential random variables, both with ap < 1/C. Write d := max.cple|.
If Z ~ N(0,0?), then (A.2) holds with C' < o+/logd and M = o+/log .
If Z ~ Exp(1/0), then (A.2) holds with C' < ologd and M =< o logd.

» Remark 1.5. Foley and McDonald [8] define a similar conductance-type quantity:
Y(S) = (u(S)=A°(9))/IS] = (1=A°(9)/u(S)) -u(S)/|S] and T, := mingcy.sz0 T(S).

This differs from ours by a factor T(S)/Y(S) = u(S)/|S|, the average departure rate from S.
The term A°(S)/u(S) measures the traffic intensity to S from internal edges alone.
We can use this conductance to estimate || X||1, rather than || X||; ,:

E- [ X]1] < T:(1 4 4M)n. (A.4)

B Balls-into-Bins (Synchronous)

We describe precisely the set-up and results for framework (B). This is a discrete-time
framework, in which one unit of load is added (via the two-choice protocol) and one removed
in each step. Unlike our previous framework, the loads of vertices are allowed to become
negative. Furthermore, we allocate and remove load from vertices of a connected graph
G = (V, E) with n == |V| and m := |E|. We consider three protocols for reducing the load.
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» Definition 1.6. A single step of the process consists of two stages: allocation and removal.

Allocation (via Two-Choice). Choose an edge e € E uniformly at random and allocate
one unit of load to the lesser-loaded endpoint: suppose that i € argminge.{X}}; set

X2 = X1 and XITVP = XL for ke V\{i}.

Removal. Load is removed via one of three protocols.
(i) Two-Choice. Choose an edge ' € E uniformly at random and remove one unit of load
from the greater-loaded end: suppose that j € arg maxyee { X} }; set

X;'H = X;+1/2 —1 and X,tfl = X,i+1/2 for ke V\{j}.

(ii) Blind (One-Choice). Choose a vertex j € V uniformly at random and remove one
unit of load from it: set

X;H = X;H/Q -1 and X = X]i“/z for ke V\{j}
(iii) Equal. Remove 1/n of a unit of load from every vertex: set

X = XIZ'H/Q —1/n  for keV.
In both two-choice options, ties are broken arbitrarily.

Any state-dependent choice depends on the state at the start of the round. The allocation

and removal should be viewed as happening simultaneously: their actual order is irrelevant.

We emphasise that we allow the load to go negative. This allows us to exploit the
symmetry of the system in Cases (i, ii), which are new to this paper. Since the same load
is removed from every vertex in Case (iii) and all comparisons are relative, it is actually
equivalent to the usual graphical allocations without removals from [22], after translating
the average load to 0.

Our arguments easily extend from 2-choice allocation to (1 + /3)-choice in [22].

» Definition 1.7. Let 8 € [0,1]. The (14 B)-choice allocation rule is a mizture at each step:

with probability 8, allocate one ball according to the 2-choice (balanced) rule;
with probability 1 — B, allocate one ball according to the 1-choice (blind) rule.

The following notation is also used: for a vector z € RV and an edge e = {i,j} € E, write
Ac(z) = |z; — zj].

» Theorem 1.8. Consider the set-up of Definitions 1.6 and 1.7. When using Case (ii)
or (i) for removals, assume the graph G is degree-reqular. Then, there exists an equilibrium
distribution w for the load vector X. Moreover, in equilibrium, if F' ~ Unif(F), then

Ex[Ap(X)] <2, (B.1)
Further,
E [g(X)] < 2m. (B.2)

Moreover, if the graph is edge-transitive, then the following hold:

E [A(X)] <2 forall e€F; (B.3a)
Exlg(X)] < 2n. (B.3b)

Finally, analogous results hold for the (1 + B8)-choice allocation, dividing the bounds by .
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An immediate corollary of this is the first improvement over nlogn for the cycle.

» Corollary 1.9. The expected gap for graphical balanced allocations on the n-cycle is at
most 2n.

