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—— Abstract
We study the asymptotic behaviour of the distance to the first available parking slot in a recursive
Manhattan street network endowed with a hyperfractal intensity structure, where slot-release events
occur according to Poisson processes along the streets.

We establish, by analysing the associated self-similar harmonic sums via Mellin-transform
asymptotics [3], a power-law decay of the expected distance as the total intensity grows, with
exponent equal to the inverse of the hyperfractal dimension. In particular, the scaling exponent
depends only on the large-scale geometry of the network.

We further prove that this exponent is robust under random multiplicative modulations of the
street intensities: mild stochastic heterogeneity affects only the multiplicative constant. Similar
scaling behaviour holds for the variance, the number of turns before parking, and for a jump-over
variant of the search strategy.
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1 Introduction

1.1 Motivation, Problem setting and related work

This work is motivated by free-floating (FF) car-sharing systems, which have developed
rapidly in many cities as an alternative to private car ownership (see [8] and references
therein). Unlike station-based systems, where vehicles must be returned to fixed locations,
free-floating services allow cars to be parked anywhere within a designated service area (see [7,
Figure 1]). In such systems, finding a parking space becomes a central operational issue.

In [5], the problem of finding resources, both cars and parking spaces, is analyzed for FF
car-sharing. In contrast with station-based models such as bike-sharing systems (see [4]), the
service area is partitioned into large-capacity zones where private cars, much more numerous
than FF vehicles, shape parking dynamics. In this setting, the number of available parking
spaces is modeled as a random quantity depending primarily on private-car arrivals and
departures.
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To analyse parking availability, [5] introduces a homogeneous mean-field model in which
the service area is partitioned into N large-capacity cells. The parameter [NV acts as a scaling
parameter, and parking dynamics are driven by private-car arrivals and departures.

In [5], we show that a phase transition separates two regimes: an overloaded regime where
the number of available slots per zone is of order 1, and an underloaded regime where the
number of available slots per zone is of order N. More precisely, in the overloaded case, the
conclusion is that, when N becomes large (as cell capacities tend to +00), on the original
time scale, the number of available parking places (of order 1) is random with a geometric
distribution and independent of the number of FF cars. The parameter of the geometric
distribution depends only on the private-car and city parameters. It is SC/a, where CN
is the capacity of one cell, aN the arrival rate of private cars in a cell and 1/8 the mean
parking duration for private cars. Then SC'/« is the probability of finding an available slot
to park within a cell, for any car, whether private or FF. However, the analysis assumes
spatial homogeneity and does not incorporate the hierarchical structure of urban streets.

The model presented in [5] explains why the operator of a FF car-sharing system has no
influence on the availability of parking spaces and cannot help users find an available space.
But the model ignores the structure of the streets in a city, with different average parking
times between large and small streets. The analysis of a model designed for this purpose that
could provide an estimate of the time to find a parking slot. This is the aim of the paper.

1.2 Overview of the results

The starting point of the analysis is a hyperfractal construction of a Manhattan street
network, where slot-release intensities are distributed across hierarchical street levels. We
first describe this geometric structure and its characteristic exponent drp > 2, which acts as
an effective dimension for the search problem.

The search process is then reformulated as a recursive progression along streets of
decreasing depth, leading to a self-similar harmonic representation of E[D(A)]. In the
canonical “jumpless” strategy, this structure yields

» Theorem (Scaling law). Let D(X) denote the distance to the first available parking slot in
the hyperfractal Manhattan model (defined in Section 3) with total pop-up intensity X, and
let dp be the associated hyperfractal dimension. Then, as A\ — oo,

E[D(\)] ~ CAX Y Var(D(\) ~ O AT,

A— 400 A— 400

for some constants C,C’ > 0.

showing that the scaling is governed by the hyperfractal geometry through the exponent dp.

Mellin-transform asymptotics allow us to extract this behaviour from the harmonic
structure and also provide the corresponding scaling of the variance. We then show that
the exponent 1/dp is stable under random multiplicative modulation of the level intensities,
highlighting the dominant role of large-scale geometry over local fluctuations.

Beyond the mean distance, we analyse the distribution of the number of turns before
parking and prove a logarithmic growth in A\ with bounded log-periodic fluctuations. Finally,
we consider a jump-over strategy and indicate how the same analytic framework extends
beyond the Poisson Manhattan construction to more general hyperfractal street distributions.
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2 Parking strategy and algorithm

We study the problem of finding a free parking slot in a given network of city streets. We
assume that a car seeking a parking space performs a random path formed by concatenating
several street segments Sy, So, ..., Sg. When moving at constant speed v; on the segment
S;, free parking spaces appear ahead of the car as a Poisson process with intensity \;. To
simplify, we assume that the driving speed v is independent of the segment on which the car
is progressing and that A; is a linear density rather than a time intensity.