» Remark 1.10. The linear gap bound (B.2) is likely far from tight in many scenarios. It
follows trivially from (B.1), as the maximum difference is at most the sum of all increments:

Er[g(X)] S Ex[Yccp Ac(X)] = mE-[Ap(X)] < 2m.

This application of the triangle inequality can be very crude. Consider again the cycle.
Then, (X k)Z;é is somewhat like a random walk: marginally, each step is symmetric and has
magnitude at most 2, by (B.1). If the increments A{k’kﬂ}(X) were independent, then it
would be a simple random walk (bridge), which has maximum order /n, as conjectured.

Of course, the increments are not independent. However, it’s natural to expect reasonably
fast decay of correlations, for which large-deviation estimates could be obtained.

1.3 Related Work

The topic of balanced allocations, with or without services, has received considerable study,
both in the distributed computing and queueing theory literature. The foundational work of
Azar et al. [2] established the exponential improvement in the gap, and the dynamic problem
(with arrivals and departures) was introduced by Azar et al. [2] and Mitzenmacher [18, 19].

A dynamic version with M /M /oo queues was analysed by Luczak and McDiarmid [15].
Luczak, McDiarmid and Norris [17, 16] handled the usual M/M/1 version.

Vocking [24] demonstrated that, rather surprisingly, a non-uniform choice of d bins with
asymmetric tie breaking can improve the gap further — however, this improvement is more
noticeable for large d and only a constant for constant d. This result was extended to
dense graphs by Kenthapadi and Panigrahy [9], who also proved gap bounds for the uniform
d-choice process on graphs with polynomial degree.

The boundedness of the gap in the much harder case of arbitrarily many balls was
established by Berenbrink et al. [5] for the complete graph. Their proof was significantly
simplified by Talwar and Wieder [23], albeit at the cost of a slightly weaker result.

A popular extension includes memory — only one bin is sampled per step, and another is
cached — introduced by Mitzenmacher, Prabhakar and Shah [20] in the static set-up, and
analysed by Luczak and Norris [14] for the supermarket model.

Peres, Talwar and Wieder [22] introduced graphical allocations, in which an edge in a
graph is chosen and the ball allocated to one of its endpoints. They established stability,
for any (hyper)graph, with a bound depending on its edge conductance. [22] leaves open
the characterisation of the gap for the n-cycle. Their bound is order nlogn in this case,
far from the conjectured /n order. Alistarh, Nadiradze and Sabour [1] and Bansal and
Feldheim [3] both tackled this in related set-ups, including citing communication with Peres
that improving beyond nlogn is hard. Our Corollary 1.9 is the first to beat nlogn, providing
an order-n upper bound. Peres suggested that, up to a logn factor, the gap is the same as
that of a Gaussian free field on G. Our bound E[A.(X)] < 2 on the expected increment
gives merit to this.

Other allocation methods have been analysed, such as a local search by Bogdan et al. [6]
or non-greedy algorithm for regular graphs by Bansal and Feldheim [3].

More recently, considerable attention has been paid to (arguably more realistic) scenarios,
particularly by Los, Sauerwald and Sylvester: caching/memory [13], batching [10, 4], incom-
plete information [11] and noisy comparisons [12]. The dynamic problems considered in the
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above papers are homogeneous in the sense that every server behaves in the same way. The
static problems compare the maximal and average loads, which can be viewed as a type of
dynamic problem: 1/n of a ball is removed from each bin in each step; this way, loads are
allowed to be negative and non-integer.

Our queueing model (with non-negative, integer loads) is heterogeneous: each bin (server)
has its own service rate. This set-up has been considered by Foley and McDonald [8] and
Cruise, Jonckheere and Shneer [7]. Both give necessary and sufficient conditions for stability
— ie, the existence of an equilibrium distribution — albeit from different viewpoints: [8] proves
this via a max-flow—min-cut argument in an auxiliary graph, then subsequently focus on
exact asymptotics of the two-state system; [7] focuses on necessary and sufficient conditions
for static allocations: customers arriving to an edge are directed to one of its endpoints
according to some preset probabilities. “Join the shortest queue” is an application.