Let D(Sy,...,Sk) be the average driven distance before finding a free parking slot, given
the sequence of path segments. Let |S| denote the length of a segment S. With probability
1 — e~ ISl the first available slot appears on segment Sy. If n is the number of free slots
that appear during the traversal of segment S; the average driven distance is |Si|/(1 + n).

Si| (A |SDH™
D(S1,82,. . S0 =Y %%e‘“'&‘ + e IS8y 4 DS, S)). (1)
n>0 '

Then, by straightforward calculation,
1 — e MlSi] NS
D(81,82,,8p) = ————+ ¢~ 1S D(S,, ..., Sk). (2)
1
which yields, by induction,

o= NilSi]

D(S1, - 8) =Y [[e I (3)

=1 7<i

» Remark 1. The quantity defined in (3) corresponds to a prescribed sequence of segments.

One may also consider an optimal strategy, where the next segment is chosen among those
accessible from the current one. In that case, the expected distance satisfies a dynamic
programming relation of the form

1 — e MlSH

V(&) = N + e~ Ml I%IQH V(S2),

where S ranges over the segments reachable from S;.

3 Hyperfractal geometry

The motivation for the hyperfractal geometry comes from the well-known hierarchical
organisation of urban street networks, where major roads, arterial streets and residential
streets play different structural roles. [1]

The first observation is that in a city the busiest streets are interleaved with less busy
ones, typically narrower streets. In a sense, lower-traffic streets form a dense pattern at any
scale on a city map. The second observation is that the street pattern is often reminiscent of
a fractal structure. [6]

In our description, we assume that the free-slot pop-up rates \; are distributed according
to a hyperfractal measure on a Manhattan street network. Indeed, we assume that the streets
are of various types: high-traffic roads, arterial streets, regular streets, residential streets.

As most drivers are well aware, streets, regardless of their status, are constantly congested
with parked cars. The only thing that may vary depending on the status of the street is the
frequency with which free parking spaces appear or disappear. On a residential street, most
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parking spaces are occupied by residents who may not commute frequently. At the other
end of the spectrum, busy streets border major shopping centres, and parking spaces can
actually experience a much higher turnover rate.

We consider a city map with a Manhattan layout with North-South streets and East-West
streets within the unit square. The streets are the support of a measure p. In a hyperfractal
structure, streets are ranked according to a depth index. The depth index varies between 0
and kpax-

3.1 A deterministic Manhattan hyperfractal construction

We describe a deterministic recursive construction of a measure p supported on a Manhattan-
type street grid.

At level 0, the unit square contains the central cross formed by one vertical and one
horizontal street; each of these two streets carries mass p/2 with p € (0,1), uniformly
distributed along the segment.

At level k > 1, we add 2 vertical streets and 2* horizontal streets, placed at equally
spaced dyadic positions parallel to the central cross. Each street at level k carries mass
£ (%)k with ¢ = 1 — p uniformly distributed along its length.

Thus, the number of streets grows geometrically while their individual mass decreases
geometrically. When the construction is iterated up to depth kpax, we obtain a weighted

Manhattan grid; when kpax = 0o, this yields the hyperfractal Manhattan model (Figure 1).

Figure 1 Recursive construction of the Manhattan model.

The result of the infinite process is a probability measure on the unit square whose
support is the set of streets. The measure has a fractal nature since it is defined via a
repeated pattern on the successive quadrants. Since each quadrant with half the side length
of the original square receives a fraction g/4 of the total mass, the fractal dimension satisfies
the identity

dp
1 q : log(4/q)
—_ = — 1 1 = — 0
( 5 > 4 OD equiva ently, dr log 2

We observe that the quantity dp is greater than the Euclidean dimension 2 of the city map.
We therefore call p a hyperfractal measure. Indeed, fractal objects are always of dimension
smaller than the Euclidean dimension. This is mainly because fractal objects studied in the
literature were originally subsets of R?. But this may no longer be true when subsets are
replaced by measures.

As a consequence of the recursive construction, the density of 1 on a street of rank k is

uniform and equal to p, = E(%).
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3.2 A Poisson Manhattan hyperfractal measure

The z-coordinates of the north-south streets are distributed according to a Poisson process
with rate based on the depth index k, i.e. 2%. Similarly, the coordinates of east-west streets
are generated by an independent Poisson process with the same depth-dependent rate 2%.
Figure 2 shows an example of Poisson street distribution.