None of the dynamic models of which we are aware consider noisy comparisons. The
relevance of inaccurate load information was observed as early as a survey on power-of-two-
choices by Mitzenmacher, Richa and Sitaraman [21]. It is relevant to batching too [4], in
which a batch of balls is allocated at once: the loads do not change during the allocation of
a batch, and are only updated between batches.

Our synchronous process is most akin to the graphical allocations process of [22] — in
fact, Case (iii) is equivalent. Our results are “softer” than theirs, which rely on comparison
with a mean-field model and careful estimates on the bias of certain potential functions.
One benefit of our proofs is their simplicity. In particular, we exploit stationarity to directly
estimate statistics in equilibrium, rather than estimating decay in time.

The simplicity and generality of our results also hint at potential improvements, as
outlined in Remark 1.10. Proving any of these results will require more careful estimates on
the decay of the correlations between loads on pairs of nearby vertices, which seem hard to
obtain by such “soft” arguments: likely, a deeper and more careful analysis of the process is
required. That said, we certainly feel this is highly fertile ground for future developments,
particularly for special cases such as the cycle.

1.4 OQutline of Paper

The remainder of the paper is split into two sections.

§ 2 analyses the (asynchronous) queueing framework corresponding to Theorem 1.3.

§ 3 analyses the (synchronous) balls-into-bins framework corresponding to Theorem 1.8.
Both analyses rely on potential functions, and their stationarity in equilibrium. Namely,
if X = (X");>0 is a Markov chain on Q and @ : Q@ — R is a potential function, then for
any x € €,

(z) = B [®(X")] — ®(x) satisfies E.[p(X)] =0,

where 7 is the equilibrium distribution. We use the dynamics to estimate ¢(z) directly. For
us, x € (2 is a vector, with x, denoting the length of the queue associated to vertex v € V.

2  (Asynchronous) Queueing Framework

Our proofs primarily rely on controlling certain potential functions ®: namely, we show
that they drift down if they become too large. It is notationally convenient to swap to the
“uniformised” version. Recall that we chose the scaling so that the total “event rate”

V=23 pev ot Deep Ae =1

with this scaling, the rate at which something happens to a given vertex, averaged over all
vertices, is 1. We then discretise according to the Poisson clocks.
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This section is broken down into subsections with the following structure. First, the
framework and notation are set up in Section 2.1. Then, Equations (A.1) and (A.3) are
established via specific choices of potential function. The existence of an equilibrium
distribution 7 is assumed throughout these proofs; justification for its existence is given
in § 2.4.

2.1 Framework and Notation

We develop the potential-function framework, setting the notation.

» Definition 2.1. Let f : R — R. For x € NV and z € RV, define

Oy (1) =Yy f(20) and  ¢p(w,2) = n(Be[@p(X1) | Z = 2] — Df(2)).

The factor of n is convenient so as not to normalise by v = n. Also, define

AFf(x)=f(x+1) = f(x) for x€R. (2.1)

To clarify, X! is the state after one event — ie, either an arrival event to e € E or a
departure event from v € V, the latter of which has no effect if z, = 0 — and Z is the noise.
For ease of notation, we sample Z,, ~ Z for all v € V in every step, regardless of whether all
these random variables are actually used.

Before specialising the choice of f, we give a general upper bound for ¢s(z,z). For
notational convenience, we abbreviate max x, := max,,ce T, and min z. similarly.

» Lemma 2.2. Let f: R — R be convex and nondecreasing. In the above framewortk,

dp(x,2) <D pey bol{zy # 0FA™ f(@0) + Y p AeAT f(min ze + 2max]z]e).

Proof. We estimate the expected one-step change:

¢r(@,2) < Xpey mol{ze # 0}(f (20 — 1) = f(z0))
+ ZEGE )\5 Zvee 1{/1) € arg minwEE{xw + Zw}}(f(xu + 1) - f(il?v))

The lack of equality is because the minimiser of {x,, + 2z,,} may not be unique: in the right-
hand side, a ball is added to every minimiser; the inequality is valid since f is nondecreasing.
This can be made an (almost-sure) equality by perturbing the noise infinitesimally.

We do not (necessarily) have x,, = min x. in the last sum, but instead a “noisy minimum?”:

if ve€argmingee{®y + 20}, then x, <z, +2,—2, forall wu€e;
in particular, choosing u to be any minimiser of min z.,
Ty <minz. + |z|y + |2]w < minz. + 2 max|z|e.

Using the notation A* from Equation (2.1), and convexity of f, completes the proof. <

2.2 Quadratic Potential
We use a quadratic potential to establish Equations (A.1) and (A.4).

» Lemma 2.3. Let f(x) = x? for x € R. Then,

bp(x,2) < =20 ||2ll1,u +n+4)  cpAemax|z|e  forall (z,2) € NY xRV,
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Proof. First, AT f(x) = £2x + 1 for all x € R. In particular,
AT f(minz, + 2max|z|.) = 2minz, + 1 + 4 max|z|; (2.2)
this linearity means we can separate the “main” and “noise” terms additively. First,

Yeep AeAT f(minz,) =Y. p Ac(2minz, + 1)

=2 cpleminze + Y cpAe (2.3a)
and
Zvev le{xv # O}A_f(xv) = ZveV Nvl{xv # O}(_va + 1)
=2 Zvev HoZy + ZUEV po{zy # 0}, (2.3b)

since x1{x # 0} = x. Define the sweep sets:
S(y) ={veV]y,>r} for ye€[0,1]Y and r € [0,1].
Assume z # 0 and let T := x/||z||~; abbreviate S, = S,(Z). Let R ~ Unif(0,1). Then,

YoecpAeminZe = > . p A Ple C Sg] = E[A°(Sg)]

and

> vev FoTo = D,y o Plv € Sg] = E[u(Sg)].

In particular, still assuming x # 0,

YiecepAeminde =30 oy @y = E[X(Sr) — n(SR)]
< =Tilzlloo E[u(Sr)] = =Lullz]l1,u- (2:4)

This holds when z = 0 too: both sides are 0. Plugging (2.2, 2.3, 2.4) into Lemma 2.2,

01(2,2) < 2V llall i+ Yoy ol (s £ 0} + Y p(l + dmaxlzlo)A.
< 72T*”x”1,u +n+ 4ZeeE Ae max|z|e,
recalling the scaling > oy flo + > _.cp Ae = 1. <

Proof of Equation (A.1). In equilibrium, E.[¢;(X, Z)] = 0 for any f. Hence, by Lemma 2.3,
B[l X1]1,] (n+43.cp Ae E[max|Z]]),

<3rt
< 3T (n+4maxeep Elmax|Z[e] Y .cp Ae) < 3T (1 +4M)n,

which is Equation (A.la). Equation (A.1b) follows immediately, as ||z|/1 < ||z|1,, for all
x € RY in this case. <

The same proof can be used for the adjusted conductance T, from Remark 1.5.

Proof of Equation (A.4). The only change to the proof is to use the inequality A\°(Sgr) —
w(Sr) < —Y,|Sg| in place of \°(Sr) — u(Sr) < =T u(Sgr) in Equation (2.4). <
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2.3 Exponential Potential

We use an exponential potential to establish Equation (A.3).
» Lemma 2.4. Let a > 0 and f(x) = e®X for x € R. Assume that Equation (A.2) holds:
E[e?Zle) <14 Ca for all o € (0,a),
for some constants ag > 0 and C' < co. Then,
Elps(z,2)]/(e* —1) < =40, le** |1+ 1 if o <min{3Y./(1+C), a0}
Proof. The argument for the exponential potential follows similar lines. First,
AT f(x) =e™X(e* —1), and A~ f(x) = —e™Xe *(*—1) forall x€R.
In particular,
A* f(min z, + 2max|z|.)/(e* — 1) = e minTeg2amax|z]c

and we can separate the “main” and “noise” terms multiplicatively.
By taking expectation over the noise straight away, which is independent of x by assump-
tion, we do not need to bound ZeeE Aoe® minze g2amaxlzle a5 in Lemma 2.2. Indeed,