Figure 2 Poisson generation of streets, color intensity indicates the intensity of pop-up rates.

Between point O and point P a non backtracking East/South search.

In a street of depth k the parking pop-up rate is arbitrarily set to Ay = ppA (for the
binary hyperfractal structure [6]) where A is the total parking pop-up rate aggregated over
. . . . _ log(4/q)

the city. The hyperfractal dimension is dp = rrom
hyperfractal map, the streets are organized in a Manhattan pattern with an average of 2Fmax
North-South streets and 2Fmax East-West streets. We observe that the streets with lower

popup rates tend to be dense in the unit square when k.5 increases.

and is larger than 2. In the binary

4  The analysis

4.1 The steady jumpless model

Since the streets are distributed according to a Poisson process (see Section 3.2), we denote
by «; the rate parameter of the segment length on S;, so that |S;| is exponentially distributed

with mean 1/a;. Integrating on segment lengths |S1],...,|Sk| in (3), it holds that
k
1/ai 1
E(D(Sy,...,8k)) = . 4
L e i 2

We analyse a route in which a car starts on a street at level k¢ and, if unsuccessful,
turns onto the first street at level kyax — 1. The car will turn onto streets of strictly decreasing
depth, kmax, kmax — 1, kmax — 2, etc, until it finds a free slot. In this model, we require that the
depth of the segment be strictly decremented by one unit at each turn. A non backtracking
search is when the car always increase its distance with the origin, by alternating East and

South turns for example as depicted by figure 2. That way the segments are independent.

However this strategy is sub-optimal since a street with a much lower depth may be crossed
before turning onto a street with a depth decreased by exactly one unit. Allowing the depth
to jump by more than one unit would reduce the expected distance since the rate of free
slot occurrence increases when depth decreases. This option is described and analyzed in
Section 5.

Therefore, taking k = kpax + 1 segments in  (4), S; with Ay = py, . A and depth
kmaxs -5 Skpaxt+1 With Ag . +1 = poA and depth 0, ie. for ¢ = 1,..., kmax + 1, =
Phpar—it1 A and 1/a; = 207 Fmax=11  with py, = p/2(q/2)* in fact 20 Fmex—1[ where L is
the typical length of a full segment if one wishes to depart from the unit square model, we
finally obtain
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kmax

1

L
E[D(S1,. .., Skport1)] = ; Qk}:[k T F A L2 (p)2)(q)2) (5)

Let us define the auxiliary function g on the real positive set by g(x) =[]
and function f by

S S
i=1 T422 3(¢/2)

f@) =3 Zg(aka), (6)

then, assuming kp.x = 0o and o = ¢/4, we obtain
E[D(S1,..., Sk, ...)] = f(ALp/(20)). (7)

» Lemma 2. The function g(x) behaves like g7es VT when © — 0.

Proof. The proof uses the Mellin transform of the function ¢(z) =log g(z) = — > p=; log(1+
ofz), ie. £*(s) = [ ¢(x)z*"'dz. The Mellin transform of the function log(1 + z) is
Jo - log(1 + @)2*~'de = - Z— defined for —1 < R(s) < 0. By simple algebra, we obtain

ssin(ms)
s

(s) =—=>p a*kssirf(m) = —Toa=7 sem(rs Still defined for —1 < R(s) < 0 and by Mellin
inversion, we have ((z) = 5 [ £*(s)z~*ds. This integral has a triple pole at s = 0 and its

2
residue is %ﬁigl + logx + 617;;1 + 1°1g2a. Extending the integration path to the right of s = 0,

Lx) =

(logx)? logx+ 2 10ga+0(1>.
x

2log 2 6log o 12 x
» Theorem 3. As A — 0, f(\) — L. As A — oo then f(\) behaves like \~'/7F.

Proof. The proof of the first assertion about A\ — 0 follows immediately by definition of
f and g. The proof for A — oo is more involved and we use again the Mellin transform.
The function g(z) decays faster than any negative power of x thus its Mellin transform
g*(s) = [y g(x)a*dx exists for all s such that R(s) > 0.