E[A* f(minz. + 2max|Z].)/(e® — 1)] < ™% (1 1 Ca). (2.5)

The change of variables y, = e®* (v € V') makes this analogous to the sum in Lemma 2.3.
Abbreviating S, = S, (y/]|yllco), Wwhen y # 0, and letting R ~ Unif(0, 1),

Y oecE Noe® minTe — Y oecr AeMinye = [|y[loc E[A°(SR)] (2.6a)

and
Zvev po1{zy # 0} = Z’UEV o (€™ = 1) + Zvev po1{z, # 0}
= Z’UGV HoYo — EvGV le{mv = 0}
= [1Ylloc E[1(SR)] = >, ev tol{zn = 0}, (2.6b)

since (e®X — 1)1{y # 0} = e®X — 1. Plugging (2.5, 2.6) into Lemma 2.2,

E(gs(z, Z)]/(e” = 1) < lyloc E[(1 + C)A°(Sr) — e *u(Sr)] + 2, cv Hol{zy = 0}

< Ylloo (1 4+ Ca)(1 = T,) = (1 — ) E[u(Sg)] +n (2.7)
< (a(1+C) =TIyl +n
< =Tl tn i o <min{30,/(1+C), a0} <

Proof of Equation (A.3). In equilibrium, E.[¢;(X, Z)] = 0 for any f. So, by Lemma 2.4,
E, [||eO‘X||17M] <2Y;'n if o <min{iY./(1+C), a0}
By concavity, using Jensen’s inequality, taking o := min{3Y./(1+ C), o},

Ex[|Xlo] < @™ log Exr [[le*™ |1,/ min, pro ]
< max{2T; (1 4+ C),ay '} log(2Y;  n/ min, p,) < Y, logn,

provided log Yt < logn and log(1/ min, p,,) < logn, as in the theorem’s hypothesis. <
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We could not adapt this proof to the adjusted conductance Y, from Remark 1.5, even with-
out noise — ie, C' = 0 in Equation (A.2). Indeed, the analogous inequality to Equation (2.7) is

A°(Sr) = e~ u(Sr) < =Tl Sal + (1 — e~ )u(Sr) < ~T.|Sk| + apu(Sk).
This extra term is not easy to handle. Even taking expectation,

1Yl BIISRI) =3 pev vo =yl and  [[yllec B[n(SR)] = Xpev oo = [9ll1p-

It is not clear how to relate ||y||1 and alyl1,,, without restrictive bounds on pu.

2.4 Existence of an Equilibrium Distribution
Finally, we justify the existence of an equilibrium distribution.
» Lemma 2.5. There exists a unique equilibrium distribution when Y, > 0.

Proof. The quadratic potential estimate Lemma 2.3 says that, for the quadratic function f,
67(2,2) < 2. l|elliy +n+ 45, p Ae max|zle.

Since the space is finite-dimensional, there exists a constant C' such that ¢;(z,2z) < —1
whenever ||z||2 > C. Existence and uniqueness of an equilibrium distribution now follows
from the standard Lyapunov argument using the drift of this function. <

3  (Synchronous) Balls-into-Bins Framework

This section is broken into subsections with the following structure.

1. Cases (i, ii) in which a ball is removed are similar, and are handled together in § 3.1.

2. Case (iii) in which the load is reduced equally (or, equivalently after translating, no ball
is removed) is slightly different, due to the non-local changes; it is handled in § 3.2.

3. Equation (B.3) follows from Equation (B.1) in a case-agnostic, as shown in § 3.3.

4. We assume throughout the previous sections that an equilibrium distribution 7 exists.
Justification for its existence is given in § 3.4.

We consider the quadratic potential (ie, the £3 norm) in each of the three cases (i, ii, iii).

3.1 Cases (i, ii): Single Removal
First, we estimate the change in 5 norm when a ball is added to i and removed from j.

» Lemma 3.1. Let 2 € ZY. Leti,j € V, and define o' € ZV by
oy =xp+ k=it —Uk=j} for keV.