By definition of f, we have

(¢/4)~*

pro = [ e e = S ), ¥

1

The main singularity of ﬁ is a pole at s = 7- (in fact a countable set of simple
2

poles on the vertical line R(s) = 7-) and by virtue of the inverse Mellin transform, f(z) =
5 [ f*(s)z~*ds (more in [3]), f(z) is of order 2~ 1/4r (see details and the exact asymptotics

in Appendix). <

Since the hyperfractal dimension dp is always greater than 2, the distance driven before

1/2  There is a kind of paradox here because when

a free slot cannot decay faster than A~
dr = 2 one would expect that the street popup rates are the same for all streets, and with a
constant pop-up rate the driven distance should scale as 1/\. But in fact it is not because A
is equal to the total popup rate and not equal to the popup rate of each street (there are
4 x 2Fmax streets). When dp = 2, which occurs when p = 0, the popup rate of each street

would be zero and the average driven distance would be infinite.
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4.2 Distribution and variance in the jumpless model

The analysis of the mean distance to find a parking slot can be extended to the distribution
of this distance. The aim is to obtain a result on the variance of the distance.

Since slot appearances on different streets from independent Poisson processes, denoting
by E; a random variable with exponential distribution with parameter Ay,

D(81, 82, ... ,Sk) = Ly, <5,y B1 + 1ig, 15,3 (|S2] + D(Sa, ..., Sk))- 9)
This directly yields

IE (e*SD(517S2 ,,,,, Sk)) _ >\1 (1 _ e*()\1+s)|51‘) + e*()\l‘i’s)lSl‘E (673D(S2 ----- Sk)) . (10)
)\1 + s

which gives by induction that

k
E (e—sD(Sl,SQ,...,Sk)) — Z )\ Ai (1 _ e—()\i‘i‘s)lsi‘) He_(AjJ"S)'Sj‘ _|_ H e_()‘j""s)ls.?l.
i=1 i TS j<i i<k
(11)

After some calculations detailed in the appendix, we obtain

BTN IS — e IS (14 0 Y 1)
E(D(S1,...,8:)%) =2 A A 2 =Tl (o)

i=1 i j<i

Integrating on segment lengths S;, which are independent and have exponential distribu-
tion with mean 1/«;, we obtain that

) u 1/a? 1
E(D(Sla~~'>8k) ):2;(1+/\i/ai)2]:[1+)\j/aj (13)

and, using that a; = 28 Fmax=1L and \; = g, .. —iv1 = Mp/2)(g/2)*mex—11 following the
same steps as for equation (5), recalling that o = ¢/4 and p = ALp/2,

rinax 1,2 1 1
Ak k)2 j
=4 (1+ pa®) j>k1+paﬂ

E(D(S1,. .., Skyi1)?) = (14)

Recalling that g is already defined for f in equation (6), defining the auxiliary function A on
the set of positive real numbers by h(x) = ﬁ and F' by

F(z) = 3 2 h(abz)g(aba), (15)

F' is a harmonic series. Using equation (14), in addition to (7) and assuming kmax = +00,

VaT(D(Sla v 78krna,x)) = F(p) - f(p/Oé)2
where f is defined by equation (6). This leads to the following result.
» Theorem 4. When \ — oo, Var(D) behaves like A=/

The argument follows the same Mellin-transform scheme as in the proof of Theorem 3. We
prove more precisely that, as A tends to +oo,

LQ

VG/T(D) ~A—o+o0o @

(r*2/dr) = ¥/t g*(2/dp) ) p=2/r. (16)

27:7
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5 The jump-over model

For the analysis of the jump-over model, the sequence of segments Si,...,Sk still has
decreasing depths, but the depth is no longer required to decrease by exactly one unit at
each step.

» Theorem 5. In the jump-over strategy, the distance to a free parking slot is of order
O(A~/dr).

Proof. Let k; denote the depth of segment S;. Proceeding as in the jumpless case, and
integrating over the segment lengths, we obtain the following expression, where the dependence
on the depths k; appears through the corresponding intensities:

Kmax

E[D(Sy, s St = 2 [ 1557 p/2 (a/4)% "

=1 j>1

If we want to sum over all possible jumps, we must consider the probability p(k;_1|k;)
that the car jumps from level k; to k;—1. In the case of the binary hyperfractal we have
p(kilkiv1) = W

Assuming ky = 0, we have E[D] = f((p/2)\L) with

oo

1 1
f(z) = ZLWWWWO/CH) (18)
k=0
with
y(z) = S Iekilkis) 1+xak1+1 (19)

0=k <--<k;<...1>1

We notice that v(z) does not play the same role as g(z) in the previous section, for the
jumpless case. Nevertheless we notice that (0) = 1. Using that p(k;|k;y1) = 2~ —ki+1 s
translation-invariant, we obtain the functional equation:

() + i +1>—i“s () = L) (20)
S I L T
Equivalently,
) a=*%/2 .
* N=—-all———"—]75"(s). 21
O (eI LXC. (21)
If we have a function 8(s) such that s )) —a we have

b
P+l (a2 ) )
5(5+1)_<1 1as/2) B(s)
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A good candidate is §(s) = =%

(0%

J*(s) =

sin(

up to a multiplicative constant chosen so that v(0) = 1. The factor is 7 [ ]~ (
We notice that the only pole of j*(s) between 0 and 2 is the root of 1 —

S

STETE Therefore

(22)
1

=% /2 namely
al=%/2

a® /2 -1
1- lfak/Q) :

—L +1, since the pole at s = 1 of 1/sin(ws) is canceled by the numerator 1 —
F

Consequently j(z) behaves in 2=1=1/9F when 2 — co.
We have f( )= k1 Q%Wj(xak) Thus introducing h(z) = ﬁ
f(z) = Zk>1 seh(a®z) and the respective Mellin transforms f*(s) and h*(s) satisfy

=t
But j(z) = (1 + z/a)h(x), that is j*(s)

= Zakj*(s

k>1

j(x) we have

h*(s).

= h*(s) + Lh*(s+1). Thus

entailing a sequence of simple poles located at -

Since the relation f*(s) = h*(s)1 ; =73 adds only a new pole at s = —F (plus some imaginary
parts), thus f(z) = ©(z~1/4r). <

6 Distribution of the number of turns before parking

The steering wheel is the most used component in a car. We denote T(A) the random variable
which counts the number of turns at street crossings before parking.

In the early phase of the parking search the car progresses on short segments with no
available slots. Thus when k. is large there would have been infinitely many turns before
the car arrives in segments with significant turnover. Therefore the quantity of interest is

kmax — T(A). We have then when kpax — oo for the jumpless model:
k
with ¢, = [Tpcpep,.. g(atr) = % and c(u) = Zk“‘%" cpufmax—k We have
Eu-"MV=(1- - c(u) + " (23)
Thus
1 max g(akx) ukmaxfk + l
(akl’naxx) u
(-4 <akw> mE NS
B (a’“mdxm) 1—u u

1 1 1 1 ukmax
1 L\ e

u) Flm (@, U 4 ( g(akmxx)> t (k)
Zé<k g(a

E[ukmax_T(/\)] =u maxE[u

with fi(z,u) = u . Thus

(k)]

=(1 = ) fan (1) +

Z + ukmax+1 (1 _

1
g(aklnax a:‘)

glaFne-a)

T—al-s/2"

—I— 14k (modulo some imaginary components).
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Since g(afz) — 1 = O(a*) thus when kpax — 00 fi,. (7,u) = f(x,u) and yPmaxt1(1 —

m) — 0 as long as |u| < 2. Thus when |u| < 1

M8

Efuf==TO] 5 37 (g (wa®) — 1)uF(1 —u) + 1. (24)

b
Il

0

with & = L(p/2)A. This sum converges uniformly for all u such that [u| < 1 since g(z) —1 =
O(z) when z — 0, and write:

f(z, (1—u Zu -1

and we have E[ufmex—TN] = f(z,u) + 1.

» Theorem 6. In the jumpless model, we have Elkypax — T(\)] = 1°g2 +O(1) and kmax —

T(\) = 10g2 +0O(1). The O(1) terms are periodic random functions oflog . The convergence
is in moment and in distribution.

Proof. We know that E[kmax — T(\)] = 2 f(z,1) = — 3, (g(za*) — 1). The function g(z)
has a Mellin transform g*(s) defined on the strip (0, +00), this is also the Mellin transform
of g(z) — 1 but now it is defined on the strip (—1,0) with analytic continuation beyond 0
and on s = 0 there is a simple pole with residue 1, because g(z) is analytic and g(0) = 1.

The Mellin transform of the generating function of the average number of turns is therefore

- 1_(11,59*(5). This expression has a double pole on s = 0 and a sequence of simple poles
on the integer multiples of 2i7w/log a. Thus in the inverse Mellin operation the residue of
this function with the factor =% will be *1135264 plus a sum of powers of z27/1°8@ which
contributes as a periodic function of log z with period —log «. In passing log @ = —dp log 2.

For the study of the distribution we consider the Mellin transform of f(x,u), f*(s,u)
which is =% —g*(s ) defined on (—1,0). Let u = e with ¢ # 0, the function f*(s u) has
simple poles at s = 10 = 10 —. There is
also the isolated pole of g*(s) at s = 0 of residue 1 which will be canceled by the last term 1

n (24). The reverse Mellin operation yields

plus integer multiples of 2i7/log a, all with residue

!/ (g (<t log ) + Pla. 1) ~ 1 (25)

fla,eh) =

Where P(z,t) is periodic in logx with period —log«. The last term 1 disappears when we
consider E[e!(Fmax=T(N] We see that the E[e!(Fmax =T e~ tElkmax=TN]] is O(1) and since t is
possibly complex, by Lévy and Cauchy theorems kyax — T(A) + 1og2 O(1) in distribution
and in moments. |

The theorem also holds for the jump-over model. But in this case we have the expression

kmax

2 s

E[ukmax T()\

(26)
which can be handled in a similar way but we omit the details of the proof.