Then,
[/l — el = 21 — (2 — @) — 21{i = j} < 2(1 — (a; — ).

Proof. We calculate the change directly, distinguishing whether ¢ = j or not:
2113 = N3 = ((zi +1)* = a7 + (2; — 1)* — 23)1{i # j}

1— (zj —2))1{i # j}
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Starting in equilibrium, the left-hand side is 0 in expectation.

» Corollary 3.2. Suppose that a ball is added to I and removed from J in a single step. Then,
E [ X;] —E:[X;/]=1-P;[I=J] <1

To emphasise, this is “doubly random”, averaging over both X and (I,J).

A key trick, relying on linearity of expectation, is to deduce a bound on the increment
across an edge. This involves a coupling (I’, J'), with marginals I’ ~ I and J' ~ J.

» Lemma 3.3. Consider Case (i) or (ii). Let F' ~ Unif(E) be a uniform edge. Then,

1 in Case (i),
B ar() <)) "ol
2 in Case (ii).
Proof of Equation (B.1) for Cases (i, ii). This follows from Lemma 3.3. <

Proof of Lemma 3.3. The pair (I, J) has a particular correlation structure. However, the
bounds in Corollary 3.2 depend only on their marginals. So, to estimate this upper bound,
we may replace (I, .J) with any other pair (I’,J") which have the same marginals, without
restriction on their correlation. In particular, we choose a single edge uniformly.
Let I’ be the lesser-loaded endpoint of the edge.
Let J' = J' or J' = Ji depending on the case:
(i) let J' be the greater-loaded endpoint, breaking ties so that J' # I’;
(ii) let J be a uniformly chosen endpoint, and assume the graph is regular.
Hence, writing simply .J’ implies that the statement holds for both cases,

Elzy —zp] =E[z,] - Elzp] = E[z,] - Elzg].

By construction, {I’, J'} ~ Unif(E), and x5 — xp > 0. Now, J ~ Unif({I’, Ji}). If
J = I’, then nothing happens: ' =z and xpr = x . Otherwise, Ji! = J'. Hence,

Elxu —ap] = %E[ﬂ;]i —zp] = %E[Ap(x)] where F ~ Unif(E).
Plugging this into Corollary 3.2, we deduce the claimed bound on E[Ag(X)]. |
We can use this to obtain a bound on the expected gap, & la Equation (B.2).

Proof of Equation (B.2) for Cases (i, ii). Let i, € V, and (ko, ..., k1) be a path from i to
jin G —ie, ko =1, ki, = 7 and {k¢—1,k¢} € E for all £ € [L]. Then,

L L
|17j — x| = |Zz:1(xkz - zk471)| < Z@:1|xkz — T, | < ZeeE Ac(z).

The right-hand side is independent of (¢, j), and hence bounds g(x) = max; jev|z; — x|
Taking expectation over X ~ 7 and using (B.1) yields Equation (B.2) in Cases (i, ii). <«

3.2 Case (iii): Equal/No Removals

The structure is very similar to the previous section, just the estimates are slightly different.
As before, we estimate the change in 5 norm when a ball is added to ¢ and removed from j.
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» Lemma 3.4. Let x € ZY with Y, oy 2, =0. Let i € V, and define 2’ € ZV by
vy =xp+{k=1i}—1/n for keV.
Then,
I12']I3 = ll2ll3 = 22; + 1~ 1/n < 22; + L.
Proof. Again, we calculate the change directly, using ), o3 = 0:
o1 = ll2ll3 = (2 + 1= 1/m)? =22 + 5, (@5 — 1/n)? — 22)
=20 = 1/n)zi+ (1= 1/n)* =23 ai/n+ 3, 1/n°
=2(1 = 1/n)z; + 2z /n+ (n—1)%/n* + (n—1)/n?
=2r;+1—1/n<2x;+1. <
Starting in equilibrium, the left-hand side is 0 in expectation.