7 Generalization of hyperfractal distributions

7.1 Beyond dyadic scale factor

The Manhattan construction is a convenient representative of a broader class of self-similar
hierarchical street geometries. A minimal generalisation is obtained by replacing the dyadic
scale factor and the fixed mass ratios by generic geometric growth parameters: at refinement
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step n, segments have a typical length ¢,, = c¢s™ with 0 < s < 1, and carry a total mass
my, = mor™ with r > 0, uniformly distributed along the segments of that level. Eliminating
the refinement index n between these two relations yields the logarithmic exponent

_logr

dp = .
F log s

This corresponds to a parametric extension of the Manhattan construction, where the hier-
archical mechanism remains unchanged. A structurally more general hyperfractal framework
is introduced in a later section.

Such constructions also extend to heterogeneous cities composed of several interacting
neighbourhoods, each characterised by its own growth parameters (see [2]).

7.2 Randomization of pop-up intensity

We introduce a random modulation of the pop-up intensity. To each street of level k we
associate a positive random variable Wy, modeling local attractiveness variations between
streets of the same level. We assume that (W), >1 are independent and identically distributed,
with W > 0 almost surely.

Conditionally on (W}), the popup process on a street of level k is modeled by a Poisson
process with intensity A\yWj. Proceeding as in the deterministic case, we obtain
L 1 ALp
E[D(X) | (W;)] = — —_— = —.
COMTUAEDIEY | P
E>1 7 >k

Taking expectations and using independence,

B = Y 5 T[] Glal)

k>15 5>k
1 L
where G(u) = E[} . and defining g(z) = | [ G(a*z) and f(z) = —g(a*z), we
1+uW kl;[l kzzl 2k
obtain
E[D(V)] = f(x)

The function f has the same functional structure as in the deterministic case, but with
the basic factor (1 + a*z)~! replaced by G(a*z). Its asymptotic behaviour is governed by
the analytic structure of

Lg(s):/ log G(u) u*~! du,
0

through the Mellin transform of log g(z).

» Theorem 7. Assume W >0 a.s., E[W?] < oo, and that there exists 3 € (0,1), c1,c2 >0
such that

ath < P(W <t) < cot®  when t approaches .
Then
f(x) ~Ca=1/dr as T — 00,

for some constant C > 0. Moreover f(x) — L.
z—
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The assumptions on W exclude distributions with excessive mass at 0, which would cor-
respond to streets disappearing with positive probability. As long as W does not concentrate
too strongly near zero, the random modulation only affects the multiplicative constant, while
the exponent remains unchanged.

In particular, the large-x asymptotics is still governed solely by the hyperfractal dimension
dp, showing that the geometry of the network dominates moderate random fluctuations.

Typical examples include Gamma distributions, which naturally describe positive vari-
ations of street attractiveness and satisfy the required behaviour near zero.

Proof.

Step 1: Behaviour near z = 0. Recall that G(u) = E[(1 + uW)~!] with W > 0 a.s. and

E[W?] < co. The identity (1+uW)~! =1 —uW +u? II‘:;/V yields G(u) = 1 —E[W]u+O(u?)

as u — 0, hence log G(u) = —E[W]u + O(u?). Therefore

logg(z) = Y logG(a*z) = —E[W]| Yo" | 24+ 0(2*) = O(x),

k>1 k>1
so g(x) =14 O(x) and
fa) = 3 arola¥a) = L+ O(a),
k>1

which proves lim,_,¢ f(x) = L.
Step 2: Large-z behaviour of g. Let {(z) =logg(z) = > >, log G(a*r) and recall that
(log G)*(s) :/ log G(u)u*tdu for —1<R(s) <0
0

By Mellin scaling, one has
a—s
£ (s) = M[{](s) = 1o (log G)*(s).
The assumption c1t? < P(W < t) < cot? near t = 0 implies (see appendix for details)

log G(u) = —Blogu + O(1), u — 00. (27)
Thus (log G)*(s) has a double pole at s = 0; combined with the simple pole of (1 —a~%)7!

at s = 0, this yields a triple pole of £*(s) at 0. Mellin inversion gives
{(z) = —c(logz)? 4+ O(log z), T — 00,

for some ¢ > 0, hence g(z) = e“®) decays faster than any power of z. In particular, its Mellin
transform

76 = [ e

is holomorphic in a half-plane R(s) > 0, and in particular at sg := 1/dp.
Thus, taking Mellin transforms in f(z) = 2,5, L g(aFz) yields

af2

P = Lt 07 (s)
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Since g*(s) is holomorphic at sg, the rightmost singularities of f*(s) come from the geometric
factor (1 — a~%/2)~!, whose simple poles lie on the vertical line R(s) = sq, in particular at
s =39 = 1/dp. By Mellin inversion and the residue theorem, the dominant contribution to
f(z) as  — oo is given by the residue at sg, yielding

fx) ~ Ca /i

for some constant C > 0. <

7.3 General framework

Here we want to generalize the hyperfractal properties beyond the Poisson hyperfractal

pattern. In the following we will use the symbol ©(.) to express the fact that a function is

bounded from above and from below by another function up to multiplicative constants.
The popup rate on a segment S is A(S) = zu(S) for some z > 0 where the u(S) is

normalized street weight. The densities p(S) are no longer multiples of powers of some (g/2).

Let y be a point on a street and v be a real less than 1. We denote S(y,v) the segment
starting at y that connects to the closest intersection with a street with normalized density
greater than some given v. We suppose that the quantity |S(y,v)| is now the distance
to the intersection with a road with normalized density greater than some given v (i.e.
w(S(y,v)) > v). We assume that the average |S(y, v)| uniformly over the starting point y is
smaller than some © V‘lF%l) where dp > 2 is the hyperfractal dimension (for the sequel we
will drop the indication of the starting point ). It still implies that the network of streets of
small pop-up rates tend to be dense when the popup rates tend to zero.

Enumerating the pop-up rates from the largest to the smallest, we then have, for all i:
Ai = AN(S5)

Sk enilsil
D(Sy,...,Sk :Z [[e ! (28)
1= >t
For a given sequence of decreasing rates (Mg, A1,...,Ax) the random variables |S;| are

independent. Thus, conditioning on a fixed sequence of densities, we have

k

l—e Al Sil Y IS\
E[D(Sy, ..., Sk Z I1EE (29)

i= Jj>i

ZEF—@A |3}He NES; | (30)

J>i

for all 0 < i < k, due to the convexity of the exponential function.

The algorithm for finding a parking space will be the following. We fix a constant
parameter p > 1. The car travelling on a street of popup rate A; (resp. of normalized weight
;) will turn at the first intersection with a street having a density A\;_; greater than p);
(resp. pi—1 > pp;). Since the normalized weights are now random variables, we can define
P (ui—1 € [v,v + dv]|u;), denoted p(v|u;)dv for brevity.

1 1 — e—mlSa|
) BID(S1, - S ] = fole) = [ 8|22 b
0
pi/p s Hi—1/p Eils
></ e 2kl 2”p(uzlu3)duz--~/ e EIS p (| iy )y -+ (31)
0 0
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We define fy(z), by translating the p(g;|pi+1) terms:

E[l — erml%il] g
fQ(x):/ B[l — em 2] dpy
0 Tp pa

1
pmlp E[15]] dpig pimi/p B[]S ] dp;
/ e TH2 bl P(M1|/~L2)M17-"/ e RN p(pi—a (i) i1 ——
0 H2 0 K

7

Let § = dFI_l. Using the general hyperfractal property the average distance E[);|S;]]

should be © (z(;)°*!) and also E[1 — e~=#l5i] = © (n (z(p;)°*t)) for some bounded
function n. And for p > pu; P (pi—1 > plpi) =0 ((ﬁ)*‘s) and p(p|w;)dp = © ((#ﬂ)*‘s) %“.
» Theorem 8. We have f(z) = Q(x~1/F),

Proof. We have (removing the © symbols which will not affect the order of magnitude)

6+1)

1
X
falo) = [ 2
with
1/p L d
v(z) :/O p(1|p)e=" v(w“l)f (32)

We can prove that the bounded function v(x) decays faster than any exponential function.
To prove this let 4 the Laplace transform of ~(x):

From (32) we get

~ 1/p 3 s du
) = [ plni(e - vutH (33)
The Laplace transform (w) is a priori defined for R(w < 0), but with the identity (33) the
domain of definition can be extended to R(w) < 1, and thus can be further extended to
R(w) < 2, and so on, ultimately extending to the whole complex plane.