» Corollary 3.5. Suppose a ball is added to I and 1/n is removed everywhere in a single step.
Then,

E.[X/] = —4(1-1/n) > —1.
To emphasise, this is “doubly random”, averaging over both X and I.
A different trick, still relying on linearity of expectation, is required here.
» Lemma 3.6. Consider Case (iii). Let F' ~ Unif(E) be a uniform edge. Then,
E-[Ap(X)] < 1.
Proof of Equation (B.1) for Case (iii). This follows from Lemma 3.6. |
Proof of Lemma 3.6. Let « € Z" with Y, .,z = 0. Let
Ye(w) =3 pcorr for e€kFE.

Again, we choose a single edge F' ~ Unif(E) uniformly. Let I/J be the lesser-/greater-loaded
endpoints of F, respectively, with respect to x. Then,

zr=zrAvy=3(Sp(z) — Ar(z)).

Now, recalling that the graph is regular in this case, each vertex is counted by 2m/n edges,
Eonn[Sr(@)] = 5 Yeep Ze(@) = 77 Xeep kee Th = & Dgev Tk = 0-

Hence,
E [Ar(X)] = E:[Ar(X) - Xp(X)] =E [-2X;] < 1.

Proof of Equation (B.2) in Case (iii). This follows from (B.1) as in Cases (i, ii). <
We now explain how to adjust this to the (1 + §8)-choice process.

Adjustments for (1 4+ ) Process. Denote the regular degree of G by d. Define G’ = (V, E')
by augmenting G = (V, E) with a Weight—%ozd self-loop at each vertex, where o :=1/8 — 1.

If a self-loop is selected, the ball must be assigned to that vertex. Thus, two-choice
allocation in G’ is equivalent to (1 + 3)-choice allocation in G. The probability that
F’ ~ Unif(E') is a self-loop is a/(1+a) = 1 — 3, and A.(z) = 0 for self-loops e € E’. Hence,

Eprunit(2) [AF (#)] = Epounite)[Ar(2)]/8 < 2/8.

The bound on the gap follows from this estimate exactly as before. <
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3.3 Edge-Transitive Graphs
We now explain the specialisations required in the edge-transitive case.

Proof of Equation (B.3a). By (B.1), 2 Y, Ex[A(X)] = E-[Ar(X)] < 2, but the sum-

’m ecE T

mand E;[A.(X)] does not depend on e € E. So, every term in the sum is at most 2. <

The second claim requires a little more thought. We say a subset 7' C E is a generating
subset if, for all ¢,7 € V, there is a path T; ; between ¢ and j with edges in 7.

» Lemma 3.7. Let T C E be a generating subset. Let w(e) := E[Ac(X)] for e € E. Then,
Ex[g(X)] < w(T).
Proof. The proof follows the same idea as before:

g(z) = max; jev|r;, — x| < max; jev ZeeTM Ac(w) <D cp Ac(m). <

Proof of Equation (B.3b). Again, w(e) := E;[A.(X)] does not depend on e € E in the
edge-transitive case, and is uniformly upper bounded by 2, by Equation (B.3a). Hence, by
Lemma 3.7,

Exlg(X)] <w(T) < 2[T].

Taking T to be an arbitrary spanning tree, |T| =n —1 < n. <

3.4 Existence of an Equilibrium Distribution

Finally, we justify the existence of an equilibrium distribution. This follows easily from an
extremely crude potential (Lyapunov) function argument.

» Lemma 3.8. There exists an equilibrium distribution in all cases.

Proof. We handle Cases (i, ii) first. By Lemma 3.1,
3 EIXME] = ll2l3) <1 Eslzy —21] =1 - Eo[Ap(2)]

where we define (I,J) from F' ~ Unif(E) as before. Notice A.(z) > 0 and there are at
most $n? edges. Therefore, E;[Ap(z)] > | A(2)s0/n?, recalling that we allow I = J, with
probability 1, in Case (ii). In particular, if [|A(z)[|oc > 2n?%, then this establishes the required
drift of the function = + ||z||3. For example, ||| > 2n® implies ||A(7)]|s > 2n2.

The argument for Case (iii) is similar, and omitted. It also follows from [22]. |
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