Taking this property, the function h(z) = n(x)y(z) decays more than exponentially and
has a Mellin transform h*(s) defined for £(s) > —1. The Mellin transform of fa(x), f5(s)
exist and satisfies:

/e d h*(s—1)
*(g) = B (s — 1 —(6+1)(s—1) T _ (64+1)(s—1)+1
fi) = =1 [T R R
assuming (§ + 1)(s — 1) +1 < 0. It has a simple pole at s = 1 — Wll = ﬁ, thus
f2(z) = ©(x~ /) and finally f(z) = Q(2~ /%) because (31) is an inequality. <

8 Conclusion and Perspectives

We have shown that the distance to the first available parking slot in a hyperfractal Manhattan
network follows a scaling law of order A=1/47 . The exponent depends only on the large-scale
geometric structure of the street network, showing that geometry plays a central role in the
search process.
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Several extensions can be considered. The linear exploration rule studied here provides
a simple baseline, but more flexible search strategies allowing adaptive turns or partial
backtracking could be analysed to understand their effect on the scaling constants and on the
stability of the exponent. Another direction is to study heterogeneous cities made of districts
with different hyperfractal parameters, and to analyse vehicles moving across regions with
different effective dimensions. One may also introduce spatial correlations in slot availability,
non-Poisson release processes, or time-dependent demand. Finally, considering multiple
interacting vehicles would allow the study of congestion effects and competition for parking
on hyperfractal networks.
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A Appendix

Proof of Theorem 3. We detail the asymptotics of f for A — +00. As remarked in the
proof, by (8), the main singularities of f* are a simple pole at s = 1/dp, and a sequence of
poles of form 1/dp plus non zero integer multiples of +2i7/log « the latter contributing to a
periodic term of mean zero.

fl@) ~ —Res(f*,l/dp)m_l/dp(l+P(logx))

Tr——+00

where P(.) is a periodic function of mean zero and period —loga. Using that (s —
1/dr)/(v(s) — v(1/dF)) — 1/v'(1/dF) as s tends to 1/dp with v(s) = 1 — a~°/2 and
that, straightforwardly, v'(1/dp) = —log(a),

L —S
Res(f*,1/dg) = T, (s=1/dp)f*(s) = T (s —1/de)g " oms0’(5)
= e g (1) = g (1dp) “

" 2log(a) log(a)
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Proof of equation (12). To this end, it suffices to take the second derivative of equation (11).
Denoting by a; and e; functions of s given by

a;(s) = As (s) = He*(k.ﬁS)ISﬂ (34)

€;
A+ s’
it j<i

and also denoting o; = >, |Sj|, equation (11), giving the Laplace transform of D(Si, . . . , Sk)
or =E (e_SDk/(Sl7 o ,Sk)), can be rewritten as

k
ok =Y ai(eii1 — i)+ ex
i=1

Using that e; = —o;e;, differentiating the previous equation twice,
k k
/ /
o = E a;(ei—1 —e€;) — E a;(oi—1€-1 — 0;€;) — Oey.
i=1 i=1
and

k k k
(p% = Zag(ei,l — 61‘) — 22&;(0’1',162',1 — 0'1'61') + Zai(ailei,l — 0'1-261') + O']%Gk‘
i=1 i=1 i=1
(35)

Replacing s by 0 gives the result since in the third sum in the right-hand side of (35),
a;(0) =1 for all 4 and o(0) = 0. Thus ¢}/ (0) is reduced to the first two terms. This concludes
the proof. <

Proof of equation (27). Given that

Glu) = E [1+1uW} :/Om 1iutfw(t)dt=u/o+m ui%dt

via integration by parts where F(t) = P(W < t). Consider ¢y > 0 such as ¢;t” < F(t) < cot?
for t € (0,tg). We have, for u large enough,

to F(t) to tﬁ uto l‘ﬂ 1 x/i
G(u) > N dt > —  _dt=cu " —__dr> = 4
@z | @+ un)? e T anz =t / <1+x>2x—/o Tr o™

o PF(t oo Pt
For the majoration, we use split the integral, G(u) = u/ (()th —I—u/ (()dt
0 to

1+ ut) 14 ut)?
to F(t utg B +oo B

with u/ idt < czu_ﬁ/ midx < CQu_’B/ xidm since the integ-

o (L+ut)? o (1+z)? o (I+uz)?
ral f0+oo %dm converges for 8 € (0,1). Moreover, because F'(t) < 1,

—+oo —+o0

F(t 1 1 1
u/ %dtﬁu/ sdt = <—=0(")
o (1+ut) o (1+ut) 1+ uty ~ utp

as u tends to +oo. |
